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Abstract We present a method for estimating the upper bound of the horizontal eddy
diffusivity using a non-stationary Lagrangian stochastic model. First, we identify a mix-
ing barrier using a priori evidence (e.g., aerial photographs or satellite imagery) and using a
Lagrangian diagnostic calculated from observed or modeled spatially non-trivial, time-depen-
dent velocities [for instance, the relative dispersion (RD) or finite time Lyapunov exponent
(FDLE)]. Second, we add a stochastic component to the observed (or modeled) velocity field.
The stochastic component represents sub-grid stochastic diffusion and its mean magnitude is
related to the eddy diffusivity. The RD of Lagrangian trajectories is computed for increasing
values of the eddy diffusivity until the mixing barrier is no longer present. The value at which
the mixing barrier disappears provides a dynamical estimate of the upper bound of the eddy
diffusivity. The erosion of the mixing barrier is visually observed in numerical simulations,
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and is quantified by computing the kurtosis of the RD at each value of the eddy diffusivity.
We demonstrate our method using the double gyre circulation model and apply it to high
frequency (HF) radar observations of surface currents in the Gulf of Eilat.

Keywords Eddy diffusivity · Ocean mixing · Mixing barrier · Stirring · Turbulence ·
Parameterization · High Frequency radar

1 Introduction

A major challenge facing oceanographers is, and has consistently been, the observation,
understanding, and modeling of ocean mixing (see, e.g. Stommel [1] and Burchard and Bol-
ding [2]). The challenge persists today as mathematical approximations of mixing processes
in ocean and climate models crudely represent very complex phenomena. Due to limited
computing power, present-day ocean and climate models can only resolve mixing processes
on scales down to a few tens of km, requiring the parameterization of smaller-scale processes.
The effect of small-scale mixing processes is often modeled as “eddy diffusivity”—a diffu-
sion-like term that is several orders of magnitude larger than the tracers’ molecular diffusivity
(see Majda and Kramer [3] for an extensive review).

Traditionally, geophysical mixing studies utilize either an Eulerian or a Lagrangian
approach. The Eulerian approach decomposes the flow field into a stationary large-scale
flow and a stochastic component, the formulation of which varies (see Sect. 7, Discussion
for more detail). In these studies the large scale flow does not mix the particles—the mixing
occurs only when the stochastic component is inserted. The Lagrangian approach utilizes
dynamical systems methods (chaotic advection and Lagrangian coherent structures), empha-
sizing that a deterministic non-stationary large-scale flow (i.e. a non-trivial, temporally and
spatially varying flow) mixes particles even when no stochastic component is introduced.
The addition of a simple uncorrelated stochastic velocity component representing eddy mix-
ing to such a flow results in the non-stationary, zeroth-order Lagrangian stochastic model.
This model advects particles with a non-stationary large scale flow (obtained, for example,
from a numerical ocean model or from high frequency (HF) radar-derived surface current
maps) and attempts to include turbulent sub-grid-scale effects through the incorporation of a
random variable whose magnitude usually has some dependence on the eddy diffusivity (see,
e.g., Ross and Sharples [4]). With the advancement of oceanographic monitoring systems and
high resolution numerical ocean models the non-stationary, zeroth-order Lagrangian stochas-
tic model has been used in various applications, including the study of pollution dispersion
[5,6], larval dispersion [7–10], and entrainment of power plant outflows [11].

Our goal is to provide an estimate for an upper bound to the eddy diffusivity K , used
to parameterize sub-grid, unresolved ocean mixing processes. As noted by Davis [12],
K is a diagnosed (or observed) parameter that depends on the flow, and simple scaling
arguments yield a wide range of possible values (see Sect. 5). Previous studies have esti-
mated K through dye releases [13–15], drifter trajectories [16–18], and mathematical theory
coupled with observations [19] but extracting the value of K is not trivial. We propose a
dynamical method to estimate an upper bound for K by examining how Lagrangian barriers
present in a deterministic large-scale flow are destroyed by adding eddy diffusivity.
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Roughly speaking, by ‘barrier’ we mean a line that separates regions with different mix-
ing characteristics with little mixing across this line. For a precise formulation see Haller
and Yuan [20] and Haller [21] (and references therein). Mixing barriers are common in geo-
physical flows [22–36]. Barriers deform and change their location in time [37] and appear
to be robust to uncertainties in the large-scale flow [38] (see also Sect. 5) and to sufficiently
weak sub-grid fluctuations (see Sects. 4, 5). In other words, barriers can be diagnosed even
if the large-scale flow contains various sources of uncertainties. As a result of small-scale
processes, mixing barriers are semi-permeable [37].

Our proposed method to estimate the upper bound of K starts with an independently
verified mixing barrier (from aerial photographs or from satellite imagery). The existence of
the barrier is then established by calculating the relative dispersion (RD) of passive particles
advected by the observed or modeled non-stationary flow (see, for instance, Boffetta et al.
[24]; Orre et al. [27]; Gildor et al. [35]). In reality, tracers are affected by both the large-scale
flow and also by small-scale processes that are not observed or resolved by deterministic
numerical models or by observational systems. Therefore, we then assume that the local
velocity field consists of an observed non-stationary large-scale flow (with non-trivial spatial
and temporal dependence) and unknown or unresolved sub-grid processes, represented by a
stochastic fluctuating component. The stochastic component is related to the eddy diffusivity,
K , and we increase the magnitude of K until the mixing barrier is no longer present. The
eradication of the mixing barrier by the eddy diffusivity can be seen visually by plotting the
RD and is quantified by calculating the kurtosis of the RD computed for each value of K . In
other words, the magnitude of K that eradicates the mixing barrier provides an estimate of
the upper bound of the horizontal eddy diffusivity.

