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Abs t rac t .  

Denoting a vers ion of Hoare's system for  
p rov ing  p a r t i a l  correctness of recurs ive  programs 
by H,  Ns present an extension JD Nhich may be thought 

of  as H u { ^ , v , ] ,Y }  u H -1, inc lud ing the r u l e s  of  

H, four specia l  purpose ru les  and inverse ru l es  to 
those of Hoare. D is shown to be a complete system 
( in  Cook's sense) for  proving deductions of  the 
form e 1, . . . .  r n ~ # over a language, the wf f *n  
of  which are asser t ions in some asser t ion  language 
L and p a r t i a l  correctness spec i f i ca t i ons  of  the 
form p {= lq .  A l l  v a l i d  formulae of L are taken as 
axioms of D. I t  is shown that  D is s u f f i c i e n t  f o r  
p rov ing  p a r t i a l  correctness,  t o ta l  cor rectness and 
program equivalence as Nell  as other  Important 
p r o p e r t i e s  of programs, the proofs of  which are 
Impossible In H. The en t i r e  p resenta t ion  is  Norked 
out in the framework of nondetermin ia t ic  programs 
employing i t e r a t i o n  and mutual ly  recure ive  
procedures. 

I ,  I n t r oduc t i on .  

The ax iomat ic  method of spec i fy ing  
semantics of programs, as given by Hoare ( [ 18 ) . ( 11 ]  
and a lso  [12]} lends i t s e l f  very successfu l ly  to  a 
s p e c i f i c  goa!,  namely that  of prov ing p a r t i a l  
cor rec tness of spec i f i c  programs. A convenient 
d e s c r i p t i o n  of the method employs an asser t ]on  
language L and a formal proof  system H having as 
axioms a l l  l o g i c a l l y  v a l i d  formulae of L. A p roo f  
of  a p a r t i a l  correctness s p e c i f i c a t i o n  R¢ p I~}q  
where p,q are N f f ' s  in L , is ca r r i ed  out in H by 
composing = from more p r i m i t i v e  program segments, 
s t a r t i n g  from a f i n i t e  number of assumptions in L. 
A wel l  knoNn r e s u l t  is that  the convent ional  Hoers 
system and i t s  va r ian ts  are complete i f  L is s t rong  
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enough to express a l l  needed asser t ions.  Various 
d e f i n i t i o n s  of t h i s  s t rength are exoressiveness 
of  L (Cook[3]) ,  or t i d iness  of a l l  programs 
( P r a t t [ Z S ] ) .  Cook[3] showed that  f i r s t  order 
a r i t h m e t i c  is  expressive,  thus proving completeness 
of  H fop t h i s  important special  case of L. Extensions 
of  Hoare'a system to cover recurs ion and mutual 
rmcurs ion have a lso been proved complete under 
s i m i l a r  cond i t l ons  (see Gore l l ck [7 ] ,  Harel e t  
a I [9] } .  

A su i t ab le  such system H can in fac t  be 
thought of  as a formal system for  prov ing the 
cor rec tness  of deductions of the form 

G l , . . . , r  n ~ p{~)q under the r e s t r i c t i o n  that  

each of  the ~i  is a procedure dec la ra t i on  or a 
formula of  L. Houever, .hen consider ing general 
deduct ions of  the form ~ l , . . . , F n  ~ 

(Nhera the ~ i  may also be p a r t i a l  correctness 
s p e c i f i c a t i o n s ) ,  i t  is  easy to come up w i th  
semant i ca l l y  v a l i d  deductions which cannot be 
de r i ved  In H. Two examples are 

(1} p l i f  r then a e lse ~ f i l q  

k p l i f - ~  then ~ e lse a f i } q  

|2) p l a }q  , r l a l q  !" pvrlcxlq 

(a r u l e  which, whi le  being under ivable in 

can be shown to be superf luous for  any 
concrete proof  of p a r t i a l  correctness,  
lgarash i  e t  a1112]). 

H ,  

These examples i l l u s t r a t e  the absense ( in  H) 
of  mechanisms for  (1) ex t rac t i ng  in format ion  from 
a s p e c i f i c a t i o n  p{~}q about par ts  of a (where ~ is  
a complex program segment}, and (2) combining the 
in fo rmat ion  given in d i f f e r e n t  s p e c i f i c a t i o n s  about 

249 



the same program segment. H can be seen to be 
complete only for  "s imple" deductions, in which the 
antecedents cJ include for each given a, at  
most one s p e c i f i c a t i o n  of tihe form p l~ lq ,  and a l l  
such ~ ' s  are simple spec i f i ca t i ons  cons i s t i ng  of  a 
s i n g l e  assignment or ca l l  statement, or a s i n g l e  
oroaram eeoment va r i ab le  (PSV), which is  a symbol 

s tand ing fo r  an a r b i t r a r y  program segment. 

In Sect ion I I  we present our system D which 
ie  an extension of Hoare's system, and in Sect ion  
I I !  show that  D is sound and complete for  

deduct ion ( r  1 . . . . .  #n FD~ I f f  #1 . . . . .  #n k r ) ,  

tha t  i s ,  G can be proved in D from assumptions 
~ l , . . . , ~ n ,  i f f  ~ Is true In every model s a t i s f y i n g  

r l , . . . , ~  n . Here tho # i  can themselves be any 
p a r t i a l  correctness spec i f i ca t i ons .  

The completeness r esu l t  is shown by p rov ing  
a se r ies  of more r e s t r i c t e d  theorems, ho ld ing  fo r  
l u ccess l ve l y  r i che r  subsystems of D , thus c l a r i f y i n g  
the whole process and also achieving a s ide e f f e c t  
of  I n d i c a t i n g  the prec ise ro l e  in D played by i t s  
impor~ant components;. 

A v a r i e t y  of p roper t i es  of programs can be 
proved using D. and the completeness r e s u l t  ensures 
us tha t  uhen L is expressive (e.g.  in a r i t h m e t i c ) .  
a proof  ex i s t s  for  each v a l i d  such p roper ty .  The 
f o l l o w i n g  p o s s i b i l i t i e s  are descr ibed in Sect ion IV: 

( i )  prov ing the p a r t i a l  oorrectenes of a g iven 
program. 

(II) prov ing the to ta l  correctness of a g iven 
program, 

( i l l )  p rov ing the (strong) equivalence of programs, 

( i v )  e s t a b l i s h i n g  der ived ru les ,  

(v) ca r ry ing  out modular proofs of program 
correctness given p rope r t i es  of  segments of  
the program, 

( v i i  s i m p l i f y i n g  complex program segments and 
e s t a b l i s h i n g  v a l i d  program t rans fo rmat ions .  

