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Introduction

One of the basic facts of complex analysis is the exactness of the de Rham complex of sheaves

of analytic differential forms on a smooth complex analytic space. In its turn, its proof is based on

the fact that every point of such a space has an open neighborhood isomorphic to an open polydisc,

which reduces the verification of the exactness to the classical Poincaré lemma. The latter states

that the de Rham complex of spaces of analytic differential forms on an open polydisc is exact. Its

proof actually works over any non-Archimedean field k of characteristic zero as well, and so it implies

also that the de Rham complex of sheaves of analytic differential forms on a smooth k-analytic space

(as introduced in [Ber1] and [Ber2]) is exact at every point that admits a fundamental system of

étale neighborhoods isomorphic to an open polydisc. One can show (Corollary 2.3.3) that a point x

of a smooth k-analytic space possesses the above property if and only if the non-Archimedean field

H(x), associated with the point x, possesses the property that its residue field H̃(x) is algebraic

over k̃ and the group |H(x)∗|/|k∗| is torsion.

It is a distinctive feature of non-Archimedean analytic spaces that the subset Xst of points

with the latter property does not coincide with the whole space X. Notice that Xst contains the

set X0 = {x ∈ X
∣∣[H(x) : k] < ∞} (the underlying space of X in rigid analytic geometry) and,

in particular, the set of k-rational points X(k) = {x ∈ X
∣∣H(x) = k}. Although X is locally

arcwise connected, the topology induced on Xst is totally disconnected and, if the valuation on k is

nontrivial, Xst is dense in X. Moreover, if X is smooth, Xst is precisely the set of points at which

the de Rham complex is exact and, in fact, for every point x 6∈ Xst there is a closed one-form,

defined in an open neighborhood of x, that has no primitive at any étale neighborhood of x.

We now recall that a locally analytic function is a map f : X(k) → k such that, for every point

x ∈ X(k), there is an analytic function g defined on an open neighborhood U of x with f(y) = g(y)

for all y ∈ U(k). It is clear that the local behavior of such a function does not determine its global

behavior. For example, if its differential is zero, the function is not necessarily constant. On the

other hand, for a long time number theorists have been using very natural locally analytic functions

possessing certain properties that make them look like analytic ones. An example of such a function

(for X = Gm = A1\{0}) is a homomorphism k∗ → k from the multiplicative to the additive group

of k which extends the homomorphism a 7→ log(a) on the subgroup k1 = {a ∈ k∗
∣∣|a − 1| < 1},

where log(T ) is the usual logarithm defined by the power series −∑∞
i=1

(1−T )i

i (convergent on k1).

Let us assume (till the end of the introduction) that k is a closed subfield of Cp, the completion

of the algebraic closure Qp of the field of p-adic numbers Qp. Then such a homomorphism is
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uniquely determined by its value at p, and the homomorphism, whose value at p is an element

λ ∈ k, is denoted by logλ(T ) and is called a branch of the logarithm. One of the properties we

had in mind states that, if X is an open annulus in A1 with center at zero and the differential of

a locally analytic function on X(k) of the form
∑n

i=0 fi logλ(T )i with fi ∈ O(X) is equal to zero

in an open subset of X(k), then the function is a constant and, in fact, f0 ∈ k and fi = 0 for all

1 ≤ i ≤ n. Notice also that every one-form on X with coefficients of the above form has a primitive

which is a locally analytic function of the same form.

It was an amazing discovery of R. Coleman ([Col1], [CoSh]) more than twenty years ago

that there is a way to construct primitives of analytic one-forms and their iterates in the class of

locally analytic functions on certain smooth k-analytic curves, called by him basic wide opens (they

are closely related to basic curves considered here), such that the primitives are defined up to a

constant. Namely, given a branch of the logarithm logλ(T ), he constructed for every such curve X

an O(X)-algebra A(X) of locally analytic functions filtered by free O(X)-modules of finite rank

A0(X) ⊂ A1(X) ⊂ . . . with dAi(X) ⊂ Ai(X)⊗O(X) Ω1(X) and such that

(a) A0(X) = O(X);

(b) every function from A(X) with zero differential is a constant;

(c) Ai(X)⊗O(X) Ω1(X) ⊂ dAi+1(X);

(d) Ai+1(X) is generated over O(X) by primitives of one-forms from Ai(X)⊗O(X) Ω1(X);

(e) if X is an open annulus with center at zero, then logλ(T ) ∈ A1(X);

(f) for a morphism X ′ → X and a function f ∈ Ai(X), one has ϕ∗(f) ∈ Ai(X ′).

Moreover, if a function in A(X) is equal to zero on a nonempty open subset of X(k), it is equal

to zero everywhere. Thus, if ω is a one-form in A(X) ⊗O(X) Ω1(X), then for any pair of points

x, y ∈ X(k) one can define an integral
∫ y

x
ω ∈ k. It follows also that, given a coherent OX -module F

with a unipotent integrable connection, the kernel of the induced connection on the O(X)-module

F(X) ⊗O(X) A(X) is a vector space of dimension equal to the rank of F and, therefore, for any

pair of points x, y ∈ X(k) one can define a parallel transport Tx,y : F∇x ∼→ F∇y .

Since then there were several attempts to extend Coleman’s work to higher dimensions. R.

Coleman himself ([Col2]) constructed an integral
∫ y

x
ω of a closed analytic one-form ω on the

analytification X an of a connected projective scheme X with good reduction. Yu. Zarhin ([Zar])

and P. Colmez ([Colm]) constructed similar integrals for arbitrary connected smooth X (see Remark

9.1.2(ii)). A. Besser ([Bes]) constructed iterated integrals on the generic fiber Xη of a connected

smooth formal scheme X, which is an open subscheme of a formal scheme Y of finite type over

k◦ such that the Zariski closure of the closed fiber Xs in Ys is proper (see Remark 8.1.5(ii)). V.
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Vologodsky ([Vol]) constructed a parallel transport Tx,y on X an for arbitrary connected smooth X
(see Remark 9.4.4). All of these constructions gave additional evidence for a certain phenomenon of

local analytic nature which was already present in the work of Coleman and is described as follows.

Let us call a naive analytic function on a smooth k-analytic space X a map that associates to

every point x ∈ Xst an element f(x) ∈ H(x) such that there is an analytic function g defined at

an open neighborhood U of x with f(y) = g(y) for all y ∈ Ust. This class of functions is better

than that of locally analytic ones since, for every closed subfield k ⊂ k′ ⊂ Cp and every naive

analytic function f on X, one can define the pullback of f on X⊗̂kk′. For example, the locally

analytic function logλ(T ) is the restriction to k∗ of a natural naive analytic function Logλ(T )

on the multiplicative group Gm, and in fact for a basic curve X all locally analytic functions in

Coleman’s algebra A(X) are restrictions to X(k) of natural naive analytic functions on X. If now

n(X) denotes the space of naive analytic functions on X, the correspondence U 7→ n(U) is a sheaf

of OX -algebras denoted by nX . Coleman’s work was actually evidence for the fact that, for a fixed

branch of the logarithm, every smooth k-analytic space X is provided with an OX -subalgebra of

nX whose associated de Rham complex is exact and in which the kernel of the first differential

coincides with the sheaf of constant analytic functions cX = Ker(OX
d→ Ω1

X).

The purpose of this work is to show that such an OX -subalgebra SX of nX exists and is unique

with respect to certain very natural properties. More precisely, SX is a filtered OX -algebra with

dSi
X ⊂ Si

X ⊗OX Ω1
X for all i ≥ 0, and the properties are similar to (a)-(f) from above. Although we

are not yet able to prove the exactness of the whole de Rham complex for SX , we show that the de

Rham complex is exact at Ω1 and the kernel of the first differential coincides with cX . In particular,

under a certain natural assumption (which is automatically satisfied if k = Cp) one can define an

integral
∫

γ
ω of a closed one-form ω ∈ (SX ⊗OX

Ω1
X)(X) along a path γ : [0, 1] → X with ends

in X(k). Furthermore, the extended class of functions contains a full set of local solutions of all

unipotent differential equations and, in fact, a coherent OX -module with an integrable connection

has a full set of local horizontal sections in the étale topology if and only if it is locally unipotent

in the étale topology (such a module is called here locally quasi-unipotent). As a consequence, we

construct parallel transport along a path and an étale path of local horizontal sections of locally

unipotent and locally quasi-unipotent modules, respectively. In comparison with the previous

constructions mentioned above, both integral and parallel transport depend nontrivially on the

homotopy class of a path and not only on its ends.

The filtered O(X)-algebra A(X), constructed by Coleman for a basic curve X, appears here

in the following way. One can show that for such X the group H1(X, cX) is zero and, therefore,
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every one-form ω ∈ (Si
X ⊗OX

Ω1
X)(X) has a primitive in Si+1(X). Then A0(X) = O(X) and, for

i ≥ 0, Ai+1(X) is generated over O(X) by the primitives of all one-forms ω ∈ Ai(X)⊗O(X) Ω1(X)

in Si+1(X). The algebra S(X) is in fact much bigger than A(X). For example, if X is an open

annulus, then A(X) = O(X)[logλ(T )], but the O(X)-modules Si(X)/Si−1(X) are of infinite rank

for all i ≥ 1. By the way, the latter is even true for the projective line P1 (see Lemma 8.5.2).

In fact the sheaves SX are constructed in a more general setting, and the reason for that is

as follows. Let X be the Tate elliptic curve which is the quotient of Gm by the discrete subgroup

generated by an element q ∈ k∗ with |q| 6= 1, and let ω be the invariant one-form on X whose

preimage on Gm is dT
T . The curve X is homotopy equivalent to a circle, and the only reasonable

value for the integral of ω along a loop γ : [0, 1] → X with end in X(k), whose class generates the

fundamental group of X, should be Logλ(q) (up to a sign). But for every q ∈ k∗ with |q| 6= 1 there

exist λ’s in k with Logλ(q) 6= 0 as well as those with Logλ(q) = 0.

A natural way to resolve the above problem is to consider the universal logarithm, i.e., the

one whose value at p is a variable. Such a universal logarithm was already used in the work of P.

Colmez and V. Vologodsky mentioned above, and it can be specialized to any of the branches of

the logarithm whose values at p are elements of k. But the properties of the sheaves SX , whose

construction is based on the universal logarithm, do not seem to easily imply the same properties

of the similar sheaves whose construction is based on a classical branch of the logarithm. Thus, to

consider all possible branches of the logarithm simultaneously, we proceed as follows. Fix a filtered

k-algebra K, i.e., a commutative k-algebra provided with an exhausting filtration by k-vector spaces

K0 ⊂ K1 ⊂ . . . with Ki ·Kj ⊂ Ki+j . Furthermore, define a filtered OX -algebra of naive analytic

functions NK
X in the same way as nX but starting with the filtered algebra OK

X = OX ⊗k K instead

of OX and, for an element λ ∈ K1, define a logarithmic function Logλ(T ), which is an element

of NK,1(Gm). In the similar way we define the OX -algebras of naive analytic q-forms Ωq

NK
,X

.

One has NK
X ⊗OX

Ωq
X

∼→ Ωq

NK
,X

and, in particular, NK
X is a filtered DX -algebra (the latter notion

is defined in §1.3). For a DX -submodule F of NK
X , let Ωq

F,X denote the image of the canonical

injective homomorphism F ⊗OX
Ωq

X → Ωq

NK
,X

.

The main result (Theorem 1.6.1) states that, given K and λ ∈ K1, there is a unique way

to provide every smooth k-analytic space X with a filtered DX -subalgebra Sλ
X ⊂ NK

X so that the

following is true:

(a) Sλ,0
X = OX ⊗k K0;

(b) Ker(Sλ,i
X

d→ Ω1
Sλ,i,X) = cX ⊗k Ki;

(c) Ker(Ω1
Sλ,i,X

d→ Ω2
Sλ,i,X) ⊂ dSλ,i+1

X ;
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(d) Sλ,i+1
X is generated by the local sections f for which df is a local section of Ω1

Sλ,i,X ;

(e) Logλ(T ) ∈ Sλ,1(Gm);

(f) for a morphism ϕ : X ′ → X and a function f ∈ Sλ,i(X), one has ϕ∗(f) ∈ Sλ,i(X ′).

In Theorem 1.6.2 we list several properties of the sheaves Sλ
X . Among them is the uniqueness

property which tells that, if X is connected, then for any nonempty open subset U ⊂ X the restric-

tion map Sλ(X) → Sλ(U) is injective. The sheaves Sλ
X are functorial in the best possible sense

involving an embedding of the ground fields k ↪→ k′, a morphism X ′ → X and a homomorphism

of filtered algebras K → K ′ over that embedding. If one is given only a homomorphism of filtered

k-algebras K → K ′ : λ 7→ λ′, there is a canonical isomorphism Sλ
X ⊗K K ′ ∼→ Sλ′

X . In particular, if

SX denotes the sheaf constructed for the universal logarithm, then the canonical homomorphism

k[Log(p)] → K : Log(p) 7→ λ gives rise to an isomorphism SX ⊗k[Log(p)] K
∼→ Sλ

X .

Theorems 1.6.1 and 1.6.2 are proven in §7. The proof is based on preliminary results obtained

in §§1-6 and having an independent interest. Since the formulation of the main result actually

makes sense for an arbitrary non-Archimedean field of characteristic zero, the preparatory part of

the proof in §§1-5 is done over fields as general as possible, and the assumption that k is a closed

subfield of Cp is only made beginning with §6. In §8, further properties of the sheaves Sλ
X are

established and, in §9, they are used for a construction of the integral and parallel transport along

a path. A detailed summary of each section is given at its beginning.

There are many natural questions on the sheaves Sλ
X one may ask. Here are some of them.

(1) Is the de Rham complex associated to Sλ
X exact? We believe this is true.

(2) Does the extended class of functions contain local primitives of relative closed one-forms

with respect to an arbitrary smooth morphism ϕ : Y → X? Again, we believe this is true. It is

in fact enough to consider morphisms of dimension one, and the positive answer to this question

would imply the positive answer to (1) and to the relative version of (1).

(3) Are the sheaves of rings Sλ
K coherent for reasonable K (e.g., K = k[Log(p)] or K = k)? Like

(1) and (2), we believe this is true. Notice that, for a point x ∈ X whose field H̃(x) is transcendent

over k̃, the stalk Sλ
X,x is a non-Noetherian ring.

(4) What are the cohomology groups Hq(X,Sλ,n
X ) and Hq(X,Sλ

X)?

(5) Assume that k is finite over Qp and a p-adic group G acts continuously on a smooth k-

analytic space X (e.g., G = PGLd(k) and X is the projective space Pd−1 or the Drinfeld half-plane

Ωd ⊂ Pd−1). What are the representations of G on the space of global sections Sλ(X)?

(6) Let X and Y be smooth k-analytic spaces, and assume there is a morphism of germs of

analytic spaces ϕ : (Y, Yst) → (X, Xst) (see [Ber2, §3.4]) which takes local sections of Sλ
X to those
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of Sλ
Y . Is it true that ϕ is induced by a morphism of analytic spaces Y → X?

The answer to (6) would shed light on the following philosophical question. What does the

existence of the sheaves Sλ
X mean? If the answer to (6) is negative, it would mean that smooth p-

adic analytic spaces can be considered as objects of a category with bigger sets of morphisms in the

same way as complex analytic spaces can be considered as real analytic or differentiable manifolds.

On the other hand, if the answer to (6) is positive, it could mean that complex analytic functions

have at least two p-adic analogs, namely, genuine analytic ones and functions from the broader

class provided by the sheaves Sλ
X . This reminds us of the similar phenomenon with the topology of

a complex analytic space whose p-adic reincarnation is two-faced. It appears as the usual topology

of a p-adic analytic space as well as the stronger étale topology of the space. Besides, the existence

of the sheaves Sλ
X is somehow related to the fact that smooth p-adic analytic spaces are not locally

simply connected in the étale topology. In any case, we hope what is done in this paper will be

useful for understanding the p-adic Hodge theory in terms of p-adic analytic geometry.
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§1. Naive analytic functions and formulation of the main result

After recalling some notions and notation, we give a precise definition of the sheaves of naive

analytic functions NK
X . We then recall the definition of a DX -module, introduce a related notion of

a DX -module, and establish a simple relation between the de Rham complexes of a DX -module and

of its pullback under a so called discoid morphism Y → X. In §1.4, we introduce the logarithmic

function Logλ(T ) ∈ NK,1(Gm) and a filtered DX -module Lλ(X) which is generated over O(X)

by the logarithms Logλ(f) of invertible analytic functions on X. Furthermore, given a so called

semi-annular morphism Y → X, we establish a relation between the de Rham complexes of certain

DX -modules and of the DY -modules which are generated by the pullbacks of the latter and the

logarithms of invertible analytic functions on Y . It implies the exactness of the de Rham complex

of the spaces of differential forms with coefficients in the DX -module Lλ(X) on a semi-annular

analytic space X. In §1.6, we formulate the main result on existence and uniqueness of the sheaves

Sλ
X and list their basic properties.

1.1. Preliminary remarks and notation. In this paper we work in the framework of non-

Archimedean analytic spaces in the sense of [Ber1] and [Ber2]. A detailed definition of these spaces

is given in [Ber2, §1], and an abbreviated one is given in [Ber6, §1]. We only recall that the affinoid

space associated with an affinoid algebra A is the set of all bounded multiplicative seminorms on

A. It is a compact space with respect to the evident topology, and it is denoted by M(A).

Let k be a non-Archimedean field with a nontrivial valuation. All of the k-analytic spaces

considered in the paper are assumed to be Hausdorff. For example, any separated k-analytic space

is Hausdorff and, for the class of the spaces which are good in the sense of [Ber2, §1.2], the converse

is also true.

Although in this paper we are mostly interested in smooth k-analytic spaces (in the sense of

[Ber2, §3.5]), we have to consider more general strictly k-analytic spaces. Among them, of special

interest are strictly k-analytic spaces smooth in the sense of rigid geometry (for brevity we call

them rig-smooth). Namely, a strictly k-analytic space X is rig-smooth if for any connected strictly

affinoid domain V the sheaf of differentials Ω1
V is locally free of rank dim(V ). Such a space is

smooth at all points of its interior (see [Ber4, §5]). In particular, a k-analytic space X is smooth if

and only if it is rig-smooth and has no boundary (in the sense of [Ber2, §1.5]). An intermediate class

between smooth and rig-smooth spaces is that of k-analytic spaces locally embeddable in a smooth

space (see [Ber7, §9]). For example, it follows from R. Elkik’s results (see [Ber7, 9.7]) that any

rig-smooth k-affinoid space is locally embeddable in a smooth space. If X is locally embeddable in
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a smooth space, the sheaf of differential one-forms Ω1
X is locally free in the usual topology of X. (If

X rig-smooth, the sheaf of differential one-forms is locally free in the more strong G-topology XG,

the Grothendieck topology formed by strictly analytic subdomains of X, see [Ber2, §1.3].) Recall

that for any strictly k-analytic space X the set X0 = {x ∈ X
∣∣[H(x) : k] < ∞} is dense in X ([Ber1,

2.1.15]). For a point x ∈ X0, the field H(x) coincides with the residue field κ(x) = OX,x/mx of the

local ring OX,x.

1.1.1. Lemma. Let X be a connected rig-smooth k-analytic space. Then every nonempty

Zariski open subset X ′ ⊂ X is dense and connected, and one has c(X) ∼→ c(X ′).

Recall that c(X) is the space of global sections of the sheaf of constant analytic functions cX

defined in [Ber9, §8]. If the characteristic of k is zero, then cX = Ker(OX
d→ Ω1

X).

Proof. We may assume that the space X = M(A) is strictly k-affinoid, and we may replace

X ′ by a smaller subset of the form Xf = {x ∈ X
∣∣f(x) 6= 0} with f a non-zero element of A. Such

a subset is evidently dense in X. We now notice that Xf is the analytification of the affine scheme

Xf = Spec(Af ) over X = Spec(A). Since Xf is connected, from [Ber2, Corollary 2.6.6] it follows

that Xf is connected. To prove the last property, we can replace k by c(X), and so we may assume

that c(X) = k. By [Ber9, Lemma 8.1.4], the strictly k′-affinoid space X⊗̂k′ is connected for any

finite extension k′ of k and, therefore, the same is true for the space Xf ⊗̂k′ = (X⊗̂k′)f . The latter

implies that c(Xf ) = k.

Recall that in [Ber1, §9.1] we introduced the following invariants of a point x of a k-analytic

space X. The first one is the number s(x) = sk(x) equal to the transcendence degree of H̃(x)

over k̃, and the second one is the number t(x) = tk(x) equal to the dimension of the Q-vector

space
√
|H(x)∗|/

√
|k∗|. One has s(x) + t(x) ≤ dimx(X), and if x′ is a point of X⊗̂k̂a over k

then s(x′) = s(x) and t(x′) = t(x). Moreover, the functions s(x) and t(x) are additive in the

sense that, given a morphism of k-analytic spaces ϕ : Y → X, one has s(y) = s(x) + sH(x)(y) and

t(y) = t(x)+tH(x)(y), where x = ϕ(y). Let Xst denote the set of points x ∈ X with s(x) = t(x) = 0.

This set contains X0 and, in particular, if X is strictly k-analytic, Xst is dense in X. By [Ber1,

§9], the topology on Xst induced from that on X is totally disconnected. If k′ is a closed subfield

of the completion k̂a of an algebraic closure of k and X ′ = X⊗̂k′, then the image of X ′
st under the

canonical map X ′ → X is contained in Xst. (Notice that if k′ is not finite over k the latter fact is

not true for the sets X ′
0 and X0.)

For an étale sheaf F on a k-analytic space X, we denote by Fx the stalk at a point x ∈ X of

the restriction of F to the usual topology of X and, for a section f ∈ F (X), we denote by fx its
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image in Fx. Furthermore, a geometric point of X is a morphism (in the category of analytic spaces

over k) of the form x : pH(x) → X, where pH(x) is the spectrum of an algebraically closed non-

Archimedean field H(x) over k. The stalk Fx of an étale sheaf F at x is the stalk of its pullback with

respect to the morphism x, i.e., the inductive limit of F (Y ) taken over all pairs (ϕ, α) consisting of

an étale morphism ϕ : Y → X and a morphism α : pH(x) → Y over x. Notice that, if Gx/x is the

Galois group of the separable closure of H(x) in H(x) over H(x), there is a discrete action of Gx/x

on Fx and, by [Ber2, Proposition 4.2.2], one has Fx = F
Gx/x

x . (Recall that in [Ber2] we denoted by

Fx the pullback of F under the canonical morphism pH(x) → X, which can be also identified with

a discrete Gx/x-set.)

Given a finite extension k′ of k, the ground field extension functor from the category of strictly

k-analytic space to that of strictly k′-analytic ones X 7→ X⊗̂k′ has a left adjoint functor X ′ 7→ X

which associates with a strictly k′-analytic space X ′ the same space considered as a strictly k-

analytic one (see [Ber9, §7.1]). The essential image of the latter functor consists of the strictly

k-analytic spaces X for which there exists an embedding of k′ to the ring of analytic functions

O(X). The canonical morphism X ′ → X in the category of analytic spaces over k (see [Ber2, §1.4])

gives rise to an isomorphism of locally ringed spaces, to bijection X ′
0
∼→ X0 and X ′

st
∼→ Xst and to

isomorphisms of étale sites X ′
ét

∼→ Xét and of étale topoi X ′∼
ét

∼→ X
∼
ét. For an étale sheaf F on X,

we denote by F ′ the corresponding étale sheaf on X ′.

1.2. The sheaf of naive analytic functions. Let X be a strictly k-analytic space. For

an étale sheaf F on X, we define a presheaf F̃ as follows. Given an étale morphism Y → X, we

set F̃ (Y ) = lim
−→

F (V), where the direct limit is taken over open neighborhoods V of Yst in Y . The

proof of the following lemma is trivial.

1.2.1. Lemma. Assume that an étale sheaf F on X possesses the following property: for any

étale morphism Y → X and any open neighborhood V of Yst in Y , the canonical map F (Y ) → F (V)

is injective. Then the following is true:

(i) the presheaf F̃ is a sheaf;

(ii) the canonical morphism of sheaves F → F̃ is injective and gives rise to a bijection of stalks

Fx
∼→ F̃x for any geometric point x of X over a point x ∈ Xst;

(iii) the sheaf F̃ possesses the stronger property that, given an étale morphism Y → X and an

open neighborhood V of Yst in Y , the canonical map F̃ (Y ) → F̃ (V) is bijective;

(iv) one has
˜̃
F = F̃ .

1.2.2. Remarks. (i) The property of the sheaf F implies that for any element f ∈ F̃ (X)
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there exists a unique maximal open subset Xst ⊂ U ⊂ X such that f comes from F (U).

(ii) The assumption of Lemma 1.2.1 for an étale abelian sheaf F on X is equivalent to the

property that, for any étale morphism Y → X and any element f ∈ F (Y ), the intersection Supp(f)∩
Yst is dense in the support Supp(f) of f . For the sheaves we are going to consider even the smaller

intersection Supp(f) ∩ Y0 is dense in Supp(f).

Let K be a filtered k-algebra K, i.e., a commutative k-algebra with unity provided with an

increasing sequence of k-vector subspaces K0 ⊂ K1 ⊂ K2 ⊂ . . . such that Ki·Kj ⊂ Ki+j and

K = ∪∞i=0K
i. Given a strictly k-analytic space X, we set OK,i

X = OX ⊗k Ki. Notice that if

the number of connected components of X is finite, then OK,i(X) = O(X) ⊗k Ki. The sheaf

OK
X = OX⊗k K is an example of a filtered OX-algebra which is defined as a sheaf of OX -algebras A

provided with an increasing sequence of OX -modules A0 ⊂ A1 ⊂ A2 ⊂ . . . such that Ai·Aj ⊂ Ai+j

and A = lim
−→

Ai. If X is reduced, we set CK,i
X = cX ⊗k Ki and CK

X = cX ⊗k K.

The sheaf of NK,i-analytic functions NK,i
X is the sheaf F̃ associated to F = OK,i

X (which

evidently satisfies the assumption of Lemma 1.2.1). The inductive limit NK
X = lim

−→
NK,i

X is a

sheaf of filtered OX -algebras. Notice that for every function f ∈ NK(X) there exists a unique

maximal open subset Xst ⊂ U ⊂ X, called the analyticity set of f , such that f comes from OK(U).

Furthermore, assume we are given a non-Archimedean field k′, a strictly k′-analytic space X ′, a

filtered k′-algebra K ′, and a morphism of analytic spaces X ′ → X and a homomorphism of filtered

algebras K → K ′ over an isometric embedding of fields k ↪→ k′. If the analyticity set of a function

f ∈ NK(X) contains the image of X ′
st in X, then there is a well defined function ϕ∗(f) ∈ NK′

(X ′).

For example, if k′ ⊂ k̂a, then the image of X ′
st is contained in Xst and the latter property is true

for all local sections of NK
X .