The structure of this paper is as follows: in Sect. 2 we review some methods for identifying
mixing barriers in deterministic, time-dependent velocity fields and demonstrate them using
the idealized, extensively studied example of the double gyre. Section 3 introduces the non-
stationary, zeroth-order Lagrangian stochastic model. In Sect. 4 we apply the non-stationary,
zeroth-order Lagrangian stochastic model to the double gyre and use our proposed method
to demonstrate the sensitivity of the mixing barriers to the eddy diffusivity, thus deducing
an upper bound to the eddy diffusivity. Section 5 applies our method to observations of a
mixing barrier in the Gulf of Eilat. We evaluate the sensitivity of our method in Sect. 6 and
we discuss our results and conclude in Sects. 7 and 8, respectively.

2 Deterministic Lagrangian model

Mixing barriers in passive scalar fields are apparent to the eye. Yet, the exact mathemati-
cal formulation of the existence of such barriers is non-trivial and has been the subject of
extensive research over the last decade [24,38]. The double gyre kinematic model became a
classical paradigm for studying such barriers (see the Lagrangian Coherent Structures tuto-
rial http://www.cds.caltech.edu/~shawn/LCS-tutorial/contents.html and references therein).
The stream function

ψ(x, y, t) = A sin(π f (x, t)) sin(πy) (1)

f (x, t) = a(t)x2 + b(t)x (2)

a(t) = ε sin(ωt) (3)

b(t) = 1−2ε sin(ωt) (4)
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of the double gyre is stationary for ε = 0 and time-periodic for ε > 0. Equations 1, 2, 3, 4
confine particles to the physical domain [0,2]× [0,1] and the velocities are defined, in terms
of the stream function (1), as

u = −∂ψ
∂y

= −π A sin(π f (x, t)) cos(πy) (5)

v = ∂ψ

∂x
= π A cos(π f (x, t)) sin(πy)

d f

dx
(6)

The following parameters were used in all the double gyre numerical simulations:

ω = 2π

T
; A = 0.1; ε = 0.25, 0; T = 10; dx = dy = 0.005; dt = 0.01

ω is the frequency of oscillation, T is the tidal period, and A represents the amplitude of the
velocity vectors. ε is a measure of how far the separation line between the gyres moves from
left to right, specifying the magnitude of motion of the separation point. The grid spacing,
represented by dx and dy, is constant as is the time step, dt . The time-periodic double gyre
(ε = 0.25) and the stationary double gyre (ε = 0) are examined to highlight the differences
between the mixing characteristics of time-dependent and stationary flows (see Sect. 4). The
simulations were integrated over the time interval t = [0, 17]. All variables and parame-
ters are dimensionless, yielding a dimensionless estimate of the upper bound of the eddy
diffusivity (see Sect. 4).

Figure 1 shows the velocity field for the time-periodic double gyre at times t =1 (a) t =7
(b). The flow field of the stationary double gyre at all times is shown in Fig. 1a.

The model velocity field is used to calculate virtual particle trajectories by integrating:

dxk

dt
= u (xk, yk, t) ; dyk

dt
= v(xk, yk, t) (7)

The subscript k denotes the index of each particle (k = 1, . . . , N ; N is the total number
of particles), and u and v are the zonal and meridional velocity components, respectively. To
enable a direct comparison with the Lagrangian stochastic model in Sect. 3, we use the simple
forward Euler–Maruyama method to perform the integration. The time step is sufficiently
small so that the forward Euler–Maruyama method produces the same result as the fifth order
Runge–Kutta (for the deterministic case). The Eulerian velocity field is computed using the
streamfunction and then linearly resampled in space and time to examine the applicability
to real-life geophysical examples where the velocity field is measured or observed only at
discrete times and spatial locations.

Several statistical measures have been proposed to characterize the dispersion of particles
under a given velocity field. These include the RD and the maximum Lyapunov exponent
(MLE), which is approximated by the largest finite time Lyapunov exponent (FTLE) or finite
size Lyapunov exponent [24–27].

The RD is calculated using thousands of evenly distributed particles within a domain. For
each particle, initially located at zk(0) = (xk, yk) the average squared RD of its four nearest
neighbors from its own location at time t is

RD2
k(t) = 1

4

4∑

j=1

(
z j (t)− zk(t)

)2
. (8)

The RD field at time t shows the value of the RD at each grid point (e.g. column I of
Figs. 3, 4).
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Fig. 1 The initial velocity field for the time dependent double gyre model described in Sect. 2 at a t = 0 and
at b t = 7. All variables are dimensionless. An animation showing the time dependence of the circulation can
be viewed online: http://www.cds.caltech.edu/~shawn/LCS-tutorial/examples.html#Sec7.1

Another common approach for studying the mixing and chaotic properties of dynamical
systems [39–41], involves the calculation of the MLE, λ. The MLE provides the common
rate of exponential separation of two nearby trajectories and is defined as

