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Abstract

Perturbing an integrable 3 degree of freedom (d.o.f.) Hamiltonian system containing a normally parabolic 2-torus which
is m-resonantit = 1 or 2) creates a parabolie-resonancer-PR). PRs of different types are either persistent or of low
co-dimension, hence they appear robustly in many applications. Energy—momenta bifurcation diagram is constructed as a
tool for studying the global structure of 3 d.o.f. near-integrable systems. A link between the diagram shape, PR and the
resonance structure is found. The differences between the dynamics appearing in 2 and 3 d.o.f. systems exhibiting PRs are
studied analytically and numerically. The numerical study demonstrates that PRs are an unavoidable source of large and fast
instabilities in typical 3 d.o.f. systems. © 2002 Elsevier Science B.V. All rights reserved.

PACS:02.30.Hq; 05.451b; 92.60.E; 52.25.F

Keywords:Instabilities; Transport; Chaos

1. Introduction

Two fundamental differences between the phase space structure of 2 and 3 degree of freedom (d.o.f.) near-
integrable Hamiltonian systems have attracted much of the scientific interest in recent years. The first difference is
that for the 3 d.o.f. case KAM tori do not bound phase space regions as they do in the 2 d.o.f. case and the second
difference is that resonance surfaces intersect each other densely on almost all energy surfaces in the 3 d.o.f. case
whereas in the 2 d.o.f. case they intersect each other only at the origin, on the zero energy surface (see [1,3,4]).
The “Arnold diffusion” (diffusion along resonances, see e.g. [2,5,6,10,12,17,25,30,37,38] and references therein)
anddiffusion across resonancgkr] scenarios associated with these resonance webs were the focus of many recent
works. Indeed, resonance interactions play a major role in the higher-dimensional apparatus (see e.g. [17] and
references therein). Other differences clearly exist: e.g., it is well known that the behavior near fixed points becomes
more complex as the dimension of the system is increased. Here, we describe another pan of the complexity of
phase space structure which appears in higher-dimensional systems—the appearance of low-dimensional resonan
tori with degenerate normal stability—we call such a structure parabolic resonance (PR). In this paper, we discuss
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the appearance of PRs in 3 d.o.f. systems and in subsequent paper [27] we discuss the higher-dimensional cases. \
devote much of the paper to describe the construction of bifurcation diagrams in the space of constants of motion.
This generalizes the shaded energy—momentum diagram developed for the 2 d.o.f. systems in [35]. We propose the
such a diagram, which presents global information (in phase space and in energy) regarding the structures of the
integrable system is essential for understanding the system behavior under small perturbation.

Systems which exhibit PRs appear in many applications; indeed, in [26,27] we prove that PRs are generic and
persistent in a class of near-integrabied.o.f. Hamiltonian systems depending pmparameters provided > 2
andn + p > 3 (notice that fom > 3, PRs appear persistently even in systems which do not depend on external
parameters). For example, PR was discovered while investigad.o.f. model describing the motion of weather
balloons on geopotential surfaces of the earth atmosphere [32,35,36]. In Seet®d.®.f. model extension of this
model is discussed. Other examples where PRs appear are the Duffing equatiotaotiisattached to it (the
tori represent the effect of neutral modes), and a reduction of the nonlinear Srddinger equation ([18] and references
therein) to a six-dimensional Hamiltonian ODE.

Recall the phase space structure of 3 d.o.f. near-integrable Hamiltonians. Typically, in the completely integrable
case (with compact level curves) the phase space is foliated by invariant tori on which quasi-periodic/periodic motion
occurs. The subject of their persistence in near-integrable Hamiltonian systems has been extensively studied in thi:
century; the KAM theory [3] assures that the majority of the maximal dimensional invariant tori, satisfying some
non-degeneracy and Diophantine conditions, persist under small Hamiltonian perturbations (hereafter perturbations
will always mean Hamiltonian perturbations). These invariant tori play a major role in 1 and 2 d.o.f. systems. The
solutions of such perturbed systems are either confined on KAM tori or trapped between pairs of them, and hence
cannot wander arbitrarily far in the phase space. The KAM theory is true for higher-dimensional systems as well,
but in 3 or more d.o.f., the co-dimension of the invariant tori on the energy surface is larger than one, hence they do
not bound the motion in phase space.

A lower dimensional torus is a torus (here a circle or a 2-torus) with a vector of inner frequenofeimension
smaller than the number of d.o.f. (here, 3), and a vector of multipliers (here, four- or two-dimensional) which
determines its stability. If the multipliers are purely imaginary, the normal frequencies y2¢ttwo-dimensional
(2D) vector or a scalar) is constructed by taking the imaginary parts of one of each complex-conjugate pair [14].
Such lower dimensional tori persist under small perturbations satisfies certain Diophantine conditions and
if, additionally, either the tori are normally hyperbofid16] or they are normally elliptié and (2, ) are Dio-
phantine [13,33]. A lower dimensional torus is said toreemally parabolicif it has at least one zero multiplier
(hence, avanishing normal frequengyMaximal dimensional (here 2D) normally parabolic tori (together with a
saddle-center bifurcation scenario) survive small Hamiltonian perturbations under Diophantine conditions on their
inner frequencies (for normally parabolic circles, additional Diophantine conditions are required on the elliptic part
of £2) [20]. For more details on quasi-periodic tori and their bifurcations, see e.g. [8,9] and references therein.
Summarizing, in the typical near-integrable case, normally elliptic, hyperbolic or parabolic lower dimensional tori
persist on Cantor sets of action values consisting of the Diophantine frequency vectors. In the integrable case, ther:
is a zero-dimensional dense set of actions on which res6niant reside (this set contains all the “holes” of the
Cantor set(s) which parameterize the KAM tori). In 3 or more d.o.f. integrable Hamiltonian systems, the fami-
lies of actions corresponding to resonant tori intersect on energy surfaces, creating a resonance web. Under sma

1 By persistent we mean physically that the phenomena is robust—small changes in the form of the integrable system (or the family of systems
for phenomena of positive co-dimension) will not alter the results. Mathematically, this means that the systems are persiSfenpen aet
underC” (r > 1) perturbations of the class of integrable Hamiltonian systems of the iy, y, I; ).

2 Hyperbolic lower dimensional invariant torus is a torus such that its multipliers have a non-zero real part.

3 Elliptic lower dimensional tori are those with non-zero purely imaginary multipliers.

4 Atorus is said to be resonant if its frequencies are rationally dependent.
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Hamiltonian perturbations the resonant tori break into resonant zones and orbits may drift along them far from their
initial values (this possible scenario, called Arnold diffusion, is still not well understood, see [3] and references
therein). In previous works it has been shown that orbits which start in the vicinity of low dimensional resonant tori,
exhibit under small perturbations intricate chaotic motion, see e.g. [18,19] and references therein.

PR occurs in 2 d.o.f. systems when the integrable Hamiltonian possesses a parabolic circle of fixed points. Such a
circle is persistent in a one parameter family of 2 d.o.f. integrable Hamiltonian systems [34]. Numerical simulations
of systems exhibiting a PR, such as the atmospheric model mentioned above, show that perturbed orbits, starting
in the vicinity of a parabolic circle of fixed points, exhibit chaotic behavior which combines hyperbolic homoclinic
chaos and elliptic resonance type localizations, while the orbit slowly slides through bifurcations. Although these
orbits appear to be chaotic, unless additional degeneracy occurs, they stay relatively close to their initial values
(though the instability here is stronger than near a hyperbolic resonance or near an elliptic resonance).

Here we study PRs in 3 d.o.f. systems (see also [26,28parabolic m-resonancem-PR) occurs when a
small Hamiltonian perturbation is applied to an integrable 3 d.o.f. Hamiltonian system, which possesseally
parabolic m-resonant2-torus (namely, on the 2D torus: independent resonant conditions are satisfied and the
normal frequency of the torus vanishes, where for 3 d.o.f. systemsl, 2). Numerical experiments suggest that
slightly perturbed orbits, starting near the parabolic resonant torus of the integrable system, exhibit complicated
behavior and instabilities. If in addition to the existence afaresonant parabolic torus in the integrable system, the
iso-energetic non-degeneracy condition fails so that a whole family of resonant tori exist on the same energy surface,
the near-integrable system exhibits a flat parabaliesonance (flatz-PR). In such cases, order one instabilities
of slightly perturbed orbits are observed in numerical simulations even in the 2 d.o.f. case [34] (note that for 2 d.o.f.
systems onlyn = 1 is possible). Flat PRs may be viewed as the higher-dimensional analog to the stochastic web
which appears in degenerate 2D area-preserving maps [39].

The large instabilities that were observed for the atmospheric model mentioned above (see Section 3) with
realistic parameters values, correspond mathematicallpéadyflat PR, and result in a relatively fast traveling of
the weather balloons from the equator to the poles, see [36}aflgential PR models the near-flat case, and it was
proved in [34] that it is a co-dimension two phenomenon for 2 d.o.f. near-integrable Hamiltonians. Furthermore, in
[34] it was shown that the PR, and the near-flat PR, appear in some common 2 d.o.f. physical models. In [26,27] it is
proved that the existence of tangential PR is persistent in the class of 4 d.o.f. near-integrable Hamiltonians without
dependence of the system on external parameters (i.e. a co-dimeasi@phenomenon), and it is demonstrated
that in this case the instabilities exhibited by perturbed orbits are maximal.

The paper is ordered as follows. First, we construct the simplest mbdd d.o.f. system attaining a PR (using
normal form techniques), and describe the construction of the energy—momenta diagrams whiclylsiyaply
information regarding the singular points in phase space, including the appearance of different kinds of PRs. We
compare between the 2 and 3 d.o.f. cases, and demonstrate the different dynamical scenarios which are associate:
with the new mechanisms of PRs which appear in the 3 d.o.f. case. A 3 d.o.f. atmospheric model is constructed and
used as a test case application for our results on the phenomenological model.

2. A phenomenological model

The simplest model exhibiting PRs (and near-flat PRs) in near-integrable 3 d.o.f. Hamiltonian systems is
constructed using normal form techniques; the conditions for existence of parabolic 1 and 2-resonant 2-tori are
formulated for the integrable Hamiltonian, and an expansion near these conditions is made.

