Geometry of obstructed equisingular families of algebraic
hypersurfaces
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Abstract

We study geometric properties of certain obstructed equisingular families of projective hypersur-
faces with quasihomogeneous singularity with emphasis on smoothness, reducibility, being reduced,
and having expected dimension.

In the case of minimal obstructedness, we give a detailed description of such families corresponding
to quasihomogeneous singularities.

Next we study the behavior of these properties with respect to stable equivalence of singularities.

We show that under certain conditions, stabilization of singularities ensures the existence of
a reduced component of expected dimension. For minimally obstructed families the whole family
becomes irreducible.

As an application we show that if the equisingular family of a projective hypersurface H has a
reduced component of expected dimension then the deformation of H induced by the equisingular
family |H| is complete with respect to one-parameter deformations.
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1 Introduction

The study of equisingular families of algebraic curves and hypersurfaces with given invariants and given
set of singularities is an old, but still attractive and widely open problem. Already at the beginning of
the 20th century, the foundation was made in the works of Pliicker, Severi, Segre and Zariski. Later the
theory of equisingular families has been in focus of the numerous studies by algebraic geometers and has
found important applications in singularity theory, topology of complex algebraic curves and surfaces,
and in real algebraic geometry.

This paper is devoted to the study of the so-called obstructed families of projective hypersurfaces, of
a given degree, having one isolated singularity of prescribed type.

Let 3 be a smooth projective variety over the complex field C. Let D be an ample divisor on X.
Denote by V' = V|p|(S1,...,S;) the set of hypersurfaces in the linear system | D| having r singular points
of analytic types S1, ..., S, (as their only singularities). One knows that V|p|(S1, ..., S,) can be identified
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with a (locally closed) subscheme (” equisingular stratum”) in the Hilbert scheme of hypersurfaces on X.
The main questions concerning this space are

e Emzistence problem: Is V|p, (S1,...,S;) non-empty, that is, does there exist a hypersurface F' € |D|
with the given collection of singularities?

e Smoothness problem: If V|p|(Si,...,S;) is non-empty, is it smooth?

e Dimension problem: If Vip|(S1,...,S,) is non-empty, does it have the ”expected” dimension (ex-
pressible via local invariants of the singularities)?

e Irreducibility problem: Is Vip|(S1,. .., S;) irreducible?

e Versality problem: Is the deformation of the multisingularity of a hypersurface H € V|p|(S1,...,S;)
induced by the linear system |D| versal (see Section 2.2.1)7?

If Vip|(S1, .- ., Sy) is non-empty, smooth and has expected dimension, it is said to be ”T-smooth”. It
is known that in this case the deformation induced by |D] is versal.

The case of plane nodal curves has been settled completely. In 1920, Severi gave answers to the
first three questions: there exists an irreducible plane curve of degree d having n nodes as their only
singularities if and only if

0<n< (d_l)#

@—n. In

Furthermore, if V™" (n - A1) is non-empty, then it is smooth of the expected dimension
1985, Harris proved that V™" (n - A;) is irreducible.

Already in the case of curves with nodes and cusps there is no complete answer. Segre [Seg, Tan]
gave an example of an equisingular stratum of such curves (having 6m? cusps as their only singularities)
which has a component of non-expected dimension. Zariski [Zar] gave the first example of a reducible
equisingular stratum (of sextic curves with 6 cusps). Finally, Wahl [Wah] gave the first example of a
non-smooth equisingular stratum (of curves of degree 104 having 3636 nodes and 900 cusps). Some other
examples can be found in [Lue], [GLS3], [Kei], [Mar].

So far, the main effort in the study of equisingular families has been concentrated on obtaining criteria
for the T-smoothness. In turn, the obstructed (i.e., non-T-smooth) equisingular families and non-versal
deformations have not been studied systematically.

The deformation theory leads to the following result: Suppose that h'(Ox (D)) = 0. Then the variety
Vip|(S1,...,8y) is T-smooth at H € V|p((S1,...,S,) if and only if

W (Tzea(mys(H)) =0,

where Z°(H) is a certain zero-dimensional scheme and Jzea(gy/x(H) is its defining ideal (see pre-
cise definition in Section 2.1.6). In our research we focus on the minimal obstructedness case, i.e.

WY (T zeemys(H)) = 1.
One of the interesting recent examples is due to du Plessis and Wall [DPW]:

Example 1.1 (a) For any d > 5 the curve C C P? given by the equation (z§ + 32375 + 24 = 0) has a
unique singular point z = (0: 0 : 1) with Tjurina number 7(C, z) = 4d — 4, and satisfies

W (Tzeecyp2(d)) > 0

(b) Denote by S the analytic type of the plane curve singularity (C, z) in (a). If d > 10 then the family
Va(S) is singular at C.

In [Goul] this example has been generalized and studied in detail. The following result has been
obtained:

Example 1.2 Let C be a projective plane curve, given in local coordinates r = %, Yy = i—i by the

equation z* + y! = 0. Suppose for convenience k > 1. Let d = k+1—5 and let Vy.c(S) be the germ
at C of the equianalytic family of plane curves Vy(S), where S is the analytic type of the plane curve



singularity (C,z). For any k,1 > 5 such that d > 5, Vg .c(S) is non-T-smooth and h*(J zea(cy p2(d)) = 1.
Furthermore

(1)) Ifd =6 (i.e. =5, k=6), the germ Vs.c(S) is non-reduced. It is a double [Vi c(S)]red, and
Ve,c(S)]rea s smooth of expected codimension.

(1)) Ifd =17 (i.e. I=5,k=7o0ork=1=6), the germ V7 ¢(S) is reducible and decomposes into two
smooth components of expected codimension that intersect non-transversally with multiplicity one. The
intersection locus is smooth. Moreover, the sectional singularity is of type A;.

(1i1) If d > 8, the germ V4 c(S) is a reduced irreducible non-smooth variety of expected codimension
which has a smooth singular locus with sectional singularity of type Aj.

1.1 Main results and methods

The first result of this paper is a generalization of Example 1.2 to quasihomogeneous hypersurface
singularities in P™. In particular we have obtained a new example of a smooth equisingular family of
non-expected dimension: V3 y(S) where H is given by the local equation 23 + y3 + 2% + w® = 0. For
precise formulation see Theorem 3.1.

The next question that naturally arose was the behavior of these geometric properties of equianalytic
families, with respect to the stabilization of the singularities. We found out that though stabilization
preserves both the Tjurina algebra and h' (7. zea () pn (H)), it can change the geometry of the equianalytic
family radically. We have shown that for any hypersurface H of degree d satisfying h'(J. zea () pr (2d —
2)) = 0, after adding enough squares the obtained family has a reduced component of expected dimension.
We have also shown that the condition h'(Jzea gy pn (2d — 2)) = 0 always holds for plane curves. For
precise formulation see Theorem 3.3.

The next result is concerned with deformation theory. Suppose that the germ of the equianalytic
family has a reduced irreducible component of expected dimension. In this case the family is T-smooth
at every of its regular points which lies in that component. It means that our singular hypersurface
H has a deformation X — T such that for ¢t # ¢y the deformation of X; induced by the linear system
|H| is versal. We show that this implies that the deformation of H induced by the linear system |H]| is
1-complete (see Section 2.2 for precise definition). For precise formulation see Theorem 3.5.

The methods that we use are the technique of cohomologies of ideal sheaves of zero-dimensional
schemes associated with analytic types of singularities, methods for their calculation, and H'-vanishing
theorems. We also use the algorithms of computer algebra (see [GP]) as a technical tool in the proof of
the theorems.

The structure of the paper

This paper is organized in the following way. Section 2 is dedicated to the formulation of the necessary
notions and background.

In Subsection 2.1 we introduce the notions of singularity theory such as analytic singularity types,
quasihomogeneous singularities, zero-dimensional schemes associated with singularities and
the Castelnuovo function. The main theorems of this section are the Mather-Yau theorem (Theorem
2.5), finite determinacy theorem (Theorem 2.8), Theorem 2.16 on quasihomogeneous singularities, The-
orem 2.17 on semiquasihomogeneous polynomials, Theorem 2.21 which gives cohomological criteria of
T-smoothness, and Lemmas 2.25 and 2.26 on the Castelnuovo function.

In Subsection 2.2 we introduce the notions of deformation theory such as complete and versal
deformations. The most important statement for us in this section is Corollary 2.35 on versality of the
deformation induced by a complete linear system.

In Subsection 2.3 we introduce notions and algorithms of computer algebra. The most important
notions for us are the notion of normal form and the RedNFBuchberger algorithm for its computa-
tion.

In Section 3 we formulate our main results. The first result deals with equianalytic families of
hypersurfaces with quasihomogeneous singularities of minimal obstructedness. The second result is
about stable properties of obstructed equianalytic families. In Subsection 3.1 we give an application of
the obtained results to the deformation theory.

In Section 4 we prove the theorem on families of hypersurfaces with quasihomogeneous singularities
of minimal obstructedness.



In Section 5 we prove the theorem on stable properties of obstructed equianalytic families.
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2 Preliminaries and notations

2.1 Notions of singularity theory

In this section we describe the types of isolated hypersurface singularities considered throughout the
paper.

2.1.1 Analytic types of hypersurface singularities

Definition 2.1 Let ¥ be an n-dimensional smooth projective variety. Two germs (F, z) C (3, 2) and
(G,w) C (X, w) of isolated hypersurface singularities are said to be analytically equivalent if there exists
a local analytic isomorphism (X, z) — (X, w) mapping (F, z) to (G,w). The corresponding equivalence
classes are called analytic types.

Notation 2.2 We denote by C{z1,...,z,}, or in short C{x}, the algebra of convergent power series in
n variables.

Definition 2.3 Series f,g € C{z} are said to be contact equivalent if there exists an automorphism ¢
of C{z} and a unit u € C{z}* such that f = u - ¢(g). We denote f ~ g.

Note that polynomials f and g are contact equivalent if and only if the corresponding germs (f~1(0),0)
and (¢g71(0),0) are analytically equivalent.

Definition 2.4 Let S be an analytic type of reduced hypersurface singularities represented by (H, z) C
(3,2) and f € C{z1,...,2,} be a local equation for (H,z). Define the jacobian of f by j(f) =
<6‘?fl Yoy %> The analytic algebras

My :=C{x}/j(f), Ty:=Clz}p/(f,i(f))
are called the Milnor and Tjurina algebra of f, respectively, and the numbers
w(S) = u(H, z) :==dimc My, 7(5)=r7(H,z) :=dimcTy
are called the Milnor and Tjurina numbers of S, respectively.

The following theorem shows that the Tjurina algebra is a complete invariant of an analytic singularity
type.

Theorem 2.5 (Mather-Yau) Let f,g € m C C{x}. The following are equivalent:
(a) [~ g

(b) for all b >0, C{x}/{f,m"j(f)) = C{z}/{g,m"j(g)) as C-algebras;

(¢) there is some b > 0 such that C{x}/{f,mj(f)) = C{z}/{g,m’j(g)) as C-algebras.
In particular, f ~ g iff Ty =1T,.

Proof. See [MaY] for the case of an isolated singularity and b = 0,1 or [GLS1], Theorem 2.26 for the
general case.



2.1.2 Finite determinacy
The aim of this section is to show that an isolated hypersurface singularity is already determined by its

Taylor series expansion up to a sufficiently high order.

Definition 2.6 For f € C{z} we define the k—jet of f by
jet(f, k) := f® = image of f in C{x}/m"***.

We identify f(*) with the power series expansion of f up to (and including) order k.

Definition 2.7 f € C{xz} is called contact k-determined if for each g € C{z} with f*) = ¢(*) we have
f ~ ¢g. The minimal such k is called contact determinacy of f.

Theorem 2.8 (Finite determinacy theorem) Let f € m C C{z}.
f is contact k—determined if m**1 C m? - j(f) + m(f).