λ = lim
t→∞ lim

δ(0)→0

1

t
ln

(
δ(t)

δ (0)

)
(11)

where

δ(t) = ‖z1(t)− z2(t)‖ (12)

is the distance between two typical trajectories at time t . λ > 0 indicates hyperbolic tra-
jectories (nearby trajectories separate at an exponential rate). The FTLE field is found by
calculating a finite approximation to λ. The FTLE and the RD fields shown in Fig. 2 produce
similar images for sufficiently fine grids. In these images, mixing barriers appear as “ridges”
or lines of local maximal stretching [20,27].
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Fig. 2 Comparisons of the FTLE (a) and the RD (b) show similar barrier structures in the deterministic
time-dependent double gyre case

3 Stochastic Lagrangian model

While the deterministic non-stationary models provide a qualitative explanation of mixing
patterns in the ocean [40,41], in real life there are sub-grid processes that are not resolved
by observational systems or by numerical models. In climate models, the ocean model does
not usually resolve the submesoscale processes (1–10 km) as these models use grid sizes
of ∼O(100 km). Regional ocean models that use grid sizes of ∼O(1 km), resolve these pro-
cesses, yet do not resolve smaller scale fluctuations. To represent the possible effects of these
processes, the Lagrangian model introduced in Sect. 2 is modified to include a stochastic
component. The stochastic term influences the form and existence of the barriers and enables
us to deduce an approximate upper bound to the eddy diffusivity.

The problem of describing the statistical transport of passive tracers by the Eulerian
approach may be formulated by prescribing a velocity field u(x, t) = u+u′. This seemingly
simple formulation relies on the implicit assumption that the large and small scale motions
are clearly separated in wave number/time frequency domain and that u′ may be adequately
described by some stochastic process [42]. In oceanic flow, this is not always the case [42,43].
Additionally, the decomposition of the flow is not straightforward [44]. For instance, u could
represent an hourly, daily, or seasonal mean and the grid size over which it is calculated
affects u [12,45]. The temporal and spatial averaging techniques that are used to calculate u
influence the statistical characteristics of u′ [1].
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In the Lagrangian approach (used in the present study) we replace u with UL S : the observed
or simulated large scale flow with spatial and temporal variability, instead of a constant mean.
Additionally, we define u′ as a random fluctuation with prescribed statistics representing tur-
bulent or other unresolved, disordered fluctuations (see, for example Sect. 3 of Ullman et al.
[46]). The crucial requirement is that UL S allows the mixing barrier to be diagnosed (this may
not be the case if, for example, time averaging is performed over periods much longer than
the typical life time of such a barrier). Thus, UL S in our HF radar observations (see Sect. 5)
represents a sort of average over 30 min and over a grid size of 300 by 300 m. In the case of
the flow derived from the stream-function (Eqs. 1–4), UL S is taken to be a sort of “snapshot”
of the velocity field at a specific time, but it is very similar to the averaged velocity over the
same time interval. Here, the time step between each “snap-shot” is much smaller than both
the time required for a particle to traverse a gyre and the period of the perturbation.

It is important to note the difference between the non-stationary zeroth-order Lagrangian
stochastic model employed here and the more traditional stationary zeroth-order Lagrangian
stochastic model (see LaCasce [45] for a review). The main difference between the two mod-
els is the use of a non-stationary large scale flow with implications on the magnitude of the
eddy mixing coefficient. If one neglects the role of chaotic stirring and tries to find an eddy
mixing coefficient to explain observed dispersion of passive tracers, the mixing coefficient
due to turbulent mixing becomes larger [33]. In the next section we address this difference
using the double-gyre example, demonstrating the importance of adequate temporal resolu-
tion of the “large scale” flow. The non-stationary zeroth-order Lagrangian stochastic model
(13) has become popular in recent oceanographic and limnological applications [4–11].

We seek to describe the trajectory X(t) of a particle released initially at x0 and transported
jointly by the flow UL S and a fluctuating stochastic component u′, which roughly represents
the eddy diffusion. The equation for the trajectory is a (vector-valued) stochastic differential
equation [47]

d X (t) = UL S (X(t), t) dt + √
2K dt dw(t); X (t = 0) = x0. (13)

In (13) ULS represents the large-scale time-dependent velocity, K is the eddy diffusivity,
andw is a random number derived from a zero-mean, white noise Gaussian distribution [47].

As in the deterministic case, we track the trajectories of multiple particles simultaneously.
Each of the trajectories individually obeys (13) with the same deterministic velocity field
UL S(x, t), but with independent Brownian motions. The integration method and interpolation
methods are the same as those described in Sect. 2.

While the stream function (Eqs. 1–4) confines the particle trajectories to the domain, the
addition of the stochastic term enables the particles to encounter the boundaries requiring
boundary conditions to be set. If a stochastic “jump” results in a particle reaching a bound-
ary, that particle is temporarily “stuck” on the boundary. Particles on the boundary may enter
the flow field in future time steps through stochastic motion. The boundary conditions are
analogous to floating debris deposited on a beach by waves and possibly swept back out to
sea at a later time.

