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ABSTRACT

Given a pair of finite groups G and H, the set of homomor-
phisms from G to H form an error-correcting code where
codewords differ in at least 1/2 the coordinates. We show
that for every pair of abelian groups G and H, the resulting
code is (locally) list-decodable from a fraction of errors arbi-
trarily close to its distance. At the heart of this result is the
following combinatorial result: There is a fixed polynomial
p(-) such that for every pair of abelian groups G and H,
if the maximum fraction of agreement between two distinct
homomorphisms from G to H is A, then for every € > 0 and
every function f : G — H, the number of homomorphisms
that have agreement A + € with f is at most p(1/e).

We thus give a broad class of codes whose list-decoding ra-
dius exceeds the “Johnson bound”. Examples of such codes
are rare in the literature, and for the ones that do exist,
“combinatorial” techniques to analyze their list-decodability
are limited. Our work is an attempt to add to the body
of such techniques. We use the fact that abelian groups
decompose into simpler ones and thus codes derived from
homomorphisms over abelian groups may be viewed as cer-
tain “compositions” of simpler codes. We give techniques to
lift list-decoding bounds for the component codes to bounds
for the composed code. We believe these techniques may be
of general interest.
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1. INTRODUCTION

For groups (G, +) and (H, +), a homomorphism from G to
H is a function ¢ : G — H such that ¢(z) + ¢(y) = ¢(x+y)
for all z,y € G. It is a well-known fact that distinct ho-
momorphisms between a fixed pair of groups G and H are
far from each other in the Hamming norm. Thus homo-
morphisms between groups form “error-correcting codes”,
giving rise to the question: How well can these codes be
list-decoded? In this paper we give new, strong, combinato-
rial and algorithmic results for list-decoding of codes derived
from group homomorphisms, for abelian groups.

The classical example of a code based on group homomor-
phisms are the Hadamard codes, which can be viewed as
homomorphisms from Z35 to Zz. The list-decoding problem
for this class of groups was considered in the seminal paper
of Goldreich and Levin [4], where they used this result to
get a generic construction of a hardcore predicates for any
one-way function. Subsequently this result has formed the
basis of many results in learning, average-case complexity
and cryptography.

In terms of technical generalizations, the work of Goldreich-
Levin has led to the study of list-decoding for polynomial
functions over finite fields (see, for instance, [5, 13]), as also
the task of learning Fourier coefficients ([9, 3, 1]). Again
both these directions have led to important applications
in pseudorandomness, cryptography, and average-case com-
plexity.

Our work is motivated by yet a third interpretation of
the Goldreich-Levin result, as a list-decoder for homomor-
phisms. This interpretation was already studied in a previ-
ous work by some of the authors [6], where it was shown that
the algorithmic techniques of, say [4, 5, 13], can typically be
extended to the case of group homomorphisms also, provided
one can get convincingly strong combinatorial bounds on the
“list-decodability” of these codes. Unfortunately, bounds on
the list-decodability of these codes were too weak, and in-
deed it seems there are few techniques to bound the list-



decodability of error-correcting codes. Our paper is moti-
vated mainly by this need to augment the analytic tools in
this setting. In what follows we attempt to clarify the prob-
lem, the prior state of knowledge, and our contributions.
Combinatorics of List-decoding Homomorphisms: Let
G, H be finite groups and let A = Ag, i denote the maximum
relative agreement between any pair of homomorphisms be-
tween G and H. Thus the class of homomorphisms between
G and H may be viewed as error-correcting codes over the
alphabet 3 = H of length N = |G| and relative (Hamming)
distance 1 — A. The combinatorial question at the heart of
this paper is the following:

Given a function f : G — H and a real number
€ > 0, what is the number of homomorphisms
¢ such that f and ¢ agree in at least Ag g + €
fraction of inputs?

As we argue below this simple question was vastly ununder-
stood, at least till this work.

For the sake of concreteness, let p be a prime and n,m
be positive integers. Now consider the class of homomor-
phisms between G = Z, and H = Z;'. Then A = Ag,g =
1/p. Our combinatorial question asks: How many homomor-
phisms can have agreement 1/p + e with any given function
f:Zy — Zy'. In the case of m = 1, the works of [4, 5], as-
sert that the number of homomorphisms is at most O(1/€?).
Such a result can also be shown to be essentially tight, for
any choice of p, n, m, and e. These results essentially fol-
low from the Johnson bound for codes over a p-ary alphabet
(see, for instance, [7]).

What about the case of general m? Here, our state of
knowledge tapers off quickly. Since the codes no longer have
relative distance 1 — 1/|3], the Johnson bound is no longer
strong and only gives bound for the number of homomor-
phisms that have agreement more than 1/1/p with the given
function. In other words this bound requires € > y/1/p—1/p
and does not work for every ¢ > 0. A more ad-hoc analy-
sis, obtained by viewing a homomorphism from Zj, to Z;" as
a tuple of m independent homomorphisms from Zj to Zj,
gives a bound of 1/€*™ on the number of homomorphisms.
Till our work it was unclear if this exponential dependence
on m was necessary.

A similar state of affairs is also seen when we consider,
say, homomorphisms from Zpn to Z,m. In this case, Fourier
analysis can be used to get some bounds on the number of
homomorphisms that have agreement 1/p + € with a fixed
function [6], but again this bound has exponential depen-
dence on m.

In this paper we fix these gaps in our knowledge. We
show that there is a fixed polynomial g such that for all
abelian groups G, H and for every function f : G — H and
every € > 0, the number of homomorphisms with agreement
Ac, g + € with the fixed function f is at most g(e). (The
bound is thus a fixed polynomial, independent of G and H.
See Theorem 2.2.)

Algorithmic Consequences: Our combinatorial result
turns immediately into efficient, local, algorithms for list-
decoding homomorphisms. Specifically, we show that the
techniques from [4, 5, 13, 6] immediately yield an algorithm
that behaves as follows: It takes as input an explicit de-
scription of groups G and H (in terms of the their prime
decomposition) and a real number € > 0, and has oracle ac-
cess to a function f : G — H. In time polynomial in 1/e,

log |G| and log|H| it outputs an explicit description of all
homomorphisms that have agreement A + € with f.