5 Tangential PR corresponds to failure of the KAM iso-energetic non-degeneracy condition on an infinitesimal neighborhood of tori of mixed
stability types in the unperturbed system. See [26,27] for extensive study of this case.
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Consider a general near-integrable 3 d.o.f. Hamiltonian system of the fdim:s, u, v, p, ¢; ©), whereu
is a vector of parameters. The integrable part of this system has three constants of motion in ingdutien
Hy, F1, F»). For most values of" (regular values with compact level curves), action—angle coordinates on the
3-tori they define may be introduced. Singular valueg pflefined as values for whichF are point-wise linearly
dependent, correspond to singular, smaller dimensional surfaces. Consider a region of phase space where onl
one such singular relation occurs. Then, a symplectic non-singular change of vatiables v, p, g; u) —
(x,y,01, I1, 62, I>; u) may be performed, to two action—angle coordinatgsl, and 61, 6> and an additional
conjugate paitx, y), for which the singularity occurs\,, ,) Ho = 0). The integrable part of the new Hamiltonian
is independent of the angle (and62) [4] and we denote it byo(x, v, I1, I2; 1):

H(x,y,0,1;u,e) = Ho(x,y, I; u) +eHi(x, ,0,I; u, e). 1)

Geometrically, the six-dimensional phase space of a Hamiltonian in the form (1) may be described in the following

way. A 2-torus with actiong;, I> and angle®1, 6) is attached to each point of tlie, y) plane. If the point in the

(x, y) plane is an equilibrium, the torus attached to it is an invariant torus with the same normal stability type as

of this fixed point. Thgx, y) plane is calledhe normal plangsince it determines the normal stability type of the

2-tori attached to it [33]. The motion on the 2-tori is either quasi-periodic (non-resonant) or periodic (resonant).
The conditions for aintegrable3 d.o.f. Hamiltonian system with a Hamiltonian in the normal coordinates form

Ho = Ho(x, y, 11, I2; n), and with the symplectic structure

dx/\dy+id0,' Adl;, x,y,I;€R, 6; €T
i=1
to possesses a normally parabolic resonant 2-torus at the origin, are:
(cl) The fixed point conditions—existence of a fixed point inthgy) normal plane:
Vi,yHo(0,0, I, I) = (0, 0). (2)
(c2) The parabolicity condition:

2
det 0°Ho(x, y, I1, I2)
(0x, dy)

-0 3
(0,0,0,15)

(c3) The condition on the inner frequencies of the invariant parabolic 2-torus for a 1-resofiance,= O,
corresponding to some pait, m) € Z? \ {0}, is

0 Hp
(0,0,0,0) al2

. . 0 H
nby +mbr =n a7

o —0. 4)

(0,0,0,0)

Since a 2-torus may fulfill at most two independent resonance conditions (a 2-resonance), the two independent
pairs of integers in condition (4) may be chosen WNL® be (1, 0) or (0, 1) in the 1-resonance case, and
{(1, 0), (0, 1)} in the 2-resonance case.

Using a Taylor expansion near conditions c1—c3, several symplectic changes of variables, rescaling, and undel
some general assumptions which further simplify the model (see Appendix A for details), the simplest near-integrable
Hamiltonian (in the normal coordinates setting) attaining a PR is of the form:

Ho(x, y, I; 1) = 3y° = (3x%) + n(3x%) + §x* + aalz + (3 + 0) 317 + 313 + azli ], (5)

6 If some two general independent vectors of integers are chosen, the two corresponding resonance conditions may be always replaced by th
conditions for vanishing of one of the frequencies, (A.1) and (A.2) (see Appendix A), by a symplectic change of coordinates.
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2
Hi(x,y,0,1; 1, 8) = Y & fi(x, y, I, I, kifh), Q)
i=1
H(x,y,0,1; u, &) = Ho(x, y, Iy p) + Hi(x, y, 0, I; u, ), )

where f; (i = 1, 2) are polynomials inx, y, I3 and Iz, and are 2 periodic in their last argument. The vector of
parameters it = (a1, az, az, 1, k1, k2) with a1, a2 € R, a3, n > 0 (by rescaling)k; € Z, and 0< ¢; <« 1;
i = 1, 2. The corresponding system is

2
X =y, y'=11x—nx2—x3—2

g'af,-(x, 11, I2, ki0;)
1 b

= ax
2 2
: X 1 afi(x, In, I, k;6;) . df1(x, In, Ip, k161)
b=-"+(2 L+oash+ Y e . h=— ,
1 2+<2+051> 1+ ozl + &i 3l 1 1 001

i—1
afi(x, I, I, ki6;)

. af2(x, I, I, k262)
a1 2 '

) j = -
2 06>

®)

2
0 = ap + 12+O£311+Zsi
i=1

By construction, the unperturbed system+£ 0) possesses atthe origiyy (Oxyl = {(x, y, I1, D)|(x, y, I1, [2) =

(0, 0,0, 0)}), a 2D normally parabolic 1-resonant tor#s & 0 and the(x, y) subsystem has a zero eigenvalue
there) foro # 0. Foraz = 0, Oy is a 2-resonant parabolic torus (in additién = 0 at the origin). More generally,

x = y = O defines a four-dimensional invariant surface consisting of a family of 2%gfil) = {(x, y, I1, D) |x =

y = 0}.

We assume that the phenomenological model is in the standard form for mechanical Hamiltonian systems which
are integrable to quartic order, that the energy surfaces are compactin thelane, and that the system undergoes
a pitchfork bifurcation when the unfolding parametes set to zero. By a symplectic change of variables (for the
integrable part of the Hamiltonian) only the first actidin, governs the stability type of the invariant 2-tori, while
the other action/2, together with the external parametes, governs the existence of resonances. Hence, fixing
n =0, for Iy < 0 the 2-torus abyy(1) is elliptic, for I = 0 it is parabolic, and fof; > 0 it is hyperbolic. When
I > 0, additional two elliptic 2-tori, attached to the elliptic equilibria(at y) = (£+/I1, 0) are created.

The system (8) is constructed such that for certain values of the parameters, listed below, some unperturbed
energy surfaces contain a whole family of normally elliptic (or hyperbolic) resonant 2-tori emanating from a
resonant parabolic torus. Then, the iso-energetic non-degeneracy condition fails on this family of tori and large
instabilities of nearby perturbed orbits occur:

e Whena; = 0, the family of elliptic 2-tori{(x, y) = (£+/I1,0); Iy > 0, I, = 0}, which emanates from the
parabolic torus abyy), is iso-energetic and 1-resonant (creating a flat 1-PR).

e Whenas = 0 andu; = cx§ the family of 2-tori{(x, y) = (£+/I1,0); I1 > 0, I, = —a3l1} is iso-energetic and
2-resonant; namely all tori are composed of fixed points (creating a flat 2-PR).

e Wheno1 = —0.5, the families of 1-resonant elliptic 2-tofix, y) = (0, 0); I1 < 0, I = 0} and of 1-resonant
hyperbolic 2-tori{(x, y) = (0,0); I1 > 0, I = 0} meet at the parabolic 1-resonant 2-torusg}, and are
iso-energetic.

e Whenas = 0 andag = a§ — 0.5 the family of 2-tori{(x, y) = (0,0); I1 € R, I = —a3l1} is iso-energetic and
2-resonant (2-tori of mixed stability types, all consisting of fixed points).

Here we study in detail only the first two cases (see below).
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The parametern governs small asymmetric perturbations. When- 0 and fixed, the system undergoes a
saddle-center bifurcation and a transcritical bifurcatiofifinstead of the symmetric pitchfork bifurcation). For
I < —%nz the (x, y) system possess only one equilibrium, at the origin, which is elliptic. Whes _711,]2
additional parabolic equilibrium atr, y) = —%n, 0) is created. Fop%nz < I1 < 0 a center is created at
(x,y) = (3(=n — y/n2+41),0), and a saddle is created @t, y) = (3(—n + /n2+4I1),0) (in addition
to the elliptic equilibrium at the origin). Whefy = 0, the equilibrium at(x, y) = (%(—77 + /12 +4I7), 0)
coincides with the origin and becomes parabolic. And, whes 0, the origin becomes hyperbolic and y) =
(%(—77 + /1?2 + 41I7), 0) becomes elliptic. All these equilibria of the, y) plane correspond to invariant 2-tori
which are of the same normal stability type as the corresponding equilibrium. The appearance of transcritical
bifurcation follows from fixing Oxy(I) to be invariant for all/. Our preliminary study suggests that the system
exhibits qualitatively different behavior for some values;of 0. Here we treat only the symmetric case- 0.

In Appendix A, we formulate the full set of conditions and assumptions from which we construct the phenomeno-
logical model. We stress that the ability to arrange a model which exhibits many types of PRs is not accidental—it
follows from our results regarding the persistence/low co-dimensionality of these mechanisms of instabilities (see
Section 4 for the corresponding theorems and [26,27] for the proofs).

Next, the global structure of the 3 d.o.f. system is described and in the following section numerical studies of the
near-integrable system are presented.

2.1. The integrable system—bifurcation diagrams in the space of constants of motion

The classification of all the possible structures of the energy surfaces of integrable Hamiltonians is extremely
challenging and has been completed for the 2 d.o.f. case only, see [7,15,22—-24]. Some of these ideas have bee
extended to classify the integrable 3 d.o.f. dynamics of the Kovalevskaya top [11], the most complicated known
example of an integrable 3 d.o.f. system.

To fully understand all possible behavior of the symmetric integrable 3 d.o.f. system (8) (i.e. system (8) with
n = 0 ande = 0), we construct bifurcation diagrams in the space of constants of mét®uch diagrams reveal the
critical energy levels and phase space regions in which strong instabilities arising from the perturbation are expected
In these diagrams the allowed regions of motion and the type of motion which occur are indicated. Different types
of motion are necessarily divided by singular surfaces. Further information regarding the frequencies are inserted,
with the understanding that these play a crucial role when the perturbation is applied.

Such an energy—momenta bifurcation diagram is presented in Fig. 1. The axes of the figure are thélgnergy,
and the actions of the 2-torl; and /1 (more generally, the unperturbed Hamiltonian, where the full Hamiltonian is
conserved under perturbation, and the conjugate actions to the resonant terms in the perturbed Hamiltonian). The
solid curves in Fig. 1 correspond to normally elliptic invariant 2-tori; the dashed curves correspond to normally
hyperbolic 2-tori (and their stable and unstable manifolds); the normally parabolic 2-tori reside at the meeting point
between the solid and dashed curves, and are denoted by a©iyclev@ariant 2-tori which ar¢l, 0) resonant with
respect to their inner frequencies (i.e. satisfy the resonance condgitien = 0 with k = (1, 0)) are denoted in
Fig. 1 by an asterisk«), and 2-tori which ar€0, 1) resonant denoted by lines of fat dots{—). The shaded region
in this figure (light gray) corresponds to back-flow, i.e. to regions where the motion changes direéiparia
where(1, 0)-resonance may occur (with respect to the inner frequencies of the 2-torus). Next we explain in detail the
construction and the interpretation of such energy—momenta bifurcation diagrams, using Figs. 1-9 as illustrations.