4 Toy model application: the double gyre

The double gyre model introduced in Sect. 2 is used to demonstrate the proposed method.
We present the mixing characteristics of the time-periodic and stationary double gyre cases
in Figs. 3 and 4. Row (a) presents the results for zero diffusivity and rows (b)–(d) present
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Fig. 3 Relative dispersion, particle trajectories, and PDFs of the RD are shown for the time-periodic
double gyre model. Row (a) represents the deterministic case, i.e. u′ = 0. Rows (b)–(d) show results for
K = {10−5, 10−3, 10−2}. The domain size and the RD are dimensionless. Column I High values of the RD
indicate the presence of mixing barriers. Column II The increasingly random nature of the trajectories and
the degradation of the mixing barrier are evident as K increases. Particle trajectories begin at the blue circles.
The gray lines represent the trajectory, the black lines the final six positions, and the red squares indicate the
final position. Column III Probability density functions of the RD show the broadening of the peak as the RD
becomes more spatially uniform with increasing K

results for increased diffusivity. Column I shows the RD, used here to visually identify the
barriers. Regions of large RD, displayed as contours of warm colors, represent barriers to
mixing. Column II shows several particle trajectories and column III shows the probability
density functions (PDFs) of the RD.

Contour plots of the RD for increasing K show the degradation of the mixing barrier
(Column I, Figs. 3, 4). In panel Ia of Figs. 3 and 4, the high values of RD that represent
mixing barriers are concentrated along thin lines. However, as K increases the thin barriers
become blurred (panels Ib–Id) indicating increased dispersion by the eddy diffusivity. For
K = 10−5 (panel Ib, Figs. 3, 4) the barriers are still seen, whereas at K = 10−3 (Panel Ic,
Figs. 3, 4) the barriers cannot be easily detected and are not visible at K = 10−2 (Panel Id,
Figs. 3, 4).
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Fig. 4 The same as Fig. 3, but for the stationary double gyre

4.1 Stationary versus time-dependent mixing

Comparison of panel Ia in Figs. 3 and 4 demonstrates the differences in the structure and
spatial distribution of the barriers of the time-periodic and stationary double gyre for K = 0.
For the stationary case, there is a single barrier of finite length and constant location, whereas
for the time-periodic case, the length of the barriers increases with time (not shown) and the
barrier locations evolve periodically in time. These differences affect the degradation of the
barriers with increasing K , as is evident when comparing panel Ic of Figs. 3 and 4. While
the separation into two gyres is seen in the stationary case (panel Ic of Fig. 4), the gyres are
hardly seen in the time-dependent case (panel Ic of Fig. 3).

The difference between the stationary and time-periodic cases can also be seen by follow-
ing example trajectories (Column II, Figs. 3 and 4). At K = 0 (panel IIa) all particles remain
within the left gyre in the stationary case (Fig. 4), whereas several particles were entrained
into the right gyre in the time-periodic case (Fig. 3). All particle trajectories began at the
same initial positions (left side of the domain, indicated by the blue circles). As K increases,
particles can cross the barriers in both the stationary and time-periodic cases and the separa-
tion between nearby particles increases. In both cases, when K increases to 10−2 the double
gyre circulation pattern is not evident in the particle trajectories—their end positions appear
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Fig. 5 a The ensemble average kurtosis of the RD is plotted as a function of the eddy diffusivity K for the
time-dependent double gyre (solid blue line) and the stationary double gyre (dashed red line). The dotted blue
and red lines show the standard deviation about the mean for the time-periodic and stationary double gyre
cases, respectively. K is plotted on the x-axis using a logarithmic scale. The estimated upper bound for K
in the time-periodic double gyre is 10−3. The estimated upper bound for K in the stationary double gyre is
10−2. b The logarithm of the domain averaged RD2 as a function of time for given K (corresponding to the
four values of K shown in Figs. 3 and 4) for the time-periodic double gyre. c The same as for (b), but for the
stationary double gyre. The slope of the two upper curves in both (b) and (c) is nearly one indicating diffusive
behavior

uniform. Notably, the effect of non-zero K is dramatic only for the stationary case: from no
cross-gyre mixing at K = 0, to mixing between the gyres for any positive K .

We show the PDF of the RD (Figs. 3, 4, column III) and the kurtosis of the RD (Fig. 5a) to
quantify changes in the RD field with increasing K . For K = 0 the PDF has one large peak
near zero and a long tail (Figs. 3, 4, panel IIIa). The large peak corresponds to “elliptic type”
trajectories that are relatively stable, having a low, nearly zero, RD. The tail corresponds
to the much smaller set of “hyperbolic type” trajectories that have high RD due to their
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proximity to exponential instabilities. As K increases, the main peak shifts to the right until
the PDF is characterized by a wide peak with non-zero mean that depends on K .

The influence of increased K on the mixing barriers, namely the tail of the PDF, is quan-
tified by computing the kurtosis of the RD for each K . Twenty simulations were conducted
for each K and the ensemble mean kurtosis and standard deviation are presented for both the
stationary (dashed red) and time-periodic (solid blue) cases in Fig. 5a. In both cases the large
kurtosis at small K is due to the presence of mixing barriers (characterized by large RD).
In contrast, at high values of K , the kurtosis is smaller, indicating a more evenly distributed
RD. Unlike the time-periodic case, the kurtosis of the RD in the stationary case (dashed red
line) is non monotonic in K .