We remark that a polynomial dependence on each is neces-

sary to represent the output. In previous work [6] considered
a fixed group H and for every such group, gave a polyno-
mial time algorithm (i.e., its running time was polynomial in
log |G| and 1) to recover the nearby homomorphisms. Their
running time grew exponentially in log |H|.
Techniques: We stress that despite the widespread use
of list-decoding, general techniques to establish bounds are
lacking. There a relatively few codes known whose list-
decodability goes beyond the Johnson bound: some exam-
ples include the Ta-Shma-Zuckerman codes [14], and the
Parvaresh-Vardy-Guruswami-Rudra codes [12, 8]. The lat-
ter codes are similar in the sense that they also consider
codes over an alphabet that is a vector space (rather than
a field), but in their case the only proof of the list-decoding
properties is algorithmic. We feel this is partly due to the
lack of combinatorial techniques to analyze the decoding
properties of such codes.

We start by noticing that any abelian group, in particular,
H can be decomposed as Hi X --- X Hy where H; = sz_:,-

for some prime p; and positive integer e;. Thus a homo-
morphism ¢ from G to H can be decomposed into simpler
ones using this decomposition. For instance if H = Hy X Hs
then a homomorphism ¢ from G to H is just a pair of homo-
morphisms (¢1, ¢2) where ¢; : G — H; for i € {1,2}. This
decomposition allows for some weak list-decoding bounds.
To see this, fix some agreement parameter p and lets con-
sider the number of homomorphisms that have agreement p
with some function f : G — H. Suppose we have a bound
B; on the number of homomorphisms from G to H; that
have agreement p with any single function. Then, viewing
f as a pair of functions (f1, f2), fi : G — H;, and noticing
that for any homomorphism ¢ = (¢1, ¢2) : G — H that has
agreement p with f it must be the case that ¢; and f; also
have agreement at least p, we conclude that the number of
homomorphisms that have agreement p with f is at most
B1 - B2. Unfortunately, this bound grows exponentially with
log |H| and this is too weak to get our claimed theorem.
Our improvements come by noticing that agreements be-
tween homomorphisms are quite restricted. For instance, in
the case where Hy = Hy = Z, and H = H; x H, homo-
morphisms ¢,v : G — Hj either agree on a set of density
% or a set of density at most p%. To leverage this insight
in our setting, say we have a function f = (f1, f2) and we
wish to bound homomorphisms with agreement p with f.
Suppose ¢1 : G — H; has agreement at least p with fi and
suppose the set of agreements is the set S C G. We now
consider all homomorphisms 1, ...,1%, that agree with f>
on subsets of S of size at least p - |G|. We consider agree-
ments of “triples” of homomorphisms 1);, 1; and ¥y and note
that if every such triple has a large mutual agreement in the
set S, then they satisfy a sunflower like property, forcing
S to be very large. If on the other hand every triple has
a small agreement then we manage to show that S is still
large, by using an inclusion-exclusion count. We then use a
standard argument to show that either the given collection
of homomorphisms always contain a large subcollection in
which every triple has a large intersection, or a large subcol-
lection in which every triple has a small intersection. This
gives us a nontrivial lower bound on S in all cases and then
we perform some very careful accounting to show that this



leads to an (absolute) polynomial upper bound on the list
size.

While all these arguments may seem very specific to this
special case of homomorphism from G to Z, x Z,, we show
that this is not the case. Indeed we abstract a nice prop-
erty of families of sets (in our case the points of agreement
between f2 and 1)1, ..., 1, within a specified set S) that al-
lows us to give non-trivial bounds on the size of their union.
We then apply this same bound in three different cases to
lift list-decoding bounds for somewhat simple groups to list
decoding bounds for more complex groups. We start with
homomorphisms to Z, and lift them to homomorphisms to
Zy,, then to Zyr and then to arbitrary groups [[, iji,, This

leads us to the final theorem claimed above.

The combinatorial results turn into algorithmic results in
a straightforward manner based on previous works [4, 5, 13,
6]. If anything, our algorithms become even simpler because
our combinatorial bounds are stronger. See Section 5.
Related prior works: The task of list-decoding homo-
morphisms is very closely related to the task of determining
significant Fourier coefficients in abelian groups. Previous
works [9, 11, 3, 1] have consider the latter task in different
contexts and in particular Akavia et al. [1] give comprehen-
sive results on “list-decoding” for the significant Fourier coef-
ficients. Here we point out why their results do not subsume
ours. Even though significant Fourier coefficients correspond
exactly to list decoding when H = Zs or H = Zs, the situ-
ation changes significantly over other groups. The complex
inner product, the norm underlying Fourier coefficients, is
very different from the Hamming distance and indeed it is
possible to find functions with few large Fourier coefficients
that are not close to any homomorphism in the Hamming
norm. Conversely, it is also possible to find functions that
are close to homomorphisms in the Hamming norm and have
no significant Fourier coefficients. Thus in these cases, list-
decoding is a very different problem than that of finding
Fourier coefficients, and combinatorial bounds such as the
ones we provide were not known.
Organization of this paper: In Section 2 we introduce
some necessary definitions and state our main results. In
Section 3, we prove our main combinatorial bounds, modulo
a theorem about certain set systems with restricted inter-
sections. In Section 4, we prove this theorem. Finally, in
Section 5, we give an outline of the local list decoding al-
gorithm. Some proofs are omitted and appear in the full
version of this paper [2].

2. DEFINITIONS AND MAIN RESULTS

We start with some basic terminology about homomor-
phisms, introduce the combinatorial and algorithmic list de-
coding problems and state our results.

For abelian groups G,H let Hom(G,H) = {h : G —
H | h(z) + h(y) = h(z + y),Vz,y € G} be the set of
homomorphisms from G to H. Also let aHom(G,H) =
{h+a: G — H | h € Hom(G,H), a € H} be the
set of affine homomorphisms from G to H. Notice that
Hom(G, H) C aHom(G, H).