If X is reduced, elements of NK,i(X) can be interpreted as the maps f that take a point

x ∈ Xst to an element f(x) ∈ H(x) ⊗k Ki and such that every point from Xst admits an open

neighborhood X ′ ⊂ X and an analytic function g ∈ OK,i(X ′) with f(x) = g(x) for all x ∈ X ′
st. In

particular, if K = k, NK
X is the sheaf nX introduced in the introduction.

More generally, the sheaf of NK,i-differential q-form Ωq

NK,i
,X

, q ≥ 0, is the sheaf F̃ associated

to F = Ωq
X ⊗k Ki (which also satisfies the assumption of Lemma 1.2.1). We also set Ωq

NK
,X

=

lim
−→

Ωq

NK,i
,X

. If X is locally embeddable in a smooth space, the sheaf Ω1
X is locally free over OX

and, therefore, there is a canonical isomorphism of filtered OX -modules NK
X ⊗OX Ωq

X
∼→ Ωq

NK
,X

.

Assume now that X is reduced, and that c(X) contains a finite extension k′ of k. Let X ′

be the same X considered as a strictly k′-analytic space, and let K ′ be the filtered k′-algebra
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K ⊗k k′. Then the sheaf (OK
X )′ on X ′ that corresponds to OK

X coincides with OK′
X′ . It follows that

(NK
X)′ = NK′

X′ and (CK
X )′ = CK′

X′ .

1.3. DX-modules and DX-modules. Till the end of this section, the field k is assumed to

be of characteristic zero.

Let X be a smooth k-analytic space. A DX-module on X is an étale OX -module F provided

with an integrable connection ∇ : F → F ⊗OX Ω1
X . For such a DX -module F , the subsheaves

of horizontal sections F∇ = Ker(∇) and of closed one forms (F ⊗OX
Ω1

X)cl = Ker(F ⊗OX
Ω1

X
∇→

F ⊗OX
Ω2

X) are étale sheaves of modules over cX . If F = OX , the former is cX and the latter is

denoted by Ω1,cl
X .

A DX-algebra is an étale commutative OX -algebra A which is also a DX -module whose connec-

tion ∇ satisfies the Leibniz rule ∇(f ·g) = f∇(g)+ g∇(f). If in addition A is a filtered OX -algebra

such that all Ai are DX -submodules of A, then A is said to be a filtered DX-algebra. For ex-

ample, the sheaves of naive analytic functions NK,i
X provided with the canonical differential are

DX -modules, and NK
X is a filtered DX -algebra. Given a non-Archimedean field k′, a smooth k′-

analytic space X ′ and a morphism ϕ : X ′ → X over an isometric embedding of fields k ↪→ k′, we

denote by ϕ∗(F) the DX′-module ϕ−1(F)⊗ϕ−1(OX)OX′ , where ϕ−1(F) denotes the pullback of F
as a sheaf of abelian groups.

1.3.1. Lemma. Let F be a DX -module, and assume that the sheaf F∇ possesses the following

property: for any étale morphism Y → X, the support Supp(f) of any nonzero element f ∈ F∇(Y )

is not contained in a nowhere dense Zariski closed subset of Y . Then

(i) for any étale morphism Y → X with connected Y and the property that the OY -module Ω1
Y

is free over a nonempty Zariski open subset of Y , the canonical map F∇(Y )⊗c(Y ) O(Y ) → F(Y )

is injective;

(ii) the canonical morphism of DX -modules F∇ ⊗cX OX → F is injective.

Notice that the assumption on Ω1
Y in (i) is always satisfied if Y admits a flat quasifinite

morphism ([Ber2, §3.2]) to the analytification of a smooth scheme over k.

Proof. The statement (ii) trivially follows from (i). To verify (i), we may assume that X is

connected and the OX -module Ω1
X is free over a nonempty Zariski open subset of X, and it suffices

to show that if f1, . . . , fn are elements of F∇(X) linearly independent over c(X) and g1, . . . , gn

are elements of O(X) with f1g1 + . . . + fngn = 0, then g1 = . . . = gn = 0. Assume that gn 6= 0.

By Lemma 1.1.1 and the property on F∇, we may replace X by the Zariski open subset of X
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over which gn is invertible and the OX -module Ω1
X is free. We may therefore assume that gn = 1

and, in particular, this immediately implies the statement for n = 1. Assume that n ≥ 2 and the

statement is true for n− 1. We have
∑n−1

i=1 fi ⊗ dgi = 0. Let ω1, . . . , ωm ∈ Ω1(X) be a basis of Ω1
X

over OX , and let dgi =
∑m

j=1 hijωj with hij ∈ O(X). It follows that, for every 1 ≤ j ≤ m, one has
∑n−1

i=1 fihij = 0, and the induction hypothesis implies that hij = 0 for all i, j. We get dgi = 0, i.e.,

gi ∈ c(X) for all 1 ≤ i ≤ n, and the elements f1, . . . , fn are linearly dependent over c(X), which

contradicts the assumption.

It is well known that any coherent OX -module which admits a connection is locally free over

OX (see [Bor, Ch. III]) and, in particular, an OX -coherent DX -module F is always a locally free

OX -module and the canonical morphism of DX -modules F∇⊗cXOX → F is injective. For example,

the structural sheaf OX provided with the canonical differential is an OX -coherent DX -module. A

finite direct sum of copies of the DX -module OX is called a trivial DX -module. A DX -module F
is said to be unipotent if there is a sequence of DX -submodules F0 = 0 ⊂ F1 ⊂ . . . ⊂ Fn = F such

that all of the quotients F i/F i−1 are isomorphic to the trivial DX -module OX . Such a DX -module

F is automatically OX -coherent.

The de Rham cohomology groups Hq
dR(X,F) of a DX-module F are the hypercohomology

groups of the complex F ⊗OX
Ω·X with respect to the functor of global sections on X. If F = OX ,

they are called the de Rham cohomology groups of X and denoted by Hq
dR(X). Notice that since

the characteristic of k is zero it does not matter if we calculate the groups in the étale or the usual

topology of X (see [Ber2, §4.2]). There are two spectral sequences that converge to the de Rham

cohomology groups. The term Ep,q
2 in the first one is Hp(Hq(X,F ⊗OX

Ω·X)). It follows that, if F
is OX -coherent and X is a union of an increasing sequence of affinoid subdomains such that each

of them is Weierstrass in the next one, then Hq(X,F ⊗OX Ωp
X) = 0 for all p ≥ 0 and q ≥ 1 and,

therefore, Hq
dR(X,F) coincide with the cohomology groups of the complex (F ⊗OX

Ω·X)(X). The

term Ep,q
2 in the second spectral sequence is Hp(X, (F ⊗OX

Ωq
X)cl/∇(F ⊗OX

Ωq−1
X )), and it gives

rise to an exact sequence

0 → H1(X,F∇) → H1
dR(X,F) → H0(X, (F ⊗OX Ω1

X)cl/∇(F)) → H2(X,F∇) .

Given a DX -submodule F of NK
X , we denote by Ωq

F,X the image of the canonical injective

homomorphism F ⊗OX Ωq
X → Ωq

NK
,X

. If G is another DX -submodule of NK
X , we denote by F · G

and F + G the OX -submodules of NK
X locally generated by products and sums of local sections of

F and G, respectively. They are also DX -submodules of NK
X as well as their intersection F ∩ G.
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Assume we are given a non-Archimedean field k′, a smooth k′-analytic space X ′, a filtered

k′-algebra K ′, and a morphism of analytic spaces ϕ : X ′ → X and a homomorphism of filtered

algebras K → K ′ over an isometric embedding of fields k ↪→ k′. Assume also we are given DX -

submodule F of NK
X such that the pullback ϕ∗(f) is well defined for all local sections f of F (for

example, this assumption is true if k′ is a subfield of k̂a.). In this case we denote by ϕ#(F) the

image of the canonical homomorphism of DX′ -modules ϕ∗(F) → NK′
X′ , i.e., the OX′ -submodule

of NK′
X′ generated by the local sections ϕ∗(f), where f is a local section of F . (We want to note

that even under the assumptions that k′ is finite over k and K ′ = K ⊗k k′ we do not know if the

canonical homomorphism ϕ∗(NK
X) → NK′

X′ is injective.)

Let X be a rig-smooth k-analytic space. A DX-module on X is an O(X)-submodule M ⊂
NK(X) such that dM ⊂ Ω1

M (X), where Ωq
M (X), q ≥ 0, denotes the image of M ⊗O(X) Ωq(X) in

Ωq

NK (X). For example, OK(X) is a DX -module and, if X is smooth and Ω1
X is a free OX -module

then, for every DX -submodule F of NK , F(X) is a DX -module. For DX -modules M and N on

X, we denote by M · N and M + N the O(X)-submodule of NK(X) generated by products and

sums of elements of M and N , respectively. They are also DX -modules. Given a morphism of

rig-smooth k-analytic spaces ϕ : Y → X and a DX -module M on X, we denote by ϕ#(M) the

O(Y )-submodule of NK(Y ) generated by the functions ϕ∗(f) for f ∈ M . It is a DY -module on Y .

An open subset Y of the affine line A1
X = X ×A1 over X is said to be discoid over X if every

point y ∈ Y has an open neighborhood in Y of the form U ×D, where U is an open neighborhood

of the image of y in X and D is an open disc in A1 with center at zero. A morphism ϕ : Y → X

is said to be discoid of dimension 1 if there is an isomorphism of Y with an open subset of A1
X

which is discoid over X. A morphism ϕ : Y → X is said to be discoid of dimension n if it is a

composition of n discoid morphisms of dimension 1.

1.3.2. Proposition. Let ϕ : Y → X be a surjective discoid morphism of rig-smooth k-

analytic spaces. Then for any DX -module M on X the canonical homomorphism of complexes

Ω·M (X) → Ω·ϕ#M (Y ) is a homotopy equivalence.

Proof. We may assume that Y ⊂ A1
X . We say that a sequence {ωj}j≥0 of elements of Ωn

M (X),

n ≥ 0, is ϕ-bounded if there exist elements {fi}1≤i≤m ⊂ M and {ωij}1≤i≤m,j≥0 ⊂ Ωn(X) such that,

for any j ≥ 0, one has ωj =
∑m

i=1 fiωij , and, for any affinoid domain U ⊂ X and any closed disc

E ⊂ A1 of radius t > 0 with center at zero for which U × E ⊂ Y and for any 1 ≤ i ≤ m, one has

||ωij ||U tj → 0 as j → ∞. Here || ||U is a Banach norm on the finite A-module of one-differentials

Ω1
A, where U = M(A). (Proposition 2.1.5 from [Ber1] implies that the equivalence class of the
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Banach norm is uniquely defined.)

It follows easily from the definition of ϕ#M that each element f ∈ ϕ#M (resp. ω ∈ Ωn
ϕ#M (Y )

for n ≥ 1) has a unique representation as a sum
∑∞

j=0 T jgj (resp.
∑∞

j=0 T jηj +
∑∞

j=0 T jξj ∧ dT ),

where the sequences {gj}j≥0 ⊂ M (resp. {ηj}j≥0 ⊂ Ωn
M (X) and {ξj}j≥0 ⊂ Ωn−1

M (X)) are ϕ-

bounded. Moreover, such a sum always defines an element of ϕ#M (resp. Ωn
ϕ#M (Y )).

Let I denote the homomorphism from the formulation, and let R denote the homomorphism

of complexes Ω·ϕ#M (Y ) → Ω·M (X) that takes the above element f ∈ ϕ#M (resp. ω ∈ Ωn
ϕ#M (Y )

for n ≥ 1) to the element g0 ∈ M (resp. η0 ∈ Ωn
M (X)). One clearly has R ◦ I = 1. Let B be

the homomorphism Ωn
ϕ#M (Y ) → Ωn−1

ϕ#M
(Y ), n ≥ 1, that takes the above element ω to the element

(−1)n−1
∑∞

j=0 T j+1 ξj

j+1 . (The sequence { ξj

j+1}j≥0 is ϕ-bounded, and so the latter sum is an element

of Ωn−1
ϕ#M

(Y ).) It is easy to verify that B ◦ d + d ◦B = 1− I ◦R, and the lemma follows.

1.3.3. Corollary. Any unipotent DD-module on an open polydisc D with center at zero is

trivial.

Proof. Let F be a unipotent DD-module of rank n. We claim that the following sequence is

exact

F(D) ∇−→ (F ⊗OD
Ω1

D)(D) ∇−→ (F ⊗OD
Ω2

D)(D) ∇−→ . . .

and F∇(D) is a vector space over k of dimension n. Indeed, if n = 1, the claim follows from

Proposition 1.3.2 and is easily extended by induction for all n. It follows that F∇ is a free cD-

module of rank n and, therefore, there is an isomorphism of DD-modules F∇ ⊗cD
OD

∼→ F .

In particular, the following sequence is exact (Classical Poincaré Lemma):

0 −→ k −→ O(D) d−→ Ω1(D) d−→ Ω2(D) d−→ . . .

1.4. Logarithms. The first example of a closed one-form which has no a primitive in the

class of analytic functions is provided by the one-form dT
T on the analytic multiplicative group

Gm = A1\{0}. In comparison with the classical situation, the space Gm is simply-connected

and, in fact, H1(Gm, cGm) = 0. This means that, if an integration theory we are looking for

exists, the one-form dT
T must have a primitive f in a bigger class of functions on the whole space

Gm. Let us normalize it by the condition f(1) = 0. Furthermore, let m (resp pi) denote the

multiplication morphism (resp. the projection to the i-th coordinate) Gm ×Gm → Gm. One has

m∗(dT
T ) = p∗1(

dT
T )+p∗2(

dT
T ). Again, if we want the primitive to behave functorially, it should satisfy

the relation m∗(f) = p∗1(f) + p∗2(f) which in the usual form is written as f(a·b) = f(a) + f(b).
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A branch of the logarithm (over K) is an NK,1-analytic function f on Gm such that df = dT
T

and m∗(f) = p∗1(f)+ p∗2(f). It is clear that the restriction of such a function f to D(1; 1), the open

disc with center at one and of radius one, coincides with the usual logarithm log(T ) defined by the

convergent power series −∑∞
i=1

(1−T )i

i . Let us try to understand in simpler terms what a branch

of the logarithm is.

First of all, such a function f gives rise to a homomorphism of abelian k∗ → K1 whose

restriction to the subgroup k∗ ∩ D(1; 1) coincides with log(T ). More generally, if k′ is a finite

extension of k, the pullback of f to Gm⊗̂k′ defines a similar homomorphism k′∗ → K ⊗k k′, and

these homomorphisms for different k′’s are compatible. Thus, f defines a Gal(ka/k)-equivariant

homomorphism of abelian groups λf : ka∗ → K1 ⊗k ka whose restriction to the open unit disc

with center at one coincides with log(T ). A homomorphism λ : ka∗ → K1 ⊗k ka with the latter

properties will be called a logarithmic character with values in K.

1.4.1. Lemma. (i) The correspondence f 7→ λf gives rise to a bijection between the set of

branches of the logarithm over K and the set of logarithmic characters with values in K;

(ii) the analyticity set of any branch of the logarithm f is the complement of the set S(Gm) =

{p(E(0; r))
∣∣r > 0} ⊂ Gm, where p(E(0; r)) is the maximal point of the closed disc E(0; r) of radius

r with center at zero.

Proof. (i) That the map considered is injective is trivial. Let λ : ka∗ → K1 ⊗k ka be a

logarithmic character. For a point x ∈ (Gm)0, let D be the open disc of radius |T (x)| with center

at x, i.e., the open set {y ∈ Gm

∣∣|P (y)| < |T (x)|n}, where P (T ) = Tn + a1T
n−1 + . . . + an is the

monic polynomial which generates the maximal ideal of k[T ] that corresponds to x. Furthermore,

let k′ be a finite Galois extension of k such that all points from ϕ−1(x) are k′-rational, where ϕ is

the morphism Gm⊗̂kk′ → Gm. Then ϕ−1(D) =
∐m

i=1 Di, where each Di is of the form D(b; |T (b)|)
for some point b ∈ ϕ−1(x). Let fi be the k′-analytic function λ(b) + log(T

b ) on Di. The properties

of λ and log(T ) imply that fi does not depend on the choice of the point b ∈ ϕ−1(x) ∩ Di. It

follows that the analytic function on ϕ−1(D), defined by the family {fi}1≤i≤m, is invariant under

the action of the Galois group of k′ over k and, therefore, it is the pullback of some analytic function

fD on D. It is easy to see that the NK,1-analytic function on Gm, defined by the family {fD}, is

a branch of the logarithm and λf = λ.

(ii) By the construction, the complement of the analyticity set of f is contained in the set

S(Gm). To show that they coincide, it suffices to prove that there is no a connected open subset

U ⊂ Gm which is strictly bigger than D(1; 1) and such that f
∣∣
U ∈ O(U), and to verify the latter we
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may assume that the field k is algebraically closed. Assume such a subset U exists. Recall ([Ber1,

§4]) that the topological boundary of D(1; 1) in Gm is the point x = p(E(1; 1)) and that the set U
is arc-wise connected. It follows that x ∈ U . Let V be a connected affinoid neighborhood of x in

U . One has V = E(1; r)\∐n
i=1 D(ai; ri), where r > 1, 0 < ri < 1 and a1, . . . , an ∈ k∗ are such that

|ai − 1| = 1 and |ai − aj | = 1 for all 1 ≤ i, j ≤ n. We see that the set V contains all but finitely

many roots of unity of degree prime to the characteristic of the residue field k̃, i.e., the function f

has infinitely many zeroes on V , which is impossible.

Given a logarithmic character λ : ka∗ → K1⊗kka, the corresponding branch of the logarithm is

denoted by Logλ. Given an embedding of non-Archimedean fields k ↪→ k′ such that the subfield of

the elements of k′ algebraic over k is dense in k′, the pullback of Logλ under the induced morphism

Gm⊗̂kk′ → Gm is a branch of the logarithm on Gm⊗̂kk′ over K ′ = K ⊗k k′. The corresponding

logarithmic character (k′a)∗ → K ′1 ⊗k′ k′a = K1 ⊗k k′a is the unique one that extends λ. (Notice

that for any element α ∈ (k′a)∗ there exist n ≥ 1 and β, γ ∈ (k′a)∗ such that β is algebraic over k,

|γ − 1| < 1 and αn = βγ.)

Let now X be a rig-smooth k-analytic space. An invertible analytic function f ∈ O(X)∗

defines a morphism f : X → Gm, and we denote by Logλ(f) the NK,1-analytic function f∗Logλ

on X. If f ∈ O(X) is such that |f(x)− 1| < 1 for all x ∈ X, then Logλ(f) is analytic (it coincides

with log(f) = f∗ log). Given f, g ∈ O(X)∗, one has Logλ(fg) = Logλ(f) + Logλ(g). One also

has dLogλ(f) = df
f . In particular, for every n ≥ 0 the O(X)-submodule of NK(X), generated by

elements of the form αLogλ(f1) · . . . · Logλ(fi) with 0 ≤ i ≤ n, α ∈ Kn−i and fj ∈ O(X)∗ is a

DX -module. It will be denoted by Lλ,n(X). The DX -module Lλ(X) = ∪n
n=0L

λ,n(X) is a filtered

O(X)-algebra. If X is smooth, the OX -submodule of NK,n
X associated to the presheaf U 7→ Lλ,n(U)

is a DX -submodule denoted by Lλ,n
X . One also has a DX -submodule Lλ

X = lim
−→

Lλ,n
X of NK

X which

is a filtered OX -subalgebra.

1.4.2. Lemma. Let X be a connected open subset of Gm which contains a nonempty open

annulus with center at zero, and let f be a function from Lλ(X) of the form
∑n

i=0 fiLogλ(T )i with

fi ∈ OK(X). If f
∣∣
U = 0 for a nonempty open subset U ⊂ X, then fi = 0 for all 0 ≤ i ≤ n.

Proof. Let {eµ}µ be a basis of the k-vector space K, and set fi =
∑

µ fi,µeµ. Notice that the

latter representation is unique and that we have to show that fi,µ = 0 for all i and µ. If n = 0, the

required fact follows from the uniqueness property of analytic functions on the affine line. Assume

n ≥ 1 and that the fact is true for n− 1, and let l be the number of µ’s with fn,µ 6= 0. The fact is

evidently true if l = 0, and so assume that l ≥ 1 and that it is true for l− 1, and let ν be such that
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fn,ν 6= 0. If fn,ν is not a constant, we replace X by the open subset where it does not vanish and

then replace f by f/fn,ν , and so we may assume that fn,ν is a nonzero constant. Notice that X is

still connected and contains a nonempty open annulus with center at zero. Consider the derivative

f ′ =
∑

µ

(
f ′n,µLogλ(T )n +

n−1∑

i=0

(
f ′i,µ +

i + 1
T

fi+1,µ

)
Logλ(T )i

)
eµ .

The induction hypothesis implies that f ′n−1,ν + n
T fn,ν = 0, which is impossible since fn,ν is a

nonzero constant and X contains a nonempty open annulus with center at zero.

1.4.3. Examples. (i) Let k be a non-Archimedean field over Qp such that the residue

field k̃ is algebraic over Fp and the group |k∗|/|Q∗
p| is torsion. Then a logarithmic character

λ : (ka)∗ → K1 ⊗k ka is uniquely determined by its value at p which belongs to K1 and, therefore,

in this case, it will be identified with that element of K1. Let kLog denote the ring of polynomials

k[Log(p)] (in the variable Log(p)). It is a filtered k-algebra in which ki
Log is the subspace of

polynomials of degree at most i. We write Ni
X , NX , Ci

X and CX instead of N
kLog,i
X , N

kLog
X , CkLog,i

X and

CkLog
X , respectively, and denote by Log the corresponding NX -analytic function. Notice that the NK-

analytic function Logλ is the image of Log under the homomorphism of the sheaves NGm → NK
Gm

which corresponds to the homomorphism of filtered k-algebras kLog → K that takes Log(p) to λ.

The main example of a field with the above property, considered in the paper, is a closed subfield

of Cp, the completion of an algebraic closure Qp of Qp. (Recall that, by the Ax-Sen-Tate theorem

(see [Ax]), every closed subfield k of Cp coincides with the closure of k ∩Qp in Cp.) Furthermore,

if k possesses the above property and X is a k-analytic space, then the field H(x) of every point

x ∈ Xst possesses the same property.

(ii) Let k be the field of Laurent power series C((T )). Each element of k∗ has a unique

representation in the form aTng with a ∈ C∗, n ∈ Z and |g − 1| < 1 (i.e., g = 1 +
∑∞

i=1 aiT
i). It

follows easily that any logarithmic character λ : (ka)∗ → K1 ⊗k ka is uniquely determined by the

element λ(T ) and the induced homomorphism C∗ → K1. A natural class of the latter consists of

homomorphisms of the form a 7→ log |a|, where log is a branch of the real logarithm.

1.4.4. Remark. If an object depends on the algebra K, we indicate K in its notation (e.g.,

CK
X , NK

X). If it also depends on a logarithmic character λ (or an element λ ∈ K1 as in Example

1.4.3(i)), we only indicate λ having in mind the algebra K it is related to (e.g., Lλ
X , Lλ,n

X ). If, in

Example 1.4.3(i), K = kLog with Ki = ki
Log and λ = Log(p), we omit the reference to K and λ in

the notations. In principle, such a system of notations is ambiguous, but since we use λ only as a

variable and do not use its place for a concrete value which is an integer, a notation like L1
X should
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be understood as the first member of the filtration on LX (for K = kLog and λ = Log(p)) and not

as the whole OK-algebra associated to λ = 1.

1.5. Logarithmic Poincaré Lemma. Let X be a k-analytic space. An open subset Y ⊂
X ×Gm is said to be annular over X if it has connected fibers over X and every point y ∈ Y has

an open neighborhood in Y of the form U × B, where U is an open neighborhood of the image of

y in X and B is an open annulus in Gm with center at zero. A morphism ϕ : Y → X is said to

be annular of dimension 1 if there is an isomorphism of Y with an open subset of X ×Gm which

is annular over X. A morphism ϕ : Y → X is said to be semi-annular of dimension (m,n) if it

is a composition (in any order) of m annular and n discoid morphisms of dimension 1. If n = 0,

it is called annular of dimension m. If X = M(k), the k-analytic space Y itself is said to be

semi-annular, annular or discoid. If Y is of dimension (m,n), then every point of it has an open

neighborhood isomorphic to a direct product of an open poly-annulus of dimension m and an open

disc of dimension n.

In this subsection we consider the following situation. Let ϕ : Y → X be a semi-annular

morphism between rig-smooth k-analytic spaces, and assume we are given an increasing sequence

of DX -modules P 0 ⊂ P 1 ⊂ P 2 ⊂ . . . ⊂ NK(X) with Lλ,i(X) ⊂ P i and P i·Lλ,j(X) ⊂ P i+j

for all i, j ≥ 0. We set Mn =
∑n

i=0 ϕ#(P i)·Lλ,n−i(Y ). Our purpose is to relate the complexes

Ω·P n(X) and Ω·Mn(Y ). For this we denote by IMn and IP n the canonical morphisms of complexes

Ω·Mn(Y ) → Ω·Mn+1(Y ) and Ω·P n(X) → Ω·P n+1(X), respectively, and by Jn the canonical morphism

Ω·P n(X) → Ω·Mn(Y ). We have a commutative diagram of morphisms of complexes

Ω·Mn(Y )
IMn−→ Ω·Mn+1(Y )xJn

xJn+1

Ω·P n(X)
IPn−→ Ω·P n+1(X)

1.5.1. Proposition. Assume that ϕ is surjective. Then there is a compatible system of

morphisms Rn : Ω·Mn(Y ) → Ω·P n(X) such that the composition Rn ◦ Jn is identical on Ω·P n(X)

and the morphisms IMn and Jn+1 ◦ IP n ◦Rn are homotopy equivalent.

Proof. It suffices to consider the cases when Y is a discoid subset of X ×A1 or an annular

subset of Y × Gm. In the first case, every invertible analytic function on Y is of the form f ·g
with f ∈ O(X)∗ and g ∈ O(Y )∗ such that |g(y) − 1| < 1 for all y ∈ Y . This implies that

Lλ,i(Y ) = ϕ#(Lλ,i(X)) and M i = ϕ#(P i), and the required fact follows from Proposition 1.3.2

(with R constructed in its proof). Thus, assume Y is an annular subset of X ×Gm.

We say that a sequence {ωj}−∞<j<∞ of elements of Ωq
P n(X) is ϕ-bounded if there exist elements

{fi}1≤i≤m ⊂ Pn and {ωij}1≤i≤m,−∞<j<∞ ⊂ Ωq(X) such that, for any −∞ < j < ∞, one has
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ωj =
∑m

i=1 fiωij , and, for any affinoid domain U ⊂ X and any closed annulus A ⊂ Gm with

center at zero whose both radii are t > 0 and for which U × A ⊂ Y , one has ||ωij ||U tj → 0

as j → ±∞, where || ||U is as in the proof of Proposition 1.3.2. Notice that every analytic

function on Y has a unique representation in the form
∑∞

j=−∞ T jfj where {fj}−∞<j<∞ is a ϕ-

bounded sequence of elements of O(X). Notice also that every invertible analytic function on

Y is of the form Tmfg with m ∈ Z, f ∈ O(X)∗ and g ∈ O(Y )∗ such that |g(y) − 1| < 1

for all y ∈ Y . It follows that every element f ∈ Mn (resp. ω ∈ Ωq
Mn(Y ) for q ≥ 1) can be

uniquely represented as a sum
∑n

i=0

∑∞
j=−∞ T jLogλ(T )igij (resp.