This distinct dependence on K may be explained by the dynamical differences between
the two cases. Particle trajectories in the stationary double gyre without diffusion (K = 0)
move along the streamlines of the flow and, therefore, there is no mixing at all between the
two gyres [48]. In this stationary non-diffusive case, the RD of almost all particles grows
linearly with time by the shear between different streamlines and only the particles that are
closest to the separating line between the gyres experience larger RD. Thus, the kurtosis of
the RD reflects the impact of this very small exceptional set. Introducing even the smallest
value of the eddy diffusivity leads to a dramatic effect: particles can hop from one gyre to the
other, thus dramatically increasing the number of neighboring particles that split between the
two gyres. For a given integration time, the number of particles separated by this mechanism
increases with increasing K , thus the kurtosis initially increases monotonically in Fig. 5. At
larger values of K , diffusion dominates and the large-scale circulation (i.e., the double gyres)
has little influence on particle trajectories, leading to a decrease of the kurtosis. In contrast,
chaotic mixing between the gyres occurs even when K = 0 in the time-periodic, or unsteady
gyres, and particles contained in the chaotic region, move back and forth between the gyres in
a complicated fashion [41,48]. Therefore, small eddy diffusivity has a relatively mild effect,
mainly to smooth the distribution of the RDs and to lower the kurtosis. We propose that the
difference between the effects of the eddy diffusivity on stationary versus time-dependent
flows is nicely reflected by the dependence of the kurtosis on K shown in Fig. 5.

4.2 Identifying the upper bound of K

We assert that the value of K that corresponds to the transition of the kurtosis towards its
minimum value represents the eradication of the mixing barriers by the eddy diffusivity.
While we cannot define a specific and sharp cut-off value of the kurtosis that demonstrates
the lack of barriers, the sharp drop followed by a leveling of the kurtosis suggests that the
barriers disappear. We suggest that this transition corresponds to the upper bound for the
eddy diffusivity K for this flow field. The transition in the time-periodic case occurs around
K = 10−3, and at K = 10−2 in the stationary case. While the evaluation of the transition is
somewhat subjective, Fig. 5a suggests that the upper bound of the time-periodic double gyre
is approximately one order of magnitude less than the stationary double gyre, regardless of
the specific cut-off criteria for the kurtosis leveling.

Figure 5 also shows the logarithm of the domain averaged RD2 for the time-periodic
double gyre (b) and the stationary double gyre (c) as a function of time (the four curves in
(b) and (c) correspond to the four values of K shown in Figs. 3 and 4). For small K (i.e.,
K = 0 and K = 10−5) the averaged behavior is sub-diffusive for small t and exponential
for large t , while for large K (i.e, K = 10−3 and K = 10−2) the behavior is diffusive. While
there is a clear transition between the curves computed for different K , this representation
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shows little difference between the time-dependent and stationary double gyres. The com-
bined information from Figs. 3, 4 and 5a, demonstrate that while there are clear differences
between the barriers of the stationary and time-dependent flows, the average, or first moment,
is not sensitive enough to distinguish between them.

Finally, one may suspect that selecting K such that the stochastic component and the
large-scale flow have equal magnitudes can provide an estimate of the upper bound of the
eddy diffusivity in a given flow field. However, this does not appear to be the case in the time-
periodic double gyre example. The mean amplitude of the stochastic term first exceeds the
amplitude of the large scale flow at K = 10−2 while our results indicate that the upper bound
for K in the time-dependent double gyre is at least an order of magnitude less. Thus, the upper
bound of the eddy diffusivity cannot be determined simply by comparing the magnitudes of
the large scale flow and of the stochastic component.

5 Geophysical application: the gulf of Eilat

The northern terminus of the Gulf of Eilat (hereafter ‘the gulf’) is a nearly rectangular, deep
(∼700 m), and semi-enclosed basin in the northeast region of the Red Sea. The circulation in
the Gulf has tidal [49], thermohaline [50,51], and wind-driven [52] components. Coherent
eddies with lifetimes ∼O (24 h) are observed sporadically during winter [53]. Submesoscale
flow features, such as barriers to mixing have also been observed [35].

Two 42 MHz SeaSonde HF radar systems have been operational in the northwestern gulf
near the city of Eilat, Israel since August 2005. As with any remote-sensing observation sys-
tem, there are gaps and outliers in the HF radar data that require post-processing. The open
boundary modal analysis (OMA) of Lekien et al. [54] is applied to raw HF radar data to yield
the spatially interpolated and filtered velocity on a regularly spaced grid (300 m resolution)
with a time step of 30 min, as detailed in Lekien and Gildor [55]. These velocities were used
to calculate the trajectories of particles using the forward Euler–Maruyama method with a
time step of 10 min (integrations using different time steps and solvers show similar results).
The RD was computed from the end points of the particle trajectories; however, particles that
exited the domain either through the open boundaries or through stochastic jumps onto land
were removed from the simulation.

Figure 6 shows aerial photographs of a rare flood that introduced sediments to the normally
clear waters of the Gulf of Eilat. Panel (a) shows the sharp front between the muddy and clear
water right after the flood on 3 February 2006. Panel (b) shows the existence of the front two
days later (taken from a different angle). This sharp front was located approximately along
the barrier identified by the calculation of the RD based on HF radar measurements of surface
currents shown in Fig. 7 [35]. The existence of the sharp front even two days after the start
of the flood demonstrates that mixing was in homogeneous and relatively weak across the
barrier. In the absence of a barrier, the interface between the muddy freshwater and relatively
clear seawater would not have remained so sharp.

