Lecture 8 – April 28, 2004

1 The Ellipsoid Algorithm

The Ellipsoid algorithm was developed by (formerly) Soviet mathematicians (Shor (1970), Yudin and Nemirovskii (1975)). Khachian (1979) proved that it provides a polynomial time algorithm for linear programming. The average behavior of the Ellipsoid algorithm is too slow, making it not competitive with the simplex algorithm. However, the theoretical implications of the algorithm are very important, in particular, providing the first proof that linear programming (and a host of other problems) are in P.

1.1 Some preprocessing

Recall that we have seen that if there is a polynomial time algorithm for finding a feasible solution to linear programs, then there is a polynomial time algorithm for finding optimal solutions. Hence we shall only be concerned with finding a feasible solution to an LP.

Recall also that we saw that feasible LPs in standard form always have a basic feasible solution. Moreover, if the input (entries of A, b) consists of integers bounded by p, then every bfs can be expressed as rational numbers whose numerators and denomenators are bounded in absolute value by m!p^m. (If the inputs are rational numbers, then we can multiply each entry by the least common multiple of all denomenators (or just by their product) to get an integer input.)

Now modify the LP by adding some slackness to each inequality. That is, for some small ϵ, change every inequality ∑ a_ix_i ≤ b_j to ∑ a_ix_i ≤ b_j + ϵ. Include in this process all nonnegativity constraints, and all equalities (by treating them as a pair of inequalities). It can be showed that when ϵ is small enough (e.g., ϵ < (m!p^m)^{−2}), then the following holds:

1. If the original LP is infeasible, then the new LP is infeasible.

2. If the original LP is feasible, then the feasible region of the new LP contains a full dimensional ball or radius ϵ.

Scaling the new LP by a factor of 1/ϵ we are left with the following problem. There is an LP defining a polyhedon that is either empty, or contains a full dimensional ball of radius 1. Moreover, there is a bounding ball of radius r (taking r = m!p^m/ϵ suffices) and centered at the origin that contains this unit ball. We want to design a polynomial time algorithm that on every such input either finds a feasible solution to the LP, or (correctly) reports that the LP is infeasible. By the discussion above, this will give a polynomial time algorithm for linear programming.

Observe that log r is polynomial in the original parameters of the problem (in n, m and log p). Hence the running time of our algorithm is allowed to be polynomial in n, m, log p, log r. 1.2 A geometric search problem

In Section 1.1 we reduced the problem of solving linear programs to the following geomtric problem. A polyhedron P in R^n is given as a system of linear inequalities. It is known that the intersection of P with a ball S(0, r) contains a a unit ball. Find a point in P ⋂ S(0, r). (A note on notation. Often S(x, r) denotes a sphere of radius r centered at x (a ball without its interior), whereas B(x, r) denotes a ball. However, we reserve the letter B for future use, and hence denote balls by S.)

The following algorithm can be used to solve this problem. Pick a point y ∈ S(0, r). If y ∈ P (this can be determined by checking whether y satisfies the system of linear inequalities) then we are done. If not, then some linear inequality is voilated. This means that we are given a hyperplane such that P lies entirely within one side of the hyperplane. Equivalently, we are given a half space H that contains P . Moreover, S(0, r) ⋂ H ⋂ P contains a unit ball. Now we can limit the search for a point in P to only S(0, r) ⋂ H, which is smaller than S(0, r). Picking a new point y in this smaller region we recurse.

In analyzing the search procedure given above, we assume that we choose y in an oblivious way, without inspecting the system of inequalities. One reason to do so is that in general, it is not known how to make good use of the information provided by the system of inequalities in order to come up with a better choice of y. Another reason is that this oblivious choice makes the eventual algorithm applicable in a wider range of instances, as will be discussed in Section 1.5.

Abstracting the search problem further, we are in the following situation. Unit ball U is hidden within a ball of radius r. We wish to find a point within U. In each step of the algorithm we can choose a point y and get one of the two following answers: either y ∈ U (and then we are done), or we get an open halfspace H not containing y such that U ⊂ H. We wish to design a strategy for finding a point in U as quickly as possible.