∑n
i=0

∑∞
j=−∞ T jLogλ(T )iηij +

∑n
i=0

∑∞
j=−∞ T jLogλ(T )iξij ∧ dT ), where for each 0 ≤ i ≤ n the sequences {gij}−∞<j<∞ ⊂ Pn−i

(resp. {ηij}−∞<j<∞ ⊂ Ωq
P n−i(X) and {ξij}−∞<j<∞ ⊂ Ωq−1

P n−i(X)) are ϕ-bounded.

Let Rn be the morphism Ω·Mn(Y ) → Ω·P n(X) that takes an element f ∈ Mn (resp. ω ∈
Ωq

Mn(Y ) for q ≥ 1), represented in the above form, to g00 ∈ Pn (resp. η00 ∈ Ωq
P n(X)). Fur-

thermore, let Z ·n be the subcomplex of Ω·Mn(Y ) such that Z0
n (resp. Zq

n for q ≥ 1) consists of

the sums
∑n

i=0 Logλ(T )igi with gi ∈ Pn−i (resp.
∑n

i=0 Logλ(T )iηi +
∑n

i=0 Logλ(T )iξi ∧ dT
T with

ηi ∈ Ωq
P n−i(X) and ξi ∈ Ωq−1

P n−i(X)).

1.5.2. Lemma. The canonical morphism Z ·n → Ω·Mn(Y ) is a homotopy equivalence.

Proof. Let N denote the morphism considered, and let Res denote the morphism in the

opposite direction that takes an element f ∈ Mn (resp. Ωq
Mn(Y ) for q ≥ 1), represented in the above

form, to
∑n

i=0 Logλ(T )igi0 (resp.
∑n

i=0 Logλ(T )iηi0+
∑n

i=0 Logλ(T )iξi,−1∧ dT
T ). One evidently has

Res ◦N = 1. To prove the lemma, we have to construct a k-linear map C : Ω·Mn(Y ) → Ω·Mn(Y ) of

degree −1 with C ◦ d + d ◦ C = 1−N ◦Res.

First of all, for integers i ≥ 0 and j 6= −1 we introduce as follows a polynomial in one variable

hi,j(T ) =
1

j + 1
T i − i

(j + 1)2
T i−1 +

i(i− 1)
(j + 1)3

T i−2 − . . . + (−1)i i!
(j + 1)i+1

One has h′i,j + (j + 1)hi,j = T i and, therefore, T j+1hi,j(Logλ(T )) is a primitive of T jLogλ(T )i. If

i ≥ 1, one also has (j + 1)hi,j + ihi−1,j = T i. We now define for an element ω ∈ Ωq
Mn(Y ), q ≥ 1,

represented in the above form, the element C(ω) as follows

C(ω) = (−1)q−1
n∑

i=0

∞∑
j=−∞
j 6=−1

T j+1hi,j(Logλ(T ))ξij

It is easy to check that the sum on the right hand side is a well defined element of Ωq−1
Mn (Y ), and

that C ◦ d + d ◦ C = 1−N ◦Res.
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Consider now the following diagram of morphisms of complexes

Z ·n
I′Mn−→ Z ·n+1yR′n

xJ ′n+1

Ω·P n(X)
IPn−→ Ω·P n+1(X)

where I ′Mn denotes the canonical morphism Zn → Zn+1, R′n denotes the restriction of Rn to Z ·n,

and J ′n denotes the canonical morphism Ω·P n(X) → Z ·n. The proposition follows from the following

lemma.

1.5.3. Lemma. The morphisms I ′Mn and J ′n+1 ◦ IP n ◦R′n are homotopy equivalent.

Proof. To prove the lemma, we have to construct a k-linear map C : Z ·n → Z ·n+1 of degree −1

with C ◦d+d ◦C = I ′Mn −J ′n+1 ◦ IP n ◦R′n. If ω =
∑n

i=0 Logλ(T )iηi +
∑n

i=0 Logλ(T )iξi ∧ dT
T ∈ Zq

n,

q ≥ 1, we define

C(ω) = (−1)q−1
n∑

i=0

Logλ(T )i+1 ξi

i + 1

The required equality is easily verified.

1.5.4. Corollary. Let X be a semi-annular k-analytic space. Then the morphism of complexes

Ω·Lλ,n(X) → Ω·Lλ,n+1(X) is homotopy equivalent to zero and, in particular, there is an exact

sequence

0 −→ K −→ Lλ(X) d−→ Ω1
Lλ(X) d−→ Ω2

Lλ(X) d−→ . . .

The following consequences of Proposition 1.5.1 are formulated in the form convenient for

applications in §3 and §7, respectively.

Let X be a semi-annular k-analytic space. Given a subgroup G ⊂ O(X)∗ with O(X)∗ = G·k∗

and Logλ(α) ∈ k∗ for all α ∈ G ∩ k∗, let Lλ
0 (X) denote the filtered OX -subalgebra of Lλ(X)

generated over O(X) by the logarithms of functions from G . One can easily see that Lλ
0 (X) is

a filtered DX -algebra, and the canonical homomorphism of filtered DX -algebras Lλ
0 (X) ⊗k K →

Lλ(X) is an isomorphism.

1.5.5. Corollary. In the above situation, the morphism of complexes Ω·
Lλ,n

0
(X) → Ω·

Lλ,n+1
0

(X)

is homotopy equivalent to zero and, in particular, there is an exact sequence

0 −→ k −→ Lλ
0 (X) d−→ Ω1

Lλ
0
(X) d−→ Ω2

Lλ
0
(X) d−→ . . .

Let X be a smooth k-analytic space whose sheaf of one-differentials Ω1
X is free over OX ,

and assume we are given an increasing sequence of DX -submodules S0 ⊂ S1 ⊂ . . . ⊂ Sn ⊂ NK
X
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with the properties that Lλ,i
X ⊂ Si and Si·Lλ,j

X ⊂ Si+j for all 0 ≤ i ≤ n and 0 ≤ j ≤ n − i.

Notice that the assumption on Ω1
X guarantees that Si(X) are DX -modules. Furthermore, let

ϕ : Y → X be a surjective semi-annular morphism. Consider the following DY -modules: M =
∑n

i=0 ϕ#(Si(X))·Lλ,n−i(Y ) and N =
∑n

i=0 ϕ#(Si(X))·Lλ,n+1−i(Y ).

1.5.6. Corollary. There is a morphism of complexes R : Ω·M (Y ) → Ω·Sn(X) whose compo-

sition with the canonical morphism Ω·Sn(X) → Ω·M (Y ) is identical on Ω·Sn(X) and such that the

morphisms I and J ◦R from the following diagram are homotopy equivalent

Ω·M (Y ) I−→ Ω·N (Y )
R ↘ ↗ J

Ω·Sn(X)

Proof. It is enough to apply Proposition 1.5.1 to the increasing sequence of DX -modules

P 0 = S0(X) ⊂ . . . ⊂ Pn = Sn(X) ⊂ Pn+1 ⊂ . . ., where P i =
∑n

j=0 Sj(X)·Lλ,i−j(X) for i ≥ n,

and to notice that Mn = M and Mn+1 = N .

1.6. Formulation of the main results

1.6.1. Theorem. Given a closed subfield k ⊂ Cp, a filtered k-algebra K and an element

λ ∈ K1, there is a unique way to provide every smooth k-analytic space X with a filtered DX -

subalgebra Sλ
X ⊂ NK

X so that the following is true:

(a) Sλ,0
X = OK,0

X ;

(b) Ker(Sλ,i
X

d→ Ω1
Sλ,i,X) = CK,i

X ;

(c) Ker(Ω1
Sλ,i,X

d→ Ω2
Sλ,i,X) ⊂ dSλ,i+1

X ;

(d) Sλ,i+1
X is generated by the local sections f for which df is a local section of Ω1

Sλ,i,X ;

(e) Logλ(T ) ∈ Sλ,1(Gm);

(f) for any a morphism of smooth k-analytic spaces ϕ : X ′ → X, one has ϕ#(Sλ,i
X ) ⊂ Sλ,i

X′ .

In the following theorem k is a closed subfield of Cp, K is a filtered k-algebra, λ is an element

of K1, and X is a smooth k-analytic space.

1.6.2. Theorem. (i) If X is connected, then for any nonempty open subset U ⊂ X the

canonical map Sλ(X) → Sλ(U) : f 7→ f
∣∣
U is injective;

(ii) if c(X) contains a finite extension k′ of k and X ′ is X considered as a strictly k′-analytic

space, then (Sλ
X)′ = Sλ′

X′ , where λ′ is the element λ⊗ 1 of K ′ = K ⊗k k′;

(iii) given a closed subfield k′ of Cp, a smooth k′-analytic space X ′, a morphism ϕ : X ′ → X

over an isometric embedding k ↪→ k′, a filtered k′-algebra K ′, and a homomorphism of filtered
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algebras K → K ′ over the embedding k ↪→ k′ that takes λ to an element λ′ ∈ K ′1, one has

ϕ#(Sλ,i
X ) ⊂ Sλ′,i

X′ ;

(iv) in the situation of (iii), if k′ = k and X ′ = X, then Sλ
X ⊗K K ′ ∼→ Sλ′

X ;

(v) in the situation of (iii), if K ′ = K ⊗k k′ and λ′ = λ⊗ 1, then ϕ∗(Sλ,i
X ) ∼→ ϕ#(Sλ,i

X ) and, if

in addition X ′ = X⊗̂kk′, then ϕ#(Sλ,i
X ) ∼→ Sλ′,i

X′ ;

(vi) for any geometric point x of X, the stalk Sλ,i
X,x (resp. Sλ

X,x) is a free OX,x-module (resp.

OK
X,x-module).

Theorems 1.6.1 and 1.6.2(i)-(iii) will be proved in §7. In §8, we shall prove the statements

(iv)-(vi) and establish more properties of the sheaves Sλ
X .

1.6.3. Remarks. (i) The property (iv) of Theorem 1.6.2 implies that there is an isomorphism

of filtered DX -algebras SX ⊗kLog K
∼→ Sλ

X with respect to the homomorphism kLog → K that takes

Log(p) to λ. In §8.3, we shall construct, for every geometric point x over a point x ∈ X, a

Gx/x-invariant filtered D-subalgebra Eλ
X,x ⊂ Sλ

X,x which depends functorially on (k, X, x,K, λ)

and such that each Eλ,i
X,x is a free OX,x-module of at most countable rank, the homomorphism

kLog → K : Log(p) 7→ λ gives rise to an isomorphism EX,x
∼→ Eλ

X,x and, if f1, . . . , ft are elements of

O∗X,x for which |f1(x)|, . . . , |ft(x)| form a basis of the Q-vector space
√
|H(x)∗|/

√
|k∗|, then there

is an isomorphism of filtered D-algebras Eλ
X,x[T1, . . . , Tt]⊗k K

∼→ Sλ
X,x : Ti 7→ Logλ(fi).

(ii) The formulation of the main result makes sense for an arbitrary non-Archimedean field k

of characteristic zero if λ is considered as a logarithmic character with values in K. We believe it

is true at least for the field C((T )) provided with a logarithmic character as in Example 1.4.3(ii).
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§2. Étale neighborhoods of a point in a smooth analytic space

In this section we describe a fundamental system of étale neighborhoods of a point x in a

smooth k-analytic space X. If s(x) = dim(X), we use a result of J. de Jong [deJ3] to show that

there is a morphism ϕ : Xη → X from the generic fiber of a so called proper marked formal

scheme X over the ring of integers k′◦ of a finite extension k′ of k such that ϕ is étale in an open

neighborhood of the generic point of X which is a unique preimage of x in Xη. (This morphism

ϕ is in fact étale everywhere if dim(X) = 1.) In §2.2, we recall a result from [Ber2] on the local

structure of smooth analytic curves, and apply it in §2.3 to the case s(x) < dim(X). Namely,

shrinking X one can find a morphism ϕ : X → Y to a smooth k-analytic space Y of dimension

dim(X) − 1 such that s(y) = s(x) for y = ϕ(x) and, if t(y) = t(x) (resp. t(y) < t(x)), there is an

étale neighborhood Y ′ → Y of y and an open neighborhood X ′ of a preimage of x in X×Y Y ′ such

that X ′ is isomorphic to a direct product of Y ′ and an open disc (resp. an open annulus). (Such X ′

is called a Y -split étale neighborhood of x over the étale morphism Y ′ → Y .) In §2.4, we introduce

so called smooth basic curves and show that they are precisely the generic fibers of proper marked

formal schemes of dimension one. We also introduce affinoid basic curves and establish a property

of morphisms from them to the generic fibers of formal schemes.

2.1. Étale neighborhoods of a point with s(x) = dim(X). Recall that for any formal

scheme X locally finitely presented over k◦ one can define a reduction map π : Xη → Xs such that

the preimage of a closed (resp. open) subset of Xs is open (resp. closed) in Xη (see [Ber3, §3]).

If X is pluri-nodal over k◦ (in the sense of [Ber7, §1]) then, by [Ber7, Corollary 1.7], the generic

point of an irreducible component Y of Xs has a unique preimage x in Xη and H̃(x) = k̃(Y). In

particular, one has s(x) = dimx(Xη) and t(x) = 0. The point x will be called the generic point of Y
in Xη. Notice that such a point cannot lie in a nowhere dense Zariski closed subset of Xη. Examples

of pluri-nodal formal schemes are nondegenerate strictly poly-stable formal schemes, which were

introduced in [Ber9, §4] and whose definition will be recalled in §3, and an example of the latter is

any base change of a strictly semi-stable formal scheme, i.e., X⊗̂k◦0 k◦, where k0 is a closed subfield

of k on which the valuation is discrete and X is a strictly semi-stable formal scheme over k◦0 . (An

example of a strictly semi-stable formal scheme over k◦0 is the formal completion X̂ of a strictly

semi-stable scheme X over k◦0 along its closed fiber Xs.)

Let k0 be a non-Archimedean field with a nontrivial discrete valuation, and let k be an extension

of k0 which is a closed subfield of the completion k̂a
0 of an algebraic closure ka

0 of k0. A k0-special

formal scheme over k◦ is a formal scheme X isomorphic to X′⊗̂k′0
◦k◦, where k′0 is a subfield of k
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finite over k0 and X′ is a special formal scheme over k′0
◦ in the sense of [Ber5] (recall that special

formal schemes were introduced in [Ber5] only over fields with discrete valuation). Such a formal

scheme X has a closed fiber Xs, which is a scheme of locally finite type over k̃, and a generic fiber

X′η, which is a strictly k-analytic space, and there is a reduction map π : Xη → Xs. Of course, one

has Xs = X′s ⊗k̃′0
k̃ and Xη = X′η⊗̂k′0k.

A k0-special formal scheme X over k◦ is said to be marked if it is isomorphic to a formal scheme

of the form X̂ ′/Y′⊗̂k′0
◦k◦, where k′0 is a subfield of k finite over k0, X ′ is a nondegenerate strictly

poly-stable separated scheme of finite type over k′0
◦, Y ′ is an irreducible component of the closed

fiber X ′s such that the scheme Y = Y ′ ⊗
k̃′0

k̃ is also irreducible, and X̂ ′/Y′ is the formal completion

of X ′ along Y ′. The closed fiber Xs of such X coincides with Y and the generic fiber Xη is a strictly

analytic subdomain of the analytification X an
η of the generic fiber Xη of the nondegenerate strictly

poly-stable scheme X = X ′⊗k′0
◦ k◦ over k◦. The generic point of Y in Xη will be called the generic

point of X and denoted by σ = σX. If in addition the scheme Y is proper, we say that X is proper

marked. If X is proper marked, its generic fiber Xη is an open subset of X an
η and, therefore, it is a

connected smooth k-analytic space. Recall also that if X is proper over k◦ then X̂η = X an
η . We say

that a k0-special formal scheme X over k◦ is strongly marked if the above scheme X ′ is a strictly

semi-stable projective over k′◦0 . Of course, in this case X is proper marked.

If the field k′0 and the schemes X ′ and Y ′ are not important in our consideration of a marked

formal scheme X as above, we say, by abuse of language, that X is the formal completion X̂/Y of

the scheme X along the irreducible component Y. (Recall again that the object X̂/Y was defined

in [Ber5] only in the case when the valuation on k is discrete.)

Let X be a smooth k-analytic space, and x a point of X with s(x) = dim(X). A marked

(resp. strongly marked) neighborhood of x is a morphism of strictly k-analytic spaces ϕ : Xη → X

which is étale outside Zan ∩ Xη and such that ϕ(σX) = x, where X is a proper marked (resp.

strongly marked) formal scheme over k′◦, k′ is a finite extension of k, and Z is a nowhere dense

Zariski closed subset of Xη (from the above definition). If dim(X) = 1, we require in addition

that the morphism is étale everywhere, i.e., one can take Z = ∅. Furthermore, given two marked

neighborhoods ϕ′ : X′η → X and ϕ′′ : X′′η → X of the point x with X′ = X̂ ′/Y′ and X′′ = X̂ ′′/Y′′ and

the corresponding fields k′ and k′′, we say that the latter refines the former, if there is a morphism

of formal schemes X′′ → X′ over an embedding of fields k′ ↪→ k′′ which takes the generic point of

X′′ to that of X′ and is étale outside Zan ∩ X′′η , where Z is a nowhere dense Zariski closed subset

of X ′′η .
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2.1.1. Proposition. Assume that the characteristic of k0 is zero, and let X be a smooth

k-analytic space. Then

(i) every point x ∈ X with s(x) = dim(X) admits a strongly marked neighborhood;

(ii) given two marked neighborhoods of the point x, there exists a third one which is strongly

marked and refines both of them.

2.1.2. Lemma. Let k be a non-Archimedean field of characteristic zero with a nontrivial

discrete valuation, X a smooth k-analytic space, and x a point of X with s(x) = dim(X). Given a

morphism of strictly k-analytic spaces X → Yη, where Y is a special formal scheme over k◦, there

exists a finite extension k′ of k, a strictly semi-stable projective scheme X over k′◦, a geometrically

irreducible component Y of Xs, a morphism of strictly k-analytic spaces ϕ : Xη → X with X = X̂/Y

and a morphism of formal schemes X → Y such that the following is true:

(i) the following diagram is commutative

Xη
ϕ−→ X

↘ ↙
Yη

(ii) ϕ is étale outside Zan ∩ Xη, where Z is a Zariski closed proper subset of Xη, and, if

dim(X) = 1, ϕ is étale everywhere;

(ii) ϕ(σX) = x.

Proof. Step 1. First of all, we may assume that X is an open subset in X an, where X =

Spec(B) is a smooth irreducible affine scheme over k. Since s(x) = n = dim(X), the image x of x

in X is the generic point of X . Furthermore, we may assume that there are elements f1, . . . , fn ∈ B

with |fi(x)| = 1 such that their image in H̃(x) are algebraically independent over k̃. This means that

if f denotes the morphism from X to the n-dimensional affine space defined by f1, . . . , fn then the

image of the point x under the morphism fan : X an → An is the maximal point of the closed unit

polydisc E with center at zero. Let fn+1, . . . , fm be elements of B such that |fi(x)| ≤ 1, the elements

f1, . . . , fm generate B over k, and the strictly affinoid domain Z = {z ∈ X an
∣∣|fi(z)| ≤ 1, 1 ≤ i ≤ m}

is contained in X. Since fan(x) is the maximal point of E, it follows that the image of x under the

reduction map π : Z → Z̃ is the generic point of an irreducible component of Z̃. (If Z = M(A),

then Z̃ = Spec(Ã), where Ã = A◦/A◦◦.) Furthermore, we can find numbers ai ∈
√
|k∗| bigger

than one such that the strictly affinoid domain W = {z ∈ X an
∣∣|fi(z)| ≤ ai, 1 ≤ i ≤ m} is also

contained in X. Notice that W is a neighborhood of the point x.

Step 2. Let α denote the induced morphism of strictly k-analytic spaces W → Yη. Since

the space Yη is Hausdorff (see [Ber5, §1]), one has α(W ) ⊂ ∪l
i=1Y

i
η, where Yi are open affine
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subschemes of Y, and the intersection of α(W ) with each Yi
η is compact. It follows that there is

a strictly affinoid subdomain Yi ⊂ Yi
η that contains α(W ) ∩Yi

η and, therefore, Wi = α−1(Yi
η) =

α−1(Yi) is a strictly affinoid subdomain of W . One has W = ∪l
i=1Wi.

Step 3. By Lemma 9.4 from [Ber7], there is an open embedding of X in Yη, where Y is an

integral scheme proper and flat over k◦, open subschemes Z ⊂ W ⊂ Ys, and a closed subscheme

V ⊂ Ys, which is a union of irreducible components of Ys, such that Z = π−1(Z), W = π−1(W),

and π(x) ∈ V ⊂ W . Making a finite number of additional blow-ups as in the proof of [Ber7,

Lemma 9.4], we may also assume that there are open subschemes Wi ⊂ W with Wi = π−1(Wi)

and W = ∪n
i=1Wi.

Step 4. By de Jong’s Theorem 6.5 from [deJ3] (resp. the semi-stable reduction theorem for

curves if dim(X) = 1), there is a finite extension k′ of k, a projective strictly semi-stable scheme

Y ′ over k′◦, and a proper, dominant and generically finite morphism ϕ : Y ′ → Y (resp. with the

property Y ′η ∼→ Yη ⊗k k′). Since k is of characteristic zero, the morphism ϕ is étale outside a closed

proper subset of Y ′η (resp. étale everywhere). If it is necessary, we may replace the field k′ by a finite

unramifield extension and assume that all of the irreducible components of Y ′s are geometrically

irreducible. Let x′ be a point from the preimage of x in Y ′anη . We claim that π(x′) is the generic

point of an irreducible component P of Y ′s. Indeed, let Z = Spf(C) be an open affine subscheme of

Ŷ ′ with π(x′) ∈ Zs ⊂ ϕ−1(Z). By [Ber7, Proposition 1.4], one has C
∼→ C◦, where C = C ⊗k◦ k. It

follows that the morphism of strictly k-affinoid spaces Zη → Z gives rise to a morphism of schemes

of same dimension Zs = Z̃η → Z̃. Since π(x) is the generic point of an irreducible component of Z̃,

the claim follows. Notice that P ⊂ ϕ−1(V) ⊂ ϕ−1(W).

Step 5. It remains to show that there is a well defined morphism of special formal schemes

Ŷ ′/P → Y compatible with the canonical morphism between their generic fibers. For this it suffices

to show that there is a well defined morphism Ŷ ′/W′ → Y with the same property, where W ′ =

ϕ−1(W) or, equivalently, that there is a system of compatible morphisms Ŷ ′/W′
i
→ Yi. Let Yi =

Spf(A), and let T = Spf(B) be an open affine subscheme of Ŷ ′/W′
i
. The generic fiber Tη is the

strictly k-affinoid space M(B), where B = B⊗k′◦ k′. The canonical morphism of strictly k-analytic

spaces Tη → Yi
η is induced by a homomorphism A → B. The image of A is contained in B◦ and

again, by [Ber7, Proposition 1.4], one has B
∼→ B◦. The homomorphisms A → B constructed in

this way give rise to the required morphism of formal schemes Ŷ ′/W′
i
→ Yi.

2.1.3. Lemma. Let k0 ⊂ k ⊂ k̂a
0 be non-Archimedean fields, and assume that, if k is not

finite over k0, k is perfect. Then
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(i) given a k0-analytic space X, any étale morphism ϕ : Y → X⊗̂k0k is, locally on Y , a base

change of an étale morphism Y ′ → X⊗̂k0k
′
0 for some finite extension k′0 of k0 in k;

(ii) given a k0-affinoid (resp. strictly k0-affinoid) space X, any rational affinoid (resp. strictly

affinoid) subdomain of X⊗̂k0k is a base change of a rational affinoid (resp. strictly affinoid) sub-

domain of X⊗̂k0k
′
0 for some finite extension k′0 of k0 in k.

Proof. (i) Let y be a point of Y , x its image in X⊗̂k0k and, for a finite extension k′0 of k0

in k, let xk′0 be the image of x in X⊗̂k0k
′
0. Since k is perfect, the Ax-Sen-Tate theorem ([Ax])

implies that the subfield k ∩ ka
0 is dense in k. It follows that the subfield ∪k′0H(xk′0) is dense in

H(x) and, therefore, one can find such k′0 that the finite separable extension H(y)/H(x) is induced

by a finite separable extension of H(xk′0) of the same degree. The required fact now follows from

[Ber2, Proposition 3.4.1].

(ii) Let X = M(A), and let Y be a rational affinoid subdomain of X⊗̂k0k = M(A⊗̂k0k).

By the definition, Y = {x ∈ X⊗̂k0k
∣∣|fi(x)| ≤ ai|g(x)| for all 1 ≤ i ≤ n}, where f1, . . . , fn, g are

elements of A⊗̂k0k without common zeroes on X⊗̂k0k, and a1, . . . , an are positive numbers. (If

X and Y are strictly affinoid, one may assume that ai = 1 for all 1 ≤ i ≤ n.) It follows that the

element g is invertible on Y and, therefore, |g(x)| ≥ b for all x ∈ Y and some b ∈ |k∗0 |. Thus, if

Z is the Laurent subdomain of X⊗̂k0k defined by the inequality |g(x)| ≥ b, Y is the Weierstrass

subdomain in Z defined by the inequalities | fi

g (x)| ≤ ai, 1 ≤ i ≤ n. Since the subfield k ∩ ka
0 is

dense in k, the subalgebra ∪k′0A⊗̂k0k
′
0 is dense in A⊗̂k0k and, therefore, there is a finite extension

k′0 of k0 in k and an element g′ ∈ A⊗̂k0k
′
0 with ||g′ − g|| < b. It follows that Z = Z ′⊗̂k′0k, where

Z ′ is the Laurent subdomain of X⊗̂k0k
′
0 defined by the inequality |g′(x)| ≥ b. Replacing k0 by k′0,

X by Z ′ and fi by fi

g , we may assume that Y is the Weierstrass subdomain of X⊗̂k0k defined by

the inequalities |fi(x)| ≤ ai, 1 ≤ i ≤ n. For the same reason, there is a finite extension k′0 of k0

in k and elements fi ∈ A⊗̂k0k
′
0 with ||f ′i − fi|| < ai. It follows that Y = Y ′⊗̂k′0k, where Y ′ is the

Weierstrass subdomain of X⊗̂k0k
′
0 defined by the inequalities |f ′i(x)| ≤ ai, 1 ≤ i ≤ n.