7 The relation of the Fomenko—Oshemkov graphs [15,31] to the energy—momenta bifurcation diagrams, which are developed here (and which
were developed for 2 d.o.f. systems in [35]) and to the structures of the unperturbed energy surfaces in the three frequency space (see [26,27]]
is the subject of current research.
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Fig. 1. Energy—-momenta bifurcation diagram. Elliptic 2-tori (---); hyperbolic 2-tori (and separatrices) (——-); paraboli¢2401D);
resonanceé« * x and ——); back-flow (shaded volume).
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The regions in thepace of constants of motiofHo, /), where motion is allowed for the integrable system (8)
(e; = 0) are determined by analyzing the Hamiltonian (5), and determining its domain of definition (see below
and Appendix B for details). A regular point in the allowed region of motion corresponds to one or two 3-tori;
e.g. any inner point with respect to the solid curves (horizontal parabolas) in the energy—momenta bifurcation di-
agram in Fig. 1 is such a regular point. As the Hamiltonian (5) is in normal coordinates form, a singular point of
the (x, y) plane corresponds to an isolated invariant 2-torus, with the same normal stability type ag:gfythe
equilibria. The singular surfaces corresponding to the stable (elliptic) equilibria ¢f the plane are denoted by
a manifold of solid curves in Fig. 1, where each curve corresponds to a fixed valgelofour representation,
elliptic equilibria in the(x, y) plane supply the boundaries to the energy surfaces of the full system (it follows
from [4, p. 102]). Hence, these singular surfaces of normally elliptic 2-tori supply the boundary of the allowed
region of motion. To find these boundaries, Eq. (5) is solved at these equilibria points for the first Agtion,
as a function of the other two constants of motidfy, and I»; the detailed calculations appear in Appendix B.
The result of these calculations are the location of the equilibria manifolds (which depend non-trivially on the
parameters, see Appendix B). For the parameter values of Fig. 1, the upper bounding manifold is given by the
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Fig. 8. Orbit structure in thédy, x) plane.Hp = 1.5, I> = 0.5, and/; values at subfigures (a)—(f) are as indicated in Figy6+ 1.05,a2 = 0,
a3z = 2. (c) Back-flow.

equation

—azly \/122(05% —a1) — 210217 + 201 Hp

I, (Ho, I2) = o , (©)]

for values ofHg and/, such that/y,, (Ho, I2) > 0, and the lower bounding manifold is given by

—203lp 2, /o313 — (1 + 201) (a2]2 + (12/2) — Ho)
1+ 20

for values ofHy andl> such thalIlOxyi (Ho, I2) < 0.The singular surface corresponding to the unstable (hyperbolic)
equilibria at the origin of théx, y) plane,Oxy, andseparatricesare denoted by a manifold of dashed curves, each
corresponding to a fixed value &f. The manifold of dashed curves in Fig. 1 is given by Eq. (10) for valugéyof
and/, such thatlloXyi (Ho, I2) > 0.

Above the manifold of dashed curves each regular point corresponds to a pair of 3-tori (corresponding, in the
(x, y) plane, to the right and left periodic orbits residing inside the figure eight separatrix), whereas below it only
one 3-torus is associated with ea@dtl, /) value (corresponding to orbits which encircle the origin in they)

(10)

114, (Ho, I2) =
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Fig. 9. Two types of flat PRe;; = 0,3 = 1. (&)a1 = 0, I = —0.5:0.05:0.5; (b1 = a§ =1, 1, = —-0.5:0.05:0.5.

plane). Hence, the normally hyperbolic 2-tori create a topological non-trivial deformation of the energy surface.
Beginning at the manifold of dashed curves, the energy surface branches, so that its upper boundary is compose
of two manifolds of elliptic 2-tori (ax, y) = (£+/T1, 0)). These are denoted by solid curves in the figures, and
here, by symmetry, they are identified (fpe£ 0, two upper solid curves will appear in the figure). The boundary
between the solid and dashed surfaces, which is denoted by a line of cibglesresponds to the parabolic 2-tori.
Notice that each parabolic torus in Fig. 1 resides on a different energy surface.

We have thus demonstrated how the normal stability of the lower dimensional tori are represented in the diagram.
In Figs. 2—6 the domains of definition of Eq. (5) is shown by vertical lifies.

Figs. 2—4, in which 2D slices of energy—momenta bifurcation diagrams—each corresponding to a fixed value
of I, demonstrate the dependence of the bounding curves and the regions of allowed motion on the parameter:
and constants of motiorH, I). For our model (the integrable Hamiltonian (5) and system (8)) we observe a wide
variety of possibilities for such dependence (see Appendix B for details). In particular, for alfixénd energy
surfaces are always bounded from below-irdirection by an elliptic 2-torus; wher0.5 < a1 < 0 the motion is

8 In the three-dimensional (3D) bifurcation diagram in Fig. 1 the vertical lines were omitted for the convenience of the viewer, and the domain
where motion is allowed in this figure is inside the parabola created by the upper and lower manifolds of solid curves (which refer to the elliptic
equilibria points in thex, y) plane).
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unbounded from above iR direction for any value of; (see e.g. Fig. 2), and when = 0 the motion is unbounded
from above forl; < 0 (see e.g. Fig. 3b and c). In all the other cases motion is bounded from abh&wdiiection
by an elliptic 2-torus (see Figs. 1, 3a andHMgnce, in some cases there is no bound on the growth of the actions

The above procedure reveals all the possible topological distinct types of integrable level sets and their stability.
Clearly, for a fixed energy valué, the perturbed orbits reside on the energy surfce, y, 0, I) = h, hence
a complete understanding of this energy surface geometry supplies bounds on the instability rates of the actions.
However, generally, plotting this surface is complicated—it is a five-dimensional surface (for 3 d.o.f. systems),
and its projection to thé variables plane is different for each valuetfofHence, one wants to conclude regarding
the instability range from the correspondidty(x, y, I) = ho plots, or more precisely, from the unperturbed
energy—momenta bifurcation diagrams. Indeed, consider the following band of unperturbed surfaces:

Hpand= {(x, y, D||Ho(x, y,I) — h| < K(e1+€2)}, K = constant (11)
and let
1™ = infrepm ol 1™ = supy g -

Then, since we assumed that the perturbation is small ii€th®pology, it follows that for the perturbed orbits,
I e [I™n 1M for all time. Namely, if these bounds are finite, we obtaipriori bounds on the extent of the
instability in the actionsFurthermore, in case one of the angles,&ays rapidly rotating, the corresponding action
I is approximately conserved (i.e. conserved for a long time). Then, define the seckigg,ef

HpandI2) = {(x, y, D|I2 = I, |Ho(x,y, 1) —h| < K(e1 + £2)}, (12)
and the conditional lower and upper bounds in thdirection may be similarly found

IM™I) =i0f iy e 2) = SUB, i 11
Indeed, these bounds can be explicitly calculated using Eq. (11); see Fig. 17 for demonstration of their effect (see
also [26,27]).

Next we consider the frequency vectors of the integrable system;(8) 0) and the appearance of resonances.
Each point in the space of constants of motiQfg, /), has a frequency vector of the form

(wo, w1, w2) = (wo(Ho, I), w(Ho, I)), (13)

representing the motion in the, y) plane, and th€0, I) planes, respectively. At regular points of the space
(Ho, I, wo(Ho, 1) is just the first inner frequency of the corresponding 3-torus. A singular point ¢tthe plane
corresponds to an invariant 2-torus, with a 2D vector of inner frequencigdy, 1) = (w1, w2) = (61(1), 62(1));

the normally elliptic and parabolic invariant 2-tori have in addition a normal frequenicy: $2(7), while for
normally hyperbolic 2-tori the normal frequency (and hemggcease to exist. To obtain a continuous dependence
on (Hp, I) we formally definewg to be zero at such points

$£2(D), {(x,y) =(0,0), 11 < 0}, {(x,y) = (£/11,0), I > O},

wo(Ho, ) = | & , {(x,y)=(0,0), 11 > 0}, (1)
—n, Otherwise
T(Ho, I)

whereT (Hyp, I) is the period of the correspondirig, y) orbit(s). See for illustration Fig. 6A (a 2D slice of an
energy—-momenta bifurcation diagram with a fixed valugot= —0.5) and Fig. 7 (the corresponding motion
in the (x, y) plane at six different points along the lifély = 1.5, I1}): (a) and (f) correspond to elliptic 2-tori
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with wo(I) = £2(I) # 0 (at a parabolic 2-torueg(l) = 2(I1 = 0, I2) = 0); (d) corresponds to a hyperbolic
2-torus and its stable and unstable manifolds wheyeHo, I) — 0; (b), (c) and (e) correspond to 3-tori with
wo(Ho, I) = 2n/T(Ho, I), whereT (Hp, I) is the period of the corresponding periodic, y) orbits shown in
Fig. 7. Figs. 68 are explained in more detail below.

Generally, resonancek, (wo, ®)) = 0; k € Z3\ {0} appear in the 3D energy—momenta bifurcation diagrams as
2D surfaces, intersecting each energy level by a curve. A full set of these curves creates a resonance web on eac
energy surface (see e.g. [3,25] and references therein). Resonance surface information, for resonances of the maxim
dimensional 3-tori, may be added to these diagrams by averaging along the motiominythelane to compute
the frequenciegg andws (w2 is simplyéz(l) = a2+ I2+a3l1, Vx, y € R). An example of such a resonance curve,
corresponding to vanishing af, on 3-tori of one fixed energy surface, is presented in Fig. 6B as a line of asterisks.
Special resonances may be directly found, and are denoted in the following way on the bifurcation diagrams in
Figs. 1-5, 6A and 9: the = (0, 0, 1)-resonances, corresponding to vanishing of the frequency ifpthigection
(w2 = 62(1) = 0) are marked by lines of fat dots on each 2D slice with a fixed valdg, aihd by a surface of dotted
lines onthe 3D diagrams; the, 1, 0)-resonance surface, corresponding to vanishing of the frequency in the direction
of I1, intersects the singular surfaces of invariant 2-tori in the 3D diagrams (Figs. 1 and 9) at the curve of asterisks
(on whichw1 = 61(1) = 0), and it is denoted by a single asterisk on the 2D slices. For example, in Fig. 1 it is seen
that the line of circles, corresponding to the normally parabolic 2-fgr 0) is crossed by th€), 1, 0)-resonance
curve of asterisks (only) d = 0, and by th€O0, 0, 1)-resonance surface of dotted lines (only},at —a» = —0.2.

All other resonant parabolic tori in Fig. 1 have weaker resonances (lgrigealues) with respect to theinner
frequencieslin Fig. 5, we show 2D slices of bifurcation diagrams where parabolic resonant 2-tori are recorded.

As the normal frequencypg = £2, vanishes on normally parabolic tori, normally parabolic tori are a priori
(1, 0, 0)-resonant. Hence, when th®, 1, 0)-resonance surface intersects a parabolic 2-torus, it corresponds to
occurrence of thelouble{(1, 0, 0), (0, 1, 0)}-resonance (see Fig. 5a), and when ¢8€0, 1)-resonance surface
intersects a parabolic 2-torus, it corresponds to occurrence d@bthse{(1, 0, 0), (0, 0, 1)}-resonance (see Fig. 5b).
Whena, = 0, the curve of asterisks, the surface of dotted lines and the line of circles all intersect at one point,
corresponding to a 2-resonant normally parabolic torus, an event which corresponds to occurrendepbé the
{(1,0,0), (0,1, 0), (0,0, 1)}-resonance. This eventmay be seen, e.g., in Fig. 5c and Fig. 9. Therefore, the instabilities
in the near-integrable system (described in the following sections), which are a result of PRs, correspond to cross
resonance diffusiof. See [26,27] for more details and a discussion on the place and role of parabolic resonant tori
in the resonance web.