This search problem somewhat resembles binary search. Indeed, we can choose the origin (the center of S(0, r)) as our first query point, and then regardless of the halfspace returned, the search space is decreased by a factor of 2. However, starting from the second iteration (at which point the search region is no longer a ball, and hence looses its symmetry), we encounter some difficulties.

1. Is there any point y for which regardless of the halfspace returned, the size of the search space decreases by a factor of 2?

2. If not, then by how much can we decrease the search space by a clever choice of a point y?

3. Is there an efficient algorithm for finding such a point y?

The answer to the first question is unfortunately no. For example, it can be shown that no matter what point we choose in a triangle, there is always an open halfspace not containing this point whose intersection with the triangle contains a 5/9-fraction of the area of the triangle. (This is left as homework. As a hint, see the proof of Proposition 2.)

To the second question we have two answers.

Proposition 1 For any (measurable) set S in R^d, there is always a point y (not necessarily in S) such that for any halfspace H not containing y, the volume of H ⋂ S is at most d/(d+1) times the volume of S.

Proof: Recall that in the homework for handout 5 we proved that for every collection of halfspaces in R^d, if every d + 1 of them intersect, then they all intersect at some point. Now consider all halfspaces that contain more than a d/(d + 1) fraction of the volume of S. Every d + 1 of them intersect at some point in S, hence they all intersect. Let y be a point in their intersection. Hence no halfspace not containing y contains more than a d/(d + 1) fraction of the volume of S. □

The above proposition is best possible (by considering the d + 1 vertices of a simplex as the set S). However, in can be strengthened when S is convex.

Proposition 2 For any convex set S in R^d, there is always a point y (within S) such that for any halfspace H not containing y, the volume of H ⋂ S is at most 1 − 1/e times the volume of S.

Proof: We only sketch the proof. Choose y as the center of gravity of S (which is the same as the average location of a random point in S). Consider an arbitrary hyperplane H through y. Let z be the normal to this hyperplane. Then y is also the center of gravity of the projection of S on z. Using the fact that S is convex, a shifting argument shows that the worst case distribution of weights of the projection on z behaves like z^{d−1}, for z in the range 0 to t. The total volume in this case is V = ∫_t 0 z^{d−1}dz = t^d/d. The center of gravity in this case is^1_V ∫_t 0 z · z^{d−1}dz =^d_{d+1} t. The volume of the smaller side of the hyperplane is V = ∫_{dt/(d+1)} 0 z^{d−1}dz = (1 −^1_{d+1} )^dV > V/e. □ In our search problem all regions are convex. It follows that by taking y as the center of gravity, in each iteration we cut the search space by a constant factor. In O(d log r) steps, the volume of the search space becomes smaller than that of a unit ball, implying that by this time we are done.

We now reach the third question mentioned above. It appears that finding the center of gravity of a general convex region is a costly operation. In principle, starting from a point within the convex region, a good enough approximation for the center of gravity can be found by a randomized algorithm. (See for example the STOC2002 paper of Bertsimas and Vempala). However, this was not known at the time that the Ellipsoid algorithm was developed.

The Ellipsoid algorithm uses a less efficient search procedure (in terms of number of iterations), with the advantage that each individual iteration is easier to implement.

1.3 Using ellipsoids

For any set in R^d that is symmetric in the sense that if it contains point x then it also contains the point −x, the origin is the center of gravity, and moreover, every hyperplane through the origin divides it into equal size parts. We call a set symmetric if it is symmetric in the above sense when its center of gravity is translated to the origin. The ellipsoid algorithm keeps the search region (for the geometric search problem of Section 1.2) symmetric. After cutting the search region in two, it expands it in a careful way to regain symmetry, while still maintining some decrease in volume.

Let Q be an n by n nonsingular real matrix and t ∈ R^n. The mapping T (x) = Qx + t is called an affine transformation.

A unit ball S(0, 1) in R^n is the set {x|x^T x ≤ 1}.

An ellipsoid is the image of a unit ball under an affine transformation. Observe that y = Qx + t implies x = Q^{−1}(y − t). Hence an ellipsoid is T (S(0, 1)) = {y|(Q^{−1}(y − t))^T Q^{−1}(y − t) ≤ 1} = {y|((y − t)^T B^{−1}(y − t) ≤ 1} where B = QQ^T .

The matrix B is positive definite meaning that it is real and symmetric, and satisfies the conditions in the following lemma.