Proof of Proposition 2.1.1. (i) Shrinking X, we may assume that there is an étale morphism

from X to the affine space An
k over k. Since An

k = An
k0
⊗̂k0k, Lemma 2.1.3(i) implies that we can

shrink X and find a finite extension k′0 of k0 in k such that X = X ′⊗̂k′0k for some smooth k′0-

analytic space X ′. By Lemma 2.1.2 applied to the point x′, the image of x in X ′ and the morphism

X ′ → Yη with Y = Spf(k′◦0 ), we can find a finite extension k′′0 of k′0 in ka
0, a strictly semi-stable

projective scheme X over k′′◦0 , a geometrically irreducible component Y of Xs and a morphism

of strictly k-analytic spaces ϕ′ : X′η → X ′ with X′ = X̂/Y étale outside Zan ∩ X′η and such that
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ϕ′(σX′) = x′. Let k′ be the composite of k and k′′0 in k̂a
0 and ϕ : Xη → X the induced morphism

with X = X′⊗̂k′′◦0
k′◦. Since Y is geometrically irreducible, the closed fiber Xs is irreducible and,

therefore, ϕ(σX) = x, i.e., the morphism ϕ possesses the required properties.

(ii) Increasing the field k, we may assume that we are given two marked neighborhoods ϕ′ :

X′η → X and ϕ′′ : X′′η → X of the point x with X′ and X′′ proper marked over k◦. By Lemma 2.1.3,

we can increase the field k0 and find an open neighborhood of the point x in X of the form Y ⊗̂k0k,

where Y is a smooth k0-analytic space, and two étale neighborhoods Y ′ → Y and Y ′′ → Y of the

image of x in Y whose base change to k are isomorphic to the restrictions of ϕ′ and ϕ′′ to some open

neighborhoods of the points σX′ and σX′′ , respectively. In what follows we identify Y ⊗̂k0k, Y ′⊗̂k0k

and Y ′′⊗̂k0k with open subsets of X, X′η and X′′η , respectively. Let Z ′ and Z ′′ be strictly affinoid

neighborhoods of the images y′ and y′′ of the points σX′ and σX′′ in Y ′ and Y ′′, respectively. We

can find a rational strictly affinoid covering {W ′
i}1≤i≤m of Z ′⊗̂k0k (resp. {W ′′

j }1≤j≤l of Z ′′⊗̂k0k)

with W ′
i ⊂ X′

i

η (resp. W ′′
j ⊂ X′′

j

η ) for some open affine subschemes X′
i ⊂ X′ (resp. X′′

j ⊂ X′′).

By Lemma 2.1.3(ii), we can increase the field k0 so that W ′
i = Z ′i⊗̂k0k (resp. W ′′

j = Z ′′j ⊗̂k0k) for

rational strictly affinoid subdomains Z ′i ⊂ Z ′ (resp. Z ′′j ⊂ Z ′′). We now can construct a formal

scheme Z′ (resp. Z′′) of finite type over k◦0 and its open covering {Z′i}1≤i≤m (resp. {Z′′j}1≤j≤l)

with Z′η = Z ′ and Z′
i

η = Z ′i (resp. Z′′η = Z ′′ and Z′′
j

η = Z ′′j ). It follows from the construction that

the canonical embedding Z ′⊗̂k0k → X′η (resp. Z ′′⊗̂k0k → X′′η) is induced by a morphism of formal

schemes Z′⊗̂k◦0 k◦ → X′ (resp. Z′′⊗̂k◦0 k◦ → X′′). Finally, let z be a point of Z ′×Y Z ′′ over the points

y′ and y′′, and let Z be an open neighborhood of z in Z ′×Y Z ′′ which is also open in Y ′×Y Y ′′. By

Lemma 2.1.2, applied to the pair (Z, z) and the canonical morphism of strictly F -analytic spaces

Z → (Z′×Z′′)η, there exists a finite extension F ′ of F , a strongly marked formal scheme Y over k′◦0 ,

a morphism of strictly k-analytic spaces Yη → Z, and a morphism of formal schemes Y → Z′× Z′′

over k◦0 for which the properties (i)-(iii) are true. If k′ is the composite of k and k′0 in k̂a
0 and

X = Y⊗̂k′◦k
′◦, it follows that the induced morphism Xη → X is a strongly marked neighborhood

of the point x which refines the marked neighborhoods we started from.

2.2. The local structure of a smooth analytic curve. In this subsection we recall a

result from [Ber2, §3.6], which will be used in the following two subsections. It describes the local

structure of a smooth k-analytic curve, where k is an arbitrary non-Archimedean field. I am very

grateful to Brian Conrad for pointing out that a part of the proof of [Ber2, Proposition 3.6.1] does

not work if the field k is non-perfect and that its formulation should be slightly changed if, in

addition, the valuation on k is trivial (see also Remark 2.2.2).
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Recall that the affine line A1 is the set of all multiplicative seminorm on the ring of polynomials

k[T ] that extend the valuation on k. Here is a description of points of A1 from [Ber1], 1.1.4] in the

case when the field k is algebraically closed.

First of all, every element a ∈ k defines a multiplicative seminorm k[T ] → R+ : f 7→ |f(a)|.
The corresponding point of A1 is said to be of type (1). Furthermore, every closed disc E =

E(a, ρ) = {x ∈ A1
∣∣|T (x)| ≤ ρ} defines a multiplicative seminorm f 7→ |f |E = maxn |an|ρn, where

∑∞
n=0 an(T − a)n is the expansion of f with center at a. The corresponding point of A1 is denoted

by p(E) and is said to be of type (2) if ρ ∈ |k| and of type (3) if ρ 6∈ |k|. Finally, let E = {E(ρ)} be

a family of embedded discs in A1, i.e., E(ρ) is a closed disc of radius ρ and E(ρ) ⊃ E(ρ′) if ρ > ρ′.

Then E defines a multiplicative seminorm f 7→ |f |E = inf |f |E(ρ) . The corresponding point of A1 is

denoted by p(E). Let σ denote the intersection of all E(ρ). If σ ∩ k is nonempty, then σ is a point

a ∈ k and p(E) = a, or else σ is a closed disc E and p(E) = p(E). If σ ∩ k is empty, we obtain a

new point which is said to be of type (4). Each point of A1 is of one of the above types. We list

some properties of points x ∈ A1:

(1) if x = a is of type (1), then H(x) = k and a basis of open neighborhoods of x is form by

the open discs D(a, ρ);

(2) if x = p(E(a, ρ)) is of type (2), then H̃(x) ∼→ k̃(T ), |H(x)| = |k|, and a basis of open

neighborhoods of x is form by open sets of the form D(a, r)\∐n
i=1 E(ai, ri) with ri < ρ < r,

|ai − a| ≤ ρ, and |ai − aj | = ρ for i 6= j;

(3) if x = p(E(a, ρ)) is of type (3), then H̃(x) = k̃, |H(x)∗| is generated by |k∗| and ρ, and a

basis of open neighborhoods of x is formed by the open annuli B(a; r,R) with r < ρ < R;

(4) if x = p(E) is of type (4), where E = {E(aρ, ρ)}, then H̃(x) = k̃ and |H(x)| = |k| (i.e.,

H(x) is an immediate extension of k), and a basis of open neighborhoods of x is formed by the

open discs D(aρ, ρ).

If the field k is not necessarily algebraically closed, the type of a point x ∈ A1 is, by definition,

the type of some (and therefore all) of its preimages in A1⊗̂k̂a. If x is of type (1) or (4), then H̃(x)

is algebraic over k̃ and
√
|H(x)∗| =

√
|k∗| and, in particular, s(x) = t(x) = 0. If x is of type (2),

then H̃(x) is finitely generated of transcendence degree one over k̃ and the group |H(x)∗|/|k∗| is

finite and, in particular, s(x) = 1 and t(x) = 0. If x is of type (3), then H̃(x) is finite over k̃ and

the Q-vector space
√
|H(x)∗|/

√
|k∗| is of dimension one and, in particular, s(x) = 0 and t(x) = 1.

Let now X be a smooth k-analytic curve. For each point x ∈ X there is an étale morphism

from an open neighborhood of x to the affine line A1. The type of the image of x in A1, which

does not depend on the choice of the étale morphism, is said to be the type of x. Notice that each
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point x from X0 = {x ∈ X
∣∣[H(x) : k] < ∞} is of type (1) and its local ring OX,x is a discrete

valuation ring. In all other cases, OX,x is a field. Here is a corrected version of Proposition 3.6.1

from [Ber2] (see also Remark 2.2.2).

2.2.1. Proposition. Assume that the field k is perfect or its valuation is non-trivial (resp.

non-perfect and the valuation is trivial). Then for every point x ∈ X there exists a finite separable

(resp. non necessarily separable) extension k′ of k and an open subset X ′ ⊂ X⊗̂k′ such that x has

a unique preimage x′ in X ′ and X ′ is isomorphic to the following k′-analytic curve (depending on

the type of x):

(1) or (4): an open disc with center at zero;

(3) an open annulus with center at zero;

(2) X an
η \∐n

i=1 Xi, n ≥ 1, where X is a connected smooth projective curve over k′◦, each Xi

is an affinoid subdomain isomorphic to a closed disc with center at zero and all of them are in

pairwise different residue classes of X an
η , and x′ is the generic point of Xs in X an

η .

Proof. The proof of Proposition 3.6.1 from [Ber2] consisted of the following three steps.

(A) By [Ber2, Lemma 3.6.2], one can shrink X so that there is an open embedding of X in the

analytification X ′an of a smooth affine curve X ′ of finite type over k. (B) The claim that there is

an open embedding of X ′ in a smooth projective curve X over k, which is of course wrong if the

field k is non-perfect. (C) A proof of the required fact under the assumption that there is an open

embedding of X in X an, where X is a smooth projective curve over k. (The proof of (C) is based

on the semi-stable reduction theorem for curves.)

Thus, to correct the proof, it suffices to establish the following fact. If the valuation on k is

nontrivial, then for every point x ∈ X there exists a finite separable extension k′ of k and an open

subset X ′ ⊂ X⊗̂k′ such that x has a nonempty preimage in X ′ and there is an open embedding of

X ′ in X an, where X is a smooth projective curve over k′. Of course, it suffices to consider the case

when k is non-perfect of characteristic p > 0.

Step 1. We can find an open embedding of X in X an, where X is only a regular projective

curve. Let Y be the smooth locus of X . Of course, it suffices to consider the case when Y does not

coincide with X . In this case Y = Spec(A) is a smooth affine curve of finite type over k. We may

assume that X is relatively compact in Yan, and we may replace k by a finite separable extension so

that the cardinality of the complement X\Y does not change after bigger finite separable extensions

and that there exists a finite purely inseparable extension k′ of k such that the normalization X ′

of the curve X ⊗ k′ is smooth over k′ and all of its points over X\Y are k′-rational. Our further
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construction is of the type used in the proof of (C), and the purpose is to make a surgery of X an in

a small neighborhood of a point x ∈ X\Y (after a finite separable extension of k) so that its result

is a new regular projective curve whose non-smoothness locus has strictly smaller cardinality than

that of the set X\Y.

Step 2. Let Y ′ = Spec(A′) be the preimage of Y in X ′, x′ the preimage of the point x, and X ′

the preimage of X in X ′an. Of course, A⊗ k′ ∼→ A′, x′ 6∈ Y ′, and X ′ is relatively compact in Y ′an.

Since the point x′ is k′-rational, it has an open neighborhood V isomorphic to the open unit disc

D(0; 1) over k′. We may assume that this disc does not intersect with X ′, and fix an isomorphism

D(0; 1) ∼→ V so that the images of zero is the point x′.

Step 3. By the Riemann-Roch theorem, there exists a rational function f on X ′ with the only

nontrivial pole at the point x′ and, in particular, f ∈ A′. Since k′ is purely inseparable over k, we

can replace f by some power of p and assume that in fact f ∈ A. Then f is a rational function on

X with the only nontrivial pole at x. We can shrink the disc V so that f has no zeros at it.

Step 4. Let a be a big enough positive number such that the preimage of the affinoid subdomain

U = {x ∈ X an
∣∣|f(x)| ≥ a} of X an in X ′an is contained in V, and so it is a closed disc E(0; R)k′ .

Take a bigger number b > a, and consider the affinoid subdomain W = {x ∈ U
∣∣|f(x)| ≤ b} of X an.

The preimage of W in X ′an is a closed annulus W ′ = A(r,R)k′ with center at zero and r < R. If

W = M(A) and W ′ = M(A′), one has A⊗̂k′ ∼→ A′.
Step 5. We claim that, after replacing k by a finite separable extension, one can slightly deform

the isomorphism W ′ ∼→ A(r,R)k′ so that it can be induced by an isomorphism W
∼→ A(r,R). Indeed,

let g′ ∈ A′ be the pullback of the coordinate function from A(r,R)k′ ⊂ A1
k′ . Since the separable

closure of k is dense in its algebraic closure, we can replace k by a finite separable extension so

that there exists an element g ∈ A with |(g′ − g)(x′)| < |g′(x′)| for all points x′ ∈ W ′. Then the

morphism g : W ′ → A1
k′ induces an isomorphism W ′ ∼→ A(r,R)k′ and is induced by the morphism

g : W → A1. Since the latter gives rise to the isomorphism W ′ = W ⊗̂k′ ∼→ A(r,R)k′ = A(r,R)⊗̂k′,

it follows that W
∼→ A(r,R).

Step 6. Let W be the preimage of the open annulus B(r,R) = {x ∈ A(r,R)
∣∣r < |T (x)| < R}

with respect to the latter isomorphism. One has W = {x ∈ X an
∣∣a < |f(x)| < b}. We now glue the

open set {x ∈ X an
∣∣|f(x)| < b} and the open disc D(0; R) via the isomorphism W ∼→ B(r,R). The

k-analytic space obtained is a proper k-analytic curve and, therefore, it is the analytification Zan of

a projective regular curve Z. By the construction, X is an open subset of Zan and the cardinality

of the non-smoothness locus of Z is strictly less than that of X . Repeating this procedure with

other non-smooth points, we get the required fact.
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The genus of a point x ∈ X of type (2) is the genus of the smooth projective curve Xη over k′

from Proposition 2.2.1. It is well defined, and is equal to the genus of the smooth projective curve

over k̃′ whose field of rational functions is H̃(x′) (with the point x′ also from Proposition 2.2.1).

Since the genus of any point of type (2) in the affine line is zero, it follows that subset of points of

type (2) and positive genus in any smooth k-analytic curve is discrete in it.

A smooth k-analytic curve isomorphic to an open disc D or an open annulus B with center at

zero, or to X an
η \∐n

i=1 Xi, n ≥ 1, as above (with k′ = k), was called in [Ber2] elementary. Notice

that an open disc D = D(0; r) with r > 1 is of the third form since its complement in the projective

line P1 is isomorphic to the closed disc E(0; r−1). In particular, if the valuation on k is nontrivial,

any open disc is of that form. An open annulus B = B(0; r,R) with r < 1 < R is also of that form

since its complement in P1 is isomorphic to a disjoint union of E(0; r) and E(0; R−1).

2.2.2. Remark. The change in the formulation of [Ber2, Proposition 3.6.1] implies that the

formulations of Theorem 3.7.2 and Corollary 3.7.3 in [Ber2, §3.7] should be also changed. Recall

that [Ber2, Theorem 3.7.2] describes a smooth morphism of good k-analytic spaces ϕ : Y → X of

pure dimension one in an étale neighborhood of a point y ∈ Y . It stated that there is an étale

morphism X ′ → X and an open subset Y ′′ ⊂ Y ′ = Y ×X X ′ such that the point y has a unique

preimage y′ in Y ′′ and the induced morphism Y ′′ → X ′ is an elementary fibration of pure dimension

one at the point y′. In the case, when the field H(ϕ(y)) is not perfect and its valuation is trivial,

the correct statement is that all of the above is true except the requirement on the étaleness of the

morphism X ′ → X. Namely, it is only a composition of a radicial morphism X ′ → X ′′ with an

étale morphism X ′′ → X. Here a morphism of good k-analytic spaces f : X ′ → X is said to be

radicial if it is finite and every point of X has an affinoid neighborhood V = M(A) such that for

its preimage V ′ = M(A′) in X ′ one has A′ = A[T1, . . . , Tn]/(T pli

i − fi) with f1, . . . , fn ∈ A∗ and

i1, . . . , in ≥ 0. (Such a morphism is always finite flat, and it induces a homeomorphism between the

underlying topological spaces.) In the same case (of the non-perfect field H(ϕ(y)) with the trivial

valuation) the correct statement of Corollary 3.7.3 should require that both morphism X ′ → X

and Y ′′ → Y ′ = Y ×X X ′ are compositions of a radicial morphism with an étale one. The above

changes do not affect the applications of Theorem 3.7.2 in [Ber2], and here is one more application.

2.2.3. Proposition. Given smooth k-analytic space of the same dimension n and points

x′ ∈ X ′ and x′′ ∈ X ′′ with s(x′) = s(x′′) = n, there exist étale morphisms ϕ′ : X → X ′ and

ϕ′′ : X → X ′′ that take a point x ∈ X to x′ and x′′, respectively.

Proof. We may assume that X ′′ = An and x′′ is the maximal point of the closed unit
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polydisc with center at zero. If the valuation on k is trivial, then the image of the point x′ under

any étale morphism from an open neighborhood of x′ to An is the point x′′. Assume therefore

that the valuation on k is nontrivial. If n = 1, then x′ is type (2) and so, replacing k by a finite

separable extension, we may assume that X = X an
η \∐m

i=1 Xi, m ≥ 1, where X is a connected

smooth projective curve over k◦, x is the generic point of Xs in X an
η , and Xi’s are as in Proposition

2.2.1(2). Then any étale morphism Z → An from a (nonempty) open affine subscheme of X gives

rise to an étale morphism from an open neighborhood of the point x to An that takes x to the

point x′′. Assume now that n ≥ 2 and the required fact is true for n − 1. We may then assume

that there is a smooth morphism ϕ : X ′ → Y of dimension one with s(y) = n− 1, where y = ϕ(x′),

such that Y admits an étale morphism to An−1 that takes y to the maximal point of the closed

unit polydisc with center at zero. By [Ber2, Theorem 3.7.2], the situation is reduced to the case

when ϕ is an elementary fibration. It follows easily from the definition of the latter and Proposition

2.2.1 that one can replace Y by an étale neighborhood of the point y and find an étale morphism

ψ : X ′ → Y × A1 over Y that takes x′ to the maximal point of the closed unit disc in A1
H(y)

with center at zero. Then the étale morphism X ′ → An = An−1 ×A1 induced by the above étale

morphism Y → An−1 and ψ takes x′ to the point x′′.

2.3. Étale neighborhoods of a point with with s(x) < dim(X). In this subsection, k

is an arbitrary non-Archimedean field with a nontrivial valuation. Let X is a smooth k-analytic

space of dimension n at a point x ∈ X.

2.3.1. Proposition. Assume that s(x) < n. Then

(i) one can shrink X so that there exists a smooth morphism ϕ : X → Y to a smooth k-analytic

space Y of dimension n− 1 with s(y) = s(x) for y = ϕ(x);

(ii) given a smooth morphism ϕ : X → Y as in (i), there exists an étale morphism Y ′ → Y

and an open subset X ′ ⊂ Y ′ ×Y X such that the image of X ′ in X contains the point x and X ′

is isomorphic over Y ′ to Y ′ ×D, if t(y) = t(x), and to Y ′ × B, if t(y) < t(x), where D and B are

open disc and annulus with center at zero.

Proof. (i) We may assume that X is an open subset in X an, where X = Spec(B) is a smooth

irreducible affine scheme over k. Let x be the image of x in X . If x is not the generic point of X
then, by Step 2 of Case (a) from the proof of [Ber7, Theorem 9.1], there exists an isomorphism of

an open neighborhood of x onto D(0; r)×Y that takes x to {0}×Y , where Y is a smooth k-analytic

space of dimension n− 1. Thus, we may assume that x is the generic point of X . Let s = s(x).

The image of the field k(x) is dense in H(x). It follows that we can find elements f1, . . . , fs ∈
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k(x) with |fi(x)| = 1 such that their images in H̃(x) are algebraically independent over k̃. It is then

clear that f1, . . . , fs are algebraically independent over k. We can extend this system of elements to

a system f1, . . . , fn−1 of algebraically independent elements of k(x) over k. Shrinking X , we may

assume that f1, . . . , fn−1 ∈ B. Consider the morphism f from X to the (n− 1)-dimensional affine

space, defined by the elements f1, . . . , fn−1. Then y = f(x) is the generic point of the affine space

and, therefore, the morphism f is smooth at the point x. Shrinking X , we may assume that f is

smooth. It follows that the morphism of k-analytic spaces ϕ = fan : X an → An−1 is also smooth

and, by the construction, s(y) = s, where y = ϕ(x).

(ii) Since s(y) = s(x), it follows that sH(y)(x) = 0, i.e., the type of x in the fiber of ϕ at y is

not (2). By the local description of smooth analytic curves (Proposition 2.2.1), if x is of type (1) or

(4) (resp. (3)), there is an étale morphism g : Y → An−1 with g−1(y) = {y′} and an open subset

X ′ ⊂ X ×An−1 Y such that x has a unique preimage x′ in X ′ and X ′
y′ is isomorphic to D(0; r)H(y′)

(resp. B(0; r,R)H(y′)). By Proposition 3.7.8 (resp. 3.7.5) from [Ber2], one can shrink Y and X ′ so

that X ′ ∼→ D(0; r′)× Y with 0 < r′ < r (resp. X ′ ∼→ B(0; r′, R′)× Y with r < r′ < R′ < R).

In the situation of Proposition 2.3.1 we say that the morphism X ′ → X is an Y -split neigh-

borhood of x. Furthermore, given two Y -split neighborhoods X ′ → X and X ′′ → X of the point x,

we say that the latter refines the former if X ′′ → X and the corresponding morphism Y ′′ → Y go

through compatible étale morphisms X ′′ → X ′ and Y ′′ → Y ′.

2.3.2. Corollary. Given two Y -split neighborhoods X ′ → X and X ′′ → X of x, there exists

an Y -split neighborhood of the same point that refines both of them.

Proof. It is enough to apply Proposition 2.3.1 to the induced morphism X ′×X X ′′ → Y ′×Y Y ′′

and a preimage of the point x in X ′ ×X X ′′.

2.3.3. Corollary. Let x be a point of a smooth k-analytic space X with n = dimx(X). Then

(i) s(x) is the minimal number s such that x has a fundamental system of étale neighborhoods

isomorphic to a direct product of a smooth k-analytic space of dimension s and a semi-annular

space (of dimension n− s);

(ii) t(x) is the minimal number t such that x has a fundamental system of étale neighborhoods

as in (i) with the semi-annular spaces of dimension (t, n− s(x)− t).

Proof. Proposition 2.3.1 implies that x has a fundamental system of étale neighborhoods

isomorphic to a direct product of a smooth k-analytic space of dimension s(x) and a semi-annular

space of dimension (t(x), n − s(x) − t(x)). Assume that there exists a fundamental system as in

(i) with s < s(x), and let f be an element of OX,x with |f(x)| = 1 whose image f̃(x) of f(x) in
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H̃(x) is transcendent over k̃. Increasing k, we can find elements a1, . . . , an−s+1 ∈ (k◦)∗ such that

their images in k̃ are pairwise distinct. Shrinking X, we may assume that f ∈ O(X) and all of the

functions f−ai are invertible. By the assumption, we may replace X by an étale neighborhood of x

isomorphic to Y ×Z, where Y is a smooth k-analytic space of dimension s and Z is a semi-annular

space of dimension n − s. The description of invertible analytic functions on such X implies that

there exists (i1, . . . , in−s+1) ∈ Zn−s+1\{0} with (f − a1)i1 · . . . ·(f − an−s+1)in−s+1 = gh, where

g ∈ O(Y )∗ and h ∈ O(X)∗ is such that |h(x′) − 1| < 1 for all points x′ ∈ X. The image of this

equality in H̃(x) gives an equation of algebraic dependence of f̃(x) over H̃(y), where y is the image

of x in Y . It follows that H̃(x) is algebraic over H̃(y), which is a contradiction. Assume now that

there exists a fundamental system as in (ii) with t < m = t(x), and let f1, . . . , fm be elements

of O∗X,x whose images in the Q-vector space
√
|H(x)∗|/

√
|k∗| form its basis. Shrinking X, we

may assume that f1, . . . , fm ∈ O(X)∗ and X = Y × Z, where Y is a smooth k-analytic space of

dimension s(x) and Z is a semi-annular space of dimension (t, n− s(x)− t). From the description

of invertible analytic functions on such X it follows that there exists (i1, . . . , im) ∈ Zm\{0} with

f i1
1 · . . . ·f im

m = gh, where g ∈ O(Y )∗ and h ∈ O(X)∗ is such that |h(x′) − 1| < 1 for all points

x′ ∈ X. Since
√
|H(y)∗| =

√
|k∗|, the latter contradicts the property of f1, . . . , fm at x.

2.3.4. Corollary. Let F be an étale OX -submodule of NK
X and x a geometric point of X

such that the stalk Fx is a union of free OX,x-modules. Then for any morphism ϕ : Y → X from

a smooth k-analytic space Y and any geometric point y of Y over x the canonical homomorphism

ϕ∗(F)y = Fx ⊗OX,x
OY,y → NK

Y,y is injective.

Proof. If ϕ#(F) denotes the image of the homomorphism ϕ∗(F) → NK
Y , then the required

fact is equivalent to the bijectivity of the map ϕ∗(F)y → ϕ#(F)y and, if the latter is true, then

ϕ#(F)y is a union of free OY,y-module. It follows that, if ϕ is a composition of two morphisms for

which the required fact is true, then it is also true for ϕ. Since we can shrink X and Y so that

ϕ can be represented as a composition of a closed immersion of Y into X ×D and the canonical

projection X×D → X, where D is an open polydisc, it suffices to consider the following two cases.

In both of them we verify that, given elements f1, . . . , fn ∈ F(X) whose images in the stalk Fx of

a point x ∈ X are linearly independent over OX,x, their pullbacks in ϕ#(F)y, where y ∈ ϕ−1(x),

are linearly independent over OY,y. Assume the latter is not true. Shrinking X and Y , we may

assume that there exist analytic functions g1, . . . , gn ∈ O(Y ) with
∑n

i=1 figi = 0.

Case 1: ϕ is a closed immersion. Since the statement is local with respect to the étale topology,

we may assume that X
∼→ Y ×D, where D is the unit open polydisc with center at zero, and the
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immersion identifies Y with the zero section of the projection p : X = Y ×D → Y . It follows that
∑n

i=1 fip
∗(gi) = 0 and, therefore, all gi’s are zero.