For two functions f,g : G — H, define agree(f,g) =
Preeq[f(z) = g(x)], and

Ag,m =
fs gEHom(G H),f#

lagree(/, 9)}-

In the case when Hom(G, H) contains only the zero homo-

morphism we define Ag iz = 0.

DEFINITION 2.1  (COMBINATORIAL LIST DECODABILITY).
The code aHom(G, H) is (4,1)-list decodable if for every
function f : G — H, there exist at most | homomorphisms
h € aHom(G, H) such that agree(f,h) > 6

The principal question that we address is: For which func-
tion I(d) can we conclude that aHom(G, H) is (6,1(9))-list-
decodable. Our theorem below shows that this is true for
1(8) = poly((6 — Ag,m) ") for some polynomial independent
of G and H.

THEOREM 2.2. There is a universal constant C' such that
the following holds: Let G, H be abelian groups. Then for
every € > 0, aHom(G, H) is (Ag,m + €, 1/€°)-list-decodable.

We augment this combinatorial result with an algorithmic
one that finds the nearby homomorphisms efficiently. We
first define this algorithmic problem below and then state
our algorithmic theorem.

Our algorithmic goal is to produce a list of all homo-
morphisms with agreement Ag g + € with some function
f : G — H efficiently, i.e., in time poly(log |G|, log|H]|, %)
In order to do so, the algorithm requires oracle access to
the function f (or else reading the function will take time
poly(|G]). Our solution requires a further assumption that
the groups G and H are given explicitly, in a sense described
next.

Recall that the structure theorem for finite abelian groups
(see Theorem 8.2 in Lang [10]) states that every finite abelian
group can be decomposed into cyclic groups of the form
Zp;l X ... X Zp;k, where all p;’s are prime. We will as-
sume that our input groups G and H are presented in this
cyclic decomposition. Our algorithm returns all such homo-
morphisms explicitly by specifying their values on a set of
generators of G.

DEFINITION 2.3 (ALGORITHMIC LOCAL LiST DECODING).
A probabilistic oracle algorithm A for list decoding homor-
phisms takes as input two groups G and H represented ex-
plicitly, and a parameter § > 0 (where the explicit repre-
sention of G = Zp'{l X ...XZ oLk is the sequence of pairs

((p1,71),--., (Pr,7%)), and szmzlarly for H) and has ora-
cle access to a function f : G — H. We say that A is
a (6,T)-local list decoder for groups G, H, if for every
function f : G — H, Af runs in time T and outputs a
list {¢1,P2,...,¢r} C aHom(G, H) s.t. with probability at
least 3/4, it is the case that for every affine homomorphism
h € aHom(G, H) such that agree(f,h) > 6, h = ¢; for some
Jje[L].

THEOREM 2.4. There exists an algorithm A, such that
for every pair of abelian groups G, H, and every ¢ > 0,
A is a (Ag,u + €, poly(log |G|, log |H|, 1))-local list decoder
for aHom(G, H).

3. ANALYSIS OF COMBINATORIAL LIST
DECODABILITY

In this section we prove Theorem 2.2 above, which upper
bounds the number of homomorphisms that have agreement
A, + €, for some € > 0, with a given function f: G — H.

We begin by considering two special cases. In both special
cases (G is a somewhat special group, which we will elaborate



on later. In the first case H = Zj,, while in the second case
H = Z,r. Finally we analyze the case of general G and H,
by reducing it to the special cases.

All three settings (the two special cases and the general
case) are analyzed by a common technique by considering set
systems with very special intersection properties and bound-
ing their cardinality (in a very specific way). In our analysis
these sets will represent sets of agreement between a function
at hand and some nearby homomorphisms. We define this
special intersection property and state our crucial theorem
about these families next.

3.1 Special Intersecting Families

Below we consider a collection Si,...,S¢ of subsets of

a universe X. For a set T' C X, its density is denoted

,u(T)déf|T|/\X|. For a set of indices I C [] let St = NicrS;

(if I =0 then S; = X).

p <1 and c < oo we
C X is a (p, T, c)-special
four properties hold:

DEFINITION 3.1. For 0 < 7 <
say that a family of sets S1,...,Se
intersecting family if the following

1. For every index i € [£], pu(Si) > p.

2. For every pair of distinct indices i, j € [€], p(SiNS;) <
p-

3. Zle af <1, where a; = p(S;) — p.

4. For subsets (of indices) I,J C [£], with J C I and
|J| > 2, ’Lf,u(S[) >7T1 the Sy =Sy.

The first two properties above are typical conditions seen
in intersecting systems, but the “restrictions” are not partic-
ularly restrictive. The third property is a typical condition
that if derived when the sets S; represent agreement sets
of some fixed word with codewords of an orthogonal error-
correcting code. (This condition is usually proved using Par-
seval’s identity, or using the Johnson bound, for ¢ = 2.) The
final condition is effectively “Helly”-like. It says, roughly,
that the only way a large collection of sets {S:}{ier} can
have a non-trivially large intersection is if every pair of inter-
secting sets with indices from I have the same intersection.

Our main theorem about set systems with special inter-
sections roughly shows that the density of the union of the
S;’s is relatively large compared to the density of the sets
themselves.

THEOREM 3.2. For every ¢ < oo, there exists a C' < oo
such that the following holds: Let p > 0 and let Si,...,S¢ C
X be a (p, p?, c)-special intersecting family. Let oy = pu(S;)—
p and let o = p (UieSi) — p. Then a® > Zie[é] af.

We defer the proof of Theorem 3.2 to the next section.
We first show how it can be used to prove upper bounds on
the list size when decoding affine homomorphisms.

3.2 Upper bound for 7 =7}

In this case and the next one, we will be dealing with a
special class of groups G that are called p-groups. Specifi-
cally, G is a p-group if |G| is a power of a prime p. What we
use below is that every subgroup of a p-group has cardinality
at most |G|/p.

THEOREM 3.3. There exists a constant C such that the
following is true for every prime p and positive integer r.
Let H = 7Z,,. Given any function f: G — H and agreement
parameter € > 0, the number of affine homomorphisms from
G to H that have agreement at least 1/p + € with [ is at
most (1/€)C.