Schemat ica l ly  speaking. D w i l l  cons is t  of  a 
s u i t a b l e  vers ion of H for  composing the conclumlon o f  
the deduct ion,  four ru les  ( ^ , v , ] , Y )  fo r  c o l l e c t i n g  
In fo rmat ion  about unspeci f ied program segments, and 
a " m i r r o r  image" of H conta in ing inverse r u l e s  fo r  
decomposing complex program segments appear ing 
among the premises. D. having the f lavour  of  a 
na tu ra l  deduct ion system, has a l l  v a l i d  formulae of  
L am axioms. 

I I .  The Susteu, 

Suntax 

The alphabet Z contains symbols fo r  
i nd i v i dua l  constants and va r iab les ,  func t ions  and 
p red i ca tes ,  connect ives and operators .  L=L(Z) is  a 
l og i ca l  language w i th  equa l i t y  over Z (having at  
leas t  the pouer of  the f i r s t  order language over 
2 ) .  A Nel l - formed formals of L u i l l  be c a l l e d  a 

I oo i ca l  Nf f  (L -w f f ) .  P=P(Z) is a programming language 
over Z, w i th  the fo l l ow ing  syntax: 

<statement>: :=<elementary act ion> I <procedure c a l l >  I 
<statement>;<statement> J 
i f<boolean>then<statement>else<statement>f i  I 
whiiQ<boolean>do<statement>od 

<dec la ra t ion> : : -<procedure  name>(<name parameter l i s t > ,  
<value parameter I le t>)croc<statement>end . 

An elementaru ac t ioq  is a non d e t e r m i n i s t i c  
assignment of  the form ~ ( E ' ~ ( ~ , K ' , M )  

read ingz"ass ign  to ~ some K' such that  ~ ho lds" .  
This w i l l  usua l l y  be abbreviated as A(K,~),  Nhere K 
Is the vec tor  of  va r iab les  ,h ich  can be mod i f ied  by 
A. and ¼ ie the vector  of add i t i ona l  v a r i a b l e s  upon 
Nhich the assignment might depend. ,hen ~ is  of  the 
form K ' ' ~ ( ~ , ~ ) ,  A is the convent ional assignment 
s tatement .  

A orocedure ca l l  is a statement of  the form 
c a l l  P(K,~) ,  where P is  a procedure name, K is  a 
vec to r  of  actual  name parameters ( v a r i a b l e s ) ,  and 
18 a vec to r  of actual  value parameters ( terms) .  The 
E'S are assumed to be d i s t i n c t  and the ~ 'e  to  be 
independant of the K's.  

A boolean is a q u a n t i f i e r - f r e e  L -w f f .  

A P-seoment M i l l  s imply be a statement in 
P. Me extend Z to Z' by adding a set of new symbols 

(R1 ;R2 , . . . )  which stand for  a r b i t r a r y  
P-segments, and are there fore  ca l l ed  Drooram-seament 
v a r i a b l e s  (PSV's). The programming language P' is  
an extens ion of P obtained by a l l ou i ng  statements 
of  the form Ri(K.~) , where ~ and ~ have a meaning 
s i m i l a r  to that  given in the elementary ac t ions .  
Note tha t  the d i f f e rence  between a PSV and an 
e lementary ac t i on  is that  fop the l a t t e r  Me are 
g iven a formula de f i n ing  i t s  e f f e c t .  S i m i l a r l y .  the 
d i f f e r e n c e  between a PSV and a procedure c a l l  i~ 
tha t  the l a t t e r  may have an e x p l i c i t  d e c l a r a t i o n .  

Me w i l l  use a(K,~) to denote an a r b i t r a r y  

P'-segment such that  K is  the vector  of  a l l  
m o d i f i a b l e  va r i ab les  of =, and W cons is ts  of  a l l  
o ther  va r i ab l es  appearing in a. 
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A s n e c i f i c a t i o n  is a construct  # of  the form 

¢:  p (~ ,~ ,¢ ) (a (~ ,& t ) l q (5 ,~ ,Z ) ,  where p and q 
are L -Nf fs  and a is a P'-segment. Here the elements 
of  ~ are said to be the f ree va r iab les  of  the 
s p e c i f i c a t i o n  f ,  ghere no confusion can a r i se  we w i l l  
occas ionalg  omit the ¢ 's  and regard the ~ as 
cons i s t i ng  of  a l l  the var iab les  appearing in the 
s p e c i f i c a t i o n  not assigned to in a. A s p e c i f i c a t i o n  
p { a l q  Is simnle i f  a is a PSV, an elementarg ac t i on  
or  a c a l l  statememt (aimnle statements).  

The formulae of our language g (ca l led  W.wf f 'e )  are 

(1) L -wf fs ,  
(2) spec i f i ca t i ons ,  
(3) dec la ra t ions ,  

(Note that  g-gffe= cannot be combined bg l og i ca l  
connect ives . )  

Semantics 

An In ter [=re ta t ion of a set F of M-wffs 
,, a tup,. ..... %,% ..... %>, 
. he re  0 is a nor,emptg domain, ~ is an 
i n t e r p r e t a t i o n  ot: a l l  i nd iv idua ls  ( i nc lud ing  

constants  and f ree va r iab les ) ,  funct ion and 
p red i ca te  sgmbols of L, each B i (K ,K ' ,~ )  is  a 
r e l a t i o n  fo r  a PS¥ Ri(K, W) appearing in F, and each 
E i (K ,~ ' ,M)  is  a r e l a t i o n  for  a procedure Pi 
tha t  appears in F, bu t  does not have a corresponding 

d e c l a r a t i o n  in F BI and El descr lbe the 
e f f e c t  of  the P'--segments R i and ca l lP  I 
r e s p e c t l v e l g ,  under | .  

Me now show how an i n t e r p r e t a t i o n  I assigns 
t r u t h  values to £i-Nffs. An L-wf f  is assigned a 
t r u t h  value by [ in the standard Nag. A program 
segment a(K,~) a l l  of whose procedure c a l l s  are 
i n t e r p r e t e d  (see below), is i n te rp re ted  under ] as 
a r e l a t i o n  Pa in the fo l low ing  Nag ( r e l a t i o n a l  
n o t a t i o n  from e.g.  deBakker and Meer tens[1 ] ) t  

For an ele~entarg act ion A PA " ~ 

( the i n t e r p r e t a t i o n  ~ gives to ~),  

For a PSV R i pR i . Bi 

For a proceduro Pi Pcal lP I " Ei 

Pa;~ " PaP~ ' 

P i f  r then (x else 13 .f_j. " rPc¢ U r ' p ~ ,  

Pwhi le r d~. ¢~ od " (rPc()* r ' .  

Using th i s  d e f i n i t i o n ,  we are non ab le  to 
assign r e l a t i o n s  to the procedure c a l l s  Nhich have 
corresponding bodg dec la ra t ions  in F. The r e l a t i o n s  
assigned to these procedures are the least  f i x p o i n t  
r e l a t i o n s  so lv ing  the sgstem of mutual lg recu rs i ve  
procedure dec la ra t ions  in r (here too we M i l l  r e f e r  

to t h i s  i n t e r p r e t a t i o n  of such P as E). Me no.  have 
an i n t e r p r e t a t i o n  under | for each P'-segment in r .  