Another dynamical feature of interest is the possible existence of a back-fleywy imamely a non-monotonic
dependence af onr, see Fig. 8c. The regions whetgchanges sign along orbits are colored by a light gray in the
bifurcation diagrams (see Figs. 1, 2, 4, 6 and 9). Such a dynamical feature (detecting instantaneous @groes of
may be found easily (see Appendix C and Table 2). The significance of this region is three-folded. First, only in a
region where back-flow occurs the inner frequeagymay vanish (equivalently, @, 1, 0)-resonance may appear;

e.g. see the curve of asterisks in the light gray area of Fig. 6B). Second, when a back-flow occurs along a separatri
the usual transport mechanism associated with separatrix splitting must be modified. This scenario appears when th
light grey shaded region in the energy—momenta bifurcation diagrams covers the dashed hyperbolic equilibria curve.
Finally, whené; vanishes identically on a lower dimensional invariant toms € 61 = 0), a(1, 0)-resonance

occurs with respect to thaner frequenciesf the 2-torus. Hence, the intersection of the light grey volume with the

(x, ) equilibria surfaces consists of resonant 2-tori which are indicated by asterisks in Figs. 1-5, 6A and 9.

The singular surfaces of 2-tori and the phase information encoded in the bifurcation diagram allows one to extract
complete description of the integrable motion. For clarity, by fixiagwe present isolated 2D slices of the 3D

9 See [17] and references therein for cross resonance diffusion near hyperbolic double resonances.
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bifurcation diagrams in the energy—momenta space in Figs. 2-5 and 6A (the vertical solid lines in these figures
denote the region of allowed motion).

Figs. 6-8 illustrate the different structures of orbits of the integrable part of system (8). Consider Fig. 6A, in this
figure we present a slice of a bifurcation diagram with a fixed value ef —0.5. The energy surface with energy
value Hp = 1.5 intersects this diagram at the light vertical dotted line. Alternatively, a slice of the bifurcation
diagram in the(I2, I7) plane at the corresponding energy valdg = 1.5, is presented in Fig. 6B, where the
corresponding light dotted vertical line denotes the intersection with the kliee —0.5. The points denoted by
(a), (b), (c), (d), (e) and (f) on these two light dotted vertical lines correspond to the six different types of orbits
appearing on the energy surface wily = 1.5 at/, = —0.5. The corresponding six different types of motion in
the (x, y) and (01, x) planes are presented in Figs. 7 and 8, respectively. The point (a) corresponds to one elliptic
equilibrium in the(x, y) plane, hence to one normally elliptic 2-torus in the six-dimensional phase space; the point
(b) corresponds to a periodic orbit in tke, y) plane (hence to a non-resonant 3-torus, which is densely covered
by this orbit), which encircles the origin, and on whi¢hdoes not change sign (since it is located in an unshaded
region); the point (c) is in the shaded region hence it corresponds to a larger periodic orbit which encircles the
origininthe(x, y) plane and exhibits back-flow il (topologically itis indistinguishable from (b), yet see Fig. 8c);
the point (d) corresponds to an hyperbolic equilibrium and its separatrix i(xthe plane, hence to an invariant
normally hyperbolic 2-torus and its corresponding 3D stable and unstable manifolds; the point (e) corresponds to
two 3-tori, and the point (f) corresponds to two isolated invariant normally elliptic 2-tori. The motion for initial
conditions with different energies and actions can be now read-off from Fig. 6 or its 3D extension.

We regress to supply a few more details regarding the appearance of strong resonances. In particular, we demon-
strate thageometrical features of the bifurcation diagram have dynamical significance

In the integrable system (&); vanishes on a lower dimensional invariant torus in two cases. The first case occurs
when

dHp

1|0y = 61l0y = =0. (15)

M1 |x.y)=0.0)
Graphically, this means that the resonance occurs exactly at the fold of the surfacelindhiection In other
words, for any fixedl,, the I3 which solves (15) is a local extrema of the energy value of the equilibria curves,
see Figs. 1-5, 6A and 9. It can be easily verified that this observation is correct even when the equilibria position
depends on the actior'¥. These resonant lower dimensional tori are indicated by an asterisk in the bifurcation
diagrams in Figs. 1-5, 6A and 9.

Eqg. (15) holds for

1+ 207
203

Ipey(I1) = — I (16)

for any value ofl;. Hence, the corresponding resonant tori may be of any stability type, depending on the value
of /1. In particular, sincdz,,(0) = 0, the(0, 1, 0)-resonant 2-torus &by is normally parabolic, and is therefore
indicated by both asterisk and a circle in Fig. 5a. In Section 2.2 this parabolic 1-resonance is referred to as 1-PR in

I direction.
The second case occurs when
. dHg
w1lell = O1]en = A =0. (17)
1 l(x.y)=(xv11.0)
10 For example, definingG(I) = Ho(x(I), y(I), I), where (x(I), y(I)) are the equilibrium solution, we see thaG/il; =

dHo/d 11| (x(n).y(1).1) beCAUS&yHo|(x(1),y(1).1) = O.
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Namely, when the elliptic equilibria surface correspondingitoy) = (£+/11, 0) folds in thel; direction. Eq. (17)
holds for

a1
Dogperes(I1) = — w Ih (18)

for positive values of1 and corresponds to tw@, 1, 0) 1-resonant 2-tori which are normally elliptic. It follows that
whena1 /a3 is positive (negative) the bounding equilibria surface folds to the right (left), hEpge,,, corresponds
to the minimal (maximal) energy value for which the equilibria curves (Eg. (9)) correspondingytp= (£+/11, 0)
are defined, see Fig. 4c (Fig. 2a). Note that for non-positivihe PR scenario results in a fundamental change of
the energy surface properties—from being locally bounde# iirection near the resonance for, say> 0, to
being locally unbounded there fés < 0.

Sinced> does not depend on the, y) variables (see Egs. (8)), when = 6, vanishes g0, 0, 1)-resonance
occurs. This is indicated in Figs. 1 and 9 by a surface of dotted lines and in Figs. 2—6 by lines of fat dots. In the
integrable system (8¥, vanishes identically when

wzze‘z:aa_’z)zo. (19)
Namely when the energy surface has a fold in#hdirection. Eq. (19) holds for

Do) = —a2 — asly. (20)
In Fig. 5b, the line of fat dots, which corresponds in this figurddo= I>.,(0) = —a», intersects the circle

(0), which marks the parabolic torus. In Section 2.2, the corresponding 1-PR that occurs in the near-integrable
system is referred to as 1-PR ip direction. We emphasize that in Figs. 1 and 9 the grey volume corresponds
to the existence of instantaneous zeroegfwhich possibly contain a resonance surface on whigh=

0; the 2D surfaces of dotted lines in these figures correspond to real resonance/indinection, namely

wy = 0.

We see that these bifurcation diagrams enable one to summarize the global structure of an integrable system for al
its energy levels. Itis seen that critical energy levels may be easily identified (e.g. in Fig. 5a—c there exist (slices of)
energy surfaces (ifp) for which PRs exist—see Figs. 10, 12 and 14, respectively, for the corresponding dynamics
in the near-integrable system), and bifurcations induced by external parameters result in qualitative changes in thes
diagrams (e.g. compare Figs. 2—-4). Furthermore, under small perturbation the Hamiltonian is preserved and the
sources of instability for any given energy level are explicitly visible in the diagram.

We are now in position to identify possible sources of substantial instabilities in the near-integrable system (8).
As described below, these events depend on the paramgtersandos.

Whené; andd,, of the integrable part of system (8) vanish simultaneously on an invariant 2-torus, two independent
resonance conditions are met, and a double resonance (a 2-resonance with respect to the inner frequencies
the 2-torus) occur in the near-integrable system. When the parameter O (for any non-zero values of the
other parameters in the system), this event occuB@at and a 2-PR takes place in the near-integrable system.
Appearance of a normally parabolic 2-resonant torus on a certain energy surface may be seen in Fig. 5c¢. In this figure
an energy—momentum bifurcation diagram in which Egs. (16) and (20) hold simultaneously at the parabolic torus is
presented. In this case the integrable system exhitrifgaresonancevith respect to the corresponding 3-frequency
vector,(wg, w1, w2), and the near-integrable system exhibits large instabilities (2-PR), as described in Section 2.2.

When the parameter; = 0 (for any non-zero values of the other parameters in the system), it follows from
Eq. (18) thatl,,,. (1) = 0 for any non-negative value di. Hence, a whole family of elliptic 1-resonant tori
(a vertical line of asterisks in Fig. 3b and Fig. 9a), together wigraeabolic resonant torus at the origin, reside
on the same energy surfaéky = 0. Furthermore, this energy surface is unbounded in the positive directifn of
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(see Fig. 3b and Fig. 9a). This scenario induces a flat 1-PR in the near-integrable system, leading to order one
instabilities in1; of nearby initial conditionsSuch large instabilities iy are possible as the energy surface is
unbounded in its positive directioWhenws > 0 but small, the energy surface is largdinbut still bounded, and
perturbed orbits are seen to reach the boundaries of such energy surfaces (see e.g. Fig. 11).

Whenas = a3 # 0 anday = 0, from Egs. (18) and (20) it follows thd,,....(I1) = Ize,(I1) = —azly for
any non-negative value df. Hence, for these parameter values, a whole family of 2-resonant elliptic tori (for
positive values of;) together with gparabolic 2-resonant torus (corresponds to vanishingdfreside on the
same unbounded energy surface of the integrable system along thie kne-«3l1, see Fig. 9b (in this figure
a1 = a% =1 and the energy surfadéy = 0 contains a whole family of 2-resonant 2-tori of mixed stability types
and is unbounded in the directidin = —1I5). Indeed, a flat 2-PR occurs in the perturbed system on nearby energy
surfaces, and very large (order 1) instabilities are observed in numerical experiments in the positive dird¢tion of
and in the negative direction @j.

Summarizing, when the energy surface of the integrable system is unbounded in the direction of a resonance
at the parabolic lower dimensional torus, then a degenerate scenario occurs, by which a whole family of resonant
tori of mixed stability types (hence containing the parabolic resonant torus) reside on the same energy surface. In
particular, this happens in the system (8) whewanishes for a whole range f > 0 values. Since (5) includes
only terms up to quadratic order I, we can arrange such scenarios by varying one or two parameters. In Fig. 3b
and Fig. 9b we present such situations, where a line of asterisks is seen to cover a wholéilinalwés. In the
generic case this situation is of infinite co-dimension; tangential PRs, which are the first approximation to the flat
PRs are a low co-dimension (one or two) phenomena for 3 d.o.f. systems (see {25,27]

In Section 2.2, we describe the corresponding scenarios in the near-integrable system.

2.2. The near-integrable system

For near-integrable 3 d.o.f. Hamiltonian systems there are three possible types of PR:

Case 1: Parabolic 1-resonanceirdirection @1 = 0 in the integrable system (8), Fig. 5a).
Case 2: Parabolic 1-resonanceirdirection @» = 0 in the integrable system (8), Fig. 5b).
Case 3: Parabolic 2-resonanég £ 6, = 0 in the integrable system (8), Fig. 5c).

In the first two cases above (cases 1 and 2) the parabolic 2-torus is a torus of closed invariant periodic orbits, and
in the third case (case 3) it is a parabolic 2-torus of fixed points.

We examine numerically the effect of a small Hamiltonian perturbation on each of the above cases for system
(8). The figures and descriptions below correspond to the following perturbation:

2
Hi=¢ <1 - %) Cc0oS(k161) + €2 cOS(kob), & =¢e1 = €. (22)

Other forms of Hamiltonian perturbations seems to produce similar results. Our form of visualization of the
six-dimensional perturbed orbits in the figures presented here is by projections of the orbit on several sub-planes
and sub-spaces of the six-dimensional phase space.