Proor. Fix f : G — H. Note that f can be viewed as
an r-tuple of functions f = (f1,..., fr) with f; : G — Z,.
For k € [r] define the kth projection of f to be the function
¥ @ — ZF given by f(z) = (fi(z),..., fe(z)). We
extend this notation to include £ = 0, by allowing a unique
function from G — ZJ (which is considered to be an affine
homomorphism).

For k1 < ko, we say that a function f>: G — Z’;Q eztends
fi:G kit =

In what follows, we fix k, 0 < k < r and consider the
function f*). We also fix an affine homomorphism ¢ from
G to Zf that has agreement 2 4o with fI*!, for some a > e.
We prove that the number of affine homomorphisms that
extend ¢ and have agreement 1/p + € with f is small.

CrLAamM 3.4. For every 0 < k < r, and for every affine
homomorphism ¢ that has agreement 1/p + o with f[k], the
number of affine homomorphisms from G to Z, that have
agreement 1/p + e with f and extend ¢, is at most (a/€)C,
where C is the constant from Theorem 3.2, for ¢ = 2.

PRrOOF. We prove the claim by induction on r — k. When
r —k = 0, the claim is trivially true. So assume the claim is
true for r — (k 4 1) and we will now prove it for the case of
r—k.

Let S = {z € G|f¥(z) = ¢(x)}. Consider f**+! and let
¢1,...,¢e be all the affine homomorphisms from G to Z’;H
that extend ¢ with agreement at least %Jre with f“”'”. Let

S; = {z| f5 T (z) = ¢i(x)} and let u(S;) = L + ;.

We prove below that the sets Si,...,S5¢ C G form a

((1/p), (1/p*), 2)-special intersecting family. This will allow
us to apply Theorem 3.2 to these sets and this in turn will
allow us to derive the inductive claim easily.
Verifying Intersection Properties: The first property
requires that p(S;) > % which is immediate from the defini-
tion of the S;’s. The second property required that p(S; N
S;) < %. This again is true, since S; N.S; C {z|¢i(z) =
¢;(x)} and the latter has density at most 1/p.

The third property follows from the “p-ary Johnson bound”
applied to the function fgfll] : G — Zp. Let (¢;); denote
the jth coordinate of the function ¢;. Then note that the
functions (¢;)k+1 are distinct affine homomorphisms, with
(¢i)k+1 having agreement at least 1/p + a; with fr+1. It
now follows from the Johnson bound that Zle a? < 1.

Finally, we come to the crucial “special-intersection” prop-
erty. We need to show that if u(Sr) > 1/p?, and J C T
contains at least two distinct elements, then S; = S;. For
any set K C [(] define Tx = {z|¢i(z) = ¢;(z), Vi,j € K}.
Note that Tk = G if and only if |K| < 1. Since Tk is a
coset of a subgroup of G, we have that u(Tx) = 1/p* for
non-negative integer i. But Sk C Tk for every K, and since
w(Sr), w(Sy) > 1/p?, it must be that w(Tr), u(Ts) = 1/p.
Since Tr C Ty, we get that Tt = Ty. Finally, fix some j € J
and let Y = {z]¢;(z) = fET(x)}. Since ¢;(z) = ¢;(z) for
everyx € YNTrandi € I, wehave S =YNT; =YNT; =
S as required for the fourth property.



Proof of Claim: We are now ready to prove the claim.
Since the sets S1,...,S¢ form a (1/p,1/p?, 2)-special inter-
secting family, we can apply Theorem 3.2 to conclude that
(a)¢ > 3¢ af where o’ = ju(U;eeS;) — 1/p. Since for ev-
ery i, S; C S, we have U;cS; € S and so a > o’. We may
thus conclude that o€ > Zle af. But this immediately
leads to the claim as follows. By induction we have that the
number of extensions of ¢; in aHom(G, H) that have % +e

agreement with f is at most (a;/€)€. Since every affine ho-
momorphism in aHom(G, H) that extends ¢ and has % +€
agreement with f must also extend one of the ¢;, we have
that the total number of such extensions (of ¢) is at most
2icl] (if€)C < (a/e)€ as desired. [J

The theorem statement follows immediately, by using & =
0.

3.3 Upper bound for # = z,-

We now consider a variant of Theorem 3.3 with H = Z,r,
the cyclic group of integers modulo a prime power (as op-
posed to the vector space H = Zy).

THEOREM 3.5. There exists a constant C' such that the
following is true for every prime p and positive integer r.
Let H = Zypr. Given any function f : G — H and agreement
parameter € > 0, the number of affine homomorphisms from
G to H that have agreement at least 1/p + € with f is at
most (1/€)€. Furthermore, if dn, ..., 01 : G — H are affine
homomorphisms with agree(f,v;) = 1/p+03:; > 1/p+e, then
Y B0 < 1L

PRrROOF. For any function g : G — Z,» and ¢ € [r]. let
g G — Zyi be given by g® () = g(z) mod (p'). Also,
let "9 : G — Z,r—i be such that ! for all z € G, g(z) =
p' -9 (@) 4+ g9 (x). ¢ is clearly well defined. Note that
if ¢ is an affine homomorphism, then ¢ is also an affine
homomorphism, while g(fi)7 in general, need not be one.
For j <, we say that g : G — Z,: extends h : G — Z,; if
g(j) - h.

Now fix f: G — H. Fix k € {0,...,r}. Let ¢ : G — Zx
be an affine homomorphism with agreement 1/p+a > 1/p+e
with f®. (As usual, we assume there is a single function
from G to Z,o and that it is a homomorphism.) We claim
that the number of affine homomorphisms extending ¢ is
small.

CLAIM 3.6. For every 0 < k < r, and for every affine
homomorphism ¢ that has agreement 1/p + a with f<k), the
number of affine homomorphisms from G to Zyr that have
agreement 1/p + e with f and extend ¢, is at most (a/€)®,
where C' is the constant from Theorem 3.2, for ¢ = 2.

ProOOF. The proof is identical to that of Claim 3.4 with
mainly notational changes switching fl! to f(). The only
noticeable change is in the argument for the third property
of “special intersections”.