A s p e c i f i c a t i o n  P(~,W,Z) Ia(K,~) Iq(K,M,¢)  is  
t rue  under I i f  VK, W(p(~,g,£)A#~(~,~*,M) ~ q (K ' ,M ,£ ) )  
is  t rue  (note that  the free va r iab les  £ have been 
assigned bg 1). 

A set F of W-wffs is def ined to be t rue under 
an i n t e r p r e t a t i o n  I of F, i f  a l l  non-dec la ra t ion  
formulae of F are true in 1. | is ca l l ed  a model of  r .  

A tup le  S - ( # l , . . . ~ n , # )  where ~ is 
not  a dec la ra t i on ,  is ca l led  a v a l i d  deduct ion 
( w r i t t e n  ~1 ..... *n  k r), i f  ~ is t rue 
in an,  i n t e r p r e t a t i o n  | of S Nhich is a model of  

1~1 ..... ~n l "  

Me denote a P'-segment a conta in ing  the 

statements c a l l P l ( K l , ~ l )  . . . . .  ca l lPn(Kn,J n) 
bg a ( " c a l l P l " ,  . . . .  " ca l lPn " ) ,  and the elementar W 
ac t i on  ~ ( K ' ( ~ ( ~ . ~ ) ~ # ( ~ ' . I ) )  bg [~.#](K,~).  

Me now present our sgstem D. The basic  
statements to be proved in D are deduct ions of  the 
form F ~ ~ Nhere F is a set of W-wffs, and 

a non-dec la ra t ion  M-Nff. Our inference ru l es  are 
ru le-schemata in Mhich a , ~ , . . ,  stand for  a r b i t r a r y  
P'-segments and p , q , . . ,  for  a r b i t r a r g  L-Mfrs.  

AXIOMS 

A1 

A2 

A3 

F P  

where p Is an W I o g l c a l l g  v a l i d  L -w f f .  

where ~ Je not a dec la ra t ion .  

Frame axiom 

p ( ¢ ) i a ( ~ , ~ } p ( ¢ )  

.here  ~ a ~  K are d i s j o i n t .  
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RULES DF INFERENCE 

L1 In t roduc t ion  

rh¢l. 

1.2 

L3 

D1 

r , ¢  2 F" ¢1 

hodue Ponens 

r , ¢  2 F ¢1 , r h ¢  2 

r h ~1 

mhere p and q are L-Nffe.  

Deduction 

r ,  p ~ q  r h p = ~  
and 

r I- p:q r . p l * q  

Mhere p and q are L-Nffs.  

Elementarg Act ion 

r ~ p(~,g,¢}Nl~(~,~,,14) ~ q(~',14,¢) 

D2 

r I- p(~,u,y.){A(x,14)lq(x,u.¢) 

Consequence 

r h p~s , r I - .  I=1 r , r I- r :~  

r I- p la lq  

03 Compos I t i on 

r I- p la)s  + r h s l~ lq  

P h p le ;~ lq  

04 Condi t ional  

r F p^rl(xlq , r F p^~r'l~lq 

0 5  

r h p i l l  r then a e lse ~ LLIq 

I t e ra t  |on 

r I- par la) p 

r ~- p luhl  l e r do a odlp^-.r 
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D7 

Subs t i t u t i on  

(a) 
P I- p lx ,  u) la(x,14) lq(~,u) 

r I- p (z, u) la (z, 14) I q 17., u) 

Nhere & le d i s j o i n t  from ¼ and is f ree for  
in p and q. 

(b )  

r I- plx,¼) l a ( x ,u ) l q l x , u )  

r I" p l ~ . t ) ( a l z l . t ) l q l x . t )  

uhere i is a vector of terms Nhich is f ree 
for  M in p and q. and does not depend on 2- 

Recureion 

r ( " c a l l P " )  , P oroc =( "ca l lP" )end I- + l c a l l P } ~  

(Here F ( [ ~ . ~ ] )  is F , i t h  the elementary 
ac t i on  [ ~ .~ ] (Z . I )  subst i tu ted for occurenciee of  
c a l l P ( ; . i ) .  A c l a r i f i c a t i o n  of ru le  D7 appears at  
the end of  the Sect ion.)  

I]8 A- ru le  

r I- p is) q l  . . . . .  r I- p Is) qn 

n 
r F pla) ^ q i 

i -1 

I )9 v - r u l e  

r I- p l l a l q  . . . . .  r i- pn lo lq  

D18 

n~8 

n>8 

n 
r I- v p l l e l q  

i=1 

(08 and I)9 reduce to r I- p l a l t r u e  and 
r ~. f a l s e l o l q  respect ive lg  uhen n-8) .  

V- ru le  

P I- p la lq  

r I- p I~) (Vu) q 

u not f ree in p or r .  and does not appear in a. 



D l l  l - r u l e  

P F p i= lq  

F ~ (3M) p l= lq  

g not f ree In q, and does not appear in ~. 

D12 Inverse Elementary Action 

, ) 

1' , P (Z~, U, V__.) IA Ix ,  u) I q Ix ,  u,  y.) I- (r 

013 Inverse Composition 

P, p l= l~ lq  F • 

where X does not appear In ang other 
component of the ru le .  

Note that 013 (and s i m i l a r l y  for the other Inverse 
ru les)  Is an ind i rec t  May of expressing the more 
natura l  

P F pl==~lq 

P F 3X(pl=lX ^ Xl~lq) 

the conclusion of uhich is unfor tunate ly  not ~e l l  
formed In g. 

D14 

DIS 

Inverse Condit ional  

F , p^ r l a lq  . p^-.r l~lq F 

]r . p l i f  r then = else 13 f i l q  F ¢ 

Inverse I t e r a t i o n  

P , p:~), , ]Wr{el). , ] ~ - r ~ q  F ~r 

P , plmhi le  r do ~ odlq ~ ¢ 

mhere ~ does not appear in any other 
component of the ru le .  

0 1 6  Inverse Recurslon 

F ( [ J , ~ )  . I { = ( [ I , ~ ) ) ~  F u 

F ( "ca l IP " )  , P uroc = ( " c a l l P " ) e n d F  G 

where | and ~ do not appear In any other 
component of the ru le .  

A proof in D is a sequence of deductions 
FI ~ ~ i  i - 1 , 2 , . . .  , where any l ine  
( I . e .  deduction) is an axiom or is der ived from 
previous l ines by one of the Inference ru les .  A 
deduct ion F F • Is said to be der ivab le  in 
D (wr i t ten  r F D , )  i f  i t  is a l ine  of a 

proof  in D. 