Lemma 3 Given a real symmetric matrix B, the following conditions (defining the matrix to be positive definite) are equivalent.

1. x^T Bx > 0 for all nonzero x ∈ R^n.

2. all its eigenvalues are real and positive.

3. all upper left submatrices have positive determinants.

4. there exists a real matrix Q with linearly independent rows such that B = QQ^T .

Proof: First let us note that the eigenvalues of B are necessarily real. Consider an arbitrary (possibly complex) eigenvector v for B of norm 1, let v^∗ denote is conjugate transpose, and let λ denote its (supposedly complex) eigenvalue. Let us compute v^∗Bv = v^∗λv = λ. Using the symmetry of B we also have v^∗Bv = (B^T v)^∗v = (λv)^∗v = v^∗λ^∗v = λ^∗. Hence λ is real. Likewise, there is no point in taking the corresponding eigenvector v as complex, because the matrix B is real, and then the real and imaginary parts of v never mix. As λ is real, we get that the complex eigenvector is just a combination of a real vector and an imaginary vector, each with the same eigenvalue.

Condition 1 implies condition 2. Otherwise, take x to be an eigenvector with nonpositive eigenvalue.

Condition 2 implies condition 4. Observe that the eigenvectors of B can be taken as orthonormal. For eigenvectors sharing the same eigenvalue, there is always such a choice. For eigenvectors v_i and v_j with different eigenvalues λ_i and λ_j, observe that by symmetry of B we have that λ_j v^T_i v_j = v^T_i Bv_j = λ_iv^T_i v_j , implying that v^T_i v_j = 0. One possible choice for Q is to have column i equal to √ λ_iv_i, where v_i is the ith eigenvector of B, and λ_i is its eigenvalue. This can be verified to be correct by comparing the effect of multiplying by the eigenvectors.

Condition 4 implies condition 1. Because x^T Bx = x^T QQ^T x = (Q^T x)^T (Q^T x) which is a nonzero square (because Q has full rank).

We shall not prove here the equivalence of condition 3 to the other conditions, and we do not plan to use condition 3. □

The eigenvectors of B are the principle axes of the ellipsoid, the square roots of the eigenvalues are their lengths, and the square root of the determinant gives the volume (scaled by the volume of the unit ball).

In the ellipsoid allgorithm we construct a sequence of ellipsoids E_k = (B_k, t_k). If t_k violates the constraint a^T_i x ≤ b_i then we take E_{k+1} to be an ellipsoid that contains^1_2 E_k = {y ∈ E_k : a^T_i y ≤ a^T_i t_k}. There is slackness here as a^T_i t_k is larger than b_i, and the purpose of this slackness is only so as to make the formulas simpler. For E_{k+1} as above there are the following formulas:

t_{k+1} = t_k − 1 n + 1 B_ka_i √ a^T_i B_ka_i B_{k+1} = n^2 n^2 − 1 (B_k − 2 n + 1 B_ka_ia^T_i B_k a^T_i B_ka_i ) It can be shown that vol(E_{k+1}) < e^{−1/2(n+1)}vol(E_k). The proof of this last statement, as well as the derivation of the formula above for E_{k+1}, can be based on the following principles. First, everything is proved assuming that E_k is the simplest ellipsoid, namely, the unit ball. Thereafter, the formula for E_{k+1} for general E_k is obtained by using linear transformations. The ratio of volumes remains unchanged by these transformations.

1.4 Numerical precision

THE FOLLOWING SECTIONS WILL BE WRITTEN MORE CAREFULLY IN THE FUTURE.

Take a slightly larger E_{k+1} that still is smaller than E_k. Note that square root in expression for t_{k+1} would in general be irrational and needs to be approximated.

1.5 Separation oracles

Do not need explicit list of constraints.

1.6 Low distortion embeddings

In fixed dimension, given bounds on distances, NP-hard even to approximate.

In high dimensions, SDP. Not full rank.

Infinitely many linear constraints. Convex (prove using condition 1), but not a polyhedron.

Bounding ball - from distances. Bounded ball - add slackness to distances, + I to diagonal (giving slackness in eigenvalue). No slackness in exact equality of variables (matrix symmetry).

SDP. In general, not known if can jump to exact solution.