We prove the claim by induction on r—k. When r—k = 0,
the claim is trivially true. So assume the claim is true for
r — (k+ 1) and we will now prove it for the case of r — k.

'Here we abuse notation and identify an element of Lipyr—i
with the least non-negative integer in its residue class mod

p'rfi.

Let S = {z € G|f®(z) = ¢(z)}. Consider f*+ and let
¢1, ..., ¢¢ be all the affine homomorphisms from G to Z,k+1
that extend ¢ with agreement at least %—i—e with f(kH). Let
S; = {a| f*F(z) = ¢i(x)} and let u(S;) = % + .

We prove below that the sets Si,...,S¢ € G form a

((1/p), (1/p*), 2)-special intersecting family. This will allow
us to apply Theorem 3.2 to these sets and this in turn will
allow us to derive the inductive claim easily.
Verifying Intersection Properties: The first property
requires that p(S;) > % which is immediate from the defini-
tion of the S;’s. The second property required that p(S; N
S;) < %. This again is true, since S; N.S; C {z|¢i(z) =
¢;(x)} and the latter has density at most 1/p.

The third property follows from the “p-ary Johnson bound”:
applied to the function g = (f(kﬂ))(*k) : G — Zp. Let
P = ¢§7k) : G — Zp (we warn the reader that ; need
not be an affine homomorphism). Note that the agreement
set of v; with g contains S;. Furthermore, note that for
i # J, ¥i # v; and agree(ys,1;) = agree(y; — ¢;,0) =
agree(¢; — ¢;,0) < 1 (since ¢; = p* i+ ¢, d; = p* -5+,
¢i # ¢5, and image(¢i — ¢;) C p* - Zykt1 = Zy). Then
1, ..., are distinct with pairwise agreement at most %,
and each v; has agreement at least 1/p + a; with g. It now
follows from the Johnson bound that >¢_, a? < 1.

Finally, the fourth property can be verified exactly as in
Claim 3.4, and the inductive proof of the claim is also derived
exactly as in the proof of Claim 3.4. As o > Zle af,
another induction argument allows us to conclude that 1 >

Yin sl O
The theorem statement follows by using k£ = 0.

3.4 General abelian groups

Finally we deal with the case of general H. We first deal
with the case of slightly restricted G which we describe be-
low.

Let H = val'l Xoeoe men . We assume below that p; divides
the order of G for every i, and that p=p1 < p2 < -+ < pm.
Thus Ag,g = 1/p. The following lemma deals with this
case. Later we remove the restriction on G.

LEMMA 3.7. There exists a constant C1 such that the fol-
lowing holds. Letp =p1 < -+ < pm be primes and ri,...,7m
be positive integers. Let H =[]}, Z,ri and let G be a finite
abelian group such that p; divides the order of G for every
1 € [m]. Given any function f : G — H and agreement pa-
rameter € > 0, the number of affine homomorphisms from G
to H that have agreement at least 1/p + € with f is at most
(1/e)°".

PROOF. The proof is obtained by essentially making no-
tational changes to the proof of Theorem 3.3. For ¢ € [m)]
let Hi =Z,r. Fix f: G — H. We view f as an m-tuple of
functions fZ: (fi,..., fm) with f; : G — H;.

For k € [m], let Hy = [, Hi, and let fI* : G — Hy,
be given by fl(z) = (fi(x),..., fx(x)). We extend this
notation to include k = 0, by allowing a unique function
from G — {1} (which is considered to be a homomorphism).

For k1 < k2, we say that a function f2 : G — Hy,) extends
fi:G — Hy,y it fr = fiF

In what follows, we fix k, 0 < k < m and consider the
function f*1. We also fix a homomorphism ¢ from G to



Hyiy that has agreement L4 o with fI¥, for some a > .
We prove that the number of homomorphisms that extend
¢ and have agreement 1/p + € with f is small.

CramM 3.8. For every 0 < k < m, and for every homo-
morphism ¢ that has agreement 1/p + o with f[k], the num-
ber of homomorphisms from G to H that have agreement
1/p 4 € with f and extend ¢, is at most (o/€)°*, where Cy
is the constant from Theorem 3.2, for ¢ = Cs, and C3 is the
constant from Theorem 38.5.

Proor. We prove the claim by induction on r — k. When
r —k = 0, the claim is trivially true. So assume the claim is
true for r — (k + 1) and we will now prove it for the case of
r—k.

Let S = {z € G|f™(z) = ¢(x)}. Consider fF+1 and
let ¢1,...,¢¢ be all the homomorphisms from G to Hpx,1
that extend ¢ with agreement at least % +e with fFH. Let
S; = {a| f U (z) = ¢s(x)} and let pu(Si) = L + au.

We prove below that the sets Si,...,S¢ € G form a

((1/(pr+1), (1/pi41), Co)-special intersecting family. This
will allow us to apply Theorem 3.2 to these sets and this
in turn will allow us to derive the inductive claim easily. We
use ¢ as shorthand for pgy1.
Verifying Intersection Properties: The first property
requires that p(S;) > é which is immediate from the defini-
tion of the S;’s. The second property required that p(S; N
S;) < %. This again is true, since S; N S; C {z|¢i(z) =
¢;(x)} and the latter has density at most 1/q.

The third property follows from Theorem 3.5, applied to
the function f,yfll] : G — Hpt41. Let (¢;); denote the jth
coordinate of the function ¢;. Then note that the functions
(¢i)k+1 are distinct homomorphisms from G to Hg41, with
(¢i)k+1 having agreement at least 1/q + o; with fri1. It
follows from Theorem 3.5, that Zle a® < 1.