Case 2: ϕ is smooth. We may assume that ϕ is of dimension one. To show that g1 = . . . =

gn = 0, we may replace Y by an étale neighborhood of any point from the preimage ϕ−1(x). We

can therefore shrink X and Y in the étale topology and assume that Y = X × D, where D is

the unit open disc with center at zero. If σ is a section of ϕ, then
∑n

i=1 fiσ
∗(gi) = 0 and, by the

assumption on linear independence, σ∗(gi) = 0 for all 1 ≤ i ≤ n. Thus, it suffices to show that,

given a nonzero analytic function g ∈ O(X ×D), there is a section σ with σ∗(g) 6= 0.

The function g is of the form
∑∞

i=0 hiT
i, where hi ∈ O(X). Every element α ∈ k with |α| < 1

defines a section σα that takes z to (z, α) and, if σ∗α(g) = 0, one has
∑∞

i=0 hiα
i = 0. Restricting

the latter equality to the fiber ϕ−1(x′) at an arbitrary point x′ ∈ X, we get hi(x′) = 0 for all i ≥ 0.

It follows that all hi’s are zero which is a contradiction.

2.4. Basic curves. If x is a closed point of the closed fiber of a scheme or formal scheme over

k◦ such that the field k̃(x) is separable over k̃, we denote by kx the finite unramified extension of

k with the residue field k̃(x). Assume that k is a closed subfield of k̂a
0 that contains k0, where k0

is a fixed non-Archimedean field whose valuation is nontrivial and discrete.

A smooth basic curve is a connected smooth k-analytic space X isomorphic to X ′⊗̂k′0k with

a finite extension k′0 of k0 in k and X ′ = X an
η \∐n

i=1 Xi, n ≥ 0, where X is a smooth projective

curve over k′◦0 , each Xi is an affinoid subdomain of π−1(xi) for a closed point xi ∈ Xs, whose field

k̃′0(xi) is separable over k̃′0, and is isomorphic to a closed disc E(0; ri)⊗̂(k′0)xi with r ∈ |k′∗0 |, and

the closed points x1, . . . ,xn ∈ Xs are pairwise distinct.

2.4.1. Proposition. The following properties of a smooth k-analytic curve X are equivalent:

(a) X is a smooth basic curve;

(b) X is isomorphic to the generic fiber Xη of a proper marked formal scheme X over k◦.

Proof. To prove the statement we may assume that k = k0.

(a)=⇒(b) Assume X is isomorphic to X an
η \∐n

i=1 Xi, n ≥ 0, as above. We claim that there

is an admissible blow-up ϕ : X ′ → X whose center is supported in {x1, . . . ,xn} and such that the

scheme X ′ is nondegenerate strictly poly-stable over k◦ and X = π−1(Y), where Y is the irreducible

component of X ′s for which the induced morphism Y → Xs is surjective. Indeed, it is enough to

construct such a blow-up separately for each point x = xi. Since the field k̃(x) is separable over k̃,

there is an étale morphism from an open neighborhood of x to the affine line over k◦ that takes xi

to the zero point. It induces an isomorphism of π−1(x) ⊂ X an
η with the open disc D(0; 1)⊗̂kx that
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takes Xi to a closed disc E(0, r) with r ∈ |k∗|. Let J be the coherent sheaf of ideals which coincides

with OX outside the point x and is generated by the coordinate function T of the affine line and

an element a ∈ k◦ with |a| = r. The blow-up ϕ : X ′ → X with center at J induces an isomorphism

X ′\ϕ−1(x) ∼→ X\{x}, and ϕ−1(x) is an irreducible component of X ′s isomorphic to the projective

line over k̃(x). There is an étale morphism from an open neighborhood of x′, the zero point of the

projective line, to the affine scheme Spec(k◦[T, u]/(Tu− a)). The claim now follows from the fact

that the preimage of ϕ−1(x)\{x′} in X ′anη under the reduction map is identified with the closed

disc E(0; |a|)⊗̂kx, and the preimage of the infinity point of ϕ−1(x) is identified with the open disc

D(0; |a|)⊗̂kx. Since X = π−1(Y) coincides with (X̂ ′/Y)η, we get the required fact.

(b)=⇒(a) Let X be the formal completion X̂ an
/Y of a nondegenerate strictly poly-stable curve

X over k◦ along an irreducible component Y of Xs proper over k̃, and let x1, . . . ,xn be the closed

points of Y that lie also in some of the other irreducible components of Xs. The assumption on X
implies that every point xi has an open neighborhood in X that admits an étale morphism to a

scheme Spec(k◦[u, v]/(uv−ai)) with ai ∈ k◦\{0}.) The point xi goes under this étale morphism to

the zero point and, therefore, the field k̃(xi) is separable over k̃. This easily implies that the open

subset π−1(xi) of X an
η is isomorphic to the open annulus B(|ai|, 1)⊗̂kxi over kxi with center at zero

(see Lemma 3.1.3 for a more general statement). Let X ′ be the k-analytic space obtained by gluing

of X with the open discs D(0; 1)⊗̂kxi along the above annuli, respectively. The space X ′ is a smooth

compact k-analytic curve and, therefore, it is the analytification of a smooth projective curve over

k. It is also easy to see that that curve has good reduction, i.e., X ′ is isomorphic to X ′anη , where X ′

is a smooth projective curve over k◦. It follows that X is isomorphic to X ′anη \ ∪n
i=1 E(0; |ai|)⊗̂kxi ,

i.e., it is a basic curve.

A k-affinoid basic curve is a connected strictly k-affinoid space X isomorphic to Y ⊗̂k′0k with

k′0 a finite extension of k0 in k and Y = X an
η \∐n

i=1 Yi, n ≥ 1, where X is a smooth projective

curve over k′◦0 , each Yi is an open subset of π−1(xi) for a closed point xi ∈ Xs, whose field k̃′0(xi) is

separable over k̃′0, and is isomorphic to an open disc D(0; ri)⊗̂(k′0)xi with ri ∈ |k′∗0 |, and the closed

points x1, . . . ,xn ∈ Xs are pairwise distinct. For a k-affinoid basic curve X provided with such

an isomorphism, let X ′ denote the open subset that corresponds to Y ′ = X an
η \∐n

i=1 Y ′
i , where Y ′

i

denotes the bigger closed disc E(0, ri)⊗̂(k′0)xi . Then X ′ is a smooth basic curve.

2.4.2. Proposition. In the above situation, given a k0-special formal scheme Y over k◦ and

a morphism of strictly k-analytic spaces ϕ : X → Yη, there exists a finite extension k′ of k and

a finite open covering X ′⊗̂k′ = ∪m
i=1X

′
i such that each X ′

i is the generic fiber Xi
η of a strongly
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marked formal scheme Xi over k′◦ (and, in particular, X ′
i is a smooth basic k′-analytic curve) and

the induced morphism X ′
i → Yη comes from a morphism of formal schemes Xi → Y over k◦.

Proof. First of all, we can increase the field k0 and assume that X comes from a k0-affinoid

basic curve Y . By the proof of Proposition 2.4.1, there is a nondegenerate strictly poly-stable

curve Y projective over k◦0 whose closed fiber Ys is a union of irreducible components Z,Z1, . . . ,Zn

such that each Zi is isomorphic to the projective line over F̃ , Zi ∩ Z = {xi} and Zi ∩ Zj = ∅
for i 6= j, and one has Y ′ = (Ŷ/Z)η and Y = (Ŷ/W)η, where W is an open subset of Ys with

Ys\W = {z1, . . . , zn} and each zi is a closed point of Zi different of xi. Furthermore, as in the

proof of Proposition 2.1.1(ii), we can increase the field k0 and find rational strictly affinoid covering

{Wi}1≤i≤l of Y such that ϕ(Wi⊗̂k0k) ⊂ Yi
η for some open affine subschemes Y1, . . . , Yl ⊂ Y.

One can then construct an admissible blow-up ψ : Ỹ → Y and open subschemes Wj ⊂ ψ−1(W),

1 ≤ j ≤ l, with W = ∪l
j=1Wj and Wj = π−1(Wj). By the semi-stable reduction theorem for

curves, there exists a finite extension k′0 of k0 and a morphism Y ′ → Ỹ ⊗k◦0 k′◦0 from a strictly

semi-stable projective curve Y ′ over k′◦0 that gives rise to an isomorphism Y ′η ∼→ Yη ⊗k0 k′0. If Z ′

denotes the preimage of Z in Y ′s, we get an isomorphism (Ŷ ′/Z′)η
∼→ Y ′⊗k0 k′0. If k′ is the composite

of k and k′0 in ̂̂
ka

0, one shows as in the Step 4 from the proof of Proposition 2.1.1 that the induced

morphism (Ŷ ′/Z′)η⊗̂k′0k
′ → Yη comes from a morphism of formal schemes Ŷ ′/Z′⊗̂k′◦0 k′◦ → Y over

k◦. Since Z is an irreducible component of Ys, its preimage Z ′ is a union of irreducible components

Z ′1, . . . ,Z ′m of Y ′s. It follows that the required fact holds for the strongly marked formal schemes

Xi = Ŷ ′/Z′
i
⊗̂F ′◦k

′◦ and the smooth basic curves X ′
i = Xi

η.
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§3. Properties of strictly poly-stable and marked formal schemes

In this section we study properties of a proper marked formal scheme X over k◦ and its generic

fiber Xη. For example, the reduction map π : Xη → Xs is surjective and the preimage π−1(x) of

a closed point x ∈ Xs with k̃(x) separable over k̃ is a semi-annular space. In particular, if the

characteristic of k is zero and the field k̃ is perfect, any closed one-form on Xη, whose restriction

to the residue class π−1(x) of every closed point x ∈ Xs is in Ω1
Lλ(π−1(x)), has a primitive in the

class of functions whose restrictions to every residue class π−1(x) are in Lλ(π−1(x)). The following

property is of crucial importance for the construction in §7, which provides a way to connect all

of such primitives: the generic point of X (i.e., the unique preimage of the generic point of Xs in

Xη) has a fundamental system of open neighborhoods in Xη whose intersections with all of the

residue classes are nonempty and connected. Furthermore, we consider the stratification of the

closed fiber Xs, constructed in [Ber7], and show that for any morphism of marked formal schemes

X′ → X the image of a stratum of X′s is contained in a stratum of Xs. We also construct for every

stratum closure Y ⊂ Xs an open neighborhood DY of the image of π−1(Y) under the diagonal map

Xη → Xη×Xη and establish a geometric property of the canonical projection to the first coordinate

DY → π−1(Y).

3.1. Strictly poly-stable formal schemes. Recall (see [Ber7, §1]) that a scheme (resp.

formal scheme) over k◦ is said to be strictly poly-stable if it has a locally finite covering by open affine

subschemes that admit an étale morphism to an affine scheme of the form Spec(A0)×. . .×Spec(Ap)

(resp. Spf(A0)× . . .×Spf(Ap)), where each Ai is of the form k◦[T0, . . . , Tn]/(T0 · . . . ·Tn− a) (resp.

k◦{T0, . . . , Tn}/(T0 · . . . · Tn − a)) with a ∈ k◦ and n ≥ 0. If all of the elements a are non-zero,

the strictly poly-stable scheme (resp. formal scheme) is said to be nondegenerate (see [Ber9]). In

this case its generic fiber is smooth (resp. rig-smooth). Recall that all irreducible components of

the closed fiber of a strictly poly-stable scheme or formal scheme over k◦ are smooth over k̃. If a

scheme X is strictly poly-stable over k◦, then so is its formal completion along the closed fiber X̂ . If

the valuation on k is nontrivial and discrete, any strictly semi-stable scheme or formal scheme over

k◦ is nondegenerate strictly poly-stable. The advantage of strictly poly-stable schemes and formal

schemes is in the facts that they are defined over non-Archimedean fields with not necessarily

discrete valuation and that their class is preserved under direct products and the ground field

extension functor.

For an integral algebra A over a field L, let c(A/L) denote the subfield of the elements of A

which are algebraic and separable over L. When it is clear what the field L is considered, the field
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c(A/L) is denoted by c(A). For example, by [Ber9, Corollary 8.1.3(ii)], the stalk cX,x of the sheaf

of constant analytic functions cX on a geometrically reduced strictly k-analytic space X at a point

x ∈ X coincides with c(H(x)) = c(H(x)/k).

3.1.1. Lemma. Let X be a formal scheme locally finitely presented over k◦, Y a smooth

irreducible component of Xs, and σ the generic point of Y in Xη. Then

(i) the algebraic closure of k in H(σ) is the finite unramified extension of k with the residue

field c(k̃(Y)) and, in particular, it coincides with c(H(σ));

(ii) c(π−1(Y)) ∼→ c(H(σ)).

Proof. Let Y be a nonempty open subscheme of X such that Ys ⊂ Y and Ys does not

intersect with the other irreducible components of Xs. Then Y is smooth, Ys is irreducible, and

σ is its generic point in Yη. By [Ber7, Corollary 1.7(ii)], one has H̃(σ) = k̃(Y) and, therefore, the

finite unramified extension k′ of k with the residue field c(k̃(Y)) is embedded in H(σ). We claim

that each element of k′ comes from a constant analytic function from π−1(Y). Indeed, consider

the induced étale morphism ϕ : X′ = X⊗̂k′◦ → X. Since Y is smooth, there is an irreducible

component Y ′ of X′s such that ϕ induces an isomorphism Y ′ ∼→ Y, i.e., by [Ber7, Lemma 4.4], it

induces an isomorphism π−1(Y ′) ∼→ π−1(Y) and the claim follows. It remains to show that the

algebraic closure of k in H(σ) coincides with k′. For this we can replace k by k′, X by X′ and Y
by Y ′, and so we may assume that Y is geometrically irreducible. Furthermore, we may shrink X

and assume that X = Spf(A) is affine and Xs is irreducible. Consider an arbitrary epimorphism

k◦{T1, . . . , Tn} → A. By [Ber7, Proposition 1.4], one hasA◦ = A and |A|sup = |k|, whereA = A⊗k,

and, therefore, [BGR, Corollary 6.4.3/6] implies that the spectral norm on A coincides with the

quotient norm with respect to the induced epimorphism k{T1, . . . , Tn} → A. From [Ber1, 5.2.2

and 5.2.5] it follows that for any non-Archimedean field K over k the norm on the Banach algebra

H(x)⊗̂K is multiplicative. Applying this to finite extensions of k, we get the required fact.

From Lemma 3.1.1 it follows that for any connected open neighborhood U of the point σ in

π−1(Y), one has c(π−1(Y)) ∼→ c(U) ∼→ c(H(σ)).

Recall that a standard formal scheme over k◦ is a formal scheme of the form T(n,a)×S(m),

where either n = (n0, . . . , np) ∈ Zp+1, ni ≥ 1, a = (a0, . . . , ap) ∈ (k◦◦)p+1, T(n,a) = Spf(A0) ×
. . .×Spf(Ap), Ai = k◦{Ti0, . . . , Tini}/(Ti0 · . . . ·Tini−ai), S(m) = Spf(k◦{S1, . . . , Sm, 1

S1
, . . . , 1

Sm
}),

or p = n0 = 0, a0 = 1 and T(0, 1) = Spf(k◦) (see [Ber7, §1]). Given a strictly poly-stable formal

scheme X over k◦, every point x ∈ Xs has an open connected affine neighborhood X′ of x for which

there exists an étale morphism to a standard formal scheme ϕ : X′ → T = T(n,a) × S(m) such
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that the point ϕs(x) is contained in the intersection of all irreducible components of Ts. The tuples

n and |a| are determined uniquely, up to a permutation of the set {0, . . . , p}, by the stratum of Xs

(see §3.3) that contains the point x (see [Ber7, §4]). The triple (n, |a|,m) will be called the type of

x (or of the stratum).

3.1.2. Lemma. Given a closed point x ∈ Xs of type (n, |a|,m) such that the field k̃(x) is

separable over k̃, there is an isomorphism π−1(x) ∼→ (Y × Dm)⊗̂kx, where Dm is an open unit

polydisc of dimension m with center at zero, Y is the closed analytic subset of the open unit polydisc

D|n|+p+1 defined by the equations Ti0 · . . . · Tini = ai for 0 ≤ i ≤ p, and |n| = n0 + n1 + . . . + np.

Proof. We may assume that X′ = X. There exists a k̃x-rational point x′ ∈ Xs ⊗ k̃x over

x. If t′ is the unique preimage of t in Ts ⊗ k̃x then, by [Ber7, Lemma 4.4], the induced étale

morphisms X⊗̂k◦x → T⊗̂k◦x and X⊗̂k◦x → X give rise to isomorphisms π−1(x′) ∼→ π−1(t′) and

π−1(x′) ∼→ π−1(x), and the lemma easily follows.

3.1.3. Corollary. In the situation of Lemma 3.1.2, assume that X is nondegenerate. Then

(i) π−1(x) is a semi-annular kx-analytic space;

(ii) for any f ∈ O(π−1(x))∗, the real valued function x 7→ |f(x)| extends by continuity to the

closure of π−1(x) in Xη.

Proof. Using the notation from the formulation and proof of Lemma 3.1.2, the projection

from π−1(x) as described in Lemma 3.1.2 to the coordinates Ti1, . . . , Tini , 0 ≤ i ≤ p, gives rise to

an isomorphism of π−1(x) with (Z ×Dm)⊗̂kx, where Z is the open subset of G|n|
m defined by the

inequalities |Tij(x)| < 1 and |(Ti1 · . . . · Tini)(x)| > |ai| for 0 ≤ i ≤ p and 1 ≤ j ≤ ni. It is a semi-

annular kx-analytic space. To prove (ii), we may assume that X = Spf(B) is affine. From [Ber7,

Theorem 5.2] it follows that the multiplicative monoid B ∩B∗, where B = B⊗k◦ k, is generated by

the subgroup B∗ and the coordinate functions Tij , and from [Ber7, Proposition 1.4] it follows that

B∗ = (B ∩ B∗) · k∗. These facts easily imply that f = g · h, where g ∈ B∗ and h ∈ O(π−1(x))∗ is

such that |h(x)− 1| < 1 for all x ∈ π−1(x), and (ii) follows.

We are going to formulate consequences of Lemmas 3.1.1 and 3.1.2 in the situation we are

interested in. Namely, let k0 be a non-Archimedean field with a nontrivial discrete valuation and

a perfect residue field k̃0, and k an extension of k0 which is a closed subfield of k̂a
0, and let X be a

marked formal scheme over k◦ and σ = σX.

3.1.4. Corollary. (i) c(Xη) is the finite unramified extension of k with the residue field k̃(Xs),

and it coincides with c(H(σ));

(ii) X is a marked formal scheme over k′◦ for any intermediate subfield k ⊂ k′ ⊂ c(Xη).
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Proof. Increasing the field k0, we may assume that X = YZ⊗̂k◦0 k◦, where Y is a nondegenerate

strictly poly-stable formal scheme over k◦0 and Z is an irreducible component of Y for which

Z ′ = Z ⊗
k̃0

k̃ is an irreducible component of Y′
s, where Y′ = Y⊗̂k◦0 k◦. Since Xη = π−1(Z ′) and

Xs = Z ′, Lemma 3.1.1 implies (i). It follows also that [c(k̃(Z ′)) : k̃] = [c(k̃0(Z)) : k̃0] and, therefore,

for any intermediate subfield k ⊂ k′ ⊂ c(Xη) there is an intermediate subfield k0 ⊂ k′0 ⊂ c(π−1(Z))

such that k′ is the composite of k and k′0 and [k′ : k] = [k′0 : k0]. The reasoning from the proof

of Lemma 3.1.1 shows that YZ can be considered as a marked formal scheme over k′0
◦, and (ii)

follows.

Furthermore, assume that the characteristic of k0 is zero. We fix a filtered k-algebra K and

a logarithmic character λ : k∗ → K∗ (see §1.4). For a differential form ω ∈ Ωq

NK (Xη), q ≥ 0,

and a closed point x ∈ Xs, we denote by ωx the restriction of ω to the open subset π−1(x).

Furthermore, given an integer n ≥ 0, we denote by CK,n
R (X) (resp. Rλ,n(X)) the set of all functions

f ∈ NK(Xη) such that fx ∈ CK,n(π−1(x)) = kx ⊗k Kn (resp. fx ∈ Lλ,n(π−1(x))) for all closed

points x ∈ Xs. We also denote by Ωq
Rλ,n(X) the set of all NK-differential q-forms ω ∈ Ωq

NK (Xη)

such that ωx ∈ Ωq
Lλ,n(π−1(x)) for all closed points x ∈ Xs. Notice that d(Rλ,n(X)) ⊂ Ω1

Rλ,n(X).

3.1.5. Corollary. In the above situation, the following is true:

(i) Ker(Rλ,n(X) d→ Ω1
Rλ,n(X)) = CK,n

R (X);

(ii) the morphism of complexes Ω·Rλ,n(X) → Ω·Rλ,n+1(X) is homotopy equivalent to zero.

Proof. We increase the field k0 and use the notation from the proof of Corollary 3.1.3. Assume

a closed point x ∈ Y′
s is of type (n, |a|, m) in Y′

s. Then the projection from π−1(x) as described

in Lemma 3.1.2 to the coordinates Ti1, . . . , Ti,ni , 0 ≤ i ≤ p, gives rise to an isomorphism of π−1(x)

with (Y ×Dm)⊗̂kx, where Y is the open subset of G|n|
m defined by the inequalities |Tij(x)| < 1 and

|(Ti1 · . . . · Tini)(x)| > |ai| for 0 ≤ i ≤ p and 1 ≤ j ≤ ni. It is a semi-annular kx-analytic space, and

the required statements follow from Corollary 1.5.4.

Finally, assume that Logλ(a) ∈ k for all a ∈ k∗ with |a| = 1. (For example, this assumption is

satisfied if the residue field k̃ is algebraic over a finite field.) Given n ≥ 0, we denote by Rλ,n
0 (X)

the subspace of functions f ∈ Rλ,n(X) such that f
∣∣
π−1(x)

∈ Lλ,n
0 (π−1(x)) for all closed points

x ∈ Xs, where Lλ
0 (π−1(x)) is the filtered O(π−1(x))-algebra of Lλ(π−1(x)) generated by Logλ(g) for

g ∈ O(π−1(x))∗ with |g(σ)| = 1 (see Corollary 1.5.5). (Notice that the number |g(σ)| is well defined

by Corollary 3.1.3(ii).) In the similar way we introduce that subspaces Ωq

Rλ,n
0

(X) ⊂ Ωq
Rλ,n(X) and

notice that d(Rλ,n
0 (X)) ⊂ Ω1

Rλ,n
0

(X). We also denote by cR(X) the subspace of functions f ∈ n(Xη)

such that f
∣∣
π−1(x)

∈ c(π−1(x)) = kx.
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3.1.6. Corollary. In the above situation, the following is true:

(i) Ker(Rλ,n
0 (X) d→ Ω1

Rλ,n
0

(X)) = cR(X);

(ii) the morphism of complexes Ω·
Rλ,n

0
(X) → Ω·

Rλ,n+1
0

(X) is homotopy equivalent to zero.

3.2. Open neighborhoods of the generic point of an irreducible component. In this

subsection X is a strictly poly-stable formal scheme over k◦. For an irreducible component X of

Xs, let X̊ denote the maximal subset of X which does not intersect any of the other irreducible

components of Xs. Notice that X̊ is open in Xs and X is smooth at all points of X̊ .

3.2.1. Lemma. Let X be an irreducible component of Xs and σ the generic point of X in

Xη. Then every open neighborhood of σ in Xη contains a closed subset of the form π−1(Y), where

Y is a nonempty open subset of X̊ .

Proof. Let Y = Spf(A) be a nonempty open affine subscheme of X with Ys ⊂ X̊ . Then σ is

the maximal point of the affinoid space Yη = M(A), where A = A⊗ k, i.e., |f(x)| ≤ |f(σ)| for all

x ∈ Yη and f ∈ A and, in particular, |f(σ)| = |f |sup (see [Ber1, §2.4]). It follows that a fundamental

system of open neighborhoods of σ in Yη is formed by sets of the form U = {x ∈ Yη

∣∣|fi(x)| > ri

for 1 ≤ i ≤ n}, where f1, . . . , fn ∈ A and ri < |fi|sup. Since |A|sup = |k| and A◦ = A (see

[Ber7, Proposition 1.4]), we can multiply each fi by an element of k and assume that fi ∈ A and

|fi|sup = 1. Then U contains π−1(Y), where Y is the open subset of Ys defined by nonvanishing of

the image of f1 · . . . · fn in Ã = A/k◦◦A.

3.2.2. Theorem. Let Y be a nonempty open subset of Xs which is contained in only

one irreducible component X of Xs, i.e., Y ⊂ X̊ . Then there is a fundamental system of open

neighborhoods U of π−1(Y) in Xη such that, for every closed point x ∈ X , the intersection U∩π−1(x)

is nonempty and connected.

Proof. Step 1. Of course, we may assume that X is quasicompact. Here are more remarks of

this type.

(1) If the theorem is true for the pair (X,Y), then it is true for any pair (X′,Y ′), where X′ is

an open subscheme of X and Y ′ = Y ∩X′s. Indeed this follows from the facts that the topology on

X′η is induced by that on Xη and that the preimages of any point x ∈ X′s in X′η and in Xη coincide.

(2) If Y ′ and Y ′′ are open subschemes of Y such that Y = Y ′ ∪Y ′′ and the theorem is true for

Y ′, Y ′′ and Y ′ ∩ Y ′′, then it is also true for Y. Indeed, let V be an open neighborhood of π−1(Y)

in Xη. By the assumption, there exist open neighborhoods U ′ of π−1(Y ′) and U ′′ of π−1(Y ′′) in V
and W of π−1(Y ′ ∩Y ′′) in U ′ ∩U ′′ with the required properties. The union U = U ′ ∪U ′′ is an open

neighborhood of π−1(Y) in V. For a closed point x ∈ X , U ∩ π−1(x) is a union of the nonempty
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connected open subsets U ′ ∩ π−1(x) and U ′′ ∩ π−1(x), and the intersection of the latter contains

the nonempty subset W ∩ π−1(x), i.e., it is nonempty and connected.

(3) If X′ and X′′ are open subschemes of X such that X = X′ ∪X′′ and the theorem is true for

the pairs (X′,Y ′) and (X′′,Y ′′) with Y ′ = Y ∩ X′s and Y ′′ = Y ∩ X′′s , then it is also true for the

pair (X,Y). Indeed, let V be an open neighborhood of π−1(Y) in Xη. By the assumption, there

exist open neighborhoods U ′ of π−1(Y ′) in X′η ∩ V and U ′′ of π−1(Y ′) in X′′η ∩ V with the required

properties. It suffices to show that the topological interior U of the set U = U ′∪U ′′ in Xη possesses

the required properties. First of all, U is evidently an open neighborhood of π−1(Y) in V. Let x

be a closed point of X , and set X ′ = X ∩ X′s and X ′′ = X ∩ X′′s . Since π−1(x) is contained in

the interior of Xη, it follows that U ∩ π−1(x) = U ∩ π−1(x). If x 6∈ X ′′, the latter intersection

coincides with U ′ ∩ π−1(x). If x ∈ X ′ ∩X ′′, it coincides with the union of the sets U ′ ∩ π−1(x) and

U ′′ ∩ π−1(x), and so it remains to show that the intersection of both sets is nonempty. But this

follows from the remark (1) and the fact that U ′ ∩ U ′′ is an open neighborhood of π−1(Y ′ ∩ Y ′′) in

X′η ∩ X′′η .