Column I of Fig. 7 shows the spatial distribution of the RD after 13 h of integration starting
3 February 2006 at 05:00 GMT (within the same time period analyzed in Gildor et al. [35]).
The RD is far from uniform. Notably, in Panel Ia of Fig. 7, a barrier shown by the brightly
colored line, starting in the northwestern corner of the gulf and ending at the middle of the
east coast, can be seen. Particles released in the white area exited the domain and their RD
could not be calculated.

The RD plots in Fig. 8 show that barriers still exist when the spatial resolution is reduced
to 600 m (top panel) and when the temporal resolution is decreased to 1 h (bottom panel).
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Fig. 6 A barrier to mixing as
shown by aerial photographs
illustrating that the sediments do
not mix beyond the same barrier
that was calculated using surface
currents observed by HF radar.
The top panel (a) was taken 3
February 2006 from the
northwestern corner of the gulf
facing southeast. The bottom
panel (b) was taken facing
northwest on 5 February 2006,
2 days after the flood. The green
rectangles mark the same
location. Photos by Dubi Tal,
Albatross Photography

While the exact location and details of the barriers are somewhat different, the main features
are similar, indicating that the existence of the barriers is not too sensitive to the temporal
resolution or the coarseness of the grid (as expected from theoretical grounds [38]). The exis-
tence and detection of this barrier enables us to assign an upper bound to the eddy diffusivity
as described in Sect. 4.

Panel Ib of Fig. 7 shows that the mixing barrier weakens as K increases to 0.1 m2 s−1.
The mixing barrier is still present at K = 1 m2 s−1 (panel Ic) but is difficult to distinguish. At
K = 10 m2 s−1 (not shown), 90% of the particles leave the domain. Example particle trajec-
tories (Fig. 7, column II) illustrate the random spread of particle paths and the degradation of
the barriers as the eddy diffusivity increases. The PDFs (column III of Fig. 7) of the RD for
increasing K are similar to those shown in Figs. 3 and 4. The kurtosis is plotted as a function
of K in Fig. 9. Panel (b) of Fig. 9 shows the time evolution of the logarithm of the mean RD2

of particles in the Gulf of Eilat for a given value of K . For small K (i.e., K = 0–1 m2 s−1) the
averaged behavior is sub-diffusive for small t and exponential for large t , while for large K
(i.e, K = 10 m2 s−1 and K = 100 m2 s−1) the behavior is diffusive. The kurtosis drops sharply
for K > 10−1 and is lower than 6 for K = 2, much less than 21 for K = 0. Therefore, we
estimate the upper bound for K to be between 1 and 10 m2 s−1.

Other estimates for this region (e.g. from dye release experiments) do not exist, largely
due to the current geo-political situation. Yet, this value is not far from the diffusivity of
2 m2 s−1 at scales of 1–10 km in the eastern North Atlantic estimated by Ledwell et al. [14]
and 0.3–4.9 m2 s−1 computed by Sundermeyer and Ledwell [15] on a continental shelf. Sim-
ple dimensional analysis yields a wider range of possible values for K in the Gulf of Eilat.
A typical velocity scale U = 0.1 ms−1 and a typical length scale L between 102 (width of
the barrier) and 103 m (10 % of the length of the domain), yield a wide range of estimates of
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Fig. 7 Similar to Figs. 3 and 4, the RD, particle trajectories and PDFs are shown for real observations from the
Gulf of Eilat. Row (a) represents the deterministic case, i.e. u′ = 0. Rows (b) and (c) show results for K = 0.1
and 1 m2 s−1, respectively. Column I The mixing barrier is indicated by high values of the RD (corresponding
to contours of warm colors indicated by the red arrows) and its erosion is evident as K increases. The green
rectangles correspond to the same location marked in Fig. 6. The white areas indicate particles that exited
the domain and, therefore, provide no data. Column II Particle trajectories begin at the blue circles. The gray
lines represent the trajectory, the black lines represent the final six positions, and the red dots indicate the final
position. Column III PDFs of the RD (right column) show the broadening of the peak as the RD becomes more
spatially uniform with increasing K

the eddy diffusivity (K = U L = 10–100 m2 s−1). It is not known a priori which length-scale
should be used and this simple calculation demonstrates the scale-dependence of the eddy
diffusivity.

6 Sensitivity tests

An extensive set of sensitivity tests were performed to evaluate the robustness of our method
in the double gyre model. We briefly describe the sensitivity of the results to the number of
seeded particles, choice of the noise distribution, and to the total integration time.
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Fig. 8 The RD still captures the presence of mixing barriers (red arrows) despite decreased spatial (top) and
temporal resolution (bottom). In the top panel the spatial resolution was decreased to 600 m. The temporal
resolution in the bottom panel was reduced to 1 h. The green rectangles correspond to the same location marked
in Fig. 6

A sufficient number of particles are required to identify the existence of the barriers and
to reliably estimate the width of the barrier (the calculation of the kurtosis of the RD at small
K requires adequate resolution of the barrier). Figure 10 shows how the width of the barrier
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Fig. 9 a The kurtosis of the RD in the geophysical example of the Gulf of Eilat is plotted as a function
of the eddy diffusivity K . b The logarithm of the domain averaged RD2 as a function of time for given K
(corresponding to the three values of K shown in Fig. 7). Similar to Fig. 5b–c, the slope of the two upper
curves is nearly one indicating diffusive behavior

(based on the derivative of the RD) decreases with increasing particle density (decreasing grid
size). The results are not sensitive to grid sizes smaller than 0.01. As a compromise between
nearly constant barrier width and computation time, the results presented in this paper use
a grid spacing of 0.005 in both x and y. This grid spacing corresponds to an initial grid of
400×200 particles (red square in Fig. 10). Similarly, the results from the Gulf of Eilat were
not sensitive to the grid spacing (for grids of 100×100, 200×200, and 300×300 particles).

