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Abstract

This paper presents a diffusion based probabilistic im&tghion of
spectral clustering and dimensionality reduction aldgonis that use the
eigenvectors of the normalized graph Laplacian. Given #isyse adja-
cency matrix of all points, we define a diffusion distancenzstn any two
data points and show that the low dimensional representafithe data
by the first few eigenvectors of the corresponding Markowrixé opti-
mal under a certain mean squared error criterion. Furthernagsuming
that data points are random samples from a dengity = ¢~V (®) we
identify these eigenvectors as discrete approximatiomsgenfunctions
of a Fokker-Planck operator in a potentdl () with reflecting bound-
ary conditions. Finally, applying known results regarding eigenvalues
and eigenfunctions of the continuous Fokker-Planck opgrate provide
a mathematical justification for the success of spectratehing and di-
mensional reduction algorithms based on these first fewneegors.
This analysis elucidates, in terms of the characteristiciffusion pro-
cesses, many empirical findings regarding spectral ciagtafgorithms.

Keywords: Algorithms and architectures, learning theory.

1 Introduction

Clustering and low dimensional representation of high disienal data are important
problems in many diverse fields. In recent years varioustsgdenethods to perform these
tasks, based on the eigenvectors of adjacency matricesaphgron the data have been
developed, see for example [1]-[10] and references theheithe simplest version, known
as the normalized graph Laplacian, givedata points{x;}? ; where eache; € RP, we
define a pairwise similarity matrix between points, for epégnusing a Gaussian kernel
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with width e,

L; — I, 2

Lij = k(xi,x;) = exp (—H%]l) (1)
and a diagonal normalization matri;; = >, L; ;. Many works propose to use the
first few eigenvectors of the normalized eigenvalue probletn= AD¢, or equivalently
of the matrixM = DL, either as a low dimensional representation of data or ad goo
coordinates for clustering purposes. Although eq. (1) setdaon a Gaussian kernel, other
kernels are possible. While for actual datasets the choia&kefnelk(x;, ;) is crucial, it
does not qualitatively change our asymptotic analysis.[11]

The use of the first few eigenvectors bf as good coordinates is typically justified with
heuristic arguments or as a relaxation of a discrete cinst@roblem [3]. In [4, 5] Belkin
and Niyogi showed that when data is uniformly sampled fromwadimensional manifold

of R? the first few eigenvectors dff are discrete approximations of the eigenfunctions of
the Laplace-Beltrami operator on the manifold, thus priodich mathematical justification
for their use in this case. A different theoretical analysdithe eigenvectors of the matrix
M, based on the fact that is a stochastic matrix representing a random walk on thehgrap
was described by Mdiland Shi [12], who considered the case of piecewise corsitget-
vectors for specific lumpable matrix structures. Additiomatable works that considered
the random walk aspects of spectral clustering are [8, 1B&revthe authors suggest clus-
tering based on the average commute time between point§ldhahich considered the
relaxation process of this random walk.

In this paper we provide a unified probabilistic frameworkiehhcombines these results
and extends them in two different directions. First, in gec? we define a distance func-
tion between any two points based on the random walk on thghgrahich we naturally
denote thaliffusion distance. We then show that the low dimensional description of the
data by the first few eigenvectors, denoted asdiffesion map, is optimal under a mean
squared error criterion based on this distance. In sectioa 8onsider a statistical model,
in which data points are iid random samples from a probghilénsityp(x) in a smooth
bounded domaif C R? and analyze the asymptotics of the eigenvectors as the mwhbe
data points tends to infinity. This analysis shows that themiectors of the finite matrix
M are discrete approximations of the eigenfunctions of a Eoktanck (FP) operator with
reflecting boundary conditions. This observation, couplall known results regarding the
eigenvalues and eigenfunctions of the FP operator prowedeinsights into the properties
of these eigenvectors and on the performance of spectsiécing algorithms, as described
in section 4.

2 Diffusion Distances and Diffusion Maps

The starting point of our analysis, as also noted in othekwids the observation that the
matrix M is adjoint to a symmetric matrix

M, = D'?MD~1/2. 2)
Thus, M and M, share the same eigenvalues. Moreover, singds symmetric it is diag-
onalizable and has a setwfreal eigenvalue$); }3?;01 whose corresponding eigenvectors
{v;} form an orthonormal basis @™. The left and right eigenvectors af, denotedy;
andv; are related to those @il according to

bj =v;DV? ;= wv; D2 (3)

Since the eigenvectoks; are orthonormal under the standard dot produd@'init follows
that the vectorg); and,, are bi-orthonormal

(Gir ;) = 0ij (4)



where(u, v) is the standard dot product between two vectorRin We now utilize the
fact that by constructiod/ is a stochastic matrix with all row sums equal to one, and can
thus be interpreted as defining a random walk on the graphetthd view,)/; ; denotes
the transition probability from the point; to the pointz; in one time step. Furthermore,
based on the similarity of the Gaussian kernel (1) to the dnmehtal solution of the heat
equation, we define our time stepAs = . Therefore,

Pr{z(t+¢)=a;|xt) =} = M, ; (5)

Note thats has therefore dual interpretation in this framework. The first is thats the
(squared) radius of the neighborhood used to infer localmggioc and density information
for the construction of the adjacency matrix, while the secis thate is the discrete time
step at which the random walk jumps from point to point.