Our formulat ion of D7 employs the 
s u b s t i t u t i o n  of [~.#] for "caHP" in the proof  
of  the body ¢. This corresponds to the f a m i l i a r  
no t ion  of assuming # { ca l lP l #  when proving =. 
Employing the same subs t i tu t ion  for  the premises 
used in proving =. provides us wi th a concise way 
of  const ruct ing a recursion ru le  for  mutual ly 
recurs ive  procedures which avoids re fe r i ng  to a l l  n 
procedures (as Is done in [7] and [9 ] ) .  In order to 
i l l u s t r a t e  the wag in which D7 (and s i m i l a r l y  D18) 
is used, consider two procedures Pt and P2' w i th  
dec la ra t ions  Pi Droc = l ( " ~ l " , " c a l l P 2 " ) e n d  
1SIS2. A framework for  a proof of a 
callPl-Speclflcation is: 

(1) F ~ 2 { = 2 ( [ t t l , f l ] ,  [~2 .#2 ] ) ) f2 ,  

(2) P2 , roc  ¢ (2 ( [¢ l ,÷ l ] , " ca l lP2" )end  
F ¢21cal lP2l#2 , 

(3)  P2 DrOC = 2 ( [ ~ l , # t ) , " c a l l P z " ) e n d  

F $ I ( = I ( [ $ 1 , ÷ I I , ; L L L P 2 ) I #  1, 

(4) P1 oroc a 1 end , P2 Droc ~2 end 

F $1Iga-LLPtIft .  

Lines (2) and (4) are proved using 07 w i th  
an empty F, and F consist ing of the P2-dsc la ra t ion  
respec t i ve l y .  

The fo l low ing  (standardlg v e r i f i e d )  fac t  
is very useful in proving deductions invo lv ing  
unspec i f ied  program segments= 

Subs t i t u t i on  Theorem - I f  F F D ¢, and F' and G" 
are obtained by replac ing a l l  occursncies of a PSV 
R by an a r b i t r a r y  P'-segment in F and r .  then 

r '  FD ~ ' .  I 
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I I I .  Resul ts.  

One of our basic assumptions throughout,  i s  
tha t  the language L is expressive (Cook(3]) .  This 
means that  fop each P-segment ¢ in the contex t  of  a 
g iven set of  declarations=, i t  is  poss ib le  to 
express as an L -wf f  the r e l a t i o n  p~ computed by 
6. i . e .  L has cons;tructs powerful enough to express 
the * .  U. composi t ion and f i x p o i n t  opera tors .  A 
spec ia l  important  case of an expressive language is  
(as po in ted  out bg Cook) f i r s t  order a r i t h m e t i c .  

A l l  subsgstems considered in t h i s  sec t ion  
have A1-A3 as axioms. L1-L3 as log ica l  r u les  and 

d i f f e r  onlg in t he i r  D-ru les,  

Consider the system O J which cons is ts  of  
r u l e s  D1-D5, O l ~s a vers ion of the usual Hoare 
sgetem for  prov ing p a r t i a l  corectness of programs 
~ i t h  regu la r  cont ro l  s t ruc tu re ,  and fo r  i t  um have 

the f o l l o w i n g  r e s u l t  (proved e.g.  in [ 1 , 3 , 9 , 1 5 ] ) :  

Theorem 1 - I f  ~ 1 ' ' " ' 0 , n  are L -wf fs ,  then 

~1 . . . . .  f n  k 0, i f f  0,1 . . . . .  0,n FD |  f ° I 

Cons ider  D 2  cons is t ing  of D1-D7. This i e an 
ex tens ion of Hoara's method to deal w i th  mutua l l y  

eecurs ive  procedures. A proof  of Theorem 2 can be 
found fo r  s i m i l a r  vers ions in Harel et  a l [S ]  or 
G o r e l l c k [ 7 ] .  

~ -  ] f  0 , 1 ' ' ' ' ' 0 , n  :are L - w f f b o r  
procedure dec la ra t i ons ,  then 

(1'1 . . . . .  0,n ~' ¢' i f f  0' 1 . . . . .  #'n I ' D 2  ,r . I 

Me now cons ider  D 3  which cons is ts  of  r u l e s  
01-[]6 and DS-Dl2... 

Theorem 3 - I f  ~1 . . . .  . r  n are L-wf fs  or 
s imple s p e c i f i c a t i o n s ,  then 

¢rl . . . . .  0,n I. u i f f  w I . . . . .  ~n I 'D3  ¢ " 

(Note - in th i s  and the fo l l ow ing  theorems 
we omit  the proofs  of the soundness d i r e c t i o n .  The 
reader  is  urged to convince h imsel f  that  the r u l e s  
are indeed sound, a r igorous proof  of t h i s  would be 
based on S c o t t ' s  induct ion p r i n c i p l e  in a s tandard 
Nag. Rather. the proofs presented are designed to 
demonstrate the completeness d i r e c t i o n  In a 
cons t r uc t i ve  manner}. 

Proof - Given a v a l i d  deduct ion 
w¢ r 1 . . . . . 0 ,  n k 0, we reduce the problem 
as fo l lows= 

(1) The absence of procedure dec l a ra t i ons  
among the premises means that  each ca l l  statement 
can be regarded as a new PSV. This fo l lows from the 
a r b i t r a r y  i n t e r p r e t a t i o n s  both PSV's and c a l l ' s  can 

take on. in a model of 0,1. . . . .0 ,n.  
(2) Use ru le  D12 to replace everg 

e lementarg-statement  s p e c i f i c a t i o n  p{A}q by an 
L -Mf f .  (Here. as wel l  as at other po in ts  in the 
paper,  we descr ibe the natura l  order of the 
d e r i v a t i o n .  Formal ly .  t h i s  a p p l i c a t i o n  of r u l e  D12. 
fo r  example, appears at  the end of the proof  in D. 
Never the less.  we may th ink of t h i s  stage as being 
f i r s t  in the de r i va t i on  process.)  We are l e f t  w i t h  
premises cons i s t i ng  of PSV-spec i f ica t ions of  the 
form p{R}q, and L -u f f s .  Denote bg • the con junc t i on  
of  the l a t t e r .  Formal ly .  ¢ can be der ived by us ing D8 

w i t h  the i d e n t i t g  program and p=true. 
(3) [ f  0, is an L-wf f  then the v a l i d i t y  of  

the deduct ion M is equiva lent  to the v a l i d i t y  of  
some L-Mf f .  This can be seen bg cons ider ing  an 
i n t e r p r e t a t i o n  in which each PSV is assigned the 
emptg r e l a t i o n ,  in t h i s  case a l l  s p e c i f i c a t i o n  

premises hold and there fore  ~e must have 
¢ h 0,. Nhich is equ iva lent  to the v a l i d i t y  of  
¢m¢. which in turn is an axiom in A1. Using L2. 

is  obta ined.  
(4) Emploging a s i m i l a r  argument ~ i t h  an 

i n t e r p r e t a t i o n  assigning the emptg r e l a t i o n  to a l l  
PSY's not appearing in ~. we can omit any 
PSY-spec i f i ca t i on  for  a PSY not appearing in 
~.  Me are now l e f t  w i th  a s i t u a t i o n  of  the form 

• , R l - e p e c i f l c a t l o n e  , . . . ,  Rk-epec i f l ca t i ons  

I" Pkx(R 1 . . . . .  Rk)}q 

where = is a P'-segment invo lv ing  PSV's 

R 1, . . . .  R k. Denote the s p e c i f i c a t i o n  
premises bg F. These premises conta in  a l l  a v a i l a b l e  

in fo rmat ion  about R 1 . . . .  .R k. Ms the re fo re  
cons t ruc t  for  each ls iSk  an "approx imat ion from 

above" pR i to the r e l a t i o n  computed by R i .  