Proof. This theorem is well known. See, for instance, [GLS1], Theorem 2.23.

Corollary 2.9 If f € m C C{z}, has an isolated singularity with Tjurina number T, then f is contact
T+ 1—determined .

2.1.3 Stable equivalence

Definition 2.10 Let f € C{xy,...,2;} and g € C{x1,..., 21 }. Wesay that f is stably contact equivalent
to g if they become contact equivalent after addition with non-degenerate quadratic forms of additional

variables. In other words,
fl@,. o) +af, +. +ad gl o)+ 2h g+

Theorem 2.11 Polynomials of the same number of variables are stably contact equivalent if and only if
they are contact equivalent.

Proof. See, for instance, [AGV], chapter IT section 11.
We will use a more general lemma:

Lemma 2.12 (1) Let f € C{xy,...,x,}. Let g= f+x2 (14 h) where h € m C C{z1,...,xn41}. Then
the Tjurina algebra Ty of f is isomorphic to the Tjurina algebra T, of g.

(2) Let f1, fo € C{axy,...,xn}. Let gi = f; +x%+1(1 +h;),i=1,2 where h; € m C C{x1,...,2n1}. Then
f1 = fa if and only if g1 ~ go

Proof. (1) In T,
dg oh

0= —F =2, 1(242h+ Tpy1———).

axn+1 € +1( + + +1 axn+1 )
Since 2 +2h + Tp 415 fnhﬂ is invertible in T}, the latter implies z,, 41 = 0. Hence T} is isomorphic to T}.
(2) Follows from (1) and from the Mather-Yau theorem (2.5). i

2.1.4 Quasihomogeneous singularities
Definition 2.13 Let f = Zaezgo aor® € Clzy,. ..,z
(i) The polynomial f is called quasihomogeneous of type
(w;d) = (w1, ..., wp;d)
if w;, d are positive integers satisfying
(w,a) =wiog + ...+ wpa, =d

for each a € Z%, with aq # 0.
(ii) An isolated hypersurface singularity (H,z) C (C", z) is called quasihomogeneous if there exists a
quasihomogeneous polynomial f € Czy,...,2,] such that Og , = C{z}/{f).



Example 2.14 Let f = 3 . Then f is a quasihomogeneous polynomial of type (1/a1,...,1/apn;1).

i=1
Such polynomials are called canonical quasihomogeneous.

Lemma 2.15 Let f € Clzy, ..., x,] be quasihomogeneous and g € C{x1, ..., x,} be arbitrary. Then f and
g are contact equivalent if and only if there exists an analytic local diffeomorphism ¢ that maps g to f.

Proof. Let f be quasihomogeneous of type ((wy,...,w,);d). If < g then there exists a unit v € C{z}*
and an automorphism v € AutC{z} such that u - f = 9)(g). Choose a d-th root u'/? € C{z}. Now we
take

¢:C{z} — C{z}, zi—u/% z;

A quasihomogeneous polynomial f of type (w;d) obviously satisfies the relation

P ox

i

that implies that f is contained in j(f), hence, for quasihomogeneous isolated hypersurface singularities
u = 7. For an isolated singularity the converse also holds. More precisely, K.Saito proved the following
theorem.

Theorem 2.16 ([Sai]) Let f € C{x1,...,zn} and suppose that f € j(f). Then there exists a quasi-
homogeneous polynomial g and an analytic local diffeomorphism ¢ that maps g to f. Moreover, the

normalized quasihomogeneity type 7 of g is defined uniquely up to permutation.

We will use the following important theorem:

Theorem 2.17 Let f be a quasihomogeneous polynomial of weighted degree d and g be a polynomial such
that the weighted degrees of all its terms are greater than d. Let ey, e, ...,e, be a system of monomials
that forms a basis of the Milnor algebra My of f. Then ei,ea,...,e, form a basis of My, 4 as well. In

particular, u(f + g) = p(f).
For a proof see [AGV], chapter IT Section 12.2.

Corollary 2.18 Let H be a projective hypersurface defined by a quasihomogeneous polynomial f of
weighted degree d. Let Vi denote the germ at H of the equisingular family of H. Let Hrp € Vg be a
hypersurface defined by a polynomial F'. Suppose that all the terms of F — f of weighted degree less than
or equal to d are elements of a monomial basis of the Milnor algebra of f.

Then F — f has no terms of weighted degree less than or equal to d.

Proof. Decompose F = f 4+ g+ > ._, A\ie;, where e; are all the elements of a monomial basis of the
Milnor algebra M of weighted degree less than or equal to d, and g has no terms which have weighted
degree less than or equal to d. By the theorem, My, and My have the same basis, and f belongs to
the p-constant stratum of f + g. Hence F = (f + g) + >.,_, Aie; belongs to the p-constant stratum of
f+g. On the other hand, by [Var], the affine space (f +g)+ Span{e;}/_, is transversal to the p-constant
stratum of f + ¢ and hence Y ;_; Aie; = 0. 0

2.1.5 Newton polytope
Definition 2.19 Let f = Zaezg aqx® € C{z}, ap = 0. The convex hull in R™ of the support of f,
>0

A(f) = conv{a € Z% | aq # 0},
is called the Newton polytope of f.

If f is quasihomogeneous with weight w of degree d then the Newton polytope A(f) will lie in the
hyperplane {a € Z% | > a;w; = d}. In particular, for a quasihomogeneous polynomial of two variables
its Newton polygon is a line segment.



2.1.6 Zero-dimensional schemes associated with singularities

Definition 2.20 Let X be a smooth projective variety and H C ¥ a reduced hypersurface with singular
locus Sing(H) = {z1,...,2-}. We define Z°*(H) C ¥ to be the zero-dimensional scheme, concentrated
at Sing(H), given by the Tjurina ideals

Jzea(my s,z = (fis T B

n

where fi(21,...,2,) is a local equation of H in a neighborhood of z;. We denote by Jzea(f)/s C Os
the corresponding ideal sheaf.

The degree of Z¢*(H) is

deg Zea(H) = Z dimCOEazi/jzea(H)/Evzi'
z;€Sing(H)

Theorem 2.21 Let H C P™ be a reduced hypersurface of degree d with precisely r singularities z1, ..., z,
of analytic types S1, ..., Sr.

(a) HY(Jzea(my pn(d))/HO(Opn) is isomorphic to the Zariski tangent space to Vig(Si,...,Sy) at H.
Here, H°(Opn) is embedded into HO(J zea sy pn (d)) via multiplication by the equation of H.

(b) h°(Tzea ) e (d) — B (T zea(arypn (d)) — 1 < dim(Vig (S, ..y Sr), H) < BT zea(prypn (d)) — 1.

(¢) HY (T zea(mry e (d)) = 0 if and only if Vig|(St, ..., Sy) is T-smooth at H, that is, smooth of the expected
dimension (d;n) —1—deg Z°*(H).

Proof. See [GrK].

Lemma 2.22 Let H C P" be a hypersurface and Z C H be a zero-dimensional subscheme. Then
HY (T zyen(H)) = H (Jz/u(H)).

Proof. The lemma follows from the exact sequence of sheaves
0 — Tuypn(H) — Tzypn (H) — Tz (H) © O — 0,

from the fact that Jy/pn (H) = Opn, which implies H'(Jppn(H)) = H?*(Jypn(H)) = 0, and from
Tzypn(H) @ O = Jz/u(H).

2.1.7 The Castelnuovo function of a zero-dimensional scheme in P"

Let X C P" be a zero-dimensional scheme and Jx/pn C Opn the corresponding ideal sheaf.

Definition 2.23 The Castelnuovo function of X is defined as
CX . ZZO I ZZO

d — B (Txpn (d — 1)) — b (Tx/pn (d)).

Remark 2.24 Let X C P" be a zero-dimensional scheme and H C P™ be a generic hyperplane not
passing through the support of X. Then we have an exact reduction sequence

0 — Jx/pr(d —1) — Tx/pn(d) — Og(d) — 0,
respectively the corresponding exact cohomology sequence
H(Tx/pn(d—1)) =5 H(Og(d)) — H' (Tx/pn(d — 1)) — H' (Tx/pn(d)) — 0.

In particular,
Cx(d) = h*(On(d)) — dime 7w (HO(Tx /pn (d)).



We associate to X the numbers

a(X) = min{d € Z| h°(Jx e (d) > 0)}
b(X) = min{d € Z|P(H°(Jx,p=(d))) has no fixed component}
t(X) = min{d € Z| H (Tx/pn(d)) = 0)}.
Here, a fixed component is a divisor D such that every element of the linear system |H?(Jx/pn(d))]

contains D as a component. We call the maximal divisor satisfying this property the fized component of
|H(Txpn(d))|. The following lemma contains some basic properties of the Castelnuovo function.

Lemma 2.25 Let X C P" be a zero-dimensional scheme and H C P™ be a generic hyperplane not
passing through the support of X. Then

(a) Cx(d) >0 for all d, and Cx(d) =0 for d > 0.

(b) Cx(d) < h%(Oy(d)), with equality if and only if d < a(X).

(c) a(X) <b(X) <tX)+1.

(d) Cx(d) =0 if and only if d > t(X) + 1.

(e) If Y C X then Cy(d) < Cx(d).

()Cx(0) +Cx (1) + -+ +Cx(d) = degX — h' (Tx/pn(d)).

Proof. See [Dav] for curves or [Wes] for hypersurfaces.

Lemma 2.26 Let Z = CyNCYy be the intersection of two plane curves Cq, Cy, of degrees d and k without
common components. Suppose k < d. Then

Cz(1)) <k fori>0, andCz(d+k—j)=j—1forj=1,....k+1.

Proof. See e.g. [GLS2], Lemma 5.4.

2.2 Some notions of the local deformation theory

Definition 2.27 Let (X, z) and (S,s) be complex space germs. A deformation of (X, z) over (S,s)
consists of a flat morphism ¢ : (27,x) — (5, s) of complex space germs together with an isomorphism
from (X, ) to the fiber of ¢, (X,z) — (25, 1) := (¢71(s), 2).

(Z',x) is called the total space, (S, s) the base space, and (Z5,x) = (X, x) the special fiber of the
deformation. We denote a deformation by

(i,8) : (X,2) > (2, 2) 2 (S, 5),
or simply by (%2, z) 2, (S, s).

Definition 2.28 Let (i,¢) : (X, z) < (Z,x) 2, (S,s) and (7, ¢") : (X, ) < (27, 2) ?, (5',8") be
two deformations of (X, z). A morphism of deformations from (i, ¢) to (¢, ¢’) consists of two morphisms
(1, @) such that the following diagram is commutative.

(X, )
VNG
(2',2) 5 (Z,2)
¢ | ¢
(8',¢") S (S.s)

Two deformations over the same base are isomorphic if there exists a morphism (1, ¢) with ¢ an iso-
morphism and ¢ the identity map.



Definition 2.29 Let (i,¢) : (X, z) < (Z,x) 2, (S, s) be a deformation of (X, x) and ¢ : (T,t) — (S, s)
be a morphism of germs. Denote by ¢*(2", x) the fiber product (2", z) x (g (T,t). We call

0 (i, 6) = (", 0" 0) : (X,2) & 0" (2, 2) 2 (T, 1)

the deformation induced from (i,$) by ¢, or just pull-back; ¢ is called the base change map.

Proposition 2.30 Let (X,0) C (C",0) be a closed subgerm. Then any deformation (i,¢) : (X, x) <4

(2, x) LA (S, s) can be embedded. In other words, there exists a Cartesian diagram

(X,0) <& (2,2)

1 1J
(€0) <L (€,0)x(S,s)
! lp

{st = (59

where J is a closed embedding, p is the second projection, j is the first inclusion and ¢ =
p o J. In particular, the embedding dimension is semicontinuous under deformations, that is,
edimo (¢ (y)),y) <edim(X,0), for all y in 2 sufficiently close to x.