Considering our phenomenological model (Egs. (7) and (8) with0) with the perturbation (21), the model of
a symmetric near-integrable 3 d.o.f. Hamiltonian exhibiting PRs is

H(x,y,0,I; 1, e)=3y? — 1(3x%) + Ix* + aolo + G + @) 312 + 312 + azhilz
+e1(1 — 3x?) cos(k161) + &2 COS(ka62). (22)

11 |n particular, in [26,27] it is proved that tangential 1-PR is generic and persistent for a class of smooth near-integrable 4 d.o.f. Hamiltonians.
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2.2.1. Case 1: 1-PR iy direction

The system corresponding to the Hamiltonian (22) exhibits 1-PR firection for a set of initial conditions
near the originOyy, for any non-zero values of the parameters= (a1, a2, a3, k1, k2). Note that choosing any
particular set of parameters corresponds to fixing a particular system—indeed, the existence of 1-PR is persistent,
and this phenomenon occurs independently of external parameters on an open set of Hamiltonians (see Section 4
and [26,27] for further details).

The typical 1-PR inl; direction behavior is demonstrated by Figs. 10, 11 and 13 left. Fig. 10 presents the
apparent chaotic behavior of the orbit, and the trapping in the PR zone i tpel;) space (left plot) and in
the (61, I1) plane (middle plot), together with the small oscillations of the orbit in hdirection (right plot—
the (62, I2) plane). Note the different scales féy and Io. Fig. 11 presents again a 1-PR in direction, with
smallera; value @1 = 0.3). It demonstrates that the instabilities fin are much stronger ag, is decreased.
We propose that the source for this instability is the geometrical change of the unperturbed energy surface—for
a given energy value near the PR oass decreased the range Afincreases, approaching the unbounded range
asa; — 0, where a flat PR occurs (see Section 2.1). We numerically observe that it becomes significant when
a1 < 0.5. We stress that in all simulations of this case the perturbed orbit appears to reach the boundaries of
its energy surface idy, which implies that the 1-PR iy direction induces the strongest possible instabilities
in 11 (with respect to the boundaries of the energy surface), see Fig. 17 for illustration. The 1/P&rgction
perturbed orbits exhibit a very similar structure to the 2 d.o.f. orbits of [34]. This may be explained by the fact
that in this case (in the domain of interest—the vicinity of the origig) the frequencyw, = 6, is very large
comparing to the other two frequenciaesp(and w1), hence the dependence 6xn may be averaged out (after
rescaling), resultingn a 2 d.o.f. (averaged) system which exhibits the same qualitative behavior as the original
(not averaged) 3 d.o.f. system. Note though that for 2 d.o.f. systems 1-PR is a co-dimension one phenomenon, and
n = 3 is theminimalnumber of d.o.f. required for persistent appearance of 1-PR with no dependence on external
parameters.

2.2.2. Case 2: 1-PR i, direction

The Hamiltonian (22) exhibits 1-PR ia direction for a set of initial conditions nefx, y, I1, I>) = (0,0,0, I> =
—ap)}, for anynon-zero values of the parameters= (a1, a2, a3, k1, k2).

Typical behavior of 1-PR irl, direction orbits is presented in Figs. 12 and Fig. 13 right; Fig. 12 demonstrates
that both actions exhibit quasi-periodic motion (see zoom in on the right plot); Fig. 13 presents a projection to
the (x, y) plane of the orbits of cases 1 and 2 (left and right plots, respectively). While the 1-RRlirection
orbit exhibits a PR chaos as in the 2 d.o.f. case, the 1-PR direction orbit fills in a complicated structure.

The structure which is seen in the right plot of Fig. 13 is composed of small sharp oscillations of the orbit in
the (x, y) plane; these oscillations may be seen in the second plot from the left in Fig. 12, where the orbit is
presented for a very short time scale £ 300 in this figure); as these oscillations are very dense, they are
hard to detect on plots of large time scale orhits=( 8700 in the corresponding orbit projection on the y)

plane in Fig. 13), nevertheless a large time scale is required to see the complicated structure created yn the
plane; in fact, the time interval of Fig. 13 is required for one completion of the seen shape, and the structure
repeats itself over and over again (each time a bit smaller) when the orbit is integrated for a longer time then pre-
sented. Such complicated structures are observed for a range of initial conditions and parameters nedpb 1-PR in
direction.

The different roles of the actions in the system is now apparent; substantially different behavior is observed
when the resonance direction coincides with the direction of the bifurcating adtipthan otherwise. As this
separation of roles of the actions is achieved by a symplectic change of variables on the integrable Hamiltonian, the
two scenarios are expected to appear in any general near-integrable Hamiltonian exhibiting PRs.
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2.2.3. Case 3: 2-PR
2-PRis a co-dimension one phenomenon for 3 d.o.f. Hamiltonians. The extra parameter required for appearance

of 2-PR in Hamiltonian (22) is,. Settingez = 0, (22) exhibits 2-PR for a set of initial conditions near the origin,

Oxy, for any non-zero values of the remaining parameteysus, k1, ko. Hence, the model Hamiltonian for this
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case may be written in the form

H,y,0, 1, 6) =3y — hGx) + 1 + G + o G1d) + L2 + a3l
+e1(1— 3x?) cos(k161) + e2 cOS(k2652). (23)

Typical behavior of 2-PR orbits is presented in Fig. 14. Fig. 14 demonstrates that the resonance zones and large
instabilities are created in both actions. Notice thasiysem is non-degeneraléhis behavior should be contrasted
with the 2 d.o.f. case, in which large instabilities in the action variable are possible only in degenerate cases, when
the necessary conditions for KAM theory fail.

We prove in [26,27] that cases 1 and 2 (1-PR) are persistent in 3 d.o.f. near-integrable Hamiltonian systems
without the use of external parameters (where the actions serve as internal parameters), and that case 3 (2-PR’
is persistent in a one parameter family of near-integrable 3 d.o.f. Hamiltonian systems. Moreovet, it is proved in
[26,27] that 2-PR is persistent in 4 (or more) d.o.f. near-integrable Hamiltonian systems without the use of external
parameters; numerical experiments suggest that the behavior near 2-PR in higher-dimensional systéiris (
similar to the one presented here (Fig. 14).

2.2.4. Degenerate (flat) PRs

Flat PRs correspond to co-existence of a 1-PR or a 2-PR with a specific additional degeneracy in the unperturbed
system. This specific degeneracy is a co-existence of a whole family of resonant tori of different stability types on
a certain unperturbed energy surface.
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The single case of flat PR which was presented for 2 d.o.f. systems in [34,36] has several generalizations in the
3 d.o.f. setting: one type of flat 1-PR, and two types of flat 2-PR.

One set of generalizations is simply attained by setiing: 0 in the Hamiltonian (22) (see Section 2.1). As 1-PR
is attained without dependence on external parameters, the model near-integrable 3 d.o.f. Hamiltonian attaining fla
1-PRis

H(x,y,0, 1, 8) = 3y? — 0(3x) + 3x* + a2l + S12 + 315 + azlilz
+e1(1— 3x?) cos(k16r) + e2 cos(k262), (24)

where flat 1-PR is exhibited by (24) for a set of initial conditions near the or@jg, for any non-zero values of

the remaining parameteray, o3, k1, k2). This type of flat 1-PR corresponds to appearance of a whole family of
1-resonant elliptic 2-tori on the same unperturbed energy surface, emanating from a 1-resonant parabolic 2-torus
A flat 1-PR orbit of the perturbed system with Hamiltonian (24) may be seen in Fig. 16. As 2-PR is attained by
settingaz = 0 in the Hamiltonian (22) (resulting in Hamiltonian (23)), setting in additiaqn= 0, the model
near-integrable 3 d.o.f. Hamiltonian attaining this type of flat 2-PR is

H(x,y,0, 15, 8) = 2y> — (3x?) + 3x* + 112 + 112 + aslilp + e1(1 — 3x?) cos(k161)
+ &2 COS(kab2), (25)

where again, the perturbed system corresponding to (25) exhibits flat 2-PR for a set of initial conditions near the
origin, Oxyi, for any non-zero values of the remaining parametessii, k2). The type of flat 2-PR exhibited by

(25), corresponds to appearance of a whole family of 1-resonant elliptic 2-tori on the same unperturbed energy
surface, emanating from argsonant paraboli@-torus (a parabolic torus of fixed points). An orbit starting near
such a flat 2-PR is presented in Fig. 18.

Another generalization is attained by settiag = 0 anda; = a% # 0 in the Hamiltonian (22) (see end of
Section 2.1). The resulting flat 2-PR corresponds to a whole family of elliptic 2-resonant tori, emanating from a
2-resonant parabolic torus (tori of fixed points), all residing on the same unperturbed energy surface. The simplest
model attaining this type of flat 2-PR is

H(x,y,0, I, e)=3y? — 0(3x?) + 3x* + G + o)) 312 + 117 + ashl>
+e1(1— 3x%) cos(k161) + &2 COS(ka02), (26)

where this flat 2-PR is exhibited by (26) for a set of initial conditions near the origiy, for any non-zero values
of the remaining parametersg, k1, k2). A flat 2-PR orbit of the Hamiltonian (26), exhibiting order one instabilities
in both actions along the directida = —a3l1 may be seen in Figs. 19 and 20.

Next we describe in more details these three cases of flat and né&rfBs exhibited by Hamiltonian (22), and
compare them with the 2 d.o.f. flat PR, with the use of Figs. 15-20.

The numerical simulations of “case 1” (1-PR I direction) witha1 < 0.5 demonstrated that the behavior
in the near-flat case is qualitative similar to the one observed for 2 d.o.f. models (see [34,36] and Fig. 15, in
which a2 = a3 = g2 = 0—making (22 a 2 d.o.f. Hamiltonian). In both cases (see Figs. 15 and 16) the orbit
perform far flights in the positive direction df along the successive connected elliptic resonance zones, and re-
turns repeatedly to the PR zone (near the ori@jg,). However, perhaps due to the small oscillations in the
direction, it appears that the order one instabilitiegiimirection developslowerin the 3 d.o.f. case. The small
oscillations in thel, direction, performed by the flat 1-PR orbit, may be seen in the right plots of Fig. 16: in

12 Recall, here the flat PR hag = 0, whereas near-flat PR has < 1 (and in practicer; < 0.5).
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the upper right plot the orbit is plotted in th{8,, I2) plane for a long run timer(= 5000), hence the repeated
small oscillations appear as a “black region”; for the convenience of the viewer we present in the lower right plot
in Fig. 16 a small segment of this orbit & 500), in which the oscillations in th& direction may be more
clearly seen—the “black region” in the right upper plot consists of such oscillations. Fig. 17 demonstrates that
near-flat 1-PR orbits cover the correspondipgslices of the unperturbed energy surface. Furthermore, the orbits
repeatedly pass through the PR zone and repeatedly reach the boundafi@fithese energy slices. In the
right plot of this figure we present the orbit (in gray) covering the corresponding unperturbed energy surface (in
black), which is presented separately on the left plot; the unperturbed energy surface in this figure corresponds
to the fixed value off, = 0, and it is presented by the sequencgxafy) orbits calculated for a sequence of
I values in the interval between the elliptic equilibria bounding this energy surface from below and aligve in
(see Section 2.1).