The sensitivity of our stochastic model to the distribution of the noise used to define w
in (13) was tested by defining w as a uniformly distributed random variable. The results
were not affected (as suggested by Hathorn [56]) and the same upper bound was deduced.
Hathorn [56] reviews the applicability of several statistical distributions in the random walk
model.

In the double gyre example, integration over a shorter time interval (t = [0, 10]) shows
that the response of the kurtosis of the RD computed for small K is somewhat different but
the sharp decrease and, specifically, the inferred upper bound do not change. Additional tests
show no sensitivity to time steps dt < 0.1.
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Fig. 10 The average non-dimensional width of the mixing barrier of the time-dependent double gyre for
K = 10−10 as a function of increasing particle density. The average width of the mixing barrier was com-
puted over the sub-domain [0.9, 1.2]× [0.1, 0.3]. The width decreases and approaches a constant value as
the number of particles seeded in the domain increases. Particles are distributed evenly over the domain to
maintain constant grid spacing. The red square indicates the number of particles used in all the computations
presented in this paper (400×200)

7 Discussion

7.1 Diffusivity, chaotic mixing, and zeroth-order stochastic model

The mixing that occurs through the motion of “sub-grid-scale” eddies is traditionally modeled
by the tracer advection-diffusion equation (see e.g. Tel et al. [57]):

DC

Dt
= ∂C

∂t
+ �UL S(�x, t)

∂C

∂x
= ∇( �K (�x, t)∇C) (14)

where C represents a tracer, UL S represents the large-scale advection term, K is the eddy
diffusivity vector, and D

Dt indicates the material derivative. The reasoning behind the introduc-
tion of a diffusion term with an enhanced diffusion coefficient K is similar to the reasoning
employed in the use of an “eddy viscosity” in numerical models to achieve closure and
numerical stability. Thus, (14) represents the mixing of some distribution of a tracer due to
the combined effect of large scale flow and the sub-grid-scale eddies that randomly move
from one place to another. It is well established that the modeling of the large scale flow influ-
ences the fitting of the diffusion coefficient K to real data (see Ridderinkhof and Zimmerman
[33], LaCasce [45] and Fig. 5). In particular, modeling the large scale flow by a constant UL S

and a constant K makes (14) too simplistic in real geophysical applications.
One approach to make (14) applicable to complex real-life applications is to take UL S to

be stationary and fit spatially and/or temporally varying K (which can be a vector that reflects
non-isotropic effects) to the data. This approach is called the “zeroth-order” stochastic model
in the review by LaCasce [45]. Namely, in this approach, the complex mixing pattern of the
tracer field is modeled by the spatial and temporal variability of the eddy diffusivity, K .
Comparison of Figs. 3 and 4 demonstrates that the differences in mixing between the station-
ary and the time-periodic flows cannot be overcome simply by adding a uniform diffusion
coefficient. Thus, in the stationary large-scale flow approach, K must have a non-trivial form
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[3] and may, for example, be represented by an operator that depends on the local behavior
of the large scale tracer or velocity field, as suggested by Smagorinsky [58] or Leith [59].

An implicit assumption in (14) is that the fluctuations of the velocity about the large scale
flow are random. Previous studies of meso-scale oceanic flows showed that the distribution
of the fluctuations about a stationary large scale flow is not Gaussian [12]. These observations
led to the development of higher-order stochastic models [45].

The present study uses (14) with a spatially and temporally varying large scale flow where
K is taken to be isotropic and either zero or constant. This non-stationary zeroth-order model
is widely used in oceanography and limnology [5–11]. We have seen that in flows that exhibit
chaotic advection at K = 0, the effects of small diffusivity or small uncertainties in ULS

on the mixing are not dramatic (see Figs. 5, 9). Indeed, the resulting mixing patterns that
are dominated by chaotic advection are believed to capture the main mixing characteristics
of oceanic flows [33,36,38,48]. We have also demonstrated that if the large scale flow is
adequately resolved, the barriers are robust (see Fig. 8) and the destruction of the barrier by
the eddy diffusivity is insensitive to the noise distribution (see Sect. 6) and to the uncertainties
(namely the fine resolution) in the large scale flow. Thus, we propose that the non station-
ary zeroth-order stochastic model with constant K can be used when using time-dependent,
spatially varying large-scale flow if the temporal and spatial resolution adequately resolves
the mixing barriers.

Furthermore, we claim that the high spatial and temporal resolutions of the observed veloc-
ities in the Gulf of Eilat adequately resolve sub-mesoscale flow features [35], and, therefore,
that the non-stationary zeroth-order stochastic model is suitable. To substantiate this claim,
we examine the fluctuations of the observed velocity about the large scale flow at various
resolutions. Figure 11 shows four different PDFs of velocity fluctuations calculated in four
different ways. The y-axes of the PDFs are plotted on a logarithmic scale to emphasize the
behavior of the tails. The tails of the PDFs are linear, indicative of exponential decay. Thus,
the PDFs show that the probability is highest around zero and decays exponentially at larger
values.