Proof. See [GLS1], Corollary II.1.6.

2.2.1 Versal and complete deformations

A versal deformation of a complex space germ is a deformation which contains basically all information
about any possible deformation of this germ. More precisely, we say that a deformation (i, ¢) of (X, z)
over (S,s) is complete if any other deformation over some base space (T,t) can be induced from (i, @)
by some base change ¢ : (T,t) — (S, s). A complete deformation is called versal if for any deformation
of (X, x) over some subgerm (7”,t) C (T,t) induced by some base change ¢’ : (T7,t) — (5, s), ¢ can be
chosen in such a way that it extends ¢’. We will now give the formal definitions.
Definition 2.31 (1) A deformation (X,z) < (2, ) 2, (S,s) of (X,x) is called complete if, for any
deformation (j,v) : (X, ) < (¥ ,y) EA (T,t) of (X, x) there exists a morphism ¢ : (T,t) — (S, s) such
that (j,) is isomorphic to the induced deformation (¢p*i, p*¢).
(2) A deformation (i,¢) is called versal if, for any deformation (j,1) as above the following holds: for
any closed embedding k : (T",t) — (T,t) of complex space germs and any morphism ¢’ : (T',t) — (S, s)
such that (k*j,k*y) is isomorphic to the induced deformation (p*i,¢"* @), there exists a morphism
p: (T,t) — (S, s) such that
(i) ook = ¢’ and
(ii)(4,) is isomorphic to the induced deformation (p*i, ¢* ).

This definition can be illustrated by the following commutative diagram:

(X, 2)
K Li N\
k*(@ay) — (@7y) - (‘%f"r)
k™ | (N Lo

(T8 L (1) 5 (Ss).

(3) A versal deformation is called semiuniversal or miniversal if the Zariski tangent map T'(p) :
T — T(s,s) is uniquely defined by (i, #) and (j, ).



Our definition of versality is very restrictive. The deformations that we call complete are sometimes
called versal in the literature. For example, in [AGV] the authors call our complete deformation ”versal”
and our versal deformation ”infinitesimally versal”.

Now we introduce a notion which is weaker than completeness, but still strong enough for many
applications.
Definition 2.32 A deformation (X, x) < (Z,z) 2, (S,s) of (X,z) is called I-complete if, for any one
parametric deformation (j,%) : (X, z) N (¥, y) EA (C,0) of (X, x) there exists a morphism ¢ : (C,0) —
(S, s) such that (j,) is isomorphic to the induced deformation (¢*i, ©*®).

An arbitrary complex space germ may not have a versal deformation. It is a fundamental theorem
of Grauert, that for isolated singularity a semiuniversal deformation exists.

Theorem 2.33 (Grauert, 1972) . Any complex space germ with isolated singularity has a semiuni-
versal deformation.

Proof. See [Gral.
The following two statements describe the connection between equisingular families and versal defor-
mations.

Theorem 2.34 Let (X,0) C (C™,0) be an isolated singularity defined by f € Ocno and ¢1,...,9r €
Ocn o be a basis of the Tjurina algebra Ty. If we set

F(x,t) := f(z) + thgj(x), (2°,0) := V(F) c (C" x C7,0),

then (X,0) — (Z7,0) 2, (C7,0), where ¢ is the second projection, is a semiuniversal deformation of
(X,0).

Proof. See [GLS1], corollary I1.1.17.

Corollary 2.35 Let (H, z) be a germ of a projective hypersurface with one isolated singularity z. Suppose
that the equianalytic family of (H,z) is T-smooth at (H,z). Then the linear system |H| induces a versal
deformation of (H, z).

We finish this section with a version of the classical curve selection lemma that will be used below.

Lemma 2.36 Let X be an algebraic variety over C. Let U C X be a Zariski open subset and x be a
point in the closure of U. Then there exists a morphism of analytic germs ¢ : (C,0) — (X, ) such that

$(C\{0}) CU.

Proof. A basic lemma (see, for example, [Kem], lemma 7.2.1) says that there exists a smooth curve C'
and a morphism v : C — U, such that »~!(U) is non-empty and z is contained in the image of v. Denote
Z =v 1 ({U\U) . Then Z is a closed subset of C and hence consists of a finite number of points. Now
take any point z € v~!({z}) C C. It has a neighborhood which does not contain other points of Z. Since
C' is smooth, the analytic germ (C, z) is isomorphic to (C,0). Hence v defines the required morphism. O

2.3 Notions of computer algebra

In our computations we want to use the methods of computer algebra. Here we introduce the basic
notions, that will be widely used in our proofs. A more detailed description of these notions can be
found also in [GP].
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2.3.1 Monomial orderings
Definition 2.37 A monomial ordering is a total (or linear) ordering > on the set of monomials Mon,, =
{z% | @ € Z%,} in n variables satisfying

> 2P = V2% > 272

for all o, 3,7 € Z%,. We say also > is a monomial ordering on A[x1, ..., z,], where A is any ring, meaning
that > is a monomial ordering on Mon,,.

We identify Mon,, with ZZ ,, and then a monomial ordering is a total ordering on ZZ ), which is compatible
with the semigroup structure on ZZ, given by addition. From a practical point of view, a monomial
ordering > allows us to write a polynomial f € K[z]| in a unique ordered way as

f=asx*+ agxﬁ + ... +ayz?,

with z® > 2% > ... > 7, where no coefficient is zero.
The most important distinction is between global and local orderings.

Definition 2.38 Let > be a monomial ordering on {z® | o € ZZ,}.
(1) > is called a global ordering if z® > 1 for all a # (0,...,0),
(2) > is called a local ordering if z® < 1 for all a # (0, ...,0).

Important examples of monomial orderings are:

Example 2.39 (monomial orderings). In the following examples we fix an enumeration x1, ..., z,, of the
variables, any other enumeration leads to a different ordering.
(1) GLOBAL ORDERINGS

(i) Lexicographical ordering >,

% >ip Zﬁ edl<i<n:ap = 51, ey QG = 51',1,&2' > 51',
(ii) Degree lezicographical ordering >p,
% >pp 2 s degz® > dega®

or (degx® = degz” and 1 <i<n:oqn =P, .., i1 = Bi1, 0 > Bi).

(iii) Weighted degree lexicographical ordering Wp(wy, ...,wn)
Given a vector w = (w1, ..., wy, ) of integers, we define the weighted degree of ¢ by deg, (z*) := (w, @) :=
wiog + - - + wpay, that is, the variable z; has degree w;. For a polynomial f = )"  a,xz®, we define the
weighted degree,

deg.,(f) := max{deg,(z®) | aa # 0}.

Using the weighted degree in (ii), with all w; > 0, instead of the usual degree, we obtain the weighted
degree lexicographical ordering, Wp(w1, ..., wy).

(2) LOCAL ORDERINGS
(i) Negative lexicographical ordering > s

2> 2 e AN <i<nior =601 = Bion, 0 < B
(ii) Negative degree lexicographical ordering > ps:
% >p, 2P 1 degr® < dega”®

or (degx®™ = deg:cﬁ and AN <i<n:ay=p1,.., i1 = i1, > 5i).

(iii) Negative weighted degree lexicographical ordering Ws(w1, ...,wy) is a weighted version of the last
ordering.

11



Definition 2.40 Let > be a fixed monomial ordering. Let f € K|[z], f # 0. Then f can be written in a
unique way as a sum of non-zero terms

f=aq.x" —|—a5xﬁ +..+ax”, %> 2> . >,

and aq,ag, ..., ay € K. We define:

1) LM(f) := x%, the leading monomial of f,

) LE(f) := «, the leading exponent of f,

) LT(f) := aqx®, the leading term of f,

) f) = aq, the leading coefficient of f,

) f):=f—LT(f) = agx” + ... + a,2", the tail of f.

Definition 2.41 For any monomial ordering > on Mon(x1, ..., Z,), we define the ring K[z]s associated
to K[z] and > by

Klz]s = £|f7ueK[ac]7 LM (u) =1}

Note that K[z]. = K[z] if and only if > is global and K[z]» = K[|, .. 4, if and only if > is local.

2.3.2 Normal form

Let > be a monomial ordering and let R = KJz1,...,2,]> (see Definition 2.41 above). For any subset
G C R define the ideal

L (G) := L(G) == (LM(g)lg € G\ {0}) k1a)-
L(G) C K|z] is called the leading ideal of G. Note that if I is an ideal, then L(I) is the ideal generated
by all leading monomials of all elements of I and not only by the leading monomials of a given set of
generators of 1.

Definition 2.42 Let G denote the set of all finite subsets G C R. A map
NF:RxG— R, (f,G)— NF(f|GQ),

is called a normal form on R if, for all f € R and G € G,
(0) NF(0|G) = 0
(1) NE(f|IG) # 0= LM(NF(f|G)) ¢ L(G);
(2) if G ={g1,...,9s}, then r := f — NF(f|G) has a standard representation with respect to G, that is,
either r =0, or

r= Zaig,;, a; € R,

i=1

satisfying LM (f) > LM (a;g;) for all i such that a;g; # 0.
NF is called a reduced normal form, if, moreover, NF(f|G) is reduced with respect to G, i.e. no

monomial of the power series expansion of NF'(f|G) is contained in L(G).
As we can see from the definition, NF(f|G) = 0 if and only if f € (G).

2.3.3 RedNFBuchberger algorithm for computation of normal form

Algorithm 2.43 (REDNFBUCHBERGER algorithm)
Assume that > is a global monomial ordering.

Input: f € K[z], G€g
Output: p € K[z], a reduced normal form of f with respect to G.

1. p:=0; h:=f;
2. while (h # 0)

(a) while (h # 0 and G}, := {g € G|LM (g) divides LM (h)} # ()
{ choose any g € Gp;
h:=h—(LT(h)/LT(g)) - g}

12



(b) if (h #£0)
{p=p+LT(h);
h:=tail(h)};

3. return p/LC(p);

The algorithm works in the following way: the inner loop (2a) runs until it meets an ”obstruction”,
i.e. the first monomial that isn’t divisible by the leading monomial of any member of G. When the inner
loop (2a) stops, h stores a normal form of f. To make this normal form reduced, we add the leading
term of h, i.e. the ”obstruction”, to p and continue working with the tail of h in the same way.

Note that any specific choice of "any g € G},” can give a different normal form function. For proof
of correctness of the algorithm see [GP], section 1.6 algorithms 1.6.10 and 1.6.11.

2.3.4 Highest corner

Definition 2.44 Let > be a monomial ordering on Mon(x1,...,x,) and let I C K[x1,...,x,]> be an
ideal. A monomial m € Mon(xy,...,x,) is called the highest corner of I (with respect to >), denoted by
HC(I), if

(1) m ¢ L(I);

(2) m' € Mon(z1,...,xs), m <m=m' € L(I).

Lemma 2.45 Let > be a monomial ordering on Mon(x1,...,x,) and let I C K[z, ..., z,]s be an ideal.
Let m be a monomial such that m’ < m implies m’ € L(I). Let f € K[y, ..., 2, such that LM (f) < m.
Then f € 1.

Proof. See [GP] lemma 1.7.13.

Lemma 2.46 Let > be a weighted degree ordering on Mon(x1, ..., z,). Moreover, let f1,..., fx be a set
of generators of the ideal I C K|[x1,...,2,]s such that J := (LM(f1),..., LM(f)) has a highest corner
m:=HC(J) and f € K[z1,...,x,]s. T LM(f) < HC(J) then f € I.

Proof. See [GP] lemma 1.7.17.

2.4 Affine coordinates and the stratum V[

In this section we enter the notion of stratum VdU that will be used in all the proofs, in order to work in
affine coordinates.