The two other cases of flat 2-PR have perturbed orbits which wander through successive resonance zone:
which are created in both actions directions, see Figs. 18-20. In the first case (Fg. 38> = 0, which
brings the Hamiltonian (22) to the form (25)), a parabolic resonant torus of fixed points and a family of el-
liptic tori of periodic orbitsreside on the same unperturbed energy surface, whereas in the second case a
parabolic resonant torus of fixed points and a family of elliptic torifiséd pointsreside on the same unper-
turbed energy surface (Figs. 19 and 2Q; = 0, anda; = a%, which brings the Hamiltonian (22) to the
form (26)). Fig. 18 demonstrates that the structure of the flat 2-PR orbits corresponding to the Hamiltonian
(25) combines (as may be expected from the construction) the behavior observed for the case of 2-PR near the
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PR zone (see Fig. 14) and for the case of flat 1-PR in the flights of the orbit along the elliptic resonant family
(see Fig. 16).

In Fig. 19 (Hamiltonian (26)), the order one instabilities in all phase space directions exhibited by the flat 2-PR
orbitinthe(x, y, I1) and(x, y, I>) spaces are shown in the top plots, and the corresponding slices of the unperturbed
energy surfaces are shown in the bottom plots. It is seen that although these slices of the unperturbed energy surface:
are small the instabilities are large. Indeed, since the instabilities occur in both actions, slices attained by fixing one
of them do not reflect the unboundedness of the energy surfacein the- I, direction, the direction along which
the instabilities develop (see Fig. 9). Fig. 20 presents the projection of the same perturbed orb{pen/ihend
(62, I7) planes. In this figure the spring like structure of the orbit which passes through the multi-resonance zones
is shown.

The most important feature of the instabilities associated with the flat, near-flat and tangential PRs is that they
develop on relatively short time scales. For example, in the 2-PR case large instabilities occur, but their development
is relatively slow, obeying one time scale, while in the cases of the flat PRs, two time scales (slow and fast) coexist.
On the slow time scale, the orbit is trapped in a resonance zone, and on the fast time scale it makes far trips sliding
through successive resonance zones. In the tangential 2-resonance case (a persistent co-dimension 2 phenomenc
for 3 d.o.f. Hamiltonians [26,27]) these fast trips may occur in all phase space directions simultaneously. Note that
2-PR and flat (near-flat, tangential) 2-PRs are a higher-dimensional apparatus, amiwirtihe number of d.o.f. in
the Hamiltonian needed for their occurrence:is= 3 (see [26,27] for the description of the higher-dimensional
cases and proofs).
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Fig. 19. A flat parabolic 2-resonance. An orbit and the corresponding unperturbed energy surface are projected on/thend(x, y, I2)
spaces. Initial conditions and parameters:y, 01, I1, 62, I2) = (0.2,0,1.57,0,1.57,0), a1 = L,a2 = 0,03 = 1,81 = &2 = le — 3,
Ho ~ 4E — 4,1 = 8000.

It still remains to calculate analytically the rate of instability created in each of the cases of parabolic and tangential
PR; this work is under process.

3. The motion of weather balloons—a model

Here we presdra 3 d.o.f. model (the Hamiltonian (27)), describing the motion of particles (weather balloons)
on a rotating sphere (geopotential surfaces of the earth atmosphere) which are subject to a conservative force
(traveling wave pressure term), which breaks the angular symmetry. A third d.o.f. is added to the 2 d.o.f. at-
mospheric model studied in [35,36]; this additional d.o.f. describes the small altitude oscillations of the weather
balloons.

For the 2 d.o.f. case (taking = 0, D> = 0 in (27)) the global phase space structure of the unperturbed system
has been described in [35] by the shaded energy—momentum bifurcation diagrams. In [34,36] the phenomena of PF
was discovered, and has been shown to exist in this model; it has been numerically demonstrated that near-flat PF
is a source of strong, yet rare phase space instability, with qualitative agreement to the observations of motion of
weather balloons in field experiments.

To describe the weather balloon motion on a rotating sphere with a given traveling pressure wave ajehaity
use normalized, relative spherical coordinate systenp;lbetthe latitude on the sphere anids conjugate northward
velocity, A1 the longitude in the traveling wave frame afyg its conjugate angular momentum. Finally, k&3
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denote the normalized vertical oscillation amplitude @&ndts conjugate momenta. The new 3 d.o.f. Hamiltonian
is given by

H(p,v, A, D; u,k, &)= v_2 + } ( 2D — COS((;&))2 + D_% —cD1+ aby <D1 — }>
2 8\ cos(¢) 2 2
+bD2 + B(¢; B) + A(@)(e1sin(k1 A1) + e25in(k2A2))
= Ho(¢, v, D; u) + Hi(¢, v, A, D; u, k, &),
(¢, v,A,D)cUCR?xT?°xR%, keZ B ecR? |e|<1, (27)

latitude-dependent amplitudes of the traveling pressure wave and the constant pressure term, respectively. In our
numerical simulations they are taken to be of the form:

whereu = (a,b,c, k1, ko, B) with a,b,c, B € R, k1,k2 € Z, 1,620 < 1. A(¢) and B(¢) represent the

2 2
A(¢) = cos(¢),  B(¢; B) = B tanh (%) ., ¢o=30~05236 « =005 g=-0001

(28)

Namely,A(¢) is simply the first symmetric harmonic ai¢) represents a steady pressure term that is monoton-
ically decreasing pole-ward, allowing strong zonal jets to appeardwedrhe numerical values appearing in (28)
correspond to rough estimates of physical relevant parameter values.

In the 2 d.o.f. case (the Hamiltonian (27), wi¢h = 0, D, = 0) a PR occurs foD; = 0.5,¢ = 0, and a
flat (degenerate) PR if in additioB(¢) = 0 (the physical relevant case|iB(¢)| <« 1, hence it corresponds to
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a nearly flat PR). These PRs correspond to two simultaneous phenomena—the change in the linear stability in
latitude direction of particles motion about the equator (aligub) = (0, 0)) and the coincidence of the traveling

wave speed with the west-ward speed along the equﬂtﬂ@,(v’pl)z(o,o,o‘s) = 0). Adding a third d.o.f. to this

model allows PR to occur without any external parameters. In (27), the second constant of Mgtieplaces the
mathematical role of the parameteof the 2 d.o.f. model in [35]. Hence, for any value«there exist aD, value

for which a 1-PR occurs for som®(c) (D(c = 0) = (D1pg. D2pg) = (0.5, 0)).

Here, the model (27) serves us as a test case application for our findings for the phenomenological model.
Indeed, all types of behavior which are described above for PRs and flat/near-flat PRs that are observed for the phe
nomenological model (8) are observed for this atmospheric model as well. For example, see Fig. 21, where an orbit,
exhibiting a near-flat 2-PR, projected on the sub-spéges, D1), (¢, v, D2) and sub-planegA1, D1), (A2, D2)
are shown (the plots are ordered from left and right plots, respectively). Compare this figure with Fig. 18 of the phe-
nomenological model. This near-flat 2-PR, which results in instabilities in all phase space directions simultaneously,
is a 3 d.o.f. phenomenon.

4. Persistence of PRs
We have demonstrated that a simple phenomenological model is rich enough to attain PRs of various kinds. The

possibility to construct such a model in a straight forward way follows frorpéhsistencef PRs in 3 d.o.f. systems.
In [26,27], we prove several theorems regarding the persistence of PRs with various properties in near-integrable
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d.o.f. Hamiltonian systems: (> 3). The implications of these theorems on the persistence of resonant 2-tori in 3
d.o.f. near-integrable systems are listed below:

Theorem 1. The existence of a normally parabolieesonant torus is persistent for smooth near-integradeo.f.
Hamiltonian systems, without the use of external parameters. Each such torus consistdiofensional family
of circles

Corollary 2. The occurrence of a parabolit-resonance is persistent in the space of smooth near-integ@able
d.o.f. Hamiltonian systems

Theorem 3. The existence of a normally paraboleresonant torugi.e. a normally parabolic2-torus of fixed
pointg is persistent in a one parameter family of smooth integr&adeo.f. Hamiltonian systems

Corollary 4. The occurrence of a paraboli2z-resonance is persistent in a one parameter family of smooth
near-integrable3 d.o.f. Hamiltonian systems

Notice that the first corollary deals with cases 1 and 2 of Section 2.2 and the second corollary deals with case 3.
Indeed, for cases 1 and 2 we do not need to fix any parameters in our model (8), whereas case 3 requires fixing one
parameterd,; = 0).

Since our Hamiltonian (7) depends on the actions only up to quadratic terms, we need to fix only one additional
parameter to obtain flat PRs. More generally, fixing one additional parameter results in a tangential PR, which
exhibits similar instabilities to the ones obtained in the flat case (see [26,27] for more details):

Theorem 5. The existence of an infinitesimal family of normally elliptic and/or normally hyperbolic resonant
tori together with a normally paraboli¢-resonant(respectivel\2-resonan} torus, on the same energy surface, is
persistent in a one paramet@espectively two parametgiamily of smooth integrablgd.o.f. Hamiltonian systems

Corollary 6. The occurrence of a tangential parabolleresonancegrespectively2-resonancgis persistent in a
one parameterespectively two parametefamily of smooth near-integrablgd.o.f. Hamiltonian systems

5. Summary and conclusions

By investigating a near-integrable Hamiltonian with an integrable part, which is constructed by polynomial
expansion in normal coordinates, we demonstrated that the phenomena of PR appears in a persistent way in 3 d.o.f.
near-integrable systems (this follows from the persistence theorems which are proved in [26,27]). PRs typically
appear in systems in which the integrable part is non-separable. We fourdifteant types of PR correspond
to different dynamical phenomen@here are twdlifferent persistent 1-PR scenarios for 3 d.o.f. systems (both
appearing without dependence of the system on external parameters); in one case the action governing the stability
of the 2-tori is also involved in the resonance, whereas in the second case one action governs the stability of the
2-tori and the other action is involved in the resonance. The first case is a direct generalization of the PR appearing
in 2 d.o.f. systems, whereas the second corresponds to a cross product of a parabolic bifurcation and a resonance
Numerical simulations suggest that the former gives relatively strong instabilities, which occur on a fast time scale.
More precisely, the non-bifurcating action oscillates slightly while the action responsible for the PR varies as far as
possible—it covers the full range of the unperturbed allowed region of motion (with a nearly fixed second action).
The simulations demonstrated that the instabilities near the degenerate ftat 2R (n Eq. (22)) leave their mark
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even on relatively large non-degeneracy parameter( 0.5). It was proposed that in this cathe geometry of the
unperturbed energy surfaces determines the extent of the instakitisysmaller the non-degeneracy parameter is,

the larger the range of the bifurcation action in the nearby energy surfaces and hence the larger is the instability. The
other kind of 1-PR (in the direction of the non-bifurcating action) does not exhibit strong instabilities, yet produces
interesting structures; the actions vary quasi-periodically (the resonant action on a larger scale), and the motion in
the normal plane fills a complicated structure.