Panels (a) and (b) illustrate the sensitivity of the PDFs of the fluctuations to different
spatial resolutions. To compute the fluctuations, the mean velocities on the coarse resolution
grid were subtracted from the original data (i.e., the original data points located inside the
corresponding coarse grid cell). The original temporal resolution (30 min) was not changed
in (a) and (b). The PDFs shown in (b) describe velocity fluctuations computed by averaging
the original high resolution (300 m) data to obtain a coarse resolution (1.2 km) grid. Panel
(a) shows the PDFs computed using the same process but with a 600 m grid. Comparing (a)
and (b), we see that the PDFs in (b) are asymmetric while the PDFs in (a) are symmetric.
The asymmetry seen in (b) implies that decreased spatial resolution introduces a directional
preference. Conversely, the symmetric PDFs in (a) indicate that spatial resolutions of 600 m
or higher adequately resolve the flow and that the non-stationary zeroth order model may be
suitable.

Panels (c) and (d) illustrate the sensitivity of the PDFs to two different temporal resolu-
tions. The original spatial resolution of 300 m was unchanged in both (c) and (d). Instead, the
original data were averaged in time to produce coarser temporal resolutions. The means of
the coarser temporal resolution data were subtracted from the original data to obtain the fluc-
tuations. Panel (c) shows the PDFs of the velocity fluctuations when the temporal resolution
is decreased to 1 h. Panel (d) shows the PDFs of the velocity fluctuations when the temporal
resolution is decreased to 4 h. The PDFs in (d) are asymmetric indicating directional pref-
erence at lower (4 h) temporal resolution. The PDFs in (c) are symmetric indicating that, at
high enough resolution (1 h or higher), the fluctuations have no directional preference and
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Fig. 11 The PDFs of the zonal (blue circles) and meridional (red triangles) velocity fluctuations for different
spatial and temporal averaging schemes in the Gulf of Eilat. In a–b the spatial resolution was reduced to
600 and 1,200 m, respectively. c–d show the PDFs of the fluctuations for temporal resolutions of 1 and 4 h,
respectively. The y-axis is plotted on a logarithmic scale

that the zeroth order model should be suitable. Overall, Fig. 11 shows that the use of the
zeroth order model is acceptable with velocities observed at a spatial resolution of 300 m
and a temporal resolution of 30 min. Moreover, Fig. 11 suggests that the use of a stationary
zeroth order model is not justified as the asymmetry in the fluctuations at lower temporal and
spatial resolution is apparent.

7.2 Limitations and future directions

The stochastic Lagrangian model used in this study assumed constant K . Namely we as-
sumed that the fluctuations about the large scale flow are uniform throughout the domain.
For a small domain and limited periods, this assumption is probably reasonable, how-
ever in a large domain or over longer periods, K may need to be spatially dependent.
Indeed, some general circulation and particle tracking models employ both time-depen-
dent velocity fields and spatially varying eddy diffusivity [60,61]. In situations where the
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use of spatially varying eddy diffusivity is warranted, our estimate of the upper bound of
K is likely to be relevant only in the vicinity of the observed barrier.

Our method suggests that the upper bound of the eddy diffusivity can be determined by
examining how the RD changes with increasing K . We propose that the upper bound of
K is located within the regime where the sharp drop in the kurtosis of the RD ends. However,
a general theory to evaluate the existence of mixing barriers and their dependence on time
and the behavior of the large scale flow does not exist yet. Additional studies may provide a
refinement and perhaps sharper criteria for quantifying the eradication of mixing barriers.

Other methods have been proposed to estimate the mixing efficiency of passive tracers
with non-trivial spatial dependence of the diffusion term. For example, Nakamura [37,62]
proposed the use of tracer contours as new coordinate systems and to calculate the flux and
diffusion across these contours. The “effective diffusivity” introduced in this system is quite
different from the “eddy diffusivity” of (14). It would be an interesting problem to relate
these concepts to simulations of particle trajectories in which there is no obvious measure
for the “concentration” of particles.

Comparing the zeroth-order (random walk) and first-order (random flight) models, Ullman
et al. [46] find that the first-order model produces better results in search and rescue appli-
cations when the same dispersion coefficient, that is found by parameterization of extensive
drifter experiments, is used in both models. The relation between these results and the current
work deserve a separate study. On one hand, it is unclear how the existence of Lagrangian
barriers influences the comparison between the two models. On the other hand, the current
approach of estimating an upper bound to the horizontal eddy diffusivity may be possibly
extended to a first-order model.

8 Conclusions

We propose a method to estimate the upper bound of the horizontal eddy diffusivity in the
presence of mixing barriers using a non-stationary zeroth-order stochastic Lagrangian par-
ticle tracking model. The combination of the visual examination of the RD field and the
calculation of the kurtosis of the RD allows us to estimate the magnitude of the eddy diffu-
sivity that results in the eradication of the mixing barrier. We propose that the value of the
eddy diffusivity that eradicates the observed mixing barrier represents an upper bound on
the actual eddy diffusivity. Our proposed method is demonstrated using a simplistic double
gyre model and on observed surface currents from the Gulf of Eilat.
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