Finally, we come to the fourth property. We need to show

that if u(Sr) > 1/¢%, and J C I contains at least two distinct
elements, then S; = S;. For any set K C [{] define Tk =
{z|pi(z) = ¢j(z), Vi,j € K}. Note that Tx = G if and
only if |[K| < 1. Also note that ¢;(x) = ¢;(z) if and only
if (¢i)kt+1(z) = (¢5)k+1(z) (since both extend ¢). Thus Tk
is the kernel of a homomorphism from G to Hi11, we have
that 1/p(Tk) must divide |Hy41| and so u(Tx) = 1/q" for
non-negative integer i. But Sk C Tk for every K, and since
w(St), u(Ss) > 1/¢%, it must be that u(Tr), w(Ts) = 1/q.
Since T7 C Ty, we get that Tr = T;. Finally, fix some j € J
and let Y = {z|¢;(x) = fFTU(x)}. Since ¢i(z) = ¢;(z) for
everyx € YNTrandi € I, wehave S =YNT =YNT; =
S as required for the fourth property.
Proof of Claim: We are now ready to prove the claim.
Since the sets Si, ..., S form a (1/q,1/q¢%, Ca)-special inter-
secting family, we can apply Theorem 3.2 to conclude that
there exists an absolute constant C; such that (a/)¢* >
Zle St where o = pu(UieeS;i) — 1/p. Since for every i,
S; C S, we have U;c¢S; C S and so o > o/. We may thus
conclude that a©t > Zle o, This immediately yields
the claim. []

The lemma statement follows immediately, by using k =
0.

We now show how to use Lemma 3.7 to prove our main
combinatorial list decoding bound, Theorem 2.2.

Proof of Theorem 2.2 Let H = H' x H"”, where H' =
Zyer X ... X Lp,,em and H' = Lyer X oo X Lyens such that

pi=p1 < ... < pm, piHG| for each i € [m], while g; /T|G|
for each j € [k]. Thus A = %.

Let f = (f',f") : G — H be any function, where f’ :
G— H and f”: G — H". Let

L ={¢ € aHom(G, H) : agree(¢, f) > A+ €}.

Consider a ¢ = (¢',¢") € L where ¢/ € aHom(G, H')
and ¢” € aHom(G, H"). Then agree(¢’, f') > A + ¢ and
agree(¢”, f') > A + €. Thus

1
¢' € Ly :={y' € aHom(G, H') : agree(y’, f') > » + €},
and,
1
¢" € Lo :={y" € aHom(G, H') : agree(y”, f') > , + ¢}

By Lemma 3.7, the size of £; is at most (%)Cl. Since
gcd(|G], |H"]) = 1, the only functions in aHom(G, H") are
the constant functions (which pairwise disagree everywhere),

and hence the size of L2 is at most %
Thus £ C £1 X L2, and so

Cy
2] < |£1] - |La] < (1) A

€ €

Taking C = Cy + 1, the theorem follows. [

4. ANALYZING SPECIAL INTERSECTING
FAMILIES

We prove Theorem 3.2 by a sequence of lemmas. Fix a
(p, p*, c)-special intersecting family Si,...,S, C X and let
a; = p(Si) — p. Let a = 1(U;c(Si) — p. Recall our goal is
to prove that a® > Zle af for a sufficiently large C (that
depends only on c).

The first three of the lemmas prove different lower bounds
on « under some special conditions, We glue these together
to prove a weak variant of Theorem 3.2 in Lemma 4.5. In
Lemma 4.6 we show that the weak condition actually implies
the strong condition and this leads to the proof of Theo-
rem 3.2 at the end of this section.

4.1 A weak bound on the cardinality of the
union

Let I C [¢]. We say that I is a collinear set if either
|I] < 2 or u(Sr) > p®. Collinear sets enjoy the following
properties?:

1. If I is a collinear set, and J C I, then J is a collinear
set. Indeed, if |J| > 2, then by property (4) of special
intersecting families, S; = Sr and J is collinear. If
|J] < 2, then J is collinear by definition.

2. If 1, J are collinear sets with |[INJ| > 2, then TUJ is a
collinear set. To see this, notice that S;,; = Sr NSy,
and by property (4) of special intersecting families,
St = Sing = Sy. Thus S;uy =Sr =S5y, and so TU J
is a collinear set.

2We draw an analogy with a set of points, labelled by el-
ements of [¢], on an abstract plane. Here a subset of [{]
is called “collinear” if the corresponding points all lie on a
single straight line.



3. Fori#j €[l let
L;; = {k € []|{i, 4, k} is a collinear set}.

Then L;; is a collinear set. This follows easily from
the previous property.

We say J C [{] is in general position if there is no collinear
set K C J with |K| = 3.

The argument for proving the weak lower bound on « in
Lemma 4.5 proceeds by separately analyzing collinear sets
and sets in general position. For any collinear set I, by
finding a sunflower in the set system {S; | i € I}, we obtain a
lower bound on « of the form Ziel «;. For aset J in general
position, by an inclusion exclusion argument, we obtain a
lower bound on « of the form Q(3 . ; ;). The weak lower
bound on « is now obtained by showing a dichotomy: either
there is a collinear set I with with ) ier Qi large, or there is
a set J in general position with ZjGJ a; large.

LEMMA 4.1. For alli # j €[], a > a; + o;.

PRrROOF. Simple inclusion-exclusion, using Property (2) of
special intersecting families. We have

p+ o> p(SiUS;) = p(Si) + pu(S;) — u(Si N S;)
z(ptai)+(ptoy) —p=p+aita.

The lemma follows. [

LemMMA 4.2. IfI C [{] is a collinear set, then v > 3. | ;.

ProoF. For distinct 41,72 € I, we know that Sy, i) =
Sr. Thus the sets {S;}ier form a sunflower, i.e, each set S;
is of the form R; U Sy, where the R;’s are pairwise disjoint.
In turn this implies that

pta = pu(UicSi)
> w(UierSi)
() + Y (S - $1)
keJ
= u(Si) + Z u(S; —Sr)  (for some iy € I)
i€\ {io}
> (@i +p)+ Z a;

i€l\{io}

= p+Zai.

iel
We thus get o > Ziej a; as claimed. [

LEMMA 4.3. If J C [{] is in general position, and |J| <
1//p, then o > ‘J‘T_Qp—&— 1 D jes Q-

PrOOF. Before proving the lemma, we first state and
prove a simple variant of the standard inclusion-exclusion
lower bound on the cardinality of U;Sj;.