We denote by (¢, y|x) the probability distribution of a random walk landing at &ion

y at timet, given a starting locatior at timet = 0. Fort = ke, p(t,y|z;) = e;M*,
wheree; is a row vector of zeros with a single one at th#h coordinate. Foe large
enough, all points in the graph are connected so Miahas a unique eigenvalue equal
to 1. The other eigenvalues form a non-increasing sequehnersnegative numbers:
M=1>A>X>...>)\,_1 > 0. Then, regardless of the initial starting point

A p(t, yle) = ¢o(y) (6)
wheregy is the left eigenvector of/ with eigenvalue\, = 1, explicitly given by
D. .
bo(xi) = =+ (7)
’ > Dj,;
J

This eigenvector also has a dual interpretation. The fibtdasg, is the stationary proba-
bility distribution on the graph, while the second is tiig{x) is a density estimate at the
pointz. Note that for a general shift invariant kerrf€(x — y) and for the Gaussian kernel
in particular,¢q is simply the well known Parzen window density estimator.

For any finite timef, we decompose the probability distribution in the eigeitgs; }
p(tyle) = do(y) + ) a;(@)A50;(y) (8)
i>1

where the coefficienta; depend on the initial locatior. Using the bi-orthonormality
condition (4) gives:;(x) = ¢, (x), with ag(x) = ¥ (x) = 1 already implicit in (8).

Given the definition of the random walk on the graph it is ordgumal to quantify the sim-
ilarity between any two points according to the evolutiortwir probability distributions.
Specifically, we consider the following distance measutévsd ¢,

Di(zo,z1) = |p(t, ylzo) — p(t,yle)|3, 9)
= > (p(t,ylzo) — p(t, yl®1)) w(y)
y

with the specific choicer(y) = 1/¢,(y) for the weight function, which takes into account
the (empirical) local density of the points.

Since this distance depends on the random walk on the graphuite naturally denote it
as thediffusion distance at timet. We also denote the mapping between the original space
and the first& eigenvectors as thaiffusion map

U (x) = ()\37,/11 (x), Ao (), . .. ,AZ@/}k(m)) (10)

The following theorem relates the diffusion distance aradiffusion map.



Theorem: The diffusion distance (9) is equal to Euclidean distancthéndiffusion map
space with aIKn — 1) eigenvectors.

P, @) =) N (@) — vs(@1))* = Wi (@o) — ()| (11)

7j>1

Proof: Combining (8) and (9) gives
D3(wo, 1) = Z(ZA (s(w0) — Ui(@))os(3)) 1/oly) (12

Expanding the brackets, exchanging the order of summatidrusing relations (3) and (4)
betweeny; andi); yields the required result. Note that the weight fadtop, is essential
for the theorem to hold. 0.

This theorem provides a justification for using Euclideastatice in the diffusion map
space for spectral clustering purposes. Therefore, gegiinadiffusion space is meaning-
ful and can be interpreted in terms of the Markov chain. Irtipalar, as shown in [18],
guantizing this diffusion space is equivalent to lumping tandom walk. Moreover, since
in many practical applications the spectrum of the makidixhas aspectral gap with only

a few eigenvalues close to one and all additional eigensatuech smaller than one, the
diffusion distance at a large enough timean be well approximated by only the first few
k eigenvectors); (x), . . ., ¥ (x), with a negligible error of the order @ ((Ax1/Ax)?).
This observation provides a theoretical justification fonensional reduction with these
eigenvectors. In addition, the following theorem shows thi k-dimensional approxima-
tion is optimal under a certain mean squared error criterion.

Theorem: Out of all k-dimensional approximations of the form

ﬁ(tay|w ¢() +Za] t T w]

for the probability distribution at time the one that minimizes the mean squared error

Ex{lp(t, ylz) — p(t, ylz)|2}

where averaging over initial points is with respect to the stationary density(x), is
given byw;(y) = ¢;(y) anda;(t, x) = \iy;(z). Therefore, the optimat-dimensional
approximation is given by the truncated sum

Py, tlz) = ¢o(y) + Z e (13)

Proof: The proof is a consequence of a welghted principal compaanealysis applied to
the matrix), taking into account the biorthogonality of the left andhtigigenvectors.