Definition 2.47 Let S be an analytic singularity type of projective hypersurfaces. Fix homogeneous
coordinates on P™ and consider the open subset

U:{(to:...:tn)|t07é0}CIP’".

We define VdU(S ) to be the space of all hypersurfaces of degree d that have a unique singular point inside
U of singularity type S.

Note that both V/(S) and V4(S) are open subsets of the space of all hypersurfaces of degree d
that have at least one isolated singular point of singularity type S. Hence for any hypersurface H €
VI (S)NVa(S), the germs Vg i := (Va(S), H) and V7, := (V,/(S), H) coincide. Hence we will formulate

statements on V4 g and prove them on VdUH.

Remark 2.48 There exists a natural embedding v : V.Y (S) < V., (S) defined in the following way.
Let F(to,...,t,) be an equation of the hypersurface H € V,/(S). Then we define v(H) to be the
hypersurface defined by the equation toF (¢, .. .,t,) = 0. Note that in the coordinate system x; = I—é on
U, H and v(H) will be given by the same local equation.

Using the above embedding, the scheme theoretic structure on V.V (S) can be computed in the fol-
lowing way. By Theorem 2.21 there exists N such that V, \(S) is a smooth variety. Then V,(S) is
equal to the scheme-theoretic intersection V., \(S) N [Opn (d)].
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3 Main results

We start with a generalization of Example 1.2 to higher dimensions:

n
Theorem 3.1 Let H C P*, n > 3 be the projective hypersurface given by the equation t;“tg_(“ +

i=1

n n
S\t =0 where d = " a; — (2n + 1) and the \; are complex numbers such that z = (1,0, ...,0) is the
i=1 i=1
zum’que singular point O}H. Note that generic \; satisfy this condition.

Let Vg g be the germ at H of the equianalytic family of H. Then for any {a;}}_, such thatd > a; > 2
for alli, Vg is non-T-smooth and h*(Jzea(mypn (d)) = 1.
Furthermore:

(i) If n =4 and d = 3 (i.e. o = az = a3 = ag = 3), the germ V3 g(S) is a smooth variety of
non-expected codimension (one less than expected).

(i1) Otherwise, the germ Vg g (S) is a reduced irreducible non-smooth variety of expected codimension
which has a smooth singular locus. Moreover, the germ Vg i (S) has the sectional singularity type A;.

(For proof see Section 4)

Remark 3.2 It can be shown that the exceptional case of this Theorem can be generalized in the
following way:

Let H C P be the hypersurface given by the local equation )" | t4 =0, d > max{3,7 — n}. Then the
germ Vg g is an orbit of PGL, 4, and hence is a smooth variety of non-expected codimension.

In Example 1.2 and Theorem 3.1 we have seen several examples of equianalytic strata of minimal
obstructedness which are non-reduced, or reducible or have unexpected dimension. In these examples
non-reduced families have smooth reduction, all components of reducible families are smooth and have
expected codimension, and non-smooth families have smooth singular loci. The first statement follows
from minimal obstructedness. We conjecture that the other two statements hold for general families of
minimal obstructedness of Newton non-degenerate hypersurface singularities.

Also, we conjecture that if h'(Jea a7y e (d)) is constant along the equianalytic family of a unisingular
projective hypersurface H, then the family has smooth reduction. This can be easily proven for reduced
families (see [Gou2], Proposition 2.4.1).

The next question that naturally arose was the behavior of the geometric properties of equianalytic
families with respect to the stabilization of the singularities (see Subsection 2.1.3).

We found out that these phenomena are not stable. Namely, if we add a new variable z,,11 to the space
and 2 41 to the local equation of the hypersurface, the equianalytic stratum of the new hypersurface
has the same k' and 7 but is reduced irreducible of expected codimension. Apparently, the same is true
for any singularity of minimal obstructedness, though sometimes more variables and their squares need
to be added.

More generally, for any hypersurface singularity with A' > 0 but h'(2d — 2) = 0, the equianalytic
stratum obtains an irreducible component which is reduced of expected dimension after adding h' + 1
squares. The condition h'(2d — 2) = 0 always holds for curves. For higher dimensions, h'(2d — 2) = 0
follows from the condition h! < d — 1.

The following theorem summarizes all that was mentioned above.

Theorem 3.3 Let H C P™ be hypersurface of degree d > 3 with the unique singular point z = (1:0:
...:0). Let h' := hY (T zea(mypn (d)) and T := degZ°*(H). Let Fy be the equation of H. Suppose h' > 0.

For any m > 1 define W™ C P*™™ to be the hypersurface given by equation Fy + Z;ﬂ:l t%ﬂtg*2 and
Zm be the point (1 : 0 :...:0). Denote by Vd[’]"’/{}m the germ at W™ of the family of all hypersurfaces
of degree d that have a unique singular point inside Up, = {(to : ... : tnim,)|[to # 0} C P*T™ and are
analytically equivalent to (W™, z) near the singular point. Then:

(a) W' (T zeaqwm) pntm (d)) = bt and degZ°*(W™) = 1.

(b) If W' (Tzea(rrypn(2d — 2)) = 0O then the germs VdeV”[},,L for m > h' + 1 have a reduced compo-
nent of expected dimension.
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(¢c) If H is a plane curve then already h'(Jzea(myp2(2d — 4)) = 0 and hence for m > h' +1
the germs lef{,?,m have a reduced component of expected dimension.

(d) If W' < d —1 then h*(Tzea(mypn(2d — 2)) = 0 and hence for m > h' 4+ 1 the germs Vd%”,m

have a reduced component of expected dimension.

(e) If h* = 1 then the germs le{m m are non-smooth of expected dimension for all m > 1, reduced for
m > max{1,5 — d} and irreducible for m > max{1,6 — d}.

(For the proof see Section 5)

Remark 3.4 1) Statement (c) is not always true for n > 3. Consider, for example, H given by the local
equation Y 2 = 0. Then h'(Tzea gy pn (k) > 0 for k < n(d — 2).

2) It can be proven that if h' (T zea(gr)/pn (2d—2)) = 0 and h' (T zea(p)/pn (d+1)) = B (T zea(m) pn (d)) — 1
then for m > 2 the germs VdUm have a reduced component of expected dimension.

3) If Fo = S0 1243 and h* (T gea g1y /pn () = 0 for some d < t < 2d—2, then for m > [h! <;(dd+;)>1+1

@ d—ao;
1= 1tzt

and h(Jzee (1) /pn (2d — 3)) = 0 then for m > [ ] + 1 the germs Vd ™., have a reduced component of
expected dimension. Together with (2) that implies that if Fp is canomcal quasihomogeneous and h! <

the germs Vd m have a reduced component of expected dimension. In particular, if Fy = >

d—1 then the germs Vy yym (S™) have a reduced component of expected dimension for any m > (%1] +1
For proof see [Gou2], Theorem 2.2.1(f).

3.1 Deformation theoretic meaning

In this subsection we give a deformation theoretic interpretation to our results. Since the proofs of the
statements here are shorter and less technical, we give them right after the statements.

Theorem 3.5 Let H € P™ be a projective hypersurface of degree d with the unique singular point z.
Suppose that the equianalytic stratum germ Vi g has a reduced component R of expected dimension.
Then the deformation of H induced by the linear system |H| is 1-complete.

The proof of the theorem is based on the following observation: at every smooth point H' of R, the
stratum Vj g is T-smooth. Hence the deformation of H' induced by the linear system |H]| is versal, and
hence any l-parametric deformation (H,z) — (2 ,z) — (C,0) of (H,z) can be induced from it by a
map ¢ : (C,0) — (|H|,H'). By the curve selection lemma, there exists a map ¢ : (C,0) — (R, H)
such that all points except 0 are mapped to non-singular points. Now we define the requested map
o (C,0) = (11, H) by ¢(t) i= (0 (1) or ¢ £ 0 and (0) = H.

Now we give a precise proof, which includes the description how to choose the maps 14(;) analytically.

Proof. Denote U = R\ Sing(Vy) where Sing(Vy) is the singular locus of V;. Let 7 be the Tjurina
number of (H, z). Consider the coincidence variety

Z:={(H',W)|H' € R, W is a 7 — dimensional affine subspace of |H| and H' € W}.
Let Y C Z be the open subset defined by
Y :={(H',W) e Z|H € U and W is transversal to R at H'}.

By the curve selection lemma (Lemma 2.36), there exists a morphism of analytic germs ¢ : (C,0) —
(Z,(H,W)) (for some 7-dimensional subspace W) such that ¢(C\ {0}) C Y.

Now let (H,z) — (2 ,2) — (C,0) be a one-parametric deformation of (H,z). Let Tay denote
the Tjurina algebra of (H,z) and let (H,z) — (#,y) — (Tam,0) be the semiuniversal deformation
over it described in Theorem 2.34. Since this deformation is semiuniversal, there exists a morphism
¥ 1 (C,0) — (Tam,0) such that ¢*(#,y) = (2 ,x). Note that the monomial basis of the Tjurina
algebra of (H,z) is also a basis of Tjurina algebras in a neighborhood of H. Thus we identify those
Tjurina algebras as vector spaces.
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For any point (H',W) € Y, the factor morphism Ty/|H| — Tay = Tay defines an isomorphism
paw : W = Tay, since W is transversal to the kernel of the factor morphism, which is the tangent
space to R at H'. This defines a morphism ¥ : (C,0) x Y — |H| by

W(t, (H', W) := p w ($(2)).
Now, we define ¢ : (C,0)\ 0 — (|H|,H) by ¢ := ¥ o (Id x ¢), and extend it to 0 by ¢(0) := H. O

Corollary 3.6 Let H € P be a unisingular hypersurface of degree d > 3 deﬁned by the equation

Z il 4 Z it = 0. Suppose that H has one isolated singularity and d + 1 = Z(ozZ —2). Then,
=1 i=1

unless n=2,d<6orn=4,d =3, the deformation of H induced by the linear system |H| is 1-complete.

Corollary 3.7 Let H C P™ be a hypersurface of degree d > 3 with the unique singular point z = (1:0:
...:0). Let Fy be the equation of H. For any m > 1 define W™ C P"™™ to be the hypersurface given
by equation Fy + Zj 1 nﬂtg % and zp, be the point (1:0: :0).

Suppose that h* (T zea(p)ypn (2d — 2)) = 0. Then for m 2 h1 + 1 the deformation of W™ induced by
the linear system |W™| is 1-complete.

Let us now demonstrate one known application of 1-completeness. Suppose that we want to construct
a hypersurface of degree d having m isolated singular points of prescribed analytic singularity types
S1,---59m. Suppose that we can construct a hypersurface H with unique more complicated singularity
that splits to singularities of the given types S; after a one-parameter deformation by hypersurfaces of
higher degrees. If the deformation of H induced by the linear system |H| is 1-complete, there exists a
deformation of H by hypersurfaces from |H| which contains the desired hypersurfaces.

Proposition 3.8 Let H C P be a hypersurface of degree d with one isolated singular point z of the
analytic singularity type S. Let (H,z) — (2", z) — (|H| H) be the deformation of (H, z) induced by the
linear system |H|. Suppose that it is 1-complete. Let Si,..,Sy, be analytic singularity types. Suppose also

that there exists a one-parameter deformation (j,v) : (H, z) < (¥, y) EA (C,0) of (H,z) that includes
hypersurfaces having m singularities of types Si,...,Sm. Then there exists a one-parameter deformation
of (H,z) consisting of hypersurfaces of degree d that includes hypersurfaces having m singularities of
types S1,...,5m-

Proof. Since the deformation of H induced by |H]| is 1-complete, there exists a morphism ¢ : (C,0) —
(|H|, H) such that (j,) is isomorphic to the induced deformation (¢*i, ¢*¢). Hence the induced defor-
mation (¢*i, p*¢) includes hypersurfaces having m singularities of types Si,...,S,,. On the other hand,
the deformation (i, ¢) consists of hypersurfaces of degree d, and hence the induced deformation (¢*i, p*¢)
also consists of hypersurfaces of degree d. a

4 Proof of the theorem on quasihomogeneous hypersurface sin-
gularities

This section is dedicated to the proof of Theorem 3.1.