CLAIM 4.4. For any set J C [{],

Usiz1Sis-1 %

jed jeJ i,5,k€J, i<j<k

|SiﬂSj ﬂSk\

ProOF. Consider an element e € U;csS; and say it is
contained in m of the sets. Then e additively contributes
m/2 to the first term, %Z].EJ |S;]. On the other hand in

the second term it subtracts at least %(’g) Thus the net
contribution of e to the RHS is at most % (1 - W) .

It can be verified that this contribution is at most 1 for
every positive integer m, which is also a lower bound on its
contribution to the LHS. [

We are now ready to prove the lemma. We have:

pra=p| J S
i€l

)

1
EINICETINDS
j€J g,kEJ, i<j<k
(Using Claim 4.4)

> = Zp-f— <|‘§|>p

JEJ

1(Si,5k1)

(Using definition of a; and that J is in general position)

M1 IJ\
—2f 2 220‘]
JjeJ

Rearranging terms above, we get

J| =2 1(|J
a > |20—2<| |> + 3 Zay
JGJ
J| -2 JI(|J] -1 1
R N (LIEESA RS

JjEJ
J| =2 1
= Pty e
JjeJ

as claimed.

We now put the above ingredients together to prove a
weak version of Theorem 3.2. Specifically the following
lemma claims that some positive power of « is lower bounded
by some multiple of the sum of the «;’s to the same power.
Unfortunately, the multiple is a pretty weak one and be-
comes smaller as the number of summands grow (whereas
in Theorem 3.2 we want this multiple to be 1!). Nevertheless
this weak version is good enough, as we’ll see later.

LEMMA 4.5. For every c < oo there exist constants c1, c2, c3
(depending only on ¢) with c1,c3 < 00 and ca < 1 such that
for every set K C [{],

aft > Z ay,
~c3- |K‘C2

keK

Remark: Note that if the constant cz in the exponent
of |K| had been replaced by 1, the lower bound on o would
have been quite trivial (with ¢1,c2 = 1). The slightly smaller
exponent turns out to be sufficiently powerful to let us derive
Theorem 3.2 later.

ProoOF. Fix a set K C [{].
We prove the lemma for ¢; = ¢+ 1. (The other constants
will be determined later.) For a subset I C K, let wt(I) =



Yierait. Let P = {k € Klax < p} and Q = {k €
Klar > p*}. We consider two cases based on whether
wt(P) is larger than wt(Q) or not.

Case 1: wt(P) > wt(Q): If |P| = 1, then it must be that
|Q| = 0 and then |K| = 1 and if so this case is trivial. So |P|
must be at least 2 in this case. Again we divide the analysis
into two subcases.

The first subcase we consider is when there exist distinct
i,7,k € P with {4, j, k} not collinear. In this case, by apply-
ing Lemma 4.3 to the set J = {4, j, k}, we get a« > p/3. On
the other hand, we have

1
g az-" < maxak-g af
ke P

keP JEP

IN

max o - 1 (Using property (3) of the family)
< p (By definition of P).
So in this subcase we have

0t > /3

1 c
2 361 Z akl
keP
1 c .
> 3 3o ,;(akl (Since wt(P) > 1 wt(K))

1
S E ap! (provided ¢z > 2-3°" and ¢z > 0.)
Cc3
kEK

Now we move to the second subcase. In this case, we
assume that for every triple ¢, 7,k in P, {i,7,k} is collinear.
This implies that P itself is collinear. By Lemma 4.2, we
have oo > 3, p k. Thus o > 3, pal > 33, ok
Thus again we have o' > ﬁ > ke ' provided cz >
2 and c2 > 0. This concludes the analysis of Case 1.

Case 2: wt(P) < wt(Q): Note that this is the case where
our lower bound on a will start deteriorating with |K|.

By Property (3) of the (p, p?, c)-special intersection condi-
tion, in this case |Q] is at most p%l We divide our analysis
into two subcases again.

Let co=1—-1/(2¢- c1).

The first subcase is when there exists a collinear I C K
such that wt(I) > TVCS(\%) . If so, by Lemma 4.2, we have that
a >3 a; and so

Q> Zafl > wt(Q) > wt(K) > Wt(K)‘
Q= = 21QF = 2K|"
This yields the lemma for every cs > 2.

Now we consider the final remaining subcase, where for
every collinear I C K, it is the case that wt(I) < V\Vq;ﬁer) We
first prove that there is a J C @ in general position such
that |J| = |Q[Y 2“1 and wt(J) > wt(Q)/|Q|°2. Applying
Lemma 4.3 to this set then completes the analysis for this
case.

We start with showing that such a set J exists. We pick
J greedily starting with J = (. We maintain a set of can-
didates @', initially containing all of Q. We then add the
element ¢ € Q' with the largest value of a; to J. We re-
move i from Q' as also every element k € Q' such that
for some j € J\ {i}, {i,7,k} is collinear. We repeat until
] = @I /e,

To analyze this construction, we first claim that Q' does
not become empty (which would preclude us from grow-

ing J). Note that for every 4,5 € J, the total weight of
the elements removed from Q' on account of i, is at most
wt(Li ;) < wt(Q)/|Q|?. Since there are at most |J|?/2 <
|Q[/(¢1) /2 such pairs, the total weight of the removed ele-
ments is at most wt(Q)/(2 - |Q[27Y/(¢)) < wt(Q)/2, pro-
vided ¢2 > 1/(c - ¢1), which holds for ¢z > 1/2 and ¢ > 1
and c¢; > 2.

Thus, the process concludes with |.J| = |Q[*/ 1) and J
is in general position by construction. To see that the weight
of J is large, notice that every element of J has weight at
least that of the average element, i.e., o)t > wt(Q')/|Q’'| >

wt(Q)/(2|Q]). We thus conclude that wt(J) > |J|-wt(Q)/(2|Q])

> wt(Q)/(21Q|' ) = wt(Q)/(2(Q).