FR i , i l l  be an L-Mff which can eas i l y  be 

seen to be t rue in any model of F . and hence in any 
model of  {¢ .F} .  This is the sense in Nhich i t  le 
an approx imat ion.  We H i l l  e imp l l f g  no ta t i on  by 
r e f e r l n g  to the case Nhere k-1 and to R 1 as R. N i t h  
the understanding that  the fo l l ow ing  can be done 

fo r  a l l  k PSV's for  ang k. 

Assume that  F is the set 
p j ( ~ . U . ~ ) { R ( ~ . ~ ) l q j ( ~ . g . ~ )  ls jsm. This can 
be brought about by using DG and c o l l e c t i n g  f ree  
v a r i a b l e s  in ~. Define 
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m 
lSR(X,X' ,u) =Vv ^ (pj (~.,u,v)~qj (~' ,M,v) ) 

j= l  

C lear lg  /JR serves to "co l lec t  information" about the 
PSV R. 

Define A R as the elementary act ion 

X,-¢x'/jR(X,X',U). Obviouslg /JAR=/JR. 

From the MaN A R Nas defined, i t  is c lear that for  
every j Me have I = p iA }q. .  R j 

Thus under {he subst i tu t ion that 
replaces the PSV R by the P-segment AR, every 
i n te rp re ta t i on  sa t i s fy ing  11" also s a t i s f i e s  1' , and 
therefore also sa t i s f i es  p{e(AR)} q. Hence 
ir I- p{e(AR)Iq, and bg Theorem I there ex is ts  a proof 

(*} r I -DI  ple(ARIlq. 

g l thout  loss of genera l i ty  [having in mind 
the standard techniques used in proving Theorem 1, 
in e.g. [1 ,3 ,9,15] ) ,  Ne man assume that in the 
process of proving the deduction (~) in DI, the 
strongest consequent approach gas adopted, in Mhich 
everg subderivat ion of a simple AR-specl f icat ion le 
preceeded by a der ivat ion of a spec i f i ca t ion  of the 
form SlAR}SO/j R for some e, mhere for s(X,u) 
and /jR(X,X',U) ge define 
eO/jR(X,U)13x' (s(~' ,U)^/JR(X' ,x,u) ).  (See e . g .  [ I ]  ) .  

I f  Me non manage to replace everg such 
subproof bg a proof in 0 3  of sIR}S°pR from 
assumptions F and subst i tu te R for A R elseghere, 
then th is  modified proof of (s} serves as our proof 
of 1',¢ 1"03 ple(R)}q.  Indeed th is  can be 

done using the fol  IoNing four derived ru les of D3z 

08' N~-rule 

1' I" Pl {=1 qt . . . . .  1' I" Pn lel qn 

n n 
F k ^ Pi{el  ^ ql 

I=1 I=1 

08' w - r u l e  

1. k Pl 1=} ql . . . . .  1' F Pn (el qn 
n>8 

n n 
]P F v Pi {if} v ql 

I =1 i =1 

018' W- ru l e  

0 1 1 '  

1' F p le lq  

1' F (¥u) p Is} (¥u) q 

u not free in 1', and does not appear in e. 

] i - r u l e  

]' F p ia lq  

1' F (]u) p lel (]u) q 

u does not appear In e. 

NoN (for any s) replace every subproof of 
SIARIS-/J R in the proof of (•) bgt 

1' I" Pj (x '  ,u ,v)3pj  (Zt, U,Y.) IR(x,u)] pj (x" ,u,y.Imqj (x ,u ,v )  

for  everg l<j<m, (Use A3 Nith "Pj(X',U,Y-), and 08 ' )  

1' l" VY.(P j (x '  ,u ,v)3pj  (x,u, y.) ) {R (x, u) } 
Yy.(pj (x ' ,  u, y.) :)q j (x, u, y.) ) (018') 

m 
1' }- s i x '  ,u )^  ^ Yv(pj Ix '  ,u,y.):~f)j (x,u,y.)) (R(x,u)! 

j=t 

m 
S(X' ,u)^  ^Vy.(p j (x' ,u,y.)3qj ( x ,u , v ) )  

j=l 

(Use A3 Mith s ( x ' , u ) ,  and 08')  

m 
1' I- 3x' (e (~' ,  u) ̂  ^ Vy.(pj (X', u, y.) 3pj (X, ¼, v) ) ) IR (X, ¼) } 

j=l 

m 
3B' (S(X' ,U)^ ^Yv (pj (X' ,U, y.) 3q j (~, U, y.) ) ) 

J=1 
(011') 

m 
1' ~- e(x,u):)3x' (e(x '  ,u)^  a Vy.(pj (x' ,u,y.)mpj (x,u,y.))  ) 

l=l 
(A1 and L1) 

1. I- e(x,u) (R(x,u)l  (s-/j R) (x,u} (02). 1 

We remark here that r e s t r i c t i n g  the premises 
to have no free var iab les not appearing in e ( i . e .  
no ~), makes possible a d i f f e ren t  proof of Theorem 
3 uh|ch does not use ru les 018-011. 

We no, consider 0 4  consist ing of D1-011. 
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Theorem 4 - I f  ~L . . . . .  Cn are L-wf fs ,  simple 
spec i f i ca t i ons  or dec larat ions for  procedure names 
not appearing in these simple spec i f i ca t i ons  (but 
poss ib l y  in ~, and in other dec la ra t ions) ,  then 

(rl . . . . .  ~n I= • I f f e l '  . . . .  ~n FD4 ~' " 

Proof - Assume given w: ~1 . . . . .  Cn k ~, 
w i t h  procedure dec larat ions PI opec a i end 
1Siam, among the premises. D4 i l l u s t r a t e s  the ex t ra  
fea ture  of c a l l ' s  ( in  ~) to procedures w i th  given 
bodies, thus forcl ing the use of D7. Me M i l l  f i nd  a 
s i m i l a r  approxlma~Lion for each such 

#Pi 
procedure. As before regard each ca l l  to a 
procedure other titan the P i ' s  as a new PSV. Me now 
cons t ruc t  FR for  every PSV R, and as above, 
s u b s t i t u t e  A R for  each appearance of R in m. Denote 
the r e s u l t i n g  modilfled body of PI by a I ,  
and modi f led ¢ by ~ ' ,  

This system of m PSV-frse dec lara t ions  now 
g ives r i s e  to a l e a s t - f i x p o i n t  so lu t ion ,  in the 
form of m re l a t i ons .  Denote the L-wf f  equ iva len ts  
to these re l a t i ons  by FPi 1siam. Define 

APi to  be the  e l e m e n t a r g  a c t i o n  ~ ' C ~ p i ( ~ , ~ ' , R ) .  

