
BWCA – Handout 4

Spectral graph theory

May 24, 2021

The adjacency matrix of a connected undirected graph is nonnegative, symmetric and
irreducible (namely, it cannot be decomposed into two diagonal blocks and two off-diagonal
blocks, one of which is all-0). As such, the Perron-Frobenius theorem implies that:

1. All its eigenvalues are real. Let us denote them by λ1 ≥ λ2 . . . ≥ λn.

2. Eigenvectors that correspond to different eigenvalues are orthogonal to each other.

3. The eigenvector that corresponds to λ1 is all positive.

4. λ1 > λ2 and λ1 ≥ |λn|.

There is a useful characterization of eigenvalues by Raleigh quotients. Let v1, . . . , vn be
an orthonormal basis of eigenvalues. For a nonzero vector x, let ai =< x, vi > and hence
x =

∑
aivi. Observe that:

xtAx

xtx
=

∑
λi(ai)

2∑
(ai)2

This implies that λn ≤ xtAx
xtx ≤ λ1. Moreover, if x is orthogonal to v1 then xtAx

xtx ≤ λ2.
The following theorem due to Hoffman is a useful example of how spectral graph theory

determines combinatorial properties of graphs. Let G be a d-regular n-vertex graph and let
λn be the most negative eigenvalue of its adjacency matrix A. Then the size of its largest
independent is at most

α(G) ≤ − nλn
d− λn

Homework. Hand in by June 7.

1. Let G be an arbitrary undirected graph, and let λ1 be the largest eigenvalue of its
adjacency matrix.

(a) Prove that G can be legally colored by bλ1c+ 1 colors.

(b) Give an example of a graph that cannot be legally colored with fewer than λ1 +1
colors.
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2. Let G be a bipartite graph with sides U and V . Let x be an arbitrary eigenvector
of its adjacency matrix whose corresponding eigenvalue is nonzero, and let xi denote
the value of x on coordinate i corresponding to vertex i. Prove that

∑
i∈U (xi)

2 =∑
i∈V (xi)

2. (Hint: this has a short proof.)

3. Consider a “star” graph that is a tree with one central vertex and all other vertices are
leaves (adjacent only to the central vertex). List all eigenvalues of the corresponding
adjacency matrix and prove the correctness of your result.

4. Consider an arbitrary graph and let d be its maximum degree. Give a lower bound
(as a function of d) on the largest eigenvalue of its adjacency matrix, and prove that
your lower bound is best possible (namely, that it holds for every graph, and there are
graphs of maximum degree d in which the largest eigenvalue meets this lower bound).

Remark. d cannot be used in order to provide an interesting upper bound (equiva-
lently, lower bound on absolute value) for the most negative eigenvalue. For example:
the complete graph on d+ 1 vertices has largest eigenvalue d and all other eigenvalues
are −1. (Please verify for yourself that you know how to prove this last statement.)

5. Prove that for the adjacency matrix A of d-regular graphs, max[λ2(A), |λn(A)|] ≥√
d− o(1), where the o(1) term tends to 0 as the number n of vertices grows (keeping

d fixed). Furthermore, prove that if the graph has girth larger than 4 (the girth of a

graph is the length of its smallest cycle), then max[λ2(A), |λn(A)|] ≥
√√

2(d− 1) for

sufficiently large n. (Hint: if the girth is large, the trace of A4 depends only on n and
d but not on the graph.)

Remarks. The premise of large girth is not needed for the proof – it is easy to
extend the proof to arbitrary d-regular graphs, but not required in this homework
assignment. Likewise, it is not difficult to improve the leading constant beyond 21/4

by considering the trace of higher powers of A, but not required in this homework
assignment.
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