Finally, note that |.J| = |Q[*/(2¢¢1) < (1/(pce1))t/(2eer) =
1/\/p. So this puts us in a position to apply Lemma 4.3
to the set J to conclude that o > %ZjEJ a;. This in turn

yields ot > %(Zje]aj)61 > 2%1 ngja;l > 2%1 Wt(Q)/|Q|C2

> S wi(K)/|K|°. This yields the lemma statement for

c2=1-1/(2c-¢1) and c3 > 211,

Putting all the cases together, we get the lemma statement
for c; = max{1-1/(2c-c1), 3} and cs = 2-3°* (and, of course,
1 =max{2,c+1}). O

4.2 Strengthening the bound

Our final lemma shows how to convert the assertion of
Lemma 4.5, in conjunction with Lemma 4.1, to get the as-
sertion of Theorem 3.2. We omit the proof.

LEMMA 4.6. For every ci < o0, c2 < 1, and c3 < oo there
ezists C < oo such that the following holds: Let a, a1, . ..,
be non-negative reals such that (1) o > a; +a; for every i #
J €[] and (2) For every K C [{], ot > W~Z%K agt.

Then o > Zizl af.

Theorem 3.2 now follows by combining Lemma 4.5 and
Lemma 4.6.

S. THE LIST DECODING ALGORITHM

In this section we sketch the list decoding algorithm. As
we shall see, the combinatorial bounds that we proved make
the algorithm relatively straightforward. Our algorithm can
be viewed as a direct extension of the original list-decoder
of Goldreich and Levin [4].

We are given a function f : G — H. We want to lo-
cally list decode all affine homomorphisms ¢ € aHom(G, H)
such that agree(f,¢) > Ag,uw + e (In what follows we
refer to agreements of the form Ag .z + Q(€) as “notice-
able” agreements.) Recall further that the groups G and
H are presented “explicitly”. Specifically, G is given by
a sequence of pairs ((p1,71),..., (P, 7)), where p1,...,pk
are prime numbers and r1,...,r; are positive integers and
G = @le Zp:i . Similarly H is given by a sequence of pairs

((@11),- - (e, 50)) and H = @], 5.
J
For j € [4], let H; = Z,5 and let f = (f1,--., fe) where

fi + G — Hj. The rougﬁ idea of our algorithm is to re-
cover, separately for each j € [{], the list £; of affine ho-
momorphisms ¢ € aHom(G, H;) that have noticeable agree-
ment with f;. (This step itself involves an iterative algo-
rithm using the decomposition of G and is described in the
next paragraph.) Given the lists £;, our algorithm finds,



by induction on j, the list P; of all affine homomorphisms
from G to Hi x --- x H; that have large agreement with

the fUI% (1 ..., f;), the projection of f to its first j co-
ordinates. This step is simple and is a variation on [4].
We note that P; C P;j_1 x L£;. We enumerate all mem-
bers ¢ € Pj_1 x L; and include in P; only those ¢’s that
have the desired amount of agreement with f[j], By Theo-
rem 2.2, both P;_1 and £; have size at most poly(1/€) and
so each iteration takes only poly(1/e,log|G|,log|H]|) time
and poly(1/€) queries.

We now turn to the task of computing the set ¥ of all
affine homomorphisms from G = G1 X - - - X G (where G; =
Zp:i ) to a group H of the form H = Z,~ that have noticeable

agreement with a given function f : G — H. (Note that each
group Hj of the previous paragraph is of this form and so this
algorithm will suffice to compute £; for every j € [¢].) For

this step we extend the algorithm of [4] in a natural way. Let

G(<i)déf @D, ; G:. We similarly define G~y and G <;). For

i € [k] let ®; = {¢ € Hom(G (<), H)|Fp € aHom(G (>4, H)

such that 7(z, y)d:ef(qb(l’) +9¥(y)) € v}

The list decoding algorithm works in k stages. In stage
i, © € [k], the algorithm computes a set S; C Hom(G<;, H)
from the set S;_1 it computed in the previous stage. The
set S; is computed in two substages, called extending and
pruning. The extending phase finds a large collection of
homomorphisms that includes all the homomorphisms in ®,.
The pruning phase weeds out many of those homomorphisms
that are not in ®;, and collects the remaining few in S;.
After all k stages have completed, S is then used to compute
the final list.

Extending: Note that G = G(<;) X Gi X G (4. If pi #q,
then we just set S; = S;_1 and exit. Otherwise, we proceed
as follows.

For each ¢ € S;_1, do the following poly(log |G|, log | H], *)
times:

1. Pick s € G(>;) uniformly at random.

2. Pick x1,22 € G(<;) and c1,c2 € G; uniformly at ran-
dom.

3. If ¢1 — c2 is not divisible by ¢, solve the system of
equations for a,b € Zgr:

d(x1) +ac1 +b= f(z1,c1,8)

d(x2) + aca +b = f(x2,c2,s)

4. Let § € Hom(G(<;y x Gi, H) be given by 0(z,c) =
¢(z) +a-c( mod ¢"). Include 6 in S;.

It can be shown that if ®;,_; C S;_1, then with high proba-
Pruning: Now we write G = G (<;) X G(>4). In the pruning
phase, we will cut down the size of S; while preserving the
fact that ®; C S;. Initialize S} to (.

Repeat poly(log |G|,log |H|, 1) times:

1. Pick a random s € G (5).

2. For each ¢ € S;, by random sampling, find all b € H
such that Proca ., [#(x, )~ f(z,5) = b > Ag,n+e/2.

3. If there exists even one b as above, then add ¢ to 5.

Upon conclusion, replace S; with the “pruned” set S..

Our list decoding bound implies that after the pruning
phase, the cardinality of S; is at most poly(log |G|, log |H|, 1)
for some fixed polynomial. This ensures that the S; don’t
blow up in size as i increases. Furthermore, it can be shown
that with high probability, all the ¢ € ®; remain in S; after
the pruning phase.

The above iterations give us a set Sy that contains @5 with
high probability. Now by random sampling, for each element
¢ € Sk, we find all b € H such that Pryeg[¢p(z) — f(z) = b]
is noticeable, and include ¢(-) + b in our final list. This
concludes the description of the list decoding algorithm. Its
correctness is argued by verifying the claims about the sets
S; made above. Details can be obtained in the full version
of this paper [2].
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