We note that the first few eigenvectors are also optimal uather criteria, for example for
data sampled from a manifold as in [4], or for multiclass $fclustering [15].

3 The Asymptotics of the Diffusion Map

The analysis of the previous section provides a mathenatipdanation for the success of
the diffusion maps for dimensionality reduction and sp#atiustering. However, it does
not provide any information regarding the structure of tamputed eigenvectors.

To this end, and similar to the framework of [16], we introdue statistical model and
assume that the data poirts; } are i.i.d. random samples from a probability dengpity)



confined to a compact connected sulidett R? with smooth boundargf2. Following
the statistical physics notation, we write the density intBoann form,p(z) = e~ V@),
whereU () is the (dimensionless) potential or energy of the configomat.

As shown in [11], in the limith — oo the random walk on the discrete graph converges
to a random walk on the continuous spdee Then, it is possible to define forward and
backward operators; and7; as follows,

ﬂmw=AM@mmm@@,nmw=AMwwmmww (14)

whereM (z|y) = exp(—||« — y||?/2¢)/D(y) is the transition probability fromy to x in
timee, andD(y) = [ exp(—||z — y||*/2¢)p(z)dx.

The two operatord’; and T, have probabilistic interpretations. ¢f(x) is a probability
distribution on the graph at time= 0, thenT[¢] is the probability distribution at time
t = . Similarly, Ty[¢](x) is the mean of the function at timet = ¢, for a random walk
that started at locatio® at timet = 0. The operatord’; and7} are thus the continuous
analogues of the left and right multiplication by the finitatnix M .

We now take this analysis one step further and consideritiiedi — 0. This is possible,
since whemm = oo each data point contains an infinite number of nearby neighblo
this limit, sinces also has the interpretation of a time step, the random wallerges to a
diffusion process, whose probability density evolves rarusly in time, according to

Op(at) . plutte)—plat) . Ty-1I
T M e )
in which case it is customary to study the infinitesimal gatwns (propagators)
Ty —1 Ty —1
Hy=1lim <L —  H,=lim = (16)
e—0 IS e—0 £

Clearly, the eigenfunctions af; and7; converge to those df ; andH,, respectively.
As shown in [11], the backward generator is given by the foithgy Fokker-Planck operator

Hyp = Ayp — 2V - VU a7
which corresponds to a diffusion process in a potential i€l (x)
z(t) = -V (2U) + vV2Dw(t) (18)

wherew(t) is standard Brownian motion jndimensions and is the diffusion coefficient,
equal to one in equation (17). The Langevin equation (18)xisramon model to describe
stochastic dynamical systems in physics, chemistry antbdpio[19, 20]. As such, its
characteristics as well as those of the corresponding FBtiequhave been extensively
studied, see [19]-[22] and many others. The t&fm - VU in (17) is interpreted as @rift
term towards low energy (high-density) regions, and asudised in the next section, may
play a crucial part in the definition of clusters.

Note that when data is uniformly sampled frélnVU = 0 so the drift term vanishes and
we recover the Laplace-Beltrami operatorf@nThe connection between the discrete ma-
trix M and the (weighted) Laplace-Beltrami or Fokker-Planck afmer as well as rigorous
convergence proofs of the eigenvalues and eigenvectdistofthose of the integral opera-
tor T;, or infinitesimal generatd(, were considered in many recent works [4, 23, 17, 9, 24].
However, it seems that the important issue of boundary ¢iomdiwas not considered.

Since (17) is defined in the bounded dom@inthe eigenvalues and eigenfunctionsHaf
depend on the boundary conditions imposedétn As shown in [9], in the limit: — 0,
the random walk satisfies reflecting boundary condition8@nwhich translate into

()

on lag

19)



Table 1: Random Walks and Diffusion Processes

Case Operator Stochastic Process
e>0 finiten x n R.W. discrete in space
n < oo matrix M discrete in time
e>0 operators R.W. in continuous space
n — 00 Ty, Ty discrete in time
e — 0 | infinitesimal diffusion process
n =00 | generatof{; | continuous in time & space

wheren is a unit normal vector at the point € 0f2.

To conclude, the left and right eigenvectors of the finiterira/ can be viewed as discrete
approximations to those of the operat@isandT}, which in turn can be viewed as approx-
imations to those of{; and’H;. Therefore, if there are enough data points for accurate
statistical sampling, the structure and characterisfitBeeigenvalues and eigenfunctions
of H, are similar to the corresponding eigenvalues and discigeneectors ofAf. For
convenience, the three different stochastic processeshaven in table 1.