4.1 The structure of the proof

First of all we pass to affine coordinates x; = ttT) In these coordinates, H is given by the local equation
f= Z?=1 g+ Z?zl Nizd =0. Ttisa semiquasihomogeneous polynomial with non-degenerate quasiho-
mogeneous part g = Y . 1(1 + 0q,;.aXi)zy". It is easy to see that f € j(f) and j(f) = j(g). Hence f and
¢ have the same Tjurina ideal and Tjurina algebra, f ~ ¢ and Ty = My.
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Then we prove the equality h'(Jzea(r,z) e (d)) = 1 (see Subsection 4.2). Next (in Subsection 4.3)
we switch to substratum germ V;), ’13 of V4 p consisting of hypersurfaces given by polynomials of the form

n

F(zy,...,zn) = fo‘ + Z)wc;i + Z arx’,
i=1 i=1 I1eD
where D = ({I € Z%|a, < I <d}\ | {(0,...0,05 —1,0,..,0,1,0, ..., 0)})\
1<i#j<n

\ U {0,...0,0:,0,..,0)}.

1<i<n

We prove that this substratum is transversal to the orbits of the group of affine transformations of
cn.

First, we consider the case a; < 2«,, (Subsection 4.4). In this case for any hypersurface H which lies
in the stratum germ there exists an affine coordinate change s.t. the equation of H in the new coordinates
does not include any terms that lie below the Newton polytope A(f), and has the same terms laying on
A(f) as f.

Let F' = f + f; where fi is a polynomial which has no terms below and on A(f). We claim that F
is contact equivalent to f if and only if F' € j(F) = (Fy,,...,Fy,).

One direction is obvious: if they are equivalent then they have the same Milnor and Tjurina numbers
and hence u(F) = 7(F), i.e. F € j(F). To prove the other direction we use Saito theorem (Theorem
2.16). It says that if F' € j(F) then there exists a quasihomogeneous polynomial h and a coordinate
change ¢ that maps h to F'. Then the linear part of ¢ will map h to the quasihomogeneous part of F,
which is g. Therefore, h and g are contact equivalent and hence F' and f are contact equivalent. So the
hypersurface Hgr belongs to Vdo’g if and only if F € (Fy,,...,Fy ).

We check that condition usfng a computer algebra algorithm (Algorithm 4.2). In this way we obtain
a system of equations on Vdo”lg. In case d = 3, n = 4 the substratum germ consists of one point. We show
that otherwise the system consists of a subsystem having a diagonal linear part, and one more equation
with quadratic principle part of rank > 3.

In the case of a; > 2a,, there are hypersurfaces Hp in V; }3 whose equations include some terms
below or on the Newton polytope A(f). For every such polynémial F', we pass to new coordinates in
which F has no terms below and on A(f), write equations on the coefficients of F' in the new coordinates
and express new coefficients through the old ones.

Again we check that the obtained system consists of a subsystem having diagonal linear part, and
one more equation with quadratic principle part of rank > 3. This is done in Subsection 4.5.

We show that in both cases the last equation lies in the ideal generated by elements that appear in
its quadratic part. We deduce from this fact the smoothness of the singular locus.

4.2 Proof that h‘l(jZea(H,z)/IP’" (d)) =1

Suppose, for convenience, a; > ag > ... > «a, > 2.

First, we pass to affine coordinates z; = f—o In these coordinates, H is given by local equation
=X+ \izd. Tt is a semiquasihomogeneous polynomial with non-degenerate quasihomogeneous
part g = > 1 (1 + dq, .ali)zi. It is easy to see that f € j(f) and j(f) = j(g). Hence f and g have the
same Tjurina ideal and Tjurina algebra, which also coincides with their Milnor algebras. By Mather-Yau
theorem this implies that f and g are contact equivalent and hence belong to the same stratum.

The polynomial g is quasihomogeneous of type (1/aq,...,1/ay; 1) hence (H, z) is a quasihomogeneous
hypersurface singularity. The Newton polytope of g is

Ag) = {1 € Z%, Z cT]- =1}
=1

We will now show that Vy 5 is non-T-smooth at H and h'(Jzea(p,2)pn (d)) = 1.
The Tjurina algebra of f has a basis {z,I € P}, where P is the parallelepiped P = {I € Z8,|1; <
aj —2forall 0 < j <n}. So7(H,z) = |P| = [[i_, (e — 1), where by |P| we denote the number of
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integer points in P.
Hence hO(OZea(H,z)) - T(H,Z) = ‘P|’

H(Tgeo 1,2y pn (d)) = { Z arz'}
IETd\'P

where Ty is the simplex {I € Z%|[I| < d} (see Figure 1). That means that
WO (Tzeo(r1,2) e (d)) = |Ta| = [Ty N P|
From the exact sequence
0 — H(Jzea(m,zpen (d) — H(Opa(d)) = H(Ogea(sr ) — H' (Tgeam,z)en (d)) — 0

we conclude that

W (Tgeo .2y ypn (d) = B (T gea( 2y pn () = B (Opn (d) + B2 (Ogea ) =
|Td‘ — |Td ﬂ'P| — ‘Td| + |P| = |P\Td| =1.
The same argument shows that hl(jzea(H’Z)/]pn (d+1)) = |P\ Tas1| = 0. Thus by Theorem 2.21 the
germ Vgi1,m is T-smooth and the germ Vj g is non-T-smooth.
Because of minimal obstructedness (h! = 1), V4 g may be either non-smooth of expected codimension
or smooth of non-expected codimension.

Now we would like to find out when it is non-smooth and when it has non-expected codimension.
First we will pass to a more convenient substratum, which has the same geometric properties.

4.3 Switch to substratum and notations

First of all let us shift the singularity to the origin. Let S be the singularity type of (H, z). The family
VU (S) is invariant under the action of affine transformations of C*. Consider the subgroup generated
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by translations. We switch to the section V;(S) of V., (S) transversal to orbits of this group and given
by the conditions that the singularity is in the origin.

In the same way, using the subgroup GL,, consisting of the linear coordinate changes, we want to
reduce to the substratum VdO’O(S) of VJ(S) consisting of all hypersurfaces Hp given by polynomials
F which also do not include the monomials x;“_lxj for i # j, and include the monomials z{"* with
coefficient 1 if «; # d or with coefficient 1 4+ \; if a; = d . For this purpose we will prove the following
lemma.

Lemma 4.1

(i) TuV}(S) = Tu V)" (S) ® TyGL, H

(i) GLanO’O(S) = V;(S) in a neighborhood of H and GL,H N VdO’O(S) = {H} in a neighborhood of H.
The same is true for Vj, ,(S):

(iii) TV, 1 (S) = Tu V1 (S) ® TyGL,H

(iv) GL V5 (S) = Vi, (S) in a neighborhood of H and GL, HNV, (S) = {H} in a neighborhood of H.

Proof.

(i): For any point Hp € Vj(S) and any 0 < i,j < n denote by ¢;; the coefficient of the monomial
2% 'z; in the polynomial F — f. The tangent space to VdO’O(S) at H is given inside TyVy(S)
by the equations c¢;; = 0. On the other hand TyGL,H = Span{aix;-“_lxj + )\idxf_lxj}. Hence
TuV)(S) = TaVy"°(S) ® TuGL,H.

(iil) is proven in the same way.

(iv) follows from (iii) since V) (S) is smooth (see Section 4.2).

(ii) follows from (iv) since GL,, preserves degree:

GL, V) (S) = GL, (V3 (S) N[Oz (d)]) = (GL, V5 (S)) N [Opn (d)] =
= V;11(S) N |Opn (d)| = V4(S).

Here, |Opn (d)| = |H| is the linear system of hypersurfaces of degree d. Also GL,HN V;’O(S) CGL,HN
V25(S) = {H} in a neighborhood of H. O

From this lemma we see that it is enough to prove our statement for the germ Vdo’lg of VdO’O(S) at H.

Consider now arbitrary hypersurface Hp € Vd?}g given by a polynomial equation F' = 0. Since Hp is
obtained from H by a local analytic diffeomorphism and both have their only singularity at the origin,
F has no terms of degree less than av,.

So we will work with substratum germ Vd?f[ of V4 consisting of hypersurfaces given by polynomials
of the form

F(xy,.. Zm“1+2)\m +Za1x
IeD
where D = ({1 € Z|a, < |I] < d}\ U {(0,...,0,a; — 1,0,...,0,1,0,...,0) })\
1<ij<n

\ U {0,..,0,04,0,..,0)}. (4.3.1)

1<i<n

For convenience, we introduce the following notations:

a) let by be the coefficients of basis monomials above the Newton polytope A(f) , i.e. by :=ay for I € D
such that I; < o — 2 for all j and w(I) > 1;

b) let e; be the coefficients of basis monomials below the Newton polytope A(f) but of degree at least
oy , ie. er:=ay for I € D such that [; < a; — 2 for all j and w(l) < 1;

c) let gr :=ay for I € E where E = {I € D| I; = a;; — 1 for some j, I, < oy, —2 for all k # j and I, > 0
for some k # j};

d) let uy := ay for I € D such that (I; > «; for some j) or (I; = a; — 1 and I, = ay, — 1 for some k # j);
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e) let gr := ay for I = (0,...,0,; — 1,0, ..., 0) for some j;
f) for I = (i1, .0y, ip—1, % — 1,ik11,...in) € E denote

dua’l(I) = (0[1 -2 - il) ceeyy Hp—1 — 2 - ik‘—l) ap — 17 Q41 — 2 - ik‘+17 ceey Oy — 2 — Z.TL)'

Note that dual(I) also lies in E and dual(dual(I)) = 1.

Let A = Claj] be the algebra of polynomials generated by ay, I € D. Let m = {ay) be the maximal
ideal in A generated by all ay, G = (gr) be the ideal in A generated by all g; and B = (br) be the ideal
in A generated by all b;.

4.4 Proof of the theorem for the case a; < 2a,

In this case the Newton polytope A(f) lies below the hyperplane |I| = 2a,.

We want to find out for which {a;} Hp lies in Vdo’g. Our F doesn’t include monomials x! for I below
and on the Newton polytope and satisfying I; = «; ~ 1 for some j. Hence, by Corollary 2.18, in order to
belong to our substratum, F' should include no terms below and on the Newton polytope except of z7.

Let F' = f + f; where f; is a polynomial which has no terms below and on A(f). We claim that F
is contact equivalent to f if and ounly if F' € j(F) = (F,,,..., Fy, ).

One direction is obvious: if they are equivalent then they have the same Milnor and Tjurina numbers
and hence u(F) = 7(F), i.e. F € j(F). To prove the other direction we use Saito theorem (Theorem
2.16). It says that if F' € j(F') then there exists a quasihomogeneous polynomial h and a coordinate
change ¢ that maps h to F. Then the linear part of ¢ will map h to the quasihomogeneous part of F,
which is g. Therefore, h and g are contact equivalent and hence F' and f are contact equivalent. So the
hypersurface Hg belongs to Vd(ffl if and only if F' € (Fy,,..., Fy, ).

In order to check whether F(x1,...,x,) € (Fy,,...,Fy,) we use the REDNFBUCHBERGER algo-
rithm (Algorithm 2.43). We refer to a neighborhood of the origin, hence we consider F(x1,...,2,)
and (Fy,,..., Fy,) in the local ring R = C[z1,...,Zn](a,,....z,,)- To compute in this ring, we define a
local monomial ordering on Clzy,...,2,] such that the ring associated to C|z1,...,x,] and this order-
ing will be Clx1, ..., Zn](a,,....c,,)- We choose the negative weighted degree lexicographical ordering with
w=(1/ai,....,1/a,) (see Example 2.39, ordering (2)(iii)).