A normally parabolic 2-torus of fixed points (the corresponding behavior of nearby perturbed orbits is called a
2-PR) appears in a persistent way in a one parameter family of 3 d.o.f. systems. We demonstrated that in this cas
large (yet slow in comparison to the flat cases) instabilities appear even in the non-degenerate case. We have seen
further degeneracies of this case, corresponding to flat 2-PRs result in fast and large (order 1) instabilities in all phase
space directions. 2-PRs are a higher-dimensional phenomena,-=arflis theminimalnumber of d.o.f. required
for their appearance; = 4 is the minimal number of d.o.f. required for persistent appearance of the non-degenerate
2-PR, without dependence on external parameters; see [26,27] for more details on the higher-dimensional cases.

The main analytical tool we have used to analyze the system is the construction of bifurcation diagrams in the
space of constants of motion. We showed that they give a global and full description of the behavior of the integrable
system. Moreover, these bifurcation diagrams are used to deduce which scenarios are expected in the correspondir
near-integrable system. For example, we saw that the first kind of 1-PR (in the direction of the bifurcating action)
corresponds to a change of stability at a fold of the bounding surface of the allowed region of motion, and a flat
1-PR corresponds to resonance lines which include the parabolic point and which are perpendicular to the energy
axis (hence correspond tmboundednergy surfaces).

The main idea conveyed here is that PRs are a source of instability which appear inevitably in a large class of
higher-dimensional systems. Here we have constructed a simple model to demonstrate how strong the influence o
such instabilities may become (see also [28]), and in a later work [26,27] we examine how the mechanisms of insta-
bilities can become more and more degenerate (hence more influential) as the dimensionality of the system grows

Many issues remain to be addressed in the future. First, a precise estimate (numerical and analytical) of the
instability strength needs to be established and compared to other mechanisms of instabilities in 3 d.o.f. systems
Since the motion appears to be recurrent (with long excursions), this requires a good definition of escape. We have
made some preliminary progress in this direction. A second natural question is whether the orbits near the various kinc
of PRs are chaotic. Our numerical investigation suggests that the orbits structure is very different in each of the cases
Perhaps techniques used in the “dynamic bifurcation” literature may be utilized here [21,29]. A deep open question is
the relation of all this to Arnold diffusion or, more precisely, to instability mechanisms in a priori stable systems. We
believe that similar mechanisms arising from resonance interactions exist. A precise calculation is yet to be done.

Appendix A. Construction of the phenomenological model

In addition to conditions c1-c3 (Egs. (2)-(4)), we use the following considerations for the construction of the
phenomenological model (7) of a near-integrable 3 d.o.f. Hamiltonian attaining PRs.

By symplectic changes of coordinates, each of the conditibns) = 0; k € Z2 \ {0} for one resonance, is
replaced by the following conditions for vanishing of one of the inner frequencies of the invariant parabolic 2-torus
at the originOyyi, = {(x,y, I1, I2) = (0,0, 0, I)}. The condition for a 1-resonance, corresponding to the pair
(n,0),n € Z\ {0}, is
_ olx, v, I, I2)

6, = =0. (A.1)

CRET (0,0,0,0)
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Similarly, the condition for a 1-resonance, corresponding to the(Pait), m € Z \ {0}, is

. oHo(x,y, I1, I
by = 9Ho(x. y. Ih. I2) -0 (A.2)
a2 (0,0,0,72)
For achieving a 2-resonance, we need the conditions (A.1) and (A.2) to be fulfilled simultaneously on the parabolic
torus. Obviously, an external parameter is needed for the 2-resonance condition, let us denote this parameter by

(c4) The condition on the inner frequencies of the parabolic 2-torus for a 2-resonance, corresponding to the pairs
(n,0) and(0, m), for somen, m € Z \ {0}, is

V.1, Ho(0,0,0, I = az; az = 0) = (61, 62)|(0.0.0.0.0) = (0, 0). (A.3)

The phenomenological model (8) (with the Hamiltonian (7)) clearly satisfies the conditions (A.1) and (A.2) for
a l-resonance ify direction (a 2-torus of closed orbits periodicds) and a 1-resonance if direction (a 2-torus
of closed orbits periodic i), respectively. Similarly, it satisfies the condition (A.3) for a 2-resonance which
corresponds to a normally parabolic 2-torus of fixed points.

To further simplify the model, we add the following assumptions on the near-integrable Hamilténian

(al) The Hamiltonian is of the form
H(x,y, 01, I, 02, I2) = 53° + V(x, I1, I) + O( 11, 12]°, 5),

whereV is the potential of the unperturbed system; i.e. the terms ia order 4 are independent pfand of
61, 62.
(a2) The actiori; governs the stability type of the system linearized at the 2D torus corresponding to the equilibrium
atthe origin of thex, y) plane,Oxy; i.e. it serves like a bifurcation parameter. The acfipgoverns the creation
of 1-resonances, and together with the external paranagtétris responsible for the existence of 2-resonances.
(a3) All the energy surfaces of the Hamiltonian are compact ir¢the) plane.
(ad4) The unstable fixed point, which is created by the pitchfork bifurcation irithe) plane, is shifted to the
origin for all 11, I for which it exists.

Assumption (al) corresponds to assuming that the Hamiltonian is in the standard form for mechanical Hamiltonian
systems which are integrable to quartic order. Assumption (a2) is made for simplicity, and seems to have no effect
on the behavior of the system. Moreover, when only the integrable part of the Hamilt@fijaig considered,
assumption (a2) is achieved by a symplectic change of variables. Assumption (a3) corresponds to considering the
large class of Hamiltonian systems for which the motion in(they) plane must be bounded. Assumption (a4) is
made WNLG, and it may be always achieved by a local change of coordinates. Note that under assumptions (al)
and (a2), the parabolicity condition, (c2) (Eqg. (3)), may be written in the form

2V (x,y, I, I
det (x,y, 11, I2)
dx2

-0, LekR (A.4)
(0,0,0,12)

Making a Taylor expansion near the above conditions, rescaling and using the above assumptions result with the
Hamiltonian function in Egs. (7) in Section 2.

Appendix B. Allowed regions of motion

Details of the calculations which lead to identifying the allowed regions of motion in the space of constants of
motion of the system (8) are presented for the ease0, a1 > —1/2, andaz > 0. Whenyn = 0, the integrable
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Hamiltonian of the system (8) is
Ho(x,y, I, n) = %yz - Il(%xz) + %x4 + a2lo + (% + Oll)%lf + %122 + azl1 ;. (B.1)

Since equilibria of th&x, y) system supply boundaries to the energy surfaces of the full system, we find the energy
values (Eq. (B.1)) at these points. The fixed points of the integrable system (8)(in, theplane, forn = 0, are
(0, 0) (I < O—elliptic; I; = O—parabolic;/; > 0—hyperbolic) and+./T1, 0) (I1 > 0—elliptic).

The origin of the(x, y) plane,Oyy, is a fixed point for any value df and/,. At Oyy, (B.1) may be solved fofy

—2a3lp £ 2,212 — (14 201)(a2]> + 13/2 — Ho)
1+ 201 '

For each fixed value ofy, the curvesllOXy_(Ho, I>) and IlOXy+(Ho, I>) form a horizontal parabola in the space

(Ho, I2, I). In the energy—momenta bifurcation diagrams, presented in Section 2.1, Figs. 1-5, 6A and 9, these

equilibria curves appear as solid curves if they refer to a stable equilibrium, and they appear as dashed curves, i

they refer to an unstable equilibrium (and separatrix). The minimal possible vatig Bf, for which the manifolds

(B.2) are defined, is found by solving the equation

dHp
811 Oxy

11, (Ho, I2) =

(B.2)

=0. (B.3)

Notice thatd Ho/d11|o,, = 91|0Xy, hence forl; values which solve Eq. (B.3), a, 0)-resonance occurs with
respect to the inner frequencies of the corresponding 2-tori. Thggevalues are

—2a31>
I (I7) = : B.4
1resl( 2) 1+ 20(1 ( )
Substituting (B.4) into Eq. (B.1) axy one gets
1 a% 2
Hooxy-min(IZ) =a2lr + (5 - T 20[1) 12, (B.5)

which is the minimal energy value that should be considere@yatHence, the pointHo,, -y (12), I1,e1(12)),
obtained from Egs. (B.4) and (B.5), is the minimal point of the parabolas formed by Eq. (B.2) for each fixed value
of I.

When1y > 0, Oxy is a hyperbolic fixed point in théx, y) plane (for any value of,). The energy value at the
parabolic surfacel{ = 0) is

Ho, (I2) = azlr + %122 (B.6)

Notice that atOyy), ((x, y, I1, I2) = (0, 0, 0, I)) this energy value corresponds to a normally parabolic 2-torus in
the full phase space, for each fixed valuéniWhenI; turns to be positive, in addition to the hyperbolic equilibrium
at the origin, two elliptic fixed points appear in the y) plane

(xell, Yell) = (++/11, 0). (B.7)
Substituting (B.7) into (B.1) one gets
Hoy (I, Ip) = a2l + a1(312) + 312 + azli o (B.8)

Eq. (B.8) may be solved fah

—a3zlo £+ \/122(()[% —a1) — 2010212 + 201 Hp

I1,, (Ho, I2) = (B.9)

o1
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For each fixed value ab, the curves from Eq. (B.9) may be seen in Figs. 1-5, 6A and 9 as solid curves for positive
values ofly, as they denote elliptic equilibria. Fa > 0 (—1/2 < a1 < 0) the minimal (maximal) energy value,
for which the manifolds in Eq. (B.9) are defined, is

1 a% 2
Hogy-min (2) = @22+ | 5 — 201 13, (B.10)
and it is achieved at

—azl

Igypes(I2) = w (B.11)

However, the manifolddy,, (Ho, I2) are defined only when the right-hand side of (B.9) is positive. Hence,
Hog-min (12) is their minimal ¢1 > 0) or maximal (1/2 < a3 < 0) energy value only ifr; and/, are of opposite
signs. Otherwise, their minimak{ > 0) or maximal 1/2 < a1 < 0) energy value isto,(/2) (Eq. (B.6)).
Notice that whenr; and /> are of opposite signs, and = I1,,..(I2) (from Eq. (B.11)), the elliptic fixed points in
the (x, y) plane correspond to normally elliptic resonant 2-tori in the full phase space (for the same reasoning like
above forOyy).

Whenai = 0 the manifolds (B.9) cease to exist. Hor#£ 0 they are replaced by the manifold

2Hp — 2001 — 122
20317

Ile||0(H07 ) = s (812)

and forl; = 0 they are replaced by the lii& = 0. Since for each fixed value &4, the curves in (B.9) and (B.12),
and the lineHy = 0, refer to a stable equilibrium, they are denoted by solid curves in the bifurcation diagrams,
presented in Fig. 3a—c, respectively.