(For C l a r i t y  throughout th is  proof we omit ind ices  
o f  ~ ,~ '  and ~ , } .  Denoting as before by • and F 
the L - g f f  and spec i f i ca t i on  premises respec t i ve l y ,  
We now observe that any i n te rp re ta t i on  | s a t i s f y i n g  

, s a t i s f i e s  (subst i tu ted)  P. Recal l ing 
the d e f i n i t i o n  of the r e l a t i o n  that | assigns to 
each Pi"  we have ¢ k ~ " ,  where ~ "  is 

~ '  f u r t he r  modif ied bg subs t i t u t i ng  APi for  

ca l lP  i ,  1slam. Therefore there ex is ts  a proof 

(==) • F D I  ~ " "  

Denoting the dec lara t ion  premises of w by H, we w i l l  
ob ta in  a proof of g in D4 bg f i r s t  rep lac ing  ( in  
the proof of (~ol~))subproofs of ¢ FD# slAPi}eOFp I 

by proofs of ¢,H FD4 s l ca l lP l lS -Fp  ., 
I 

and then deal ing w i th  PSV's as in Theorem 3. Me 
M i l l  r e a l l y  show how ~-z!8{callP I } F P i ( ~ , ~ , R )  

can be der ived in D4 from • and H, where .~  
is  a vector  of new symbols. Easy app l i ca t i ons  of 
A3,D8' and 011' M i l l  give s ~ a l l P i l s o F p  i .  

Me prove that  H . f  FD4 ~-38{cal lPi }FPi(ZlS.~.R) 

by Induct ion on m. For m~l assume that  i f  H conta ins  
l - 1  dec la ra t ions  I= 1 . . . .  'Pm-1 (denoted H i m - l ) ) ,  
then for  every 1slam-1 

i l t m - 1 } , f  FD4 x - ~ { c a l  IP i l#p  i (~8,x ,u) .  

Given H (m) consider the f i r s t  m-1 
dec la ra t ions  w i th  APm subst i tu ted for  "cal lPm" 

(denote t h i s  by H(m-1)(A ) ) .  I t  is not d i f f i c u l t  
Pm 

to see that  

~" ' Ix'zl8 lcal IP l l  #PI (z~6'x'u) l s l s m - l l  

I= x - ~  (% (APm) I/=Pro (~8' ~ '  u),  

and hence by Theorem 3 

¢ , (~-381cal lPi l /APi (~8,~,g) 1siam-l} 

FD3 ~-z~ 8 l~,  lAPs) ! #Pm (zlS' X, U). 

However by the induct ive hypothesis, for  every 1siam-1 

¢ , Hlm' l l lAPm) FD4 ~'~SIF, sl-LLPli#PII~8,~,g 1o 

Me there fore  have 

. Hlm-l l(APm) FD4 ~'z~Olff, m(APm)l~Pm(~.~.¼). 

and apply ing ru le  D7 MS obtain 

r , H (m) FD4 ~-~slcallPm}PPm(~8,~,~). 1 

The process described in the last  two 
theorems can be summarized as a process for  
"composing" a complex conclusion from simple 
premises. We now begin the process of 
"decomposing" complex premises. 

Consider DS, cons is t ing of ru les  D1-D15. 

Theorem ~ - I f  # l , . . . , ~ n  are as in Theorem 4 
wi thout  the requirement that spec i f i ca t i ons  be 
simple, then 

r t  . . . . .  ~r n I= er I f f  er I . . . . .  =r n I -D5 er . 

Proof - A l l  non-simple spec i f i ca t i ons  among the 
premises are decomposed using ru les  D12-D15 (see 
remark a f t e r  Theorem G) to obtain only simple 
s p e c i f i c a t i o n s  (the v a l i d i t y  of the deduct ion 
impl ies that  the new symbols introduced at t h i s  
sfage g i l l  disappear in the process of de r i v i ng  
u ) .  Theorem 4 can now be appl ied. 
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Our main r esu l t  is 

Theorem G - 

~1 . . . . .  ~n k • I f f  • 1 . . . . .  =r n F D ¢ . 

Proof - The onlg nem feature here is the 
p o s s i b i l i t g  of having ca l l  statements among the 
s p e c i f i c a t i o n  premises, mith given dec la ra t i ons  
( Implg ing  that  t he i r  "meaning" Is f i xed ,  and theg 
can no longer be regarded as PSV'e}. Rule D1G is  
app l i ed  to a l l  such procedures, e f f e c t i v e l g  g e t t i n g  
r i d  of  the c a l l ' s ,  and " t rad ing"  them in fop nem 
bodg -spec i f i ca t i ons .  The s i t u a t i o n  is non p r e o i s e l g  
tha t  descr ibed in the hgpothesie of Theorem 5. Here 
too ~he v a l i d i t g  of the o r i g i n a l  deduct ion imp l ies  

tha t  the new ,sgmbols | and A (standing for  the 
least  f i x p o i n t s )  w i l l  disappear In the d e r i v a t i o n  
process. | 

Note the decompose-collect-compose e~mmetry 

of  the e n t i r e  de r i va t i on  process descr ibed in the 
above theorems= 

(1} " t rade"  c a l l ' s  for  bodies 
(2] decompose bodies and premises 
(3) c o l l e c t  PSY in format ion 
(4} compose bodies 
(5) " t rade"  bodies for  c a l l ' s  
(S) compose conclusion. 

As remarked above, step (2] shone up in a 
formal proof  as the composit ion of the premises. 
This Is a consequence of the deduct ive charac ter  of  
D, the decomposed premises being " ca r r i ed  along" 
throughout the de r i va t i on  and composed towards the 
end. However, Ne pre fe r  to regard th i s  step as 
"decomposi t ion"  because i t  te usua l lg  ca r r i ed  out 
f i r s t  in a manner s im i l a r  to subgoal ing. A glance 
a t  the proof  in the Appendix might help c l a r i f g  
t h i s  remark. 

ge rdmark here that  r e s t r i c t i n g  L to be 
f i r s t  order  can deetrog the completeness, as shoHn 
in [9 ] ,  a r e s u l t  Nhich reminds one of (and in fac t  
subsumes, and as such provides a hen proof  of)  

Wands r e s u l t  [16].  This resu l t  and the ra the r  
obvious fact  that  i f  L is weak second order  then i t  
|e express ive,  should now be c l a r i f i e d  bg the 
h la ra rchg  r e s u l t  appearing in (8] .  