In general, the REDNFBUCHBERGER algorithm does not stop for local orderings. However, in our
case we can stop it manually when the leading monomial of the tail is less than 2" =2 ... 2% ~2. We are
allowed to do that by Lemma 2.46, for z" ~2-...-z%"~2 is the highest corner of (LM (F},), ..., LM (F,)) =

<x‘1)‘1_1, ey 2871 Indeed, any monomial smaller than x‘fl_Q < ... - 2222 has degree of z; bigger than
or equal to a; — 1 for some j and hence lies in (LM (Fy,), ..., LM(F,,)) and x{" "2 . ... - 20n=2 ¢

(LM (Fy,), ..., LM(F,,)).

There is another explanation why we can stop the algorithm at this point. Consider Vi1 g. It is
smooth of expected codimension (see Subsection 4.2). Therefore V;jrol’ s also smooth and has expected
codimension which is equal to the number of basis elements which lie above the Newton polytope. Since
we have exactly this number of independent equations on this stage, there will be no more equations.
Also since Vdojrol_’ y 1s smooth, all the equations on it will have independent linear parts. When we return
to V; }3, the linear part of only one of them may vanish.

So we rewrite the algorithm in the following way:

Algorithm 4.2 (Modified REDNFBUCHBERGER algorithm.)
1. p:=0, h:=F;
2. while (h # 0 and LM (h) > z{* 72 - ... - x0n—2)

(a) while (h # 0 and LM (h) > z{* 72 - ... - x0n—2
and exists ¢ such that LM (F,,) divides LM (h))

{h:=h— (LT(h)/LT(F..)) - Fy,}

(b) if (h # 0 and LM (h) > 2§ ~2 . ... g0n=2)
{p:=p+ LT(h);
h =tail(h)};
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3. return p;

As a result, we obtain the normal form
NF(F[(Fy,, .. Fo,)) = > Ri(ay)a’,

where 2!, I, < oy — 2, for all k are elements of the basis of algebra Clxy, ..., 2]/ (fe,, s fz, ) Which lie
above A(f) and Ry(ay) are polynomials in a;. Hence F belongs to the ideal (Fy,, ..., Fy, ) if and only if
all coefficients Ry(ay) = 0.

Thus we obtain a system of equations on a;:

Ri(ay) = (4.4.2)
Let us now analyze the R;.

Lemma 4.3 Denote ;(gs,ux,br) := Ry — (1 —w(I))by for |I| < d and ¥1(gs,uK,br) = —Ry for
[I|=d+1, ie. I = (a1 —2,...,ap —2). Then

(i) All by, that appear in ¢ satisfy w(L) < w(I).

(ii) All+; are polynomials from G* + Bm. Recall that G = (g;) and B = (bs).

(1) (0 —2,....an—2) = 2 jer Ak * 97 Gdual(s) € Bm + m? where Ay, are positive rational numbers.

Proof. Let us trace the changes of the coefficients of A and p during the algorithm. Denote the coefficient
of ! in h by ¢;. In the first step we eliminate the monomials z$ for all i. As a result we obtain
h:=F =" (1/a;) - x; - Fy,. After this step ¢; = (1 — w(I))a;. Note that ¢; is non-zero iff ay is
non-zero, since w(I) > 1 unless a; = 0.

Now let S be the coefficient of the leading monomial of h. If it is a basic monomial, we add the
leading term of h to p and subtract it from h. Otherwise, S,, > a.,, — 1 for some m and hence we can
eliminate this term using F, . After such elimination step the change of h is expressed by the formula

(R)™ew = (h)°ld — 1_711}(3)@961% e gmToamtl L pSn

Qm
Hence the c; after this step is

Im_Sm+am

Om

™ =1 —w(l))ar - (I —w(8))as - ar—s4sm,
where J™ := (0,...0, &, 0,..,0). If some coordinate of I — S + J™ is negative, then a;_g4 = = 0 and
hence c¢; did not change.

Suppose that I is a basic index. Let us show that after this step ¢; — (1 — w(I))b; € G*> + Bm. We
know that S,, > @, — 1. If S; > I for some k& # m then (I — S + J™); < 0 and hence ¢; did not
change. Hence we can assume Sy < I for k # m. Let us consider several cases.

1. If S, > ayy, then a;_g4ym € B and hence ag - aj_g4jm € mB.
2. If S, =y, —1and I, < ay, — 2 then ay_g4jm € B and hence ag - aj_gs4jm € mB.

3. If S =y — 1 and I, = i, — 2 then ags € G and a;_g, jm» € G and hence as - a;_g1 jm € G.

Let us now consider any elimination step of the algorithm at which we eliminate some z° using Fj,

for some m. This is only possible if S,, > «,, — 1. The change of h in this step is expressed by the
formula 1
() = (W) = —cgay gy O A By
m

Hence the change of ¢; in this step is expressed by

new old Im — Sm + am C%ld

Cr =Cyr o cAr—S4Jm. (443)
m

For any basic index S, the Rg is equal to the coefficient of 2 in p after the termination of the algorithm.
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Note that w(I—S+J™) = w(I) —w(S)+1, and recall that ay = 0 if w(J) < 1. Hence ¢; is influenced
only if w(S) < w(I) and w(I — S + J™) < w(I). This proves (i).

Let us now prove by induction that at every step of the algorithm, c¢; — (1 — w(I))b; € Bm + G?
for any basic coefficient I, and ¢; € B + G for any I € E. After the first step of the algorithm these
statements clearly hold. We suppose that they hold before a step in which we eliminate 2 using F,,
and show that they still hold after this step.

First let I be a basic index.

Let us consider several cases.

1. If S, > I, + 1 then ay_gyym € B and hence a;_ g4 ym ~c‘§ld € Bm.

2. If S;, < I,;, then S is a basic index and by induction hypothesis c%ld € B+ G? and hence aj_g4 ym -
c"sld € Bm + G°.

3. IfS,, =1,,+1 and I, < o, —2 then S is a basic index and by induction hypothesis cg.ld € B+G?
and hence a;_g1 gm - cosld € Bm + G>.

4. If S,, =I,+1and I, = a,, —2then S € EFand I — S+ J™ € E and hence by induction hypothesis
ar—sigm - cd? € (B+G)(B+ G) C Bm + G2,

Now let I € E. Then there exists k such that I, = oy — 1 and I; < a; — 2 for j # k. We know that
Sm > am — 1,8, <1, for p#m and I, — Sy + o4y > 0.
Let us consider several cases.

1. If S, > I, + 1 then aj_gyym € B+ G.

2. If Sy, < L, + 1 then c2? € B + G.

3. fS,, =1I,+1and S; >0 then a;_g4 ™ € B+ G.
4. I S,y = Iy, + 1 and Sy, = 0 then %9 € B+ G.

This proves (ii).
Substituting I = (aq — 2, ..., a, — 2) in 4.4.3 and arguing in the same way we obtain (iii). o

Corollary 4.4 The system (4.4.2) is equivalent to the system consisting of equations
by = ¥1(gs,uk) for I # (o1 —2, .00 — 2), (4.4.4)

where JI € G? are polynomials in g; and ug,
and the last equation

Ri=Y Ak 91 auar) + ©91,ux) = 0, (4.4.5)
I€E

where Ay are positive rational numbers and ©(gy,ur) is a polynomial from G*m.

Now we see that our substratum germ is isomorphic to the germ at 0 of the affine variety given
in the affine space with coordinates {gs,ux} by the last equation (4.4.5). The quadratic part @ of
this equation is a non-degenerate quadratic form in {g;|I € E}. We will now show that unless n = 4
and ; = @y = az3 = a4 = 3, the quadratic form @ has rank at least 3. For this it is enough to
find 3 points I € E. Indeed for any such point I = (j1,..., k-1, — 1, jk+1,.-s jn) the dual point
I'=(an—2—7j1, 0y ap—1—2—Jr—1,06 — L, g1 — 2— Jri1, o, @y — 2— Jp,) also satisfies these conditions.
Consider several cases separately:

(0) Forn =4, a1 = g = a3 = aqy = 3, d = 12 — 9 = 3, there are no g;. Moreover, D is empty. So
V£ }3 consists of one point. Hence V; p is also a smooth algebraic variety of dimension n?—14n=19.
The expected dimension is (”:d) — 1Tl (e — 1) = (§) =1 —2* = 18. So, Vi has non-expected
codimension. Till the end of the proof we assume that this is not the case.

(1) aq > 4. In this case we have the points (1,1,0,...,0,a, — 1) and (2,0,0,...,0,a, — 1) in I. Since
d> ap, as > 3. (1.1) ay = 3. In this case n > 4 and a3 > 3 since d > «;. Hence we have one more
point (1,0,1,0,...,0,, — 1) in I. (1.2) ay > 4. In this case we have point (0, 2,0, ...,0,a, — 1) in I.
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(2) @1 = 3. In this case n > 4 and a1 = ay = a3 = ay = 3 for the same reason. So unless n = 4 we
have points (1,1,0,...,0, e, — 1), (0,1,1,0,...,0,, — 1) and (1,0,1,0,...,0,a, — 1) in I.

Note that for all mentioned points in cases 1 and 2, |I | = a, +1 which is less than or equal to d.
Note also that the weight of all these points is at least = + a"*l == + O‘"*l =1.

Since the quadratic form is non-degenerate of rank > 3 our substratum germ is a reduced irreducible
non-smooth variety of expected codimension and of order two.

Now we are going to prove that the singular locus Y of our substratum germ coincides with the germ
Xo at H of the affine subspace X = Z(G). Since equation (4.4.5) lies in G2, all its first order partial
derivatives lie in (G, and hence the singular locus includes Xy. Let Z be the variety given by the equations

IR _
g1

for I € E. Since the linear part of this system of equations is non-degenerate, the germ Zy of Z at f is
smooth and hence irreducible. Clearly Y C Zy and hence Xy C Zy. They have the same dimension and
Z is irreducible hence Xo = Zy which implies Xy =Y.

So our substratum germ is a reduced irreducible non-smooth variety of expected codimension which
has a smooth singular locus.

4.5 Proof of the theorem for the case «; > 2«,,.

We will make now a serieb of coordinate changes so that in new coordinates F (bee 4.3.1) will not have
terms of the form z;" 127 lying below and on the Newton polytope, except z7*. The first one will be
x; — x; for i <n and Ty > Ty — alna@,o 0 an—l)ml The coefficients of the polynomlal F in the new
coordinates are expressed through the coefficients in the old coordinates by the formula

[i1/2]
new k+s 42,0,...0,0n—1) \ s
At iy = Qi) Z < )a(il—23,1’2,...,2'7,,_1,1‘,1—&-5)( = )% (4.5.6)

70

After this coordinate change the coefficient a5y

00.0,0m—1) will vanish.

Note that in the new coordinates F' might get terms of degree more than d. In fact, those terms might
have very high degrees. However, by finite determinacy theorem (Theorem 2.8) f is d 4+ 3-determined.
This means that after each coordinate change we may (and will) erase all the terms of F of degree more
than d + 3.