By the previous remarks, the situation is reduced to the case when X = Spf(A) is affine

and Y is a principal open subset of Xs, i.e., Y = {x ∈ Xs

∣∣f(x) 6= 0} for some f ∈ A\k◦◦A. It

follows that a fundamental system of open neighborhoods of π−1(Y) in Xη is formed by sets of

the form Ur = {x ∈ Xη

∣∣|f(x)| > r} with 0 < r < 1. Since Y does not intersect any of the other

irreducible components of Xs, the absolute values of all fi’s at the generic points of those irreducible

components in Xη are strictly less than 1. Thus, it suffices to prove the following fact.

Let X = Spf(A) be an affine strictly poly-stable formal scheme over k◦, X an irreducible

component of Xs, σ the generic point of X in Xη, f an element of A, and α the maximum of

the absolute values of f at the generic points of the other irreducible components of Xs in Xη.

(If X = Xs, one sets α = 0.) Assume that α < |f(σ)|. Then for every α ≤ r < |f(σ)| the set

Ur = {x ∈ Xη

∣∣|f(x)| > r} possesses the property of the theorem.

Step 2. Let x be a closed point of X . We notice that we may always replace the triple (X,X ,x)

by a triple (X′,X ′,x′) with a morphism X′ → X of one of the following two forms and where x′

is a point over x and X ′ is the irreducible component of X′s that contains the point x′: (a) X′

is an étale affine neighborhood of x, and (b) X′ is an open affine subset of X⊗̂k◦k
′◦, where k′

is a finite extension of k. Indeed, this follows from the fact that in both cases the induced map

π−1(x′) → π−1(x) is open and surjective.

Thus, we may assume that the point x is k̃-rational and is contained in the intersection of all

45



irreducible components of Xs, and that there is an étale morphism ϕ : X → T = T(n,a) ×S(m)

with n = (n0, . . . , np) and a = (a0, . . . , ap), which induces a bijection between the sets of irreducible

components Irr(Xs)
∼→ Irr(Ts).

Step 3. Assume first that X is smooth at x, i.e., n = (0) and a = (1). (Notice that it is the only

possible case when the valuation on k is trivial.) In [Ber7, §5] we constructed a strong deformation

retraction Φ : Xη × [0, 1] → Xη : (x, t) 7→ xt of Xη to the skeleton S(X) which in our case consists

of the generic point σ of X in Xη. Since Φ(π−1(x)× [0, 1[) ⊂ π−1(x), it follows that the closure of

π−1(x) contains the point σ and, therefore, the intersection Ur∩π−1(x) is nonempty. Furthermore,

since |f(x)| ≤ |f(xt)| for all x ∈ Xη and t ∈ [0, 1], the set Ur is preserved under the homotopy Φ.

The set π−1(x) is isomorphic to the m-dimensional open unit disc D with center at zero, and if the

absolute values of all of the coordinate functions on π−1(x) = D at a point x ∈ π−1(x) are equal

or less than β then, for every β ≤ t < 1, xt = 0t, where 0t = Φ(0, t) is the maximal point of the

closed disc of radius (t, . . . , t). If ` denotes the homeomorphic embedding [0, 1] → Xη : t 7→ 0t, it

follows that Ur ∩ `([0, 1]) coincides with either `(]β, 1[) for some 0 ≤ β < 1, if |f(0)| ≤ r, or `([0, 1[),

if |f(0)| > r. Thus, we may assume that the formal scheme X is not smooth at x.

Step 4. By [Ber7, Corollary 7.4], there exists an étale morphism S → S(m) and an open

subscheme X′ ⊂ X ×S(m) S such that X′s contains a point x′ over the point x and the induced

morphism X′ → S′ is geometrically elementary. By Step 2, we may assume that the point x′

is k̃-rational, and we can replace the triple (X,X ,x) by the triple (X′,X ′,x′), where X ′ is the

irreducible component of X′s that contains x′, and so we may assume that there is an étale morphism

X → Z = T(n,a)×S with a smooth formal scheme S such that the induced morphism ψ : X → S

is geometrically elementary. Consider the strong deformation retraction ΦS : Xη × [0, 1] → Xη :

(x, t) 7→ xt to the skeleton S(X/S), constructed in [Ber7, §7]. Recall that S(X/S) = ∪y∈Sη
S(Xy),

where Xy = X×S Spf(H(y)◦). Recall also that there are canonical isomorphisms Xy,η
∼→ Xη,y and

Xy,s
∼→ Xs,y ⊗k̃(y)

H̃(y), where y = π(y). The sets π−1(x) and Ur are preserved under ΦS and,

therefore, it suffices to show that the set Ur ∩ S(X/S) ∩ π−1(x) is nonempty and connected.

Since the morphism ψ is geometrically elementary, the canonical map S(X/S) → S(Z/S)

identifies the former with its image in the latter. Notice that S(Z/S) ∼→ Σn
|a|×S. Since π−1(x) ∼→

π−1(z), where z is the image of x in Zs, it follows that the latter identifies S(X/S) ∩ π−1(x) with

Σ̊n
|a| × π−1(y). Recall that π−1(y) ∼→ D, where D is the m-dimensional open unit polydisc with

center at zero.

Furthermore, by [Ber7, Theorem 7.2], the homotopy Sη × [0, 1] → Sη considered in Step 3
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can be lifted to a homotopy S(X/S)× [0, 1] → S(X/S) : (x, t) 7→ xt. Again, since |f(x)| ≤ |f(xt)|,
the set Ur is preserved under Φ. Thus, if ` : [0, 1] → Sη is the embedding constructed in Step 3 for

the point y, L = S(X/S) ∩ ψ−1(`[0, 1])) ∼→ Σn
|a| × [0, 1] and L̊ = L ∩ π−1(x) ∼→ Σ̊n

|a| × [0, 1[, then

it suffices to show that the intersection Ur ∩ L̊ ∩ ψ−1(`([β, 1[) is nonempty and connected for some

0 ≤ β < 1.

Finally, the point σ is a vertex of S(X) = L∩ψ−1(`(1)) ∼→ Σn
|a|. It follows that there exists 0 ≤

β < 1 such that the set {σ}×[β, 1] is contained in Ur (and, in particular, the set Ur∩L̊∩ψ−1(`[β, 1[)

is nonempty). We can increase β so that |f(σ, t)| > r for all t ∈ [β, 1], where (σ, t) is identified

with the corresponding vertex of L ∩ ψ−1(`(t)) ∼→ Σn
|a|. It suffices to show that Ur ∩ L̊ ∩ ψ−1(`(t))

is connected for all t ∈ [β, 1[. Since for any other vertex τ of Σn
|a|, one has |f(τ, t)| ≤ |f(τ)| ≤ α, it

suffices to consider the formal scheme X`(t) instead of X, i.e., the situation is reduced to the case

when m = 0.

Step 5. The étale morphism X → Z = T(n,a) identifies S(X) and S(X) ∩ π−1(x) with Σn
|a|

and Σ̊n
|a|, respectively. Recall that Σn

|a| consists of the points u = (uij)0≤i≤p,0≤j≤ni ∈ [0, 1][n] with

ui0 · . . . · uini = |ai| for all 0 ≤ i ≤ p, and Σ̊n
|a| consists of the points u ∈ Σn

|a| with uij < 1 for

all 0 ≤ i ≤ p and 0 ≤ j ≤ ni. Since π−1(x) ∼→ π−1(z), where z is the image of x in Z, the

restriction of f to π−1(x) can be represented as a power series
∑

µ cµTµ, where µ = (µ0, . . . , µp),

µi = (µi0, . . . , µini) ∈ Zni+1
+ , and cµ = 0 for all µ with min

0≤j≤ni

{µij} ≥ 1 for some 0 ≤ i ≤ p. If

u ∈ Σ̊n
|a|, then |f(u)| = sup{|cµ| · uµ}. First of all, we are going to reduce the situation to the case

when ai 6= 0 for all 0 ≤ i ≤ p.

Assume that ai = 0 for 0 ≤ i ≤ q and ai 6= 0 for q + 1 ≤ i ≤ p. We may assume that the

coordinates of the vertex σ are such that σi0 = 0 and σij = 1 for all 0 ≤ i ≤ q and 1 ≤ j ≤ ni. We

claim that for any point u ∈ Σ̊n
|a| with |f(u)| > r one has ui0 = 0 and uij 6= 0 for all 0 ≤ i ≤ q

and 1 ≤ j ≤ ni. Indeed, assume this is not true, i.e., uij = 0 for some 0 ≤ i ≤ q and 1 ≤ j ≤ ni.

Let τ be an arbitrary vertex of Σn
|a| with τij = 0 and τil = 1 for all 0 ≤ l ≤ ni with l 6= j. Then

|f(τ)| ≥ |f(u)| > r, and the claim follows.

Furthermore, we set n′ = (n0, . . . , nq) and denote by ψ the projection Σn
|a| → [0, 1]|n

′| : u =

(uij)0≤i≤p,0≤j≤ni 7→ (uij)0≤i≤q,1≤j≤ni . The fiber ψ−1(v) of each point v ∈ [0, 1]|n
′| is canonically

identified with Σm
|b|, where m = (nq+1, . . . , np) and b = (aq+1, . . . , ap). We can find 0 < β < 1 such

that, for every v ∈ [β, 1]|n
′|, the absolute value of f at the vertex of ψ−1(v) ∼→ Σm

|b| that corresponds

to σ is bigger than r and of the other vertices is smaller than r. By the above claim, if u is a point

from Σ̊n
|a| with |f(u)| > r, then ψ(u) ∈]0, 1[|n|, and if, for t ∈ [0, 1], u(t) denotes the point of Σn

|a|
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with the following coordinates: u
(t)
ij = ut

ij for 0 ≤ i ≤ q, and u
(t)
ij = uij for q + 1 ≤ i ≤ p, then

|f(u(t))| ≥ |f(u)| > r. One also has u(t) ∈ ψ−1([β, 1[|n
′|) for every 0 < t < 1 sufficiently close

to 0. Thus, to prove the theorem, it suffices to show that, for every v ∈ [β, 1[|n
′|, the set of all

u ∈ ψ−1(v) ∼→ Σm
|b| with |f(u)| > r which lie in Σ̊m

|b| is connected. (The above reasoning is similar

to that from Step 4.)

We get the required reduction, and the theorem now follows from the following simple fact.

3.2.3. Lemma. Let V be a polytope and V̊ its interior. Assume we are given a continuous

function f on V which takes its maximum at only one vertex σ of V and whose restriction to V̊ is

the supremum of a family of linear functions. If α is the maximal value of f at all other vertices of

V , then for every α ≤ r < f(σ) the set U = {x ∈ V̊
∣∣f(x) > r} is connected.

Proof. Let f
∣∣
V̊

be the supremum of linear functions {fi}i∈I , and set J = {i ∈ I
∣∣fi(σ) > r}.

Each of the sets Ui = {x ∈ V̊
∣∣fi(x) > r} for i ∈ J is convex and contains the intersection of an

open neighborhood of σ in V with V̊ and, therefore, the union ∪i∈JUi is connected. We claim

that U coincides with the latter union. Indeed, assume x ∈ U . Then there exists i ∈ I with

fi(x) > r. Since the function fi is linear, it takes its maximum at a vertex τ of V . It follows that

f(τ) ≥ fi(τ) > r ≥ α and, therefore, τ = σ and i ∈ J , i.e., x ∈ Ui.

The following is a consequence of the proof of Theorem 3.2.2.

3.2.4. Corollary. In the situation of Theorem 3.2.2, let x be a closed point of X such that

the field k̃(x) is separable over k̃. Then

(i) c(π−1(x)) = kx;

(ii) if U is an open neighborhood of σ in Xη such that the intersection U ∩π−1(x) is connected,

then c(π−1(x)) ∼→ c(U ∩ π−1(x)).

Proof. (i) follows from Lemma 3.1.2. To verify (ii), we may assume that the point x is k̃-

rational. By the proof of Theorem 3.2.2, the intersection U∩π−1(x) contains a point x withH(x) ∼→
H(y), where y is the maximal point of a closed polydisc. It follows that for any non-Archimedean

field K over k the norm on the Banach algebra H(x)⊗̂K is multiplicative and, therefore, the

algebraic closure of k in H(x) coincides with k. This implies (ii).

The following corollary lists consequences of the previous results in the situation we are inter-

ested in.

Let k0 be a non-Archimedean field with a nontrivial discrete valuation and a perfect residue

field k̃0, k a closed subfield of k̂a
0 that contains k0, and K a filtered k-algebra. Furthermore, let X

be a marked formal scheme over k◦, X̊ the maximal open subscheme of X which is a smooth formal
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scheme (locally finitely presented) over k◦, and σ = σX. For n ≥ 0 and an open neighborhood U of

σ, let CK,n
R (X,U) denote the set of all functions f ∈ NK(U) such that f

∣∣
U∩π−1(x)

∈ CK,n(U∩π−1(x))

for all closed points x ∈ Xs. For example, CK,n
R (X, Xη) = CK,n

R (X), where the right hand side is

introduced at the end of §3.1. We also set CK,n
R (X, σ) = lim

−→
CK,n

R (X,U), where the limit is taken

over all open neighborhoods of σ in Xη.

3.2.6. Corollary. In the above situation, the following is true:

(i) any open neighborhood of the point σ contains a subset of the form π−1(Y), where Y is a

nonempty open subset of X̊s;

(ii) given a nonempty open subset Y ⊂ X̊s, a fundamental system of open neighborhoods U of

π−1(Y) is formed by those U with the property that the intersection U ∩ π−1(x) is nonempty and

connected for all closed points x ∈ Xs;

(iii) for any open neighborhood U of σ with the property of (ii), one has CK,n
R (X) ∼→ CK,n

R (X,U)

and, in particular, CK,n
R (X) ∼→ CK,n

R (X, σ).

3.3. A property of strata. Recall (see [Ber7, §2]) that the closed fiber Xs of any pluri-

nodal formal scheme X over k◦ is provided with a stratification by locally closed irreducible normal

subsets so that the closure of any stratum (which is called a stratum closure) is a strata subset

(i.e., a union of strata). Furthermore, any étale morphism ϕ : X′ → X gives rise to an étale

morphism of every stratum of X′s to a stratum of Xs and, in particular, the image of a stratum is

contained in a stratum. In this subsection we show that, if both formal schemes are nondegenerate

strictly poly-stable or marked, the latter property holds without the assumption on étaleness of the

morphism.

Recall that, if X is strictly poly-stable, then the intersection of any set of irreducible components

of Xs is smooth over k̃, and the family of strata coincides with the family of irreducible components

of sets of the form (∩X∈AX)\(∪Y 6∈AY ), where A is a finite set of irreducible components of Xs. If

X is marked (and in this case we assume the field k satisfies the assumptions used in the definition

of such formal schemes), the above stratification gives rise to a stratification on the closed fiber Xs.

For a stratum closure X in Xs, the corresponding stratum will be denoted by X̊ . (This is consistent

with the similar notation in the previous subsection.)

3.3.1. Proposition. Let X be a nondegenerate strictly poly-stable formal scheme over k◦,

and let ϕ : X′ → X be a morphism of formal schemes over k◦, where X′ is either strictly poly-stable

or marked. Then the preimage of any stratum of Xs is a strata subset of X′s.
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Proof. Step 1. Let T be a standard formal scheme T(n,a) × S(m). In this case there is

a bijection between the set [n] = [n0] × . . . × [np], where [n] = {0, . . . , n}, and the set Irr(Ts)

of irreducible components of Ts that takes an element j = (j0, . . . , jp) ∈ [n] to the irreducible

component Zj of Ts which is defined by the equations T0j0 = . . . = Tpjp = 0, and each stratum

of Ts is of the form (∩j∈JZj)\(∪j 6∈JZj), where J is a subset of [n] of the form J0 × . . . × Jp with

Ji ⊂ [ni]. We denote it by Z̊J and its closure by ZJ . Furthermore, let M be the multiplicative

submonoid of A which is generated by all of the coordinate functions Tij and the subgroup A∗,

where T = Spf(A). Notice that M ⊃ A ∩ A∗, where A = A ⊗k◦ k. If T is nondegenerate, then

M = A ∩ A∗. Given elements f, g1, . . . , gm ∈ M , let V (f ; g1, . . . , gm) denote the locally closed

subset {x ∈ Ts

∣∣f(x) 6= 0 and gi(x) = 0 for all 1 ≤ i ≤ m}. It is easy to see that V (f ; g1, . . . , gm)

is a strata subset of Ts and that each stratum of Ts is of the form V (f ; g1, . . . , gm). (For example,

the above stratum Z̊J is of the required form in which f is the product of the coordinate functions

Tij with j 6∈ Ji and the set {g1, . . . , gm} consists of the other coordinate functions.)

Step 2. Let ψ : X′′ = Spf(A′′) → T be an étale morphism, and assume that X′′s is connected and

the induced map Irr(X′′s ) → Irr(Ts) is injective. Let also M ′′ denote the multiplicative submonoid of

A′′ which is generated by M and the subgroup A′′∗. From Step 1 it follows that similar locally closed

sets V (f ; g1, . . . , gm) are strata subsets of X′′s for all f, g1, . . . , gm ∈ M ′′. Notice that M ′′ ⊃ A′′∩A′′∗,
where A′′ = A′′⊗k◦ k, and if T is nondegenerate then, by [Ber7, §5], M ′′ = A′′∩A′′∗. Furthermore,

if X′ = Spf(A′) is the completion of X′′ along an irreducible component, then A′ ∩ O(X′η)∗ is

contained in the multiplicative submonoid of A′ generated by M ′′ and the subgroup A′∗. This

implies that, given f, g1, . . . , gm ∈ A′ ∩ O(X′η)∗, the locally closed set V (f ; g1, . . . , gm) is a strata

subset of X′s.

Step 3. The statement of the proposition is local with respect to the étale topologies of X and

X′ and, therefore, it suffices to consider the case when X = T is standard as in Step 1 and X′ is as

in Step 2. In this case the required fact follows from Step 2.

3.3.2. Corollary. Let ϕ : X′ → X be a morphism between marked formal schemes over k◦.

Then the image of any stratum of X′s is contained in a stratum of Xs.

3.4. A tubular neighborhood of the diagonal of a stratum closure. For a formal

scheme X locally finitely presented over k◦, let ∆ denote the diagonal morphism X → X× X, and

let p1 and p2 denote the canonical projections X× X → X.
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3.4.1. Lemma. Given an étale morphism ϕ : X′ → X, the following diagram is cartesian

X′η
ϕ−→ Xηxp1

xp1

π−1(∆(X′s))
(ϕ,ϕ)−→ π−1(∆(Xs))

Proof. It is clear that the same diagram with π−1(Γϕ(X′s)) instead of π−1(∆(X′s)) is cartesian,

where Γϕ is the graph morphism X′ → X′ × X : x′ 7→ (x′, ϕ(x′)). But since the étale morphism

(1X′ , ϕ) : X′ × X′ → X′ × X induces an isomorphism between closed subschemes ∆(X′s)
∼→ Γϕ(X′s),

Lemma 4.4 from [Ber7] implies that π−1(∆(X′s))
∼→ π−1(Γϕ(X′s)), and the required statement

follows.

We say that a formal scheme X is small if it is connected affine and admits an étale morphism

to a nondegenerate standard formal scheme T = T(n,a)×S(m) such that the induced map between

the sets of irreducible components Irr(Xs) → Irr(Ts) is injective. In this case the latter property

holds for any étale morphism to a standard formal scheme, and, if X = Spf(A), the multiplicative

monoid A∩A∗, where A = A⊗k◦ k, is generated by the coordinate functions Tij and the subgroup

A∗ (see [Ber7, §5]). Notice that any open connected affine subscheme of a small formal scheme is

also small, and that any nondegenerate strictly poly-stable formal scheme has an open covering by

small open subschemes.

Let X = Spf(A) be a small formal scheme, and let Y be a stratum closure in Xs. We denote

by MY the multiplicative monoid of the elements f ∈ A ∩ A∗ with the property that the image of

f in A/k◦◦A is not zero at Y, and we set

DY = {x ∈ π−1(∆(Y))
∣∣|(p∗1f − p∗2f)(x)| < |p∗1f(x)| for all f ∈ MY} .

3.4.2. Lemma. In the above situation, the following is true:

(i) DY is open in Xη × Xη and contains π−1(∆(Y̊));

(ii) for every stratum closure Y ′ in Xs with Y ′ ⊂ Y, one has DY ∩ π−1(∆(Y ′)) ⊂ DY′ ;

(iii) given an étale morphism ϕ : X′ → X with small X′ and a stratum closure Y ′ in X′s with

ϕ(Y̊ ′) ⊂ Y̊, the following diagram is cartesian

π−1(Y ′) −→ π−1(Y)xp1

xp1

DY′ −→ DY

(iv) if Y̊ is of type (n, |a|, m), then there are morphisms α : DY → G|n|
m and β : DY → Am

such that the image of (p1, α) : DY → π−1(Y) × G|n|
m coincide with an open subset Y which is
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annular over π−1(Y), and the morphism (p1, α, β) : DY → π−1(Y) ×G|n|
m ×Am gives rise to an

isomorphism DY
∼→ Y ×Dm.

Proof. (i) Let T = T(n,a) × S(m) be a nondegenerate standard formal scheme with n =

(n0, . . . , np) and a = (a0, . . . , ap) for which there is an étale morphism ψ : X → T such that the

induced map Irr(Xs) → Irr(Ts) is injective, and let the image of Y̊ be contained in Z̊J , where is

a subset of [n] of the form J0 × . . . × Jp with Ji ⊂ [ni]. (We use here the notation from Step 1

of the proof of Proposition 3.3.1.) We may assume that Ji = {0, . . . , n′i} for all 0 ≤ i ≤ p, where

0 ≤ n′i ≤ ni, n′i ≥ 1 for 0 ≤ i ≤ p′ and n′i = 0 for p′ + 1 ≤ i ≤ p. Then the type of Y̊ is

(n′, |a′|,m′), where n′ = (n′0, . . . , n
′
p′), a′ = (a0, . . . , ap′) and m′ = |n|+ m− |n′|, and the monoid

MY is generated by A∗ and the coordinate functions Tij for 0 ≤ i ≤ p and n′i + 1 ≤ j ≤ ni. Since

the inequalities in the definition of DY hold for all elements of A∗, it follows that DY is defined by

a finite number of inequalities, and so it is open in Xη × Xη. Since elements of MY do not vanish

at any point of Y̊, it follows that DY ⊃ π−1(∆(Y̊)), i.e., (i) is true.

(ii) follows from the fact that MY′ ⊂ MY .

(iii) follows from Lemma 3.4.1 and the fact that, if X′ = Spf(A′), the monoid MY′ is generated

by A′∗ and the image of the monoid MY in A′.

(iv) By (iii) we may assume that X = T. In the above situation, the type of Y is (n′,a′,m′), and

Tη is the affinoid subdomain of the analytic torus G|n|+m
m defined by the inequalities |Tij(x)| ≤ 1,

|(Ti1· . . . ·Tini)(x)| ≥ |ai| and |Sl(x)| = 1 for 0 ≤ i ≤ p, 1 ≤ j ≤ ni and 1 ≤ l ≤ m. The

tubular neighborhood DY is the open subset of Tη × Tη defined by the inequalities |p∗νTij(y)| < 1

for ν ∈ {1, 2}, 0 ≤ i ≤ p′ and 1 ≤ j ≤ n′i, |(p∗1Tij − p∗2Tij)(y)| < |p∗1Tij(y)| for 0 ≤ i ≤ p and

n′i + 1 ≤ j ≤ ni, and |(p∗1Sl − p∗2Sl)(y)| < 1 for 1 ≤ l ≤ m. If α denotes the morphism DY → G|n′|
m

defined by the functions {p∗2Tij}0≤i≤p′,1≤j≤n′
i
, then the image of (p1, α) : DY → π−1(Y) ×G|n′|

m

coincides with the open subset Y defined by the inequalities |Vij(y)| < 1 for 0 ≤ i ≤ p′ and

1 ≤ j ≤ n′i and

|(Vi1· . . . ·Vin′
i
)(y)| > |ai|

|(Ti,n′
i
+1· . . . ·Ti,ni)(x)|

for 0 ≤ i ≤ p′, where Vij are the pullbacks of the coordinate functions on G|n′|
m and x is the image

of y in π−1(Y). Notice that Y is annular of dimension |n′| over π−1(Y). If now β denotes the

morphism DY → Am′
defined by the functions

{{p∗1Tij

p∗2Tij
− 1}0≤i≤p,n′

i
+1≤j≤ni

, {p∗1Sl

p∗2Sl
− 1}1≤l≤m} ,

then the morphism (p1, α, β) : DY → π−1(Y)×G|n′|
m ×Am′

identifies DY with the open set Y ×Dm′
,
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where Dm′
is the open unit poly-disc in Am′

with center at zero.

If X is an arbitrary nondegenerate strictly poly-stable formal scheme over k◦ and Y is a stratum

closure of Xs, one defines DY as the union ∪i∈IDYi , where {Xi}i∈I is a covering of X by open small

subschemes and Yi = Y ∩ Xi,s. By Lemma 3.4.2(iii), DY does not depend on the choice of a

covering. From Proposition 3.3.1 and its proof it follows easily that, given a morphism ϕ : X′ → X

of nondegenerate strictly poly-stable formal schemes k◦, for any stratum closure Y ′ in X′s one has

ϕ(DY′) ⊂ DY , where Y is the stratum closure in Xs with ϕ(Y̊ ′) ⊂ Y̊.

3.5. The same for proper marked formal schemes. Let k0 be a non-Archimedean field

with a nontrivial discrete valuation, k an extension of k0 which is a closed subfield of k̂a
0, and let X

be a proper marked formal scheme over k◦ which is the formal completion X̂/Z of a nondegenerate

strictly poly-stable separated scheme X over k◦ along an irreducible component Z of Xs proper

over k̃ (see §2.1). Notice that Xs coincides with that irreducible component and Xη is an open

subset of the smooth k-analytic space X an
η . Given a stratum closure Y of Xs in Xs, the tubular

neighborhood DY constructed in the previous subsection for the nondegenerate strictly poly-stable

formal scheme X̂ is contained in π−1(∆(Y)) ⊂ Xη × Xη. From the construction of DY it follows

easily that it depends only on the formal scheme X. If Y = Xs, we denote it by DX. From

Proposition 3.3.1 it follows that, given a morphism ϕ : X′ → X of proper marked formal schemes

over k◦, for any stratum closure Y ′ in X′s one has ϕ(DY′) ⊂ DY , where Y is the stratum closure in

Xs with ϕ(Y̊ ′) ⊂ Y̊.