IV. Th9 Power of  D, 

Me g i l l  t rg  to be e l i g h t l g  more s p e c i f i c  
about our c la ims as to what can be done in D. 

( i }  ( p a r t i a l  correctness} Given a orooram 
(P1 . . . .  ,Pn,a) cons is t ing  of n dec la ra t ions  and a 

statement a, and some L-Nffs ~ l , . . . , e m ,  
a proof  that  the program is p a r t i a l l y  co r rec t  w i t h  
respect  to p and q, assuming the el are t rue ,  

ie c a r r i e d  out simplg bg proving in D 

P I *  . . . .  Pn'  ~'1 . . . . .  4re I- p l (x lq  

( i i }  ( t o ta l  correctness} ,  Given a program 
and L -wf fe  as in ( i ) ,  a proof that  a is  t o t a l l g  
c o r r e c t  assuming the L-wf fe t rue,  can be c a r r i e d  out  
bW prov ing in D 

P l , . . . , P n , e i , . . . , ~ m ,  
p (~ ,¼ ,~ )~ (~ ,¼) l a (~ ,~ } l - q (~ ,U ,Z }  F V~,¼(-~(~,~) } .  

Another wag is bg using constant sgmbole 

(a,~} and prov ing in D 

P l , . . . , P n , f i , . . . , ~ m ,  
P(a,~,~)  , (~,~}=(~,u} {a (3 ,~) } -q (~ ,~ ,K)  F f a l se .  

Me wish to c l a r i f g  th is  somewhat eup r ie ing  
r e s u l t  as re l a ted  to the commonly accepted view 
tha t  te rm ina t ion  of programs wi th  loops or 
recure ion  must emplog some form of induct ion on a 
ue l l  founded set.  The fact  is that  the induc t ion  
has been bur ied deep in L, and i t s  u t i l i z a t i o n  is  
no longer the concern of the user of  D. Rather,  an 
induc t i ve  argument might be handy when the v a l i d  
formulae (taken by us as axioms A1} are to be 
proved in L. Me i l l u s t r a t e  th is  po in t .  Take L to be 
the language of a r i t hme t i c ,  and prove that  
a= ~h i l e  x>8 do x~x-1 od is t o t a l l g  co r rec t  u i t h  
respect  to p(x}= xZ8 and q(x}= x=8. Subgoal lng 
(using the second formulat ion above}, we ob ta in  the 
deduct ion az8 , x=ala l -x=8 ~ fa lse .  A p p l i c a t i o n s  
of  D15 and 012 y i e l d  az8 , Yx(x=a~X(x)) , 
Yx(X(x)^xSS~-x=8) , Vx (~ (x )^x>8~(x -1 ) }  ~ fa l se .  
This,  in turn,  is equiva lent  to prov ing 
(a~8 ^ Y x ( x - a ~ ( x ] ]  ^ Yx(~(x)^xsS~-,x-8) ^ 
Y x ( X ( x ) ^ x > 8 ~ ( x - 1 ) ) }  ~ fa lse,  a v a l i d  L -w f f  

(and hence an axiom of D) ,  which can e a s i l y  be proved 
in a r i t h m e t i c  using an induct ion axiom. 

Another complete formal system in which 
t o t a l  correctness can be proved is that  in t roduced 
by P ra t t [ 15 ]  and proved complete in Harel e t  a l [ 8 ] ,  
P r a t t ' s  approach is to formulate a uni form 
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induct ion p r i nc i p l e  e x p l i c i t l y  in the system, in 
the form of a ru le  which is analogous to OS. and 
Nhich composes a spec i f i ca t ion  about the loop dual 
to p a r t i a l  correctnes=s. )n D. the dual to DS is D1S 
( s l m i l a r l g  for  recurslve c a l l s ) .  ,h ich  merely 
"breaks up" the loop. provid ing a l l  the in format ion  
the loop spec i f i ca t i on  car r ies  u i t h  i t .  and leaves 
the res t  to the logic: of the under ly ing language. 

( i l l )  (equivalence) Take programs 

can 

[P1 . . . . .  Pn .a ) '  (11 . . . .  Tm'a)" 

Their  strong equivalence (see Manna(14)). 
be proved in D bg proving 

Pt '  . . . .  Pn'T1 . . . .  .T m . I |=}X I- t i l l ) .  

ghere I and A are a ns. predicate symbols, and 
prov ing the dual ( . i t h  = and ~ exchanged). 
example the reader m~ght care to prove 

For 

[ P uroc i f . p ( x )  then x+f (x ) ;  ca l lP I  ca l lP  e lse 
x+x f i  end, T o r o c  ) f  p lx)  then x+ f ( x ) l  ca l lT  e lse 
x+x f i e n d ,  l ( x )  lca l /P lX(x) ]  F I (x )  l ca l l T lX l x )  

and i t s  dual (a proof of th is  equivalence is g iven 
in the Appendix). or 

I (x0y)  l g h i l e  r (x )  do x~-f(x) o d l . h i l e  s(y) do 
g~-g(y ) odl)dx.g)  I- ~(x.g) l , h l l e  r (x )ve(g)  
do i f  r (x )  then x~-f(x) else y.-g(y) f l  od)X(x0y) 

and i t s  dual.  ( In both examples me , r i t e  the 
elementary ac t ion . i t h  r e l a t i o n  x ' - f ( x )  as x ~ f ( x ) . )  

( iv )  (derived ru les) .  Here ,e make use of  
a mete-theorem ,h ich  states that i f  ¢ r t . . . . . ( r  n I- (r. 
then the f o l i o ,  i n ,  is a va l i d  inference ru le  of  Ds 

r I -  ¢1 . . . . .  r b Cn 

PF¢ 

For example proving 

I~r~e , p^-+r~l . t^r~s , t^-.r:~q , s l(d t 
I" pl•=hi le r do (x odlq 

in D . es tab l ishes the corresponding der ived ru l e .  

(v) (modular proofs) .  Take as a premise 
an , th ing  prev ious ly  establ ished and prove the 
des i red conclusion as a consequent. Sometimes i t  

is possib le to denote the establ ished segment bg a 
PSV and make the premises simple, th is  having the 
e f f e c t  of shortening the proof and adding to i t s  
c l a r i t y .  

(v i )  ( s imp l i f i ca t i on  and t ransformat ions) 
Using D. I t  is possible to va l i da te  general program 
transformat ions.  Once a s u f f i c i e n t  set of 
t ransformat ions has been establ ished,  th i s  set can 
then be used to s imp l i f y ,  develop and synthesize 
cor rec t  programs. (See [2 ] . [ 4 ] . [G ]  and [13] for  the 
use of such sets) .  A l t e r n a t i v e l y  D can be par t  of  a 
program development system in ghich the user may 
create and va l i da te  h is  o,n t ransformat ions and 
apply them Immediately to v e r i f i e d  program 
segments, 

Some simple examples of such t ransformat ions are 

p | i f  r then = else = f i ! q  I- p l a l q  

p | u h l l e  -I) d o =  od; I~}q F P{l~lq 

p i l l  r then = else ~ f l l q  
F p l l f - . r  then ~ else ~ f i l q  

Other examples are transformations for  
recurs lon removal (See(2)). 