In the same way, we get rid of all the coefficients of the form a;, . ;. | .—1) in ascending order of the
corresponding monomials. We recall that the monomial ordering we use is the negative weighted degree
lexicographical ordering with w = (1/aq,...,1/ay) (see Example 2.39). The coordinate change indexed
J =1,y Jn—1,an, — 1) will be x; — ; for i < n and z,, — z,, — aina<j17,..7j71717a7l_1>x{l j” +. The
coefficients of the polynomial F' in the new coordinates are expressed through the coefﬁcients in the old

coordinates by the formula

min{[iy/4i]|51#0,0<I<n—1}
new __ _prev s

s=1

). (4.5.7)

k+s rew GSTCU

s > (i175j1,M,in,lfsjn,l,in+s)( an,
As can be seen from formula (4.5.7), g; can be affected only during a coordinate change whose index does
not exceed I by any coordinate, and hence has lower weight. Thus after all these coordinate changes,
all coefficients g(j,.. ;. ,.an—1y Will be zero. Denote by a} the coefficient of the monomial 2! after the
coordinate changes. It is easy to see that a} = a; + ¢} (ay) where ¢ (a;) € mG. Note that

’ . /
Uy o o2y = D AT Glirdnvscn—1) " Har—2— 1. scn1—2—jn_1ian—1) + @' (ar)

where Ay € R\ {0} for all J, and ®’(as) € mG>.

We continue with the coordinate changes and, in the same way as before, we get rid of the coefficients
of the form gzjh__wjn_?’%_l_l,()) starting from 921707“__’07%_1_1@. This time it might be non-zero since
¢’<1 0,..0.00m 1_170>(U,J) may be non-zero. However, it lies in the ideal G.
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We do the same for géjl 0) for all £ > 2 in the descending order of k.

----- Jk—1,ar—1,0,...,
Denote by a; the coefficient of the monomial 2! after all these coordinate changes. Again, a; =

ar + ¢r(ay) where ¢r(ay) € mG and

n

Aoy —2,...,0,—2) = Z Z Ay 91, rde—1,06—1,0,..,0) " Jla1—2—j1,...,an—1—2—jr—1,000 — L, 41—2,...,000 —2) + (I)(af)
k=1

where A # 0 for all J and ®(ay;) € mG>.

Now we want to find out for which {a;} Hp lies in Vdo’lg. Let F(z1,...,xy) be the polynomial F' in

new coordinates. F doesn’t include monomials 27 for I below and on the Newton polytope and satisfying
I; = aj — 1 for some j. Hence, by Corollary 2.18, in order to belong to our substratum F' should include
no terms below and on the Newton polytope except of 3.

In other words, we have the following equations on ay:

er=0 (4.5.8)
qr =0 (4.5.9)

As explained in the previous subsection (and also subsection 4.1), F < fiff Mp o~ Tr ie.

F(x1,...,xn) € (Fyyy oy Fi, ).

As in case one, in order to check that we use the REDNFBUCHBERGER algorithm with the negative
weighted degree lexicographical ordering with w = (1/ax, ..., 1/a,) (see Example 2.39).

Again, we can stop the algorithm manually when the leading monomial of the tail is less than
{72282 (see Algorithm 4.2).

As a result, we obtain the normal form

NE(F[(Fy,,... Fo,)) =Y Ry(ay)a’,

1

where z° are elements of the basis of algebra Clz1,...,xn]/(y, .., ) which lie above A(f) and R;(a,)

are polynomials in ;. Hence F belongs to the ideal (Fj,, ..., Fy, ) if and only if all the coefficients R;(a)

are 0.
Thus we obtain a system of equations on ay:

Ri(ay) =0 (4.5.10)

where R; has the form Ry = 51 T, "t +1r(g, EK,EL), where all L have weight less than that of I.
Thus we can, as in case 1, express b; and obtain an equivalent system of equations:

~  r(gr,uK)
br = Tn i
| J T

where 4y € G2 for G = (37) and @ = (o,...0.0,0....0)

The number of equations in system (4.5.11) is equal to the number of basis coefficients above the
Newton polytope A(f).

Now we express new coefficients through the old ones. Recall that u; = 14 ¢(0,....0,a,,0,...,0) (@),
a; =ar + ¢r(ay) for other I € D, and a; = ¢(ay) for I ¢ D, where ¢r(ay) € mG.

Consider system (4.5.8). After substituting old coefficients it will be e; = —¢7(as), where ¢; € m?2.
The same with the system (4.5.9).

Consider system (4.5.11) except the last equation i.e. the equation on 5<a1,2,m’an,2>. After substi-
tuting the old coefficients and multiplying by denominators it will become

br = Yr(ay), (4.5.12)

(4.5.11)

where 1; 1 € m2.
The last equation is of particular interest. After passing to the old coordinates and multiplying by
the denominator its right hand side will become

Viar—2,....an—2) (G5, UK) = Z Ag 97 Yaua(sy + O (ax),
Jes
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where S C E is the set of indexes of terms that did not vanish during the coordinate changes, ©(ak)
lies in mG? and the A; are positive rational numbers. The left hand side will be

n

b(al 2, n—2) H“’Yu_ 0+ dra,—2,. ,an72>)(H(1+¢ )77 ZAJ 97 * 9duai(y) + ¥Y(ax),

=1 JeT

where T = {J € E|J ¢ S, and dual(J) ¢ S}, ¥(ax) € mG? and A; are positive rational numbers.
Moving the right hand side to the left we obtain the equation

P:=7 " Bj- 97 Yaua(s) + Olax) =0, (4.5.13)
JEE
where O(ax) € mG?, the By are non-zero rational numbers and sign(By) = sign(Bguai(.))-

So our substratum germ Vd 'y 1s isomorphic to the germ at the origin of the affine variety given in
the affine space with coordinates {ar} by the system of equations

er + ¢r(ay)
qr + ¢r(ay)
br — {/JVI(QJ)

(4.5.14)

0
0
0

and the last equation (4.5.13).

We have to prove that Vd?fl is a reduced irreducible non-smooth variety of expected codimension
which has a smooth singular locus.

The system (4.5.14) has a diagonal linear part. Hence all the equations in it are independent and the
variety W, defined by it, is smooth at 0. The last equation (4.5.13) does not depend on the preceding
ones and does not have a linear part. Hence Vd0 ’13 is non-smooth of expected codimension.

The quadratic part of equation (4.5.13) is

Q= Z By 97 9duai(y)
JeE

Since the Bj are non-zero, it is a quadratic non-degenerate form of rank r equal to the number of
integer points in E.

Now we will show that » > 3. We do that by exhibiting 3 integer points in E: (2,0,...,0,a, — 1),
(1,1,0,..,0,, — 1) and (2,1,0,...,0,,, — 1). Since ay < d we have ap > 3, and hence I; < o — 2
for j < n for all the 3 points. Hence, it is enough to show that their degrees don’t exceed d. Indeed,
their maximal degree is a,, + 2 < 2a,, < a3 < d. So r > 3. Hence the variety defined by the principle
part of our system of equations on Vdo”]g is reduced and irreducible and hence our germ is reduced and

irreducible. Since the quadratic form @) is non-zero Vdojlg has order two.

Now we are going to prove that the singular locus Y of our substratum germ coincides with the germ
Xy at the origin of the affine subvariety X given in W by the ideal G.

Since equation (4.5.13) lies in G2, all its first order partial derivatives lie in G, and hence Xj lies
in the singular locus. Consider the jacobian of the system obtained by merging system (4.5.14) with
the last equation (4.5.13). Fix I € E. Let M(I) be the minor of the jacobian given by columns that
include partial derivatives by gr and all e;, by and q;. The linear part of M(I) is Argguair)- Let Zo
be the germ at the origin of subvariety of W given by the system of equations M(I) =0 for all [ € E.
Since the linear part of this system is diagonal, Zj is irreducible and has the same dimension as Xj. As
Xo CY C 2y, it implies Xo=Y = Z%,.

So the substratum germ Vd0 ’13 is reduced irreducible non-smooth variety of expected codimension
which has a smooth singular locus.

4.6 Proof that the sectional singularity type is A; for all cases

The sectional singularity type of a variety germ with smooth singular locus is the singularity type of
transversal intersection of the singular locus with a linear space.

Consider the linear subspace L spanned by ey, g7, by and g;. We have seen that it is transversal to
the singular locus of Vd?fl in the affine space with coordinates {a;}. Hence the sectional singularity type
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of Vdo’lg is the singularity type of the scheme theoretic intersection L N Vdo}g. Ln Vdo’f[ is given in L by
a syslcem of equations (4.5.14) with linear part non-degenerate in ey, qr and by and one more equation
with quadratic principle part which is not degenerate in the variables g;. Hence the singularity type of
LNV is Ay a]

5 Proof of the theorem on stability properties of obstructed
equianalytic families

This section is dedicated to the proof of Theorem 3.3.

5.1 The structure of the proof
First of all, we pass to local coordinates x; = f—;, and denote fo(x1,...,x,) == Fo(1,21, ..., Zpn).

It is known (Lemma 2.12) that polynomials g1 = fi 422 (14 k) and g2 = fo+ax2 1 (1+h2), where
fi € {z1,...,zn} and h; € m C C{x1,...,xn41}, are contact equivalent if and only if the f; are contact
equivalent. ‘

For any polynomial F = fo + 22, + Y arja'a),,; € m* C C{wy,...,xn41} there exists an analytic
diffeomorphism of (C"**,0) that brings F' to the form fo 4+ 7, ,(1+h). One can write explicit formulas
for this diffeomorphism that depend polynomially on the coefficients of F' (see Section 5.2). Now we
build a map of germs ¢ : (|Opn+1(d)|, W) — (|Opn (7 + 1)|, H) in the following way: take the equation
of the hypersurface which includes z2 ,; with coefficient 1, bring it to the form fo + 22, (14 h) (using
the above diffeomorphism) and take the hypersurface defined by the (7 + 1)-jet of fy. By Lemma 2.12
and the finite determinacy theorem (Theorem 2.8), the preimage of V41, x will be Vd(,le'

In Section 5.2 we obtain an explicit formula for ¢ (formula (5.2.16)). The linear part of ¢ is the
identity and the quadratic part depends only on the coefficients of monomials which include z,; with
degree 1.

Since V41,1 is T-smooth, it is locally defined by a system (*) of T equations having non-degenerate
linear part. Using ¢ we obtain a system (**) of equations on V;{Wl. This is done in Section 5.3. Since the
linear part of ¢ is the identity, the linear part of (**) is obtained from the linear part (*) by substituting
zeros for the coefficients of monomials of degree more than d. Since the tangent space to Vy y has
codimension 7 — h!, the rank of the linear part of (**) will be 7 — h!. This proves statement (a).

The quadratic part of (**) is the sum of two systems. First is obtained from quadratic part of (*) by
substituting zeros for coefficients of monomials of degree more than d. The second summand is obtained
from the linear part of (*) by composing it with the quadratic part of ¢ and then substituting zeros for
the coefficients of the monomials of degree more than d. We show that if h'(Jzea(pr)/pn (2d — 2)) = 0
then the second summand is non-zero.

In case h! = 1, (**) has 7 — 1 equations with independent linear parts and one more equation with
quadratic principal part which is independent of the linear parts of the previous equations. In Section
5.5 we show that it has rank at least 2 for m > max{1,5 —d} and at least 3 for m > max{1,6 — d}. This
finishes the proof of statement (e).

In Section 5.4 we analyze the system (**) in the general case and prove statement (b).

In Sections 5.6 and 5.7 we prove statements (¢) and (d) using Lemmas 2.25 and 2.26 on the Castel-
nuovo function.

5.2 Coordinate changes

First of all, we pass to local coordinates x; = tt—o, and denote fo(x1,...,x,) = Fo(1,21, ..., Tpn)-

Let F(z1,....,xp41) = fo+ a2, + Zalijlelﬂ be a polynomial of degree < d. We want to find
equations on the coefficients ay ; that F' should satisfy in order to define a hypersurface that belongs to
Vd[,le' First of all we may suppose that the coefficient of monomial z2 11 is one.