We say that an open affine subscheme X′ ⊂ X is small if it is the the formal completion X̂ ′/Y′
of a connected open affine subscheme X ′ ⊂ X along Y ′ = Y ∩X ′s, where X ′ is assumed to admit an

étale morphism to a nondegenerate standard scheme T = T (n,a)×S(m) such that the induced map

Irr(Xs) → Irr(Ts) is injective. Notice that X′η is an open subset of the strictly affinoid subdomain

X̂ ′η of the open subset X ′anη of X an
η . Notice also that since Tη is an open subset of an affine space

over k, the sheaf of differential one-forms Ω1
T is free and, therefore, the sheaf of analytic differential

one-forms is free over an open neighborhood of X′η in Xη. By Lemma 3.4.2(iv), the projection

p1 : DY′ → π−1(Y ′) is a discoid morphism, if Y = Xs, and a semi-annular morphism, in general.

3.5.1. Proposition. For every open neighborhood W of DY′ in DY , there exist open neigh-

borhoods π−1(Y ′) ⊂ U ⊂ Xη and DY′ ⊂ V ⊂ W such that ∆(U) ⊂ V ⊂ p−1
1 (U) and the projection

p1 : V → U is a discoid morphism, if Y = Xs, and a semi-annular morphism, in general.

Proof. We use the notations from the proof of Lemma 3.4.2. The analytic torus G|n|+m
m ,

considered there, is the analytification T an
η of Tη, T is the formal completion T̂ of T along its
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closed fiber Ts, and Y̊ ′ is of the type (n′, |a′|,m′). We may assume that W is an open neighborhood

of DY′ in X ′anη ×X ′anη . It what follows, we use the notation ΠY instead π−1(Y).

Let Z denote the stratum closure of Ts for which Z̊ contains the image of Y̊ ′. For 0 < r < 1,

let D≤r
Z (resp. D̃

≤r

Z ) denote the closed analytic subdomain of T̂η × T̂η (resp. T an
η × T an

η ) defined

by the inequalities |p∗νTij(y)| ≤ r and |p∗ν(Ti1· . . . ·Tini)(y)| ≥ |ai|
r for ν ∈ {1, 2}, 0 ≤ i ≤ p′

and 1 ≤ j ≤ n′i, |(p∗1Tij − p∗2Tij)(y)| ≤ r|p∗1Tij(y)| for 0 ≤ i ≤ p and n′i + 1 ≤ j ≤ ni, and

|(p∗1Sl − p∗2Sl)(y)| ≤ r|p∗1Sl(y)| for 1 ≤ l ≤ m. We also denote by D<r
Z (resp. D̃

<r

Z ) the open

subset of T̂η × T̂η (resp. T an
η × T an

η ) defined by the corresponding strict inequalities. One has

DZ = ∪r<1D
≤r
Z .

Furthermore, we denote by Π≤r
Z (resp. Π̃≤r

Z ) the closed analytic subdomain of T̂η (resp. T an
η )

defined by the inequalities |Tij(x)| ≤ r and |(Ti1· . . . ·Tini)(x)| ≥ |ai|
r for 0 ≤ i ≤ p′ and 1 ≤ j ≤ n′i,

and we denote by Π<r
Z (resp. Π̃<r

Z ) the open subset of T̂η (resp. T an
η ) defined by the corresponding

strict inequalities. Notice that if Z = Ts (i.e., Y = Xs), the system of inequalities is empty and,

therefore, Π<r
Z = Π≤r

Z = T̂η and Π̃<r
Z = Π̃≤r

Z = T an
η . In the general case ΠZ = ∪r<1Π<r

Z = ∪r<1Π
≤r
Z ,

and the union ∪r<1Π̃
≤r
Z is an open subset of T an

η . One also has ∆(Π?r
Z ) ⊂ D?r

Z ⊂ p−1
ν (Π?r

Z ) (resp.

∆(Π̃?r
Z ) ⊂ D̃

?r

Z ⊂ p−1
ν (Π̃?r

Z )), where ν ∈ {1, 2} and ? ∈ {≤, <}.

The formulas for the morphisms α and β from the proof of Lemma 3.4.2(iv) give rise to

morphisms α : D̃
≤r

Z → G|n′|
m and β : D̃

≤r

Z :→ Am′
such that the image of (p1, α) : D̃

≤r

Z →
Π̃≤r
Z ×G|n′|

m coincides with the closed analytic subdomain Y ≤r defined by the inequalities |Vij(y)| ≤ r

for 0 ≤ i ≤ p′ and 1 ≤ j ≤ n′i and

|(Vi1· . . . ·Vin′
i
)(y)| ≥ |ai|

r|(Ti,n′
i
+1· . . . ·Ti,ni)(x)|

for 0 ≤ i ≤ p′, where x is the image of y in Π̃≤r
Z , and the morphism (p1, α, β) : D̃

≤r

Z → Π̃≤r
Z ×

G|n′|
m × Am′

identifies D̃
≤r

Z with Y ≤r × D≤r, where D≤r is the closed polydisc of radius r with

center at zero. The same morphism identifies D̃
<r

Z with Y <r ×D<r, where Y <r is the open subset

of Π̃<r
Z × G|n′|

m defined by the corresponding strict inequalities and D<r is the open polydisc of

radius r with center at zero.

Let Π≤r
Y′ and Π̃≤r

Y′ (resp. Π<r
Y′ and Π̃<r

Y′ ) be the preimages of Π≤r
Z and Π̃≤r

Z (resp. Π<r
Z and

Π̃<r
Z ) in X ′anη , respectively, and let D≤r

Y′ (resp. D<r
Y′ ) be the preimage of D≤r

Z (resp. D<r
Z ) in DY′ .
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Consider the commutative diagram

Π̃≤r
Y′ −→ Π̃≤r

Z

↗ p1

x xp1

D≤r
Y′

γ−→ Π̃≤r
Y′ ×T an

η
D̃
≤r

Z −→ D̃
≤r

Z

From Lemma 3.4.2(iii) it follows that the morphism γ identifies D≤r
Y′ with an affinoid subdomain

of Π̃≤r
Y′ ×T an

η
D̃
≤r

Z ⊂ X ′anη × T an
η . Recall that γ is the restriction to D≤r

Y′ of the étale morphism

X ′anη ×X ′anη → X ′anη ×T an
η . If now D̃

≤r

Y′ denotes the preimage of X ′anη ×T an
η

D̃
≤r

Z in X ′anη ×X ′anη under

the latter étale morphism, we get an étale morphism D̃
≤r

Y′ → X ′anη ×T an
η

D̃
≤r

Z that identifies the

affinoid subdomain D≤r
Y′ of the source with an affinoid subdomain of the target. By [Ber3, Lemma

3.4], it gives rise to an isomorphism V≤r ∼→W≤r, where V≤r and W≤r are open neighborhoods of

D≤r
Y′ in D̃

≤r

Y′ and of its image in Π̃≤r
Y′ ×T an

η
D̃
≤r

Z . We can shrink both open sets so that V≤r is contained

in the open set W given in the proposition. Furthermore, since the projection p1 : D̃
≤r

Z → Π̃≤r
Z

is proper, we may assume that W≤r is the preimage of an open neighborhood Π≤r
Y′ ⊂ U≤r ⊂ Π̃≤r

Y′

in X ′anη ×T an
η

D̃
≤r

Z . Notice that ∆(U≤r) ⊂ V≤r. We set U<r = U≤r ∩ Π̃<r
Y′ and denote by V<r the

preimage of U<r in D<r
Y′ (with respect to the projection p1). Since the set Π̃<r

Y′ is open in X ′anη , it

follows that U<r is an open neighborhood of Π<r
Y′ in X ′anη , and one has ∆(U<r) ⊂ V<r ⊂ p−1

1 (U<r).

By the construction, the morphism (p1, α, β) gives rise to an isomorphism V<r ∼→ Z<r ×D<r,

where Z<r denotes the preimage of Y <r in U<r × G|n′|
m . The set U = ∪r<1U<r is an open

neighborhood of ΠY′ in X ′anη , and the set V = ∪r<1V<r is an open neighborhood of DY′ in W.

Since ∆(U<r) ⊂ V<r ⊂ p−1
1 (U<r) for all r < 1, it follows that ∆(U) ⊂ V ⊂ p−1

1 (U). That

the morphism p1 : V → U is discoid, if Y = Xs, and semi-annular, in general, follows from the

construction.

An open neighborhood V of DY′ in Xη is said to be p1-discoid or p1-semi-annular if it possesses

the properties of Proposition 3.5.1.
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§4. Properties of the sheaves Ω1,cl
X /dOX .

In this section we study the quotient sheaf Ω1,cl
X /dOX , which measures non-exactness of the

de Rham complex of a smooth k-analytic space X (at Ω1
X). The study is based on the following

property of analytic spaces: any two points from the subset X0 of a connected closed analytic space

X can be connected by smooth analytic curves. This property allows one to reduce certain problems

to the one-dimensional case. It is used in the proof of the main result in §7 and of the following

facts here. Let O1
X be the subsheaf of O∗X consisting of the functions f with |f(x) − 1| < 1, and

Oc
X the bigger subsheaf consisting of the functions f for which the real valued function x 7→ |f(x)|

is locally constant. We show that Oc
X is generated by O1

X and c∗X . The latter implies that, for

any local section f of the sheaf Oc
X , the one-form df

f is exact. If Ov
X denotes the quotient sheaf

O∗X/Oc
X , we prove that the induced homomorphism dLog : Ov

X ⊗Z cX → Ω1,cl
X /dOX is injective.

We define a subscheaf ΨX ⊂ Ω1,cl
X /dOX and show that its intersection with the image ΥX of

the homomorphism dLog is zero and that, in the case when dim(X) = 1 and k̃ is algebraic over

a finite field, Ω1,cl
X /dOX = ΥX ⊕ ΨX . Finally, for every point x ∈ X we define a subspace

VX,x ⊂ Ω1,cl
X,x/dOX,x, which has a direct complement in Ω1,cl

X,x/dOX,x with a basis formed by the

classes of one-forms df1
f1

, . . . , dft

ft
, where f1, . . . , ft ∈ O∗X,x are such that |f1(x)|, . . . , |ft(x)| is a basis

of the abelian group |H(x)∗|/|k∗|.

4.1. Analytic curve connectedness of closed analytic spaces. In this subsection k is

an arbitrary non-Archimedean field with a nontrivial valuation.

4.1.1. Theorem. Let X be a connected closed k-analytic space. Given two points x, y ∈
X0, there exist morphisms ϕi : Y i → X, 1 ≤ i ≤ n, such that x ∈ ϕi(Y 1), y ∈ ϕn(Y n) and

ϕi(Y i
0 )∩ϕi+1(Y i+1

0 ) 6= ∅ for all 1 ≤ i ≤ n− 1, where each Y i is an elementary ki-analytic curve for

a finite separable extension ki of k.

4.1.2. Remark. Theorem 6.1.1 from J. de Jong’s paper [deJ2] states that, under the assump-

tion of discrete valuation on k, the same is true for an arbitrary connected strictly k-analytic space

X but with strictly k-affinoid curves Yi. Besides the assumption on the valuation, Theorem 4.1.1

is different because the curves Yi in it are required to be closed (in the sense of [Ber1, p. 49] and

[Ber2, p. 34]) and, as a consequence, X is required to be closed (otherwise the statement is not

true already in dimension one).

Proof. Consider first the case when X is smooth. It suffices to show that for every point of

X there exists a flat quasi-finite morphism X ′ → X whose image contains the point and in which
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X ′ possesses the required property. (Recall that, by [Ber2, 3.2.3], flat quasi-finite morphisms are

open maps.) By the local description of smooth analytic curves (see §2.3), the statement is true if

dim(X) = 1. Assume that dim(X) ≥ 2 and that the statement is true in the dimension dim(X)−1.

Shrinking X, we may assume that there is a smooth k-analytic space Y of dimension dim(X)− 1

and a smooth morphism ϕ : X → Y of pure dimension one. By [Ber2, Theorem 3.7.2], there exists

an étale morphism f : Y ′ → Y and an open subset X ′ ⊂ X×Y Y ′ such that x has a unique preimage

x′ in X ′ and the induced morphism ϕ′ : X ′ → Y ′ is an elementary fibration of pure dimension one

at the point x′. The only properties of such an elementary fibration we need are the following: (1)

the geometric fibers of ϕ′ are connected, and (2) there is a commutative diagram

Y ′ ×B
j−→ X ′

p1 ↘ ↙ ϕ′

Y ′

where B is an open annulus with center at zero, j is an open immersion, and p1 is the canonical

projection. Let k′ be a finite separable extension of k with B(k′) 6= ∅. After tensoring X ′, Y ′ and

B with k′, we may assume that the projection p1 : Y ′ × B → Y ′ has a section. By the induction

hypothesis, the required statement is true for Y ′. It follows that it is also true for X ′.

Consider now the general case. It suffices to show that there is a finite surjective morphism

X ′ → X such that all connected components of X ′ possess the required property. We can therefore

assume that X is normal and, in particular, that its regularity locus is a dense Zariski open subset.

By [Ber4, §5], we can replace k by a finite extension so that we may assume that X is normal and

its smoothness locus is a dense Zariski open subset. Let X ′ be the non-smoothness locus of X. By

a result of W. Lütkebohmert [Lüt1, 1.6] (see also [Ber1, 3.3.15]), the complement of any Zariski

closed proper subset of X is connected. Thus, by the previous case, it suffices to show that for

each point x ∈ X ′
0 there is an open neighborhood U in X and a connected closed analytic subset

Y ⊂ U of smaller dimension, which contains x but is not contained in X ′. Let f be an element

of the maximal ideal of the local ring OX,x which is not contained in the ideal of definition of X ′,

and let U be a sufficiently small open neighborhood of x in X such that the closed analytic subset

Y = {y ∈ U
∣∣f(y) = 0} is connected. Then U and Y satisfy the necessary condition.

4.1.3. Corollary. Let X be a reduced strictly k-analytic space and f ∈ NK(X).

(i) If there exists a surjective flat quasi-finite morphism ϕ : Y → X from a reduced strictly

k-analytic space Y such that ϕ∗(f) ∈ CK(Y ), then f ∈ CK(X);
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(ii) If X is closed and, for every morphism ϕ : Y → X from an elementary k′-analytic curve

Y with a finite separable extension k′ of k, one has ϕ∗(f) ∈ CK′
(Y ), then ϕ∗(f) ∈ CK(X), where

K ′ = K ⊗k k′.

Proof. (i) The assumption implies that ϕ∗(f) ∈ Ker(CK(Y ) →→ CK(Z)), where Z is the

reduction of Y ×X Y . The kernel coincides with CK(X) ⊂ OK(X) since the correspondence

X ′ 7→ O(X ′) is a sheaf in the flat quasi-finite topology of X (see [Ber2, 4.1.2]).

(ii) By (i), we may replace k by a finite extension and assume that X is connected and contains

a k-rational point x. If f(x) = a ∈ K, Theorem 4.1.1 and the assumption imply that f(y) = a for

all points y ∈ X0.

4.1.4. Corollary. Assume that k is a closed subfield of k̂a
0 that contains k0, where k0 is a

fixed non-Archimedean field whose valuation is nontrivial and discrete. Then the conclusions of

Theorem 4.1.1 and Corollary 4.1.3(ii) are true with smooth basic curves instead of elementary ones.

Proof. The statement follows from Propositions 2.1.1 and 2.4.1.

4.2. The sheaves Oc
X , O1

X and Ov
X . In this subsection k is again an arbitrary non-

Archimedean field with a nontrivial valuation. For a k-analytic space X, let O(X)c denote the

subgroup of all f ∈ O(X)∗ for which the restriction of the real valued function x 7→ |f(x)| to every

connected component of X is constant. The correspondence U 7→ O(U)c is a subsheaf of the étale

abelian sheaf O∗X denoted by Oc
X . Furthermore, we set O(X)1 = {f ∈ O(X)∗

∣∣|f(x) − 1| < 1 for

all x ∈ X}. The correspondence U 7→ O(U)1 is a subsheaf of the étale abelian sheaf Oc
X denoted

by O1
X .

4.2.1. Theorem. Let X be a geometrically reduced closed k-analytic space. Then the étale

abelian sheaf Oc
X is generated by the subsheaves O1

X and c∗X .

Proof. The assumption implies that the set of points x ∈ X0 such that X is smooth at x and

the field H(x) is separable over k is dense ([Ber9, Lemma 8.1.2]). Replacing k by a finite separable

extension, we may assume that X contains a k-rational point x, and we may assume that X is

connected. Let f ∈ O(X)c. Multiplying f by an element of k∗, we may assume that |f(x)−1| < 1.

To prove the statement, it suffices to show that |f(y) − 1| < 1 for all points y ∈ X0, and for this

we may assume that the field k is algebraically closed and, by Theorem 4.1.1, we may assume that

X is an elementary k-analytic curve. If X is an open disc with center at zero, every invertible

function on X is of the form ag with a ∈ k∗ and g ∈ O(X)1 and, therefore, f ∈ O(X)1. If X is

an open annulus with center at zero, then any invertible function on X is of the form agTn with

a ∈ k∗, g ∈ O(X)1 and n ∈ Z, and this easily implies that our function f is contained in O(X)1.
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Finally, let X = X an
η \∐n

i=1 Ei, n ≥ 1, where X is a smooth projective curve over k◦, each Ei is an

open subset isomorphic to an open disc with center at zero and all of them are in pairwise different

residue classes of X an
η . We can always approximate f by a rational function on X , and so we may

assume that f itself is a rational function on X . By the previous two cases, f ∈ O(Y )1, where Y

is the residue class that contains the point x. It follows that |f(σ)− 1| ≤ 1, where σ is the generic

point of Xs in X an
η and, in particular, the reduction of f on Xs is well defined. By the previous

two cases again, the restriction of f to each of the residue classes Z is of the form ag with a ∈ k∗

and g ∈ O(Z)1. It follows that the reduction of f on Xs is a regular function and, therefore, it is

constant. Since it is equal to one at the point that corresponds to Y , the required fact follows.

Let Ov
X denote the quotient sheaf O∗X/Oc

X . It is an étale sheaf of torsion free abelian groups,

and its restriction to the usual topology of X is a subsheaf of the quotient of the sheaf of positive real

valued continuous functions on X by the subsheaf of constant functions. If the characteristic of k is

zero, Theorem 4.2.1 implies that, for any f ∈ O(X)c, the one-form df
f is a section of the sheaf dOX

and, therefore, the correspondence f 7→ df
f gives rise to a homomorphism dLog : Ov

X → Ω1,cl
X /dOX .

In §§4.3 and 4.4 we’ll prove that the induced homomorphism dLog : Ov
X ⊗Z cX → Ω1,cl

X /dOX is

injective if X is of dimension one and of an arbitrary dimension, respectively.

4.2.2. Corollary. Let X be a geometrically reduced closed k-analytic space X, x : pH(x) → X

a geometric point over a point x ∈ X, and Hx the algebraic separable closure of H(x) in H(x).

Then there is an exact sequence of Gx/x-modules

0 −→ H̃∗x/̃c
∗
X,x −→ Ov

X,x −→
√
|H(x)∗|/

√
|k∗| −→ 0 .

Notice that cX,x coincides with the algebraic separable closure of k in H(x) and that |H∗x| =
√
|H(x)∗| and |c∗X,x| =

√
|k∗| (see [Ber9, Corollary 8.1.3(ii)]).

Proof. By Theorem 4.2.1, there is an exact sequence

0 −→ c◦∗X,xO1
X,x −→ Oc

X,x −→
√
|k∗| −→ 0 .

Setting Sx = {f ∈ O∗X,x

∣∣|f(x)| = 1}, the canonical homomorphism from the above to the exact

sequence

0 −→ Sx −→ O∗X,x −→
√
|H(x)∗| −→ 0

gives rise to an exact sequence

0 −→ Sx/(c◦∗X,xO1
X,x) −→ Ov

X,x −→
√
|H(x)∗|/

√
|k∗| −→ 0 .
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Finally, an isomorphism of the first term with H̃∗
x /̃c

∗
X,x is obtained from the exact sequence

0 −→ O1
X,x −→ Sx −→ H̃∗

x −→ 0 .

4.3. Structure of the sheaves Ω1
X/dOX for smooth analytic curves. Let k be a non-

Archimedean field of characteristic zero with a nontrivial valuation. For a smooth k-analytic space

X, we denote by ΥX the image of the homomorphism dLog : Ov
X⊗Z cX → Ω1

X/dOX . Furthermore,

for a smooth k-analytic curve X, we denote by Ψ̃(X) the subspace of all one-forms ω ∈ Ω1(X) with

the property that every point x ∈ X has an open neighborhood U such that ω
∣∣
U\{x} ∈ dO(U\{x}).

It is easy to see that the correspondence U 7→ Ψ̃(U) is a sheaf in the étale topology of X. We

denote it by Ψ̃X , and denote by ΨX the quotient sheaf Ψ̃X/dOX .

4.3.1. Theorem. Let X be a smooth k-analytic curve. Then

(i) the homomorphism dLog : Ov
X ⊗Z cX → Ω1

X/dOX is injective, i.e., Ov
X ⊗Z cX

∼→ ΥX ;

(ii) ΥX ∩ΨX = 0;

(iii) the support of every element of Ψ(X) is contained in the set of points of type (2) and

positive genus;

(iv) the stalk ΨX,x of ΨX at a point x ∈ X of type (2) and genus g is a vector space over cX,x

of dimension 2g;

(v) if the residue field k̃ is algebraic over a finite field, then Ω1
X/dOX = ΥX ⊕ΨX .

Recall that the first de Rham cohomology group H1
dR(X ) of a geometrically connected smooth

projective curve of genus g over an abstract field k of characteristic zero is canonically isomorphic

to the quotient of the space of differentials of second kind by the subspace of exact differentials.

(A differential of second kind on X is a rational one-form with the property that its residues at all

points of X0 are zero.) One also has H0
dR(X ) = k and H2

dR(X ) ∼→ k. The latter isomorphism is

constructed as follows.

First of all, the spectral sequence Ep,q
1 = Hq(X , Ωp

X ) =⇒ Hp+q
dR (X ) gives rise to an isomorphism

H2
dR(X ) ∼→ H1(X ,Ω1

X ) (and an exact sequence 0 → H0(X , Ω1
X ) → H1

dR(X ) → H1(X ,OX) → 0).

Consider the exact sequence 0 → Ω1
X → Ω1

k(X ) → Ω1
k(X )/Ω1

X → 0. Since the first cohomology

group of the middle term is zero, H1(X , Ω1
X ) is canonically isomorphic to the cokernel of the

homomorphism from the space of global sections of the middle term to that of global sections

of the third term. An element of the latter can be represented as a family {ωx}x∈X0 with ωx ∈
Ω1

k(X )/Ω1
X ,x taken over the set of closed points X0 such that ωx = 0 for all but finitely many x.
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The correspondence {ωx}x∈X0 7→
∑

x∈X0
Trk(x)/k(Resx(ωx)) gives rise to an isomorphism between

the above cokernel and k.

Furthermore, let X ′ be the complement of a subset Σ = {x1, . . . , xn} ⊂ X0, n ≥ 1. The curve

X ′ is affine and, therefore, the de Rham cohomology groups Hq
dR(X ′) coincide with the cohomology

groups Hq(Ω·(X ′)) of the complex Ω·(X ′) : 0 → O(X ′) → Ω1(X ′) → 0, i.e., H0
dR(X ′) = k,

H2
dR(X ′) = 0 and H1

dR(X ′) = Ω1(X ′)/d(O(X ′)). The latter is calculated as follows. Consider k

as a non-Archimedean field with respect to the trivial valuation, and let X an be the corresponding

analytification of X , and Hq
dR,Σ(X an) the high direct images of the functor of global sections with

support in Σ evaluated at the de Rham complex of X an. By GAGA [Ber1, §3.5], there are canonical

isomorphisms Hq
dR(X ) ∼→ Hq

dR(X an) and Hq
dR(X ′) ∼→ Hq

dR(X ′an). If x is a closed point of X , an

open neighborhood of x in X an is isomorphic to an open neighborhood of zero in the k(x)-analytic

projective line P1
k(x). It follows that H1

dR,{x}(X an) = 0 and H2
dR,{x}(X an) ∼→ k(x) and, therefore,

there is an exact sequence

0 −→ H1
dR(X ) −→ H1

dR(X ′) −→ H2
dR,Σ(X ) = ⊕n

i=1H
2
dR,{xi}(X ) −→ H2

dR(X ) −→ 0 .

For every 1 ≤ i ≤ n, the composition of the canonical isomorphism H2
dR,{xi}(X ) ∼→ k(xi) with the

homomorphism H1
dR(X ′) → H2

dR,{xi}(X ) takes a regular one-form on X ′ to its residue at the point

xi, and with the homomorphism H2
dR,{xi}(X ) → H2

dR(X ) corresponds to the trace map Trk(xi)/k :

k(xi) → k. In particular, the dimension of H1
dR(X ′) over k is equal to 2g − 1 +

∑n
i=1[k(xi) : k].

Assume now that k is a non-Archimedean field of characteristic zero (whose valuation is not

assumed to be nontrivial). By GAGA (see [Ber1, §§3.4-3.5]), there are canonical isomorphisms

Hq
dR(X ) ∼→ Hq

dR(X an). Assume we are given pairwise disjoint open neighborhoods D1, . . . , Dn of

the points x1, . . . , xn in X an, respectively, such that each Di is isomorphic to the open unit disc

over H(xi) with center at zero that corresponds to the point xi. We fix such isomorphisms and,

given 0 < r1, . . . , rn < 1, denote by D(xi; ri) and E(xi; ri) the preimages of the open and closed

discs of radius ri with center at zero. (Notice that D(xi; ri) and E(xi; ri) do not depend on the

choice of the isomorphisms.) Let X be the open set X an\∐n
i=1 E(xi; ri). Since X is a Stein space,

the de Rham cohomology groups Hq
dR(X) coincide with the cohomology groups of the complex

Ω·(X) : 0 → O(X) d→ Ω1(X) → 0 and, in particular, H1
dR(X) = Ω1(X)/dO(X).

4.3.2. Lemma. There are canonical isomorphisms

Hq
dR(X ′) ∼→ Hq

dR(X ′an) ∼→ Hq
dR(X), q ≥ 0 .

61



Proof. We already mentioned the validity of the first isomorphism in the case when the

valuation on k is trivial. In the general case, consider the morphism of long exact sequences

0 → H0
dR,Σ(X ) → H0

dR(X ) → H0
dR(X ′) → H1

dR,Σ(X ) → . . .y y y y
0 → H0

dR,Σ(X an) → H0
dR(X an) → H0

dR(X ′an) → H1
dR,Σ(X an) → . . .

It follows that the validity of the first isomorphism is equivalent to that of the isomorphism

Hq
dR,Σ(X ) ∼→ Hq

dR,Σ(X an). (In particular, the latter isomorphisms hold over fields with trivial

valuation.) One has Hq
dR,Σ(X an) ∼→ ⊕n

i=1H
q
dR,{xi}(D(xi, ri)). Let x be one of the points x1, . . . , xn.