V|.  Conclusion. 

We have presented a complete system D, in 
. h i ch  [besides prov id ing for other important but 
eomeHhat less spectacular p o s s i b i l i t i e s )  equivalence 
and p a r t i a l  as wel l  as to ta l  correctness of 
programs can be proved. 

The not ion of proof from assumptions can be 
regarded as a natural  and important extension of  
the be t te r  kno.n not ion of proofs of program 
correctness using Hoare- l ike systems. ] f  one 
chooses to take the view that Hoare's method 
e s s e n t i a l l y  "cheats" by reducing the problem of  
prov ing a p a r t i a l  correctness spsc l f i ca t i on  to that  
of proving a formula of L, then .e might say that  
D extends the "cheat ing" too, and reduces the 
problem of proving a deduction over p a r t i a l  
correctness spec i f i ca t ions  to that of proving a 
deduct ion in L. and therefore requi res a s l i g h t l y  
stronger log ica l  component than Is needed In 
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Hoare 'a system. The proofs of soundness and 
completeness of D reduce to the t r a d i t i o n a l  
p roo fs  of  the same for  Hoare's system Nhen D 
Is s t r i pped  of i t s  ex t ra  features.  The r e l a t i o n s h i p  
can be schemat ica l ly  seen by viewing D in the 
f o l l o w i n g  p i c t o r i a l  Nay= 

D - H u ( ^ , v , 3 , V l  u H -1 
^ ^ A 

I I I 
I I decompose 

I I 
I c o l l e c t  

I 
compose 

Aooendlx. 

Me show hog to prove the equivalence of  the 
f o l l o w i n g  t , o  procedures= 

P oroc .Lf.p(x) then x~ f (x ) ;  ca l lP ;  ca l lP  e lse x~x f l  
end, and 

T , r o c  i f  p(x) then x~f(x)s ca l lT  e lse x~x LLend .  

DR 

Me make use of the fo l l ow ing  der ived r u l e  

r I" plo{lq , r I" r l ( p , q ] l s  

r I" r l0{ ls  

Def ine r as the set I 't^-,p~ , ~^plx*-fx)),, 

~ ( [ ' r , l ] ) ~  , x l [ f , I ] l l  , $ I [ % 1 ] 1 $ l .  

Me r e f e r  to the dec la ra t ion  of P as P Droc . . .end ,  
and s i m i l a r l y  for  T. 

(1) r 
(2) r 
(3) r 
(4) r 
(s) r 
(s) r 

t r u e l [ , f . | ] l - , p  I" "r^plx~-fxlA hyp. 
t r u e l [ - f , l ] I - , p  I" ).{[-t .&]}# hyp. 
t rue l [ - / .& ] l - ,p  I- t r u e { [ % | l i m p  hgp. 
t rue ( [% &] l -,p I" kl[lr.&]lW~-,p D2.08(2.3) 
t rue l [?,&] }-,p ]- p l [ * t , I ] ) l  hgp. 
t rue( [~ ,&)  } ~p I" 

Yx, x ' ( j z ( x ) ^ ( l f ( x ) : ~ ( x ' ) )  ~ I ( x ' ) )  D12 
(7) r , t r ue ( [1 . ,& ] l -p  F ~ ( ' t ~ )  ~ & A1,L2(g i th  x ' - x )  
(8) r , t rue l [T , | ]  i -p , p , -P, ' r  I- (7^-p}:di hyp. ,L1 
(9) ][' , t rue l [ l , I ]  }-,p , jz,-,p,'t I- | 

L2(ge also use L3, and D8 w i th  the 
empty program to create  a con junc t ion  
of the hypotheses) 

(18) r , t rue { [-t,&] } -p  . p,-,p I-,r:~l L3 

(11) r . t rue l [-t, &] l -,p . 
(12) r , t r u e l ( ~ . l ] l - , p  I- 
(13) r . t r u e l [ - t . l ] l - , p  F 
(14) I ' . t rue l [q r .& ] l~p  F 
(15) r , t rue  f [ ? , l ]  l -p  F 
(1G) r , t r ue ( [ * t , | ] l - , p  I" 

$ l i f  p 
D4 (14,15) 

(17) T Droc . , .end , r , 
(18) T ~ roc . . .end  , r , 
(19) T Droc. . .end , r , 

~,-t0 F I L3,L2(7,18)  
(w~-'p) :~ L3 (and mS) 
k l [ % l ] } l  D2(4,12) 

-f^p{x*-fx; [ I f , | ) } |  D3(1,131 
-f^-,p {xq-x} | hyp. ,  01 

then x~-fx; [ I t , | )  e lse x~-x f i l l  

t rue l ( ' r .&) } - ,p  I- * t lcal  IT I i  D7 
t rue l [ - t .& ] l~p  I- ~ I I [ I r . I ) )÷  hgp. 
t r u e l [ ~ . l ] } - , p  I- ( i l c a l l T ) #  DR 

(28) T Droc . . .end ,~ , l i f  p then x~-fx; [ , f , | ]+ [T , | ]  
e lse x~-x f i } l  , # ( [ 1 ,& ] } #  , t r u e l [ ~ , l ] ) - , p  

h # lca l  ITI# hyp.,D12,D13,D14 
(21) T o roc . . . end  , P Droc. . .end , ~ { c a l l P l # ,  

t rue lca l  IPl-,p h t t lca l  ITI# D16 
(22) T Droc..oend , P ~roc . . .end , $ { c a l l P l #  I" 

t r ue I ca l lP l~p  (This is proved from 
P DrOC..,erld as a standard p a r t i a l  

correctness proof .  Me omit the d e t a i l s . )  
(23) T mroc. . .end , P oroc . . .e r ld  , ~ { c a l l P ) ÷  I" 

~ {ca lJT l#  L2(21,22).  

This es tab l ishes ~ne d i r e c t i o n .  The o ther  
is  very s i m i l a r  and uses F - I  T^-,p:>I , 7^p lx~fx)A , 
A I [ ~ ,& ] } |  , ~ 1 [ ~ , | ] } #  1. Me now also 
need another fact  about a ca l l  to T besides 
t r u e ( [ ~ , | ] i - p .  The new fact  is needed in order  to  
show that  the second ca l l  to P leaves x unchanged. 
A s u i t a b l e  s p e c i f i c a t i o n  ( ,h ich  is proved as in 
l i ne  (22) above) Is X=VA-,p(x) l [ f , I ] } x - v ,  where V 
is  f ree .  Me omit the d e t a i l s  of t h i s  d i r e c t i o n .  
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