Now let us determine which is the minimal energy value, when such exists, that should be considered for different
parameter and variable’s values. First of all, let as note that when 0 (or whenay < —0.5), Hoy-py (I2) <
Hop,min(I12), @and when-0.5 < a1 < 0, Hoy, -nin (12) < Hogy-min (I2). As the next step, we continue to determine
the domain of definition of the Hamiltonian equation (B.1). Eqg. (B.1) may be rewritten in the form

3y = Ho+ 1i(3x%) — 3x* — ol — (3 + @) 317 — 312 — a3l Iy, (B.13)

which imply that the right-hand side of (B.13) must be non-negative. WwherD, the right-hand side of (B.13) is
non-negative for

I1 € [Ih,,, (Ho, I2), I1,,,, (Ho, I2)], (B.14)

(IlOXyi(Ho, I>) are as in (B.2)). Moreover, it follows from (B.13) that fag > 0 andl, > 0, Hooxy-min(IZ)

(Eq. (B.5)) is the minimal energy value that should be considered: i.e., Whefi/2) < O, Hop, - (I2) iS

the minimal energy value for which motion is allowed (see e.g. Fig. 4a). Note tia}.if{/>) < O, the points
(Ho, I2, I1) = (Hog,min(12), 12, I1,¢1(12)) correspond to elliptic resonant tori, and/if..,(0) = O, the point
(Ho, I, I) = (0, 0, 0) corresponds to a parabolic resonant torus (see e.qg. Fig. 4b). Whet /I, «1 > 0 and
I> < 0, the right-hand side of (B.13) is non-negative for

I € [I1,,_(Ho, I2), 11, (Ho, I2)] (B.15)

for positive values, there the manifolds (B.9) are defined. Moreover, it follows from Eq. (B.13)Hat,, (12)
is the minimal energy value that should be considered:fos 0 and/> < 0 (see Fig. 4c).

Continuing with similar considerations we conclude: kgr> 0, the minimal energy value for which motion
is allowed isHooXy (I) whenl> > 0, andHg,-,;,(I2) whenl> < 0. Foray = 0, the minimal energy value is

~min
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Ho()xy_mm(lz) when/l; > 0. Fores = 0 andlz < 0, and for—1/2 < @1 < 0 and any value of,, minimal energy
value does not exist, and motion is allowed &tirenergy values (see e.g. Fig. 2).

For the considered parameter values, the energy surfaces are always bounded from bBeldineation. The
bounding manifold from below ird; direction may be either one of the manifold@bxy_ (Ho, 1), I,,_(Ho, I2),
I1,,(Ho, I2), depending on the range of enerfyandw, values (for each fixed tripleHo, 1>, «1) only one of these
is defined). For1 > 0 the energy surfaces are bounded from abowve @tirection: When/, > 0, the upper bound
is either thestable partof 114, (Ho, I2) or of In,,. (Ho, I2), depending on the range of the energy values (again, for
each energy value, only one of these exists). Whex 0, the upper bound i, (Ho, I2) for all allowed energy
values. For; = 0, the energy surfaces are bounded from abo¥gdirection only for positivd, values, by the man-
ifold I1,,,(Ho, I2). For all other values af; and ofl, the energy surfaces are unbounded from aboyedirection.

The regions of allowed motion between or above the equilibria bounds are denoted by vertical lines in Figs. 2—6.

See Table 1 for a summary and full description of the region($# 12, I1) space where motion is allowed for
different values of the parameter.

Remark 7. In all the tables, for simplicity of notation, we usﬂoOXy_min = HOOXy_min(Iz), Ho, = Ho,(I2),
Hogiemin *= Hogi-min(12), 110, = 10,5 (Ho, 12), Tgyy o = T1gys o (HOs [2), 11510 = 1104 0(HO, 12), 10 '=
11 (12).

Table 1
The domain of definition of the integrable Hamiltonian equation (B.1)-allowed regions of motion in the space of constants afffpofior1)
L | a; >0 J a; =0 ’ —%<(11<0 J
Hy < HOOzy—rnin
= Il € [Ileuk,OO),
Hy € [HO()wy—rnin7H0p] H, € [Hoomy—min?HOp]
= Il € [Il()my—7]102y+]7 = Il € [Ilomy_vllomy_(_]a ‘HO € [H()()wy>rnin’H0p]
>0 =1 € [Ilomy—’Ilozer]
Hy > Hop Hy > HOP U [Ile”_,oo),
=1 € Ulozyﬂvllau-(h] =1 € [Ilow—allezzo]
Hy > Hy,
=1 € [Ilowy_,oo)
Hy <0
L =0 Hy >0 Hy>0 =1 G[Ilazz_7oo)7
2 =1 € [Ilomy—?llelu] =1 € [Ilomy_,OO) Hy >0
4 Il S []loxy_7oo)
Hy < H00¢y—lnin
=1 € [Ilauo’oo)7
Hy e [H()ellfrnin7H0p] H, < H()p
:> Il E [11511-7]1011+]7 HO E [Hoowy~rnin’HOp] = ]] E [Ilell— ) OO)’
I, <0 =1 €[Ilomy_vjlomy+]
Hy > Hy, U [l1,,,,0), Hy > Ho,
=1 € [Ilomyf,lleu-;-] =1L € [Ilomy—7oo)
Hy > Ho
= 1 € [, ,)
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The regions of allowed motion are calculated for constructing the energy—momenta bifurcations diagrams by
fixing a value ofl,, and then obtaining the range of the allowed valueg&igfind I; for which the Hamiltonian
equation is well defined. On the other hand, if specific energy surface is to be analyzed, one may want to fix the
energy value and to obtain the allowed valueg;0énd I for which the Hamiltonian is defined on this particular
energy surface (e.g. see Fig. 6B).

The curves defining the region(s) bfvalues, for a fixed energy valuBHp, and such that thg values are defined
by the curvesty,, . (Ho, I2) andIy,, (Ho, I2) (Egs. (B.2) and (B.9)), calculated above, are

—(1+ 201)a2 £ /B (1 + 201)? + 4(—a§ + 0.5+ a1) (1 + 201) Ho
1+ 201 — 203

- , (B.16)

L 20xy+

which define foxy — a3 # —1/2 a parabola attaining its maxima (fof — &3 < —1/2) or minima (fore, — a3 >
—1/2) at the critical value oHy

o @5 +2m) (B.17)
o T 21+ 201 — 0d) '
and
—aq0p = \/(alolz)z + 2(—0[% + a1)a1Ho
Iog = o2 ; (B.18)
3

which define, forx; — a3 # 0, a parabola attaining its maxima (fef — a3 < 0) or minima (foray — o3 > 0) at
the critical value offHy

ozla%

__nep B.1
2(a1 — a3) (8.19)

Hogm—ell =
For the parameter values for which these parabolas attaining minima, the valaderoivhich the corresponding
parabolas defining the values &f (Egs. (B.2) and (B.9)), for a given energy valudg, are defined inside the
parabola. Hence the corresponding energy surface is continuous and bourdefd #y > Ho,, ., and there
are no values of, for which motion is allowed ifHy < Hogey e (i.e. no energy surface exists for this value
of Hp). When both parabolas attaining a maxima, the energy surface is unboungiethgthen the allowed,
values are outside the parabolas), where for energy vadlges Ho,,, the energy surface is defined for @
values, and foHly < Ho,,. the corresponding energy surface may be connected, or disconnectedWhen
-1/2 < a1 — ozg < 0, (B.16) attaining a minima and (B.18) attaining a maxima, the energy surfaces behave in
a similar way. At the degenerate points (= a§ andwy = a§ — 1/2), for which these parabolas cease to exist,
lines which define the allowen values, replace the parabolas (B.16) and (B.18). At the degenerate points flat PRs
appear for certain values &f.

Appendix C. Regions of back-flow

Here we seeld; values for which back-flow occurs in the allowed regions of motion, i.e. we seek valugs of
for which the right-hand side of Eq. (B.13) is non-negative, éne- 0. At Oxy, 61 = 0 for I1,.,(I2) (Eq. (B.4)).
Assuming tha#; = 0 for somex value,x? may be eliminated from the third equation of the integrable system (8)

X2, I2) = (1+ 2a1) 1 + 2031 (C.1)
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Table 2
The regions wheré; changes sign and backflow occurs
l ay >0 ’ a; =0 ’ —%<(11<0 ‘
Hyo < Hy,,, =
I] E [Ilresl’I]A+]
U [[i,_,00),
I, >0 I € [I]real’I1A+] I € [Ilres1 7‘[1A0] [ ta- )
Hy > Hy,,, =
L €[h,.,,,)
HO < Hornin =
5 €[, ,00),
L=0| 5hLelh,. il L € l[l,,,,,)
‘HO Z Homin :>
L€ h,. ;)
Hy € [Ho,,,, Ho,,.,.| Hy < Ho,,,, = Hy < Hy,,;, =
=> I €[y, hiay], | D € [L14,00), L €[, ,00),
I, <0
Hy > Ho,,,, Hoy > H,,,;, = Hy > H,,,;, =
= h €[h,.,. ,ha]) | h€[h,.,,x) L elh,.,o) |

Hence g1 may vanish only when the right-hand side of Eq. (C.1) is non-negative. Therefore, it follows thay
change sign along orbits only1{ > I1.,(I2). Substituting (C.1) into the right-hand side of (B.13) and solving for
11 one gets

sl \/a§122 + a1(2Ho — 1202 + 1))

a1/ 1+ 201 ’
wherely € [I1,_(Ho, I2), 11, (Ho, )] if a1 > 0andly E]IlA+(Ho, D), 1, (Ho, D)[if —1/2 < a1 < 0. The
manifolds in (C.2) are defined fdip > Ho,,.,, Whenay > 0, and forHy < Ho,-,,;, when—1/2 < a3 < 0. They
cease to exist whamy = 0, where they are replaced by the manifold
Ho — azly — I13(1/2 + o3)

azlz ’

wherel; < I,,(Ho, I2) for I > 0 andIy > I,,(Ho, I2) for I < 0. Foray = I = 0 none of these manifolds
(C.2) and (C.3) is defined.

Hence, back-flow occurs fofy values which are in the specified above ranges, and are greater or equal to
I1 = I1,.(I2). The summary of wher@, changes its sign on a given energy surface is given in Table 2 (the shaded
area in Figs. 1-6 and 9). The special back-flow orbit structure i¢her) plane may be seen, e.g., in Fig. 8c.

Note that wherd; vanishes on an equilibrium point of the, y) plane, a resonance occurs. It happens for
I = I (I2) (Eq. (B.4)) atOyy, and ifay and I> are of opposite signs, fah = I, .(I2) (Eq. (B.11)) at
(x,y) = (£+/11, 0). We denote these resonance valueg; dfy asterisks in the bifurcation diagrams presented in
Figs. 1-5, 6A and 9.

On a given energy surface, vanishes on the separatrix if:

(C.2)

h,, (Ho, I2) =

I1,,(Ho, I2) = (C.3)

e I> >0, Hy> Ho, (I2) and:
a1 > 0,11, (Ho, I2) = 11, (Ho, I2) Or
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—-1/2 < a1 < 0,11, (Ho, I2) > Iloxy+(H0’ Iy) or
a1 =0, 11,,(Ho, I2) = I1,,,, (Ho, I2).

e [ < 0and:
a1 > 0,11, (Ho, I2) = I1,,,, (Ho, I2) or
—-1/2 < a1 < 0,11, (Ho, I2) > Iloxy+(H0’ I>) or
a1 =0, I1,,(Ho, I2) = I1,,,, (Ho, I2).

e I =0and:
a1 > 0,11, (Ho, I2) = I1,,,, (Ho. I2) or
—1/2 < a1 < 0,11, (Ho, I2) > Iley+(HO’ I>) or
oy =0.
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