Each of the groups in the direct sum is isomorphic to Hq
dR,∞(P1

H(xi)
). Applying the second long

exact sequence for the projective and affine lines and the facts that Hq
dR(P1

H(xi)
) ∼→ H(xi) for

q = 0, 2, H1
dR(P1

H(xi)
) = 0, H0

dR(A1
H(xi)

) ∼→ H(xi), and Hq
dR(A1

H(xi)
) = 0 for q = 1, 2, we get the

required isomorphisms.

The second isomorphisms are verified in the similar way. Namely, consider the long exact

sequence

0 → H0
dR,S(X ′an) → H0

dR(X ′an) → H0
dR(X) → H1

dR,S(X ′an) → . . .

where S =
∐n

i=1(E(xi, ri)\{xi}). It suffices to show that Hq
dR,S(X ′an) = 0 for all q ≥ 0. For this

it suffices to verify that Hq
dR,S(A1) = 0 for all q ≥ 0 with S = A1\D(0; r). But this follows from

the long exact sequence

0 → H0
dR,S(A1) → H0

dR(A1) → H0
dR(D(0; r)) → H1

dR,S(A1) → . . .

and the facts that H0
dR(A1) = H0

dR(D(0; r)) = k and Hq
dR(A1) = Hq

dR(D(0; r)) = 0 for q ≥ 1.

4.3.3. Corollary. For any non-Archimedean field k′ over k, there are canonical isomorphisms

Hq
dR(X)⊗k k′ ∼→ Hq

dR(X ′), q ≥ 0, where X ′ = X⊗̂kk′.

Lemma 4.3.2 implies that there is an exact sequence

0 −→ H1
dR(X ) −→ H1

dR(X) −→ ⊕n
i=1H(xi) −→ k −→ 0 ,

where the first homomorphism is the canonical one, the second homomorphism takes a one-form

ω ∈ Ω1(X) to the element α ∈ H(xi) for which the restriction of ω to the open annulus Bi =

Di\E(xi; ri) is αdT
T up to an exact one-form (where T is a coordinate function on Di with zero

at xi), and the third homomorphism is induced by the trace maps from H(xi) to k. It follows

that the first homomorphism identifies H1
dR(X ) with the subspace of the classes of those one-forms

ω ∈ Ω1(X) whose restriction to every annulus Bi is an exact one-form.
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4.3.4. Lemma. In the above situation, assume that the valuation on k is nontrivial, X = Yη,

where Y is a smooth projective curve over k◦, and the open discs D1, . . . , Dn are the residue classes

of closed points of Ys. Then

(i) dO(X) ∼→ (dOX)(X) and Ω1(X)/dO(X) ∼→ H0(X, Ω1
X/dOX);

(ii) the image of H1
dR(X ) in H1

dR(X) = Ω1(X)/dO(X) coincides with Ψ(X);

(iii) the homomorphism O(X)∗/O(X)c ⊗Z k → Ω1(X)/dO(X) : f 7→ df
f is injective;

(iv) the intersection of the image of the homomorphism (iii) with Ψ(X) is zero.

Proof. Since Hq(X, cX) = 0 for q ≥ 1, one has H1(X, dOX) ∼→ H1(X,OX) = 0, and (i)

follows. The remark before the formulation now immediately implies (ii).

To prove (iii) and (iv), we may increase the field k and assume that all of the points x1, . . . , xn

are k-rational. Notice that the restriction of a function f ∈ O(X)∗ to each annulus Bj is of

the form agT lj , where a ∈ k∗, g ∈ O(Bj)1 and lj ∈ Z. If Z is the open affine subscheme of

Ŷ with Zs = Ys\{x1, . . . ,xn}, where xi = π(xi), then the restriction of the real valued function

x 7→ |f(x)| to Zη is constant. It follows that f ∈ O(X)c if and only if the integral vector (l1, . . . , ln)

is zero. Let now f1, . . . , fm be invertible analytic functions that generate a free abelian subgroup

of O(X)∗/O(X)c of rank m, and let ω =
∑m

i=1 λi
dfi

fi
, λi ∈ k, be such that the restriction of ω to

each open annulus Bj , 1 ≤ j ≤ n, is an exact one-form. To prove (iii) and (iv), it suffices to show

that ω is an exact one-form. The restriction of fi to Bj is of the form agT lij as above. The above

remark implies that the integral vectors (li1, . . . , lin), 1 ≤ i ≤ m, are linearly independent over Z.

It follows that they are linearly independent over Q and, therefore, over k. It remains to notice

that the restriction of ω to Bj is (
∑m

i=1 λilij)dT
T up to an exact one-form.

Proof of Theorem 4.3.1. The local description of smooth k-analytic curves (see §2.2)

and Lemma 4.3.4 straightforwardly imply the statements (i)-(iii). Lemma 4.3.4 implies also the

statement (iv) in the case when X is elementary. The general case of (iv) follows from the latter

and the simple fact that, given a finite Galois extension k′ over k with the Galois group G and a

vector space V of dimension n over k′ provided with a k-linear action of G such that σ(αv) = σασv

for all σ ∈ G, α ∈ k′ and v ∈ V , one has dimk(V G) = n.

To prove (v), it suffices to show that, in the situation of Lemma 4.3.4, if the points x1, . . . , xn are

k-rational and the numbers r1, . . . , rn are sufficiently close to one, then H1
dR(X) = H1

dR(X )⊕Υ(X).

Notice that in this case the space H1
dR(X) is of dimension 2g +n−1 over k. Let Z = Spf(A) be the

open affine subscheme of the formal completion Ŷ with Zs = Ys\{x1, . . . ,xn}, where xi = π(xi).

The assumption on the field k implies that the class of each of the divisors (x1)− (xj), 2 ≤ j ≤ n,
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is of finite order. This means that there exist elements f1, . . . , fn−1 ∈ A∗ such that the divisor of

the rational function on Xs whose restriction to Zs is the image of fj in Ã = A/k◦◦A is a nonzero

multiple of (x1)−(xj). Since the image of O(X) in A⊗k◦ k is dense, we may assume that f1, . . . , fn

come from analytic functions on X. If now ri’s are sufficiently close to one, those functions are

invertible on X. Thus, the subspace of H1
dR(X), generated by the classes of df1

f1
, . . . , dfn−1

fn−1
is of

dimension n− 1, and the required fact follows.

4.3.5. Corollary. Let X = X an, where X is a geometrically connected smooth projective

curve over k of genus g, and let x1, . . . , xn be the points of X of type (2) and positive genuses

g1, . . . , gn, and b the Betti number of X = X⊗̂kk̂a. Then

(i) dimk(H0(X, Ω1
X/dOX)) = 2g − b;

(ii) dimk(Ψ(X)) = 2
∑n

i=1 gi = 2(g − b);

(iii) if k̃ is algebraic over a finite field, then dimk(Υ(X)) = b.

Proof. The spectral sequence Ep,q
2 = Hp(X, Ωq,cl

X /dΩq−1
X ) =⇒ Hp+q

dR (X) gives rise to an exact

sequence

0 → H1(X, cX) → H1
dR(X) → (Ω1

X/dOX)(X) → 0 .

The dimension of the middle term is 2g. Since H1(X, cX) = H1(X, k̂a
X)G, it follows that the

dimension of the first term is b and, therefore, (i) is true. Furthermore, Theorem 4.3.1 implies

the first equality in (ii) and the fact that (iii) follows from the second equality in (ii). To prove

the latter, we may replace k by a finite extension and assume that X = Yη, where Y is a strictly

semi-stable projective curve over k◦ such that all of the double points of Ys are k̃-rational and

split. (The latter is equivalent to the fact that, for such a point y ∈ Ys the preimage π−1(y) in

Yan
η = X is isomorphic to an open annulus with center at zero.) The skeleton S of the formal

completion Ŷ of Y along Ys is a finite graph embedded into X whose vertices are the preimages

of the generic points of the irreducible components of Ys and the edges are the skeletons of the

open annuli π−1(y) for the double points y ∈ Ys. Let τ be the canonical retraction map X → S

and, for a vertex x of S, let Sx denote the open subset of S which is a union of x and the open

edges emanating from x. Then τ−1(Sx) is an elementary curve, and all of the sets τ−1(Sx) form

an open covering of X. The description of the first de Rham cohomology group of an elementary

curve implies that there is an exact sequence

0 → Ψ(X) → H0(X, Ω1
X/dOX) → Harm(S, k) → 0 ,

where Harm(S, k) is the space of harmonic cochains on S with values in k (i.e., maps from the set
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of oriented edges of S to k that satisfy the harmonicity condition at every vertex of S). The second

equality in (ii) follows.

4.4. Injectivity of the homomorphism dLog : Ov
X ⊗Z cX → Ω1,cl

X /dOX .

4.4.1. Theorem. Let k be a non-Archimedean field of characteristic zero with a nontrivial

valuation. Then for any smooth k-analytic space X the homomorphism Ov
X ⊗Z cX → Ω1,cl

X /dOX :

f 7→ df
f is injective and, therefore, Ov

X ⊗Z cX
∼→ ΥX .

Let X be an irreducible reduced scheme of finite type over an abstract field k (of arbitrary

characteristic). We say that rational functions f1, . . . , fn ∈ k(X )∗ are multiplicatively independent

(modulo constants) at a point x ∈ X if they are defined and not equal to zero at x and their images

in the quotient group k(x)∗/L∗x are linearly independent over Z, where Lx is the algebraic closure

of k in k(x).

4.4.2. Lemma. Assume that dim(X ) > 1. If rational functions f1, . . . , fn ∈ k(X )∗ are

multiplicatively independent at the generic point of X , then they are multiplicatively independent

at the generic point of an irreducible algebraic curve in X .

Proof. To prove the statement, we may assume that k is algebraically closed, X is smooth

affine, f1, . . . , fn ∈ O(X )∗, and it suffices to show that the functions f1, . . . , fn are independent

at the generic point of an irreducible closed subscheme of smaller dimension. Furthermore, we

can find an open immersion of X into a connected projective normal scheme X . Let Z = X\X .

By J. de Jong’s Theorem 4.1 from [deJ3], there exists a proper, dominant and generically finite

morphism ϕ : X ′ → X such that X ′ is an irreducible smooth projective scheme and ϕ−1(Z) is

a strict normal crossings divisor. Let D1, . . . , Dm be the irreducible components of the latter.

The functions f1, . . . , fn are evidently independent at the generic point of X ′ and, therefore, their

divisors (f1), . . . , (fn) in X ′, supported in D1, . . . , Dm, are linearly independent over Z. Let X ′ be

a closed subscheme of a projective space P, and let {x1, . . . , xl} be k-rational points of X ′ such that

all irreducible components of the intersections Di ∩Dj with i 6= j contain at least one of them. By

Bertini Theorem (see Theorem 8.18 of Ch. II and Remark 7.9.1 of Ch. III in [Har]), there exists

a hyperplane H ⊂ P such that the intersection Y = H ∩ X ′ is an irreducible smooth suscheme of

dimension dim(X )− 1, each intersection H ∩Di is a smooth subscheme of dimension dim(X )− 2,

and H does not contain any of the points xi. It follows that the functions f1, . . . , fn are defined

and not equal to zero at the generic point y of Y, and the image x of y in X lies in X . By the

construction, the canonical map from the divisor subgroup of X ′, supported in D1, . . . , Dn, to the

65



divisor group of Y is injective and, therefore, the images of the functions f1, . . . , fn in k(y)∗/k∗ are

linearly independent over Z. It follows that f1, . . . , fn are independent at the point x.

Let now X be a smooth k-analytic space, where k is a non-Archimedean field with a nontrivial

valuation. We say that analytic functions f1, . . . , fn ∈ O(X) are multiplicatively independent at

a point x ∈ X if |f1(x)| = . . . = |fn(x)| = 1 and the images of f1(x), . . . , fn(x) in H̃(x)
∗
/L∗x are

linearly independent over Z, where Lx is the algebraic closure of k̃ in H̃(x).

4.4.3. Lemma. If functions f1, . . . , fn ∈ O(X) are multiplicatively independent at a point

x ∈ X with s(x) = dim(X) > 1, then there is a smooth k′-analytic curve Y for a finite extension

k′ of k and a morphism ϕ : Y → X such that the functions ϕ∗(f1), . . . , ϕ∗(fn) are multiplicatively

independent at a point y ∈ Y .

Proof. Step 1. One may assume that X̂η ⊂ X ⊂ X an
η , where X is a connected affine smooth

scheme over k◦, x ∈ X̂η and π(x) is the generic point of Xs. (Notice that, by [Ber7, 1.7], for such

a point x one has k̃(π(x)) ∼→ H̃(x).) To show this we use the reasoning from the proof of Lemma

2.1.2. Namely, as in Step 1 of that proof, we may assume that X is an open subset in Yan, where Y
is a smooth irreducible affine scheme over k, and that the point x is contained in a strictly affinoid

subdomain W of X such that the image of x under the reduction map W → W̃ is the generic point

of an irreducible component of W̃ . Furthermore, by [Ber7, Lemma 9.4], there is an open embedding

of Y in Zη, where Z is an integral scheme proper and flat over k◦, and an open subscheme W ⊂ Zs

such that W = π−1(W). Finally, by de Jong’s result (in the form of [Ber7, Lemma 9.2]), there

exists a finite extension k′ of k, a poly-stable fibration Z ′ = (Z ′l → . . . → Z ′1 → Z ′0 = Spec(k′◦)),

where all morphisms fi are projective of dimension one, and a dominant morphism ϕ : Z ′l → Z
that induces a proper generically étale morphism Z ′l,η → Zη. The latter morphism is evidently

étale at every point x′ from the preimage of x in Z ′l,η. By the argument from Step 4 of the proof of

Lemma 2.1.2, π(x′) is the generic point of an irreducible component of Z ′l,s. Let now X be an open

connected smooth affine subscheme of Z ′l with π(x′) ∈ Xs ⊂ ϕ−1(W). Then X̂η ⊂ ϕ−1(X) ⊂ X an
η

and π(x′) is the generic point of Xs.

Step 2. By Lemma 4.4.2, applied to the irreducible smooth scheme Xs over k̃ and the images

of f1(x), . . . , fn(x) in k̃(Xs) = H̃(x), the latter are multiplicatively independent at the generic

point y of a closed subscheme Y ⊂ Xs of dimension m − 1. Replacing k by a finite extension and

X = Spec(A) by an open affine neighborhood of y, we may assume that Y is smooth over k̃ and

even defined by one equation g̃ = 0 for some g̃ ∈ Ã = A/k◦◦A. Let g be an element of A whose

image in Ã is g̃, and let Z be the closed subscheme Spec(B) with B = A/(g). Then the formal
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completion Ẑ of Z along its closed fiber is a smooth formal scheme over k◦ and Zs = Ẑs
∼→ Y.

It follows that there exists a unique point z ∈ Ẑη with π(z) = y, and one has k̃(y) ∼→ H̃(z).

In particular, s(z) = dim(Zan
η ) = m − 1 and the images of f1(z), . . . , fn(z) in Ov

X,z are linearly

independent over Z. Since the k-analytic space Zan
η is smooth at the point z (and in fact at all

points from Ẑη), the lemma is reduced to the case of smaller dimension.

Proof of Theorem 4.4.1. We have to show that if f1, . . . , fn are invertible analytic functions

on X whose images in the multiplicative group Ov
X,x of a point x ∈ X are linearly independent over

Z, then the images of df1
f1

, . . . , dfn

fn
in Ω1,cl

X,x/dOX,x are linearly independent over cX,x. Propositions

2.3.1, 1.3.2 and 1.5.1 easily reduce the situation to the case s(x) = dim(X). We may then assume

that |fi(x)| = 1 for all 1 ≤ i ≤ n and, by Corollary 4.2.2, the assumption means that f1, . . . , fn are

multiplicatively independent at x. Lemma 4.4.3 now reduces the situation to Theorem 4.3.1.

4.5. A subsheaf ΨX ⊂ Ω1,cl
X /dOX and a subspace VX,x ⊂ Ω1,cl

X,x/dOX,x. Let k be a

non-Archimedean field of characteristic zero with a non-trivial valuation. For a smooth k-analytic

space X, let Ψ̃(X) denote the space of all closed one-forms ω whose pullback under any morphism

ϕ : Y → X from an elementary k′-analytic curve over a finite extension k′ of k is contained in

Ψ̃(Y ). The correspondence U 7→ Ψ̃(U) is a sheaf Ψ̃X in the étale topology of X, and let ΨX denote

the quotient sheaf Ψ̃X/dOX . (Of course, both coincide with the corresponding sheaves defined in

the one-dimensional case.)

4.5.1. Theorem. (i) ΥX ∩ΨX = 0;

(ii) the stalk ΨX,x at a geometric point over a point x ∈ X with s(x) > 0 is of infinite dimension

over cX,x;

(iii) if k0 ⊂ k ⊂ k̂a
0, where k0 is a subfield whose valuation is discrete, then the stalk ΨX,x at a

point x ∈ X with s(x) = dim(X) is the space of the classes of closed one-forms ω ∈ Ω1
X,x for which

there exists a marked neighborhood ϕ : Xη → X of x such that ω is defined over the image of ϕ

and ϕ∗(ω)x ∈ dO(π−1(x)) for all closed points x ∈ Xs.

Notice that the stalks ΨX,x at points x ∈ X with s(x) = 0 are always zero.

4.5.2. Lemma. Let ϕ : Y → X be a smooth morphism, y a geometric point of Y over a

geometric point x of X, and y and x their images in Y and X, respectively. Then

(i) the canonical homomorphism Ω1,cl
X,x/dOX,x → Ω1,cl

Y,y/dOY,y is injective;

(ii) the preimages of ΥY,y and ΨY,y in Ω1,cl
X,x/dOX,x are ΥX,x and ΨX,x, respectively;

(iii) if s(y) = s(x), then ΨX,x
∼→ ΨY,y.
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Proof. The statements (i) and (ii) easily follow from the fact that locally in the étale topology

any smooth morphism has a section. (This fact is a consequence of [Ber2, Theorem 3.7.2].) To

prove (iii), we notice that Ω1,cl
Y,y/dOY,y is a direct sum of Ω1,cl

X,x/dOX,x and the vector subspace over

cY,y whose basis is formed by the classes of one-forms df1
f1

, . . . , dft

ft
, where f1, . . . , ft are elements

of OY,y such that |f1(y)|, . . . , |ft(y)| form a basis of
√
|H(y)∗|/

√
|H(x)∗|. The intersection of this

vector subspace with ΨY,y is evidently zero, and so (iii) follows from (ii).

Proof of Theorem 4.5.1. (i) It suffices to verify that ΥX,x ∩ ΨX,x = 0 for any geometric

point x over a point x ∈ X. Lemma 4.5.2 reduces the situation to the case s(x) = dim(X), and

Lemma 4.4.3 then reduces the situation to the case dim(X) = 1, i.e., to Theorem 4.3.1(ii).

(ii) Assume that s(x) > 0 and ΨX,x is of finite dimension over cX,x. Shrinking X in the étale

topology, we may assume that ΨX,x is generated by the classes of ω1, . . . , ωn ∈ Ω1,cl(X)/dO(X)

and that there is a function f ∈ O(X) with |f(x)| = 1 for which the image of f(x) in H̃(x) is

transcendent over k̃. The latter implies that the corresponding morphism f : X → Y = A1 takes x

to the maximal point y of the closed unit disc, which is a point of type (2). It follows from Theorem

4.3.1(iii) that we can replace Y by an étale neighborhood of the point y so that there exist elements

η1, . . . , ηn+1 ∈ Ω1(Y )/dO(Y ) whose images in ΨY,y are linearly independent over cY,y. Shrinking

X, we may assume that, for every 1 ≤ i ≤ n+1, one has f∗(ηi) =
∑n

j=1 αijωj +γi with αij ∈ c(X)

and γi ∈ Υ(X). We now use the fact that locally in the étale topology the morphism f has a section

ψ : Y → X. We get equalities ηi =
∑n

j=1 αijψ
∗(ωj) + ψ∗(γi) which contradict the assumption on

linear independence of the classes of η1, . . . , ηn+1 in ΨY,y.

(iii) Assume first that the class of a closed one form ω lies in Ψ(X), and let ϕ : Xη → X be

a marked neighborhood of x. Then the restriction of ϕ∗(ω) to the residue class π−1(x) of every

closed point x ∈ Xs is in Ψ̃(π−1(x)). Since π−1(x) is a semi-annular space, it follows that ϕ∗(ω)x

is an exact one-form. Conversely, assume that ω is a closed one-form on the generic fiber Xη of

a proper marked formal scheme X over k◦ such that ϕ∗(ω)x ∈ dO(π−1(x)) for all closed points

x ∈ Xs. We have to show that, for any morphism ϕ : Y → Xη from an elementary k-analytic

curve Y , one has ϕ∗(ω) ∈ Ψ̃(Y ). Since the complement of the generic point (of the comprehensive

smooth projective curve with good reduction) in Y is a disjoint union of open discs and annuli

(defined over a finite extension of k), it suffices to verify the required fact in the case when Y an

open disc D(0; r) or annulus B(0; r,R). In that case, Ψ̃(Y ) = Ω1(Y ) and, therefore, we may assume

that k is algebraically closed. Furthermore, it suffices to verify the required fact for every smaller

open disc D(0; r′) with r′ < r or annulus B(0; r′, R′) with r < r′ < R′ < R. We may therefore
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assume that Y is D(0; r) or B(0; r,R) as above, but r,R ∈ |k∗| and the morphism ϕ is induced

by a morphism ψ : Z → Xη, where Z is the closed disc E(0; r) or annulus A(0; r,R). It suffices

to verify the following claim: S = {z ∈ Z
∣∣ϕ(z) 6∈ π−1(x) for all closed point x ∈ Xs} is a finite

set of points of type (2). Indeed, assume X is the formal completion of a nondegenerate strictly

poly-stable formal scheme Y, and let Y1, . . . , Yn be open affine subscheme of Y with Xs ⊂ ∪n
i=1Y

i
s.

The each Zi = ϕ−1(Yi
η) is a strictly affinoid subdomain of Z, and the set S is contained in the

union of the boundary points of all Zi’s. The latter union is finite and consists of points of type

(2). The claim follows.

For a point x of a smooth k-analytic space X, let VX,x denote the subspace of Ω1,cl
X,x/dOX,x

consisting of the classes of closed one-forms ω ∈ Ω1
X,x with the following property: there exists

a quasi-étale morphism ϕ : V → X from a strictly k-affinoid space V such that x ∈ ϕ(V ) and

ϕ∗(ω)x ∈ dO(π−1(x)) for all closed points x ∈ Ṽ . (For the notion of a quasi-étale morphism see

[Ber3, §3] and, if V = M(A), then Ṽ = Spec(Ã) and π is the reduction map V → Ṽ .) It is clear

that VX,x is functorial with respect to (X, x). Given a geometric point x over x, let VX,x denote the

inductive limit of all VY,y taken over the pairs (ϕ, α) consisting of an étale morphism ϕ : Y → X

and a morphism α : pH(x) → Y over x whose image is a point y ∈ Y over x. One evidently has

VX,x = VGx/x

X,x .

4.5.3. Theorem. (i) The subspace VX,x has a direct complement in Ω1,cl
X,x/dOX,x, which

is a vector space over cX,x with a basis formed by the classes of one-forms df1
f1

, . . . , dft

ft
, where

f1, . . . , ft ∈ O∗X,x are such that {|f1(x)|, . . . , |ft(x)|} is a basis of
√
|H(x)∗|/

√
|k∗| over Q; in

particular, if t(x) = 0, then VX,x = Ω1,cl
X,x/dOX,x;

(ii) in the situation of Lemma 4.5.2, the preimage of VY,y in Ω1,cl
X,x/dOX,x is VX,x and, if in

addition s(y) = s(x), then VX,x
∼→ VY,y;

(iii) VX,x ∩ΥX,x is a vector space over cX,x with the basis {dfi

fi
}i∈I , where {fi}i∈I ∈ O∗X,x are

such that their images in Ov
X,x form a basis of the abelian group H̃x/̃cX,x (from Corollary 4.2.2);

(iv) ΨX,x ⊂ VX,x.

Proof. Step 1. (i) is true if t(x) = 0. Indeed, if in the situation of Lemma 4.5.2 s(y) = s(x),

then Ω1,cl
X,x/dOX,x

∼→ Ω1,cl
Y,x/dOY,y. Therefore it suffices to consider the case s(x) = dim(X). Let ω

be a closed one-form on X. By Step 1 from the proof of Lemma 4.4.3, we may replace X by an

étale neighborhood of the point x and assume that Z = X̂η ⊂ X ⊂ X an
η with X a connected affine

smooth scheme over k◦, x ∈ X̂η and π(x) the generic point of Xs. By [Ber7, Proposition 1.4], one

has Z̃η
∼→ Zs. We claim that ωx ∈ dO(π−1(x)) for all closed points x ∈ Zs. Indeed, let k′ be a finite
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extension of k such that Z′s with Z′ = Z⊗̂k◦k
′◦ contains a k̃′-rational point x′ over x. Then π−1(x′)

is isomorphic to an open unit polydisc over k′ with center at zero and, therefore, the pullback of

ω to it is an exact one-form. Since the morphism π−1(x′) → π−1(x) is a finite étale covering, the

claim follows.

Step 2. (ii) is true when, in the situation of Lemma 4.5.2, the morphism ϕ is of dimension one,

s(y) = s(x) and t(y) > t(x). Indeed, let ω be a closed one-form on Y whose class in Ω1,cl
Y,y/dOY,y is

in VY,y, and let ϕ : V → Y be the corresponding quasi-étale morphism with y ∈ ϕ(V ). Replacing

V by a strictly affinoid subdomain whose image also contains the point y, we may assume that V is

a strictly affinoid domain in a smooth k-analytic space étale over Y . Replacing Y by the latter, we

may assume that V is in fact a strictly affinoid subdomain of Y . Finally, we may replace Y by an

étale neighborhood of y and assume that Y = X ×B, where B = B(0; R′, R′′) is an open annulus)

with center at zero, and y is a point in the fiber ϕ−1(x) of type (3), i.e., the maximal point of the

closed disc radius R′ < r < R′′ with r 6∈
√
|H(x)∗|. (Notice that the fiber is the similar annulus

BH(x) = B⊗̂H(x) over H(x).)

4.5.4. Lemma. In the above situation, V contains U × A, where U is a strictly affinoid

domain in X with x ∈ U and A = A(0; r′, r′′) is a closed annulus in B of radii r′, r′′ ∈
√
|k∗| with

r′ < r < r′′).

Proof. First of all, we may assume that X = M(A) and Y = M(B) are strictly k-affinoid

with Y = X × A(0; R′, R′′) with R′, R′′
√
|k∗| and R′ < r < R′′, and that V is a strictly affinoid

rational domain in Y . The latter means that there are (nonzero) elements g0, g1, . . . , gn ∈ B