4 Fokker-Planck eigenfunctions and spectral clustering

According to (16), if\. is an eigenvalue of the matri¥ or of the integral operatdf, based
on a kernel with parameter then the corresponding eigenvaluertfis i ~ (A — 1) /e.
Therefore the largest eigenvaluesidfcorrespond to the smallest eigenvalue(pf These
eigenvalues and their corresponding eigenfunctions haea lextensively studied in the
literature under various settings. In general, the eigemgand eigenfunctions depend
both on the geometry of the dom&ihand on the profile of the potenti&l(x). For clarity
and due to lack of space we briefly analyze here two extremescésthe first cas@ = R?
so geometry plays no role, while in the secdific) = const so density plays no role.
Yet we show that in both cases there can still be well definastets, with the unifying
probabilistic concept being that the mean exit time from oluster to another is much
larger than the characteristic equilibration time insidetecluster.

Case I: Consider diffusion in a smooth potentid(x) in Q@ = R?, whereU has a few local
minima, andJ(z) — oo as||z|| — oo fast enough so thaf e Ydx = 1 < co. Each such
local minimum thus defines a metastable state, with tramsitbetween metastable states
being relatively rare events, depending on the barrierthgigeparating them. As shown
in [21, 22] (and in many other works) there is an intimate aartion between the smallest
eigenvalues of1{, and mean exit times out of these metastable states. Sphgifiaahe
asymptotic limit of small nois® <« 1, exit times are exponentially distributed and the first
non-trivial eigenvalue (aftgr, = 0) is given byu; = 1/7 where7 is the mean exit time to
overcome the highest potential barrier on the way to theestggtential well. For the case
of two potential wells, for example, the corresponding efgaction is roughly constant
in each well with a sharp transition near the saddle poinveen the wells. In general,
in the case ofk local minima there are asymptotically ontyeigenvalues very close to
zero. Apart fromug = 0, each of the othek — 1 eigenvalues corresponds to the mean
exit time from one of the wells into the deepest one, with tieasponding eigenfunctions
being almost constant in each well. Therefore, for a finitesket the presence of onty
eigenvalues close to 1 withspectral gap, e.g. a large difference between and A\

is indicative ofk well definedglobal clusters. In figure 1 (left) an example of this case is
shown, where(x) is the sum of two well separated Gaussian clouds leading tubld
well potential. Indeed there are only two eigenvalues clrsequal to 1 with a distinct
spectral gap and the first eigenfunction being almost pisseeonstant in each well.
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Figure 1: Diffusion map results on different datasets. Tdpe datasets. Middle - the
eigenvalues. Bottom - the first eigenvector us. or the first and second eigenvectors for
the case of three Gaussians.

In stochastic dynamical systems a spectral gap corresgoralseparation of time scales
between long transition times from one well or metastakdg¢esto another as compared
to short equilibration times inside each well. Therefollgstering and identification of
metastable states are very similar tasks, and not surghysiihgorithms similar to the nor-
malized graph Laplacian have been independently develiopbeé literature [25].

The above mentioned results are asymptotic in the smalérioist. In practical datasets,
there can be clusters of different scales, where a globdysiravith a single: is not suit-
able. As an example consider the second dataset in figureti thvee clusters. While
the first eigenvector distinguishes between the largealusid the two smaller ones, the
second eigenvector captures the equilibration insideattge|cluster instead of further dis-
tinguishing the two small clusters. While a theoretical exgition is beyond the scope of
this paper, a possible solution is to choose a location dépen, as proposed in [26].

Case II: Consider a uniform density in a regidgh ¢ R® composed of two large con-
tainers connected by a narrow circular tube, as in the tdg frgme in figure 1. In this
caseU(x) = const, so the second term in (17) vanishes. As shown in [27], thergbc
eigenvalue of the FP operator is extremely small, of therasfle/V wherea is the radius

of the connecting tube arid is the volume of the containers, thus showing an interesting
connection to the Cheeger constant on graphs. The corrdisgoeigenfunction is almost
piecewise constant in each container with a sharp transitithe connecting tube. Even
though in this case the density is uniform, there still is ectfal gap with two well defined
clusters (the two containers), defined entirely by the gennaod Q2. An example of such a
case and the results of the diffusion map are shown in figurig/it).

In summary the eigenfunctions and eigenvalues of the FPatgrerand thus of the cor-
responding finite Markov matrix, depend on both geometry dewisity. The diffusion

distance and its close relation to mean exit times betweéreint clusters is the quantity
that incorporates these two features. This provides nowggjiit into spectral clustering
algorithms, as well as a theoretical justification for thgoaithm in [13], which defines
clusters according to mean travel times between points emgtaph. A similar analysis
could also be applied to semi-supervised learning basegextral methods [28]. Finally,
these eigenvectors may be used to design better searchtantbtlaction protocols [29].
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