Now we want to get rid of the coefficients of monomials z’ ZTp41. In order to do that we make the
following series of coordinate changes: z; — x; for 1 < i < n, xp41 — Tpy1 — 1/2a1,1w1. After this
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coordinate change the new coefficients will be expressed from the previous ones by the following formula:

max{[J;/11]} N
I S+ s _prev TEV\S
= Y ( I >(—2> ay s sn(af”) (5.2.15)
s=0

We start from I having smallest degree, and continue in increasing order of degrees. All the coefficients
of the form a;; influenced during the coordinate change indexed I have degree more than degree of ay 1
(except ay1 which vanishes). Hence we can continue making such coordinate changes until F' has no
coefficients az,; of degree less than 7+ 2. Denote the final coefficients by a} ;. From the formula (5.2.15)
we see that they can be expressed through the original coefficients by

apo=aro—1/2) asiar_y1 —1/4a3 5, + drlax.k) (5.2.16)

where ¢; € (ay)3.

5.3 [Equations defining V[, and proof of statement (a)

We want to find equations on the coefficients ay ; that F' should satisfy in order to be analytically
equivalent to fo. By the finite determinacy theorem ( 2.8) we can suppose that all coefficients of F of
degree more than 7 + 1 are zero. Then we can present F' in the form

F=fo+ Z a’LOxI +xi (1+ Za},jxlelfl).

Then, by Lemma 2.12 F < fy if and only if fo ~ fo + Za/LOmI. Therefore, in order for F' to lie in
VTL_nyWl, fo+ Za’,ﬁoxl should lie in V741 x. Hence in order to find the needed equations on a; ; we
have to take equations that define V.1 i inside the linear system |Opn (7 +1)|, substitute there a} , and
then using formulas (5.2.16) to express af , through the old coefficients ay ;.

Let us now investigate the equations on V;41 g. Since h'(Jzea(p)/pe (2d — 2)) = 0, both V, 41 g and
Vod—2 g are smooth and have expected codimension 7. That means that there is a system of 7 local
equations on V; ;1 g with a non-degenerate linear part which remains non-degenerate after substituting
zeroes in place of all coefficients of monomials of degree bigger than 2d — 2.

Replacing the system of equations by an equivalent one, we can suppose that the linear part of this
system has echelon form such that every row has a special element oy, which appears only in the linear
part of this row and satisfies |L;| < 2d — 2.

When we substitute in these equations zeros instead of the coefficients of degree > d the rank of the
linear part of the system drops by A'. That means that ' rows of the linear part include only coefficients
of degrees > d. Renumber the rows so that those will be the last h' equations. Denote the index of the
special element of equation number ¢ by L;.

As can be seen from formula (5.2.16), the linear part of aj, is aro, and the quadratic part is
—1/23aj1ar-y1 —1/4a? , | Hence the linear parts of the last h' equations remain 0 when we express
the new coefficients through the old ones.

Therefore the stratum germ VdI’JW1 is locally defined by a system of 7 equations, of which only 7 — h!
have a linear part, which is non-degenerate. Hence h'(Jzea(w1)/pn+1(d)) = h'. By induction the same
is true for all Vdrfwm for any m > 1. By Lemma 2.12 degZ°*(WW™) = 7. Statement (a) is now proven.

5.4 Proof of statement (b)

We have to show that Vd({Wm has an irreducible component which is reduced of expected dimension for
m > h' 4+ 1. Consider W2. It is obtained from W' by the same procedure of adding a square. Hence
we know the form of the equations on Vd(,]W2' The system consisting of the first 7 — h! equations has
a non-degenerate linear part, and it is the same linear part as in the equations on Vg . The last h!
equations start from quadratic forms. 4

Let us analyze the quadratic form of equation number 7 — h! + j. Let w} be the quadratic form
appearing in the equation number 7 — h' + j on Vy g (it may be zero). The quadratic part of the
corresponding equation on Vd[,le is wg + w{ where w{ depends only on coefficients a;, and its form
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was described above. Hence the quadratic part of the corresponding equation on VdUW2 is w% + w{ +

w} where w! depends only on coefficients az 1, and w} is the same as w] but with variables arg ;.

Continuing in the same way we see that for general m, the quadratlc part of equation number 7—h! 4+
will be wj(a(r.0,....0y) + wl(a a(1,1,0,...,0)) —|—w2( (I,o,1,0,...,0>) + -+ wl (agro,..0,1y). For convenience, we
denote 0™ := (0, ...,0) € Z™ and ¢; := (0, ...,0,1,0,...,0) € Z™.

Let X™ be the variety defined by the principle part of the system of equations on Vd[’]Wm. In order
to show that Vd[fwm has a reduced component of expected dimension, it is enough to show that X" has
a reduced component of expected dimension. To do that we will prove that there is a point in X™ in
which the jacobian of the principle part of the system of equations on Vd[{Wm has maximal rank.

For every 1 < j < h' we choose J; and K (not necessary different) such that J; + K; = L, _p14;.
Here, L; is the index of the special element of the linear part of equation number ¢ on V; g. Let A be
the linear subspace spanned by all {a; ., h _, and by all {ar,, }1<|7j<d-1-

Consider the minor defined by derlvatlves with respect to ar, om for 1 <¢ <7 — h! and to aj, e, for
1 < j < h'. We claim that the restriction of this minor on the linear subspace A is C-aKy e K, e,n
where C' is non-zero real number. This minor is a determinant of a block matrix in which the first block
is the identity matrix Id;_p1)x(r—p1)- It is left to show that the second block is a diagonal matrix with
Cj- aK; e; ON the diagonal.

Indeed, consider, for example, equation number 7 — h! + 1. The derivative of w} w.r.t. ay, ¢, is 0
since w{ doesn’t depend on it at all. The same is true about wl,. The derivative of wi w.rt. ay, e,
contains ag, ¢, with non-zero coefficient C;. It may also contain other aj .e;, but they vanish on our
subspace A. Consider now the derivative of equation number T—h'+j (for j > 1) wrt. aj, . . Again,
the derivatives of wo and wl, is zero. The derivative of w{ does not contain ag, ., since the coefficient
aj,+x, = ar, does not appear in the linear part of equation number 7 — h' + j on V, . Hence this
derivative also vanishes on the subspace A spanned by all {ag; e, h _, and by all {are,, }1<|1j<d-1-

By the same reason, the restriction to A of the derivative of equatlon number 7 — h! + j with respect
to ay, e, is equal to 0 if j # 4 and C; - ak, ¢, if j = 1.

Hence on A the minor is a determinant of the diagonal matrix with entries (Cja; .,) and hence the
minor is Cak, e, -+ aK,, ¢,,- Clearly, every neighborhood of 0 in X™ N A contains a point in which
Cag, e, "+ aK,; e, 7 0. At this point, a maximal minor of the jacobian is non-zero, hence the jacobian
has maximal rank. Therefore the tangent space to X" at this point has codimension 7 and hence X"
has a reduced component of expected codimension 7. Hence le{Wm also has a reduced component of
expected codimension for m > At +1.

5.5 Proof of statement (e)

Now we have h'(Jzea(g)/pn (d)) = 1. By Lemma 2.25, (d) on the Castelnuovo function h'(Jzea () pn (d+
1)) = 0. Hence from Section 5.3 Vd(,le is defined by a system of 7 — 1 equations with non—degenerate
linear part and one more equation without linear part (since h! = 1). Hence Vd[,]I/Vl is non-smooth.

In order to show that le,]Wm has expected codimension (respectively is reduced, respectively irre-
ducible) it is enough to show that the scheme defined by the principle parts of the above system of
equations has expected codimension (respectively is reduced, respectively irreducible).

For 1 < i < 7 —1, we can just express ar, from equation number i. Therefore, this scheme is
isomorphic to the scheme X™ defined by the quadratic part w of the last equation in the affine space of
coefficients {ay ;|2 < |I+J| < d}\{ar,0}=]. Since w is non-zero, X" has expected codimension. X"
is reduced if rank(w) > 2 and irreducible if rank(w) > 3.

As in Section 5.4, w = wo(aqs0,....0)) Twi(a(r1,0,..,0)) Fw2(a(r0.1.0,..0) + - +wm(agp,.. 0,1)) where
rank(wy) = --- = rank(wy) > 1. Hence X™ is reduced for m > 2 and irreducible for m > 3. It is left
to deal with m = 1 and m = 2. Tt is enough to show that for d = 4 we have rank(w;) > 2 and for d > 5
we have rank(wy) > 3.

We start with the case d > 5. The quadratic form w; can be expressed by

wy = E Cr.701,6,7,,-
(1,J) st [T+J|=d+1

28



Note that if I +J = L, then Cy ; # 0. Since |L,| = d + 1, it can be presented as L, = I; + I where
|I;] = 2 and |I2] = d—1 and also as L, = I+ I, where |I3| = 3 and |I4| = d —2. Note that I, Iz and I3
are different since they have different degrees since d > 5. If d = 5, it is possible that I3 = I,. Consider
the reduction w} of wy on the (3 or 4 dimensional) linear subspace spanned by ar, e, , @1y.e15 @ly.eq 5 Aoy e -
The only sums of pairs of those multiindexes whose degrees are d + 1 are I; + I and I3 + I,. Hence
wi = Cp_(ar, ,01,,e; + Qly.e,01,,¢,) Which has rank 3 or 4. Hence the rank of w; is at least 3. Hence
VYm is reduced and irreducible for m > 1.

" Consider now d = 4. As in the previous case, we can find I; and I» such that || =2, |I|=d-1=3
and Iy + I = L. By reducing w; on the subspace spanned by ar, ., and ay, ., we see that the rank of
wi 1s at least 2. Hence Vd[{Wm is reduced for m > 1 and irreducible for m > 2.

5.6 Proof of statement (c)

By Lemma 2.25 (d), it is enough to show that Czee(g)(2d — 3)) = 0. Let Z(j(fo)) be zero-dimensional
scheme defined by the jacobian j(fy) where fj is the local equation of H. Then Z¢*(H) is a subscheme of
Z(j(fo)) and hence by Lemma 2.25 (e) it is enough to show that Cz(;(s,))(2d —3)) = 0. Let C; = Z(gT{?)
and Cy = Z(g—g{g) and let Z’ be the complete intersection C; N Cy. Then Z(j(fo)) is a subscheme of Z’
and hence by Lemma 2.25 (e) it is enough to show that Cz/(2d — 3)) = 0. Let k be the degree of g—i‘:
and [ be the degree of afo By Lemma 2.26, Cz/(I+k —1)) =1—1=0. Since k,l < d — 1 we obtain
Cz/(2d—3) =0. Therefore hl(jZea(H)/]}DZ (2d—4)) = 0 and hence by (b) the germs Vd[{Wm have a reduced

component of expected dimension for m > k' + 1.

5.7 Proof of statement (d)

Suppose h' (T zea(pr) pn (2d—2)) > 0. Then h' (T zea gy pn (1)) > 0 for all d <1 < 2d—2. Hence by Lemma

2. 225()1 (gl) the Castelnuovo function Cpea (1) > 0. Hence h' (Tzea sy jpn (d)) — B (T zea(arypn (2d — 2)) =
l=d+1 CZea(H)(l) > d — 2. Hence hl(jZea(H)/]pn(2d — 2)) < hl(jZEa(H)/Pn(d)) — (d - 2) < 0. So
(jZea(H)/]Pn (2d—2)) = 0 and by (b) the germs VdI{Wm have a reduced component of expected dimension

for m > h! + 1. O

Remark 5.1 If one wishes W™ to be unisingular, they can be defined by Fy + ZJ 1 n+th 2 4

S =1 Ajtd +j» where the \; are generic. The same proof shows that an analogous theorem will hold
about the equisingular family germ Vg yym.

Remark 5.2 Statement (c) can be strengthened as follows: let H be a projective plane curve of degree
d which is not a union of d lines through the same point. Then hl(jzea(H)/PQ(Qd —5))=0.

For a proof see [Gou2], Remark 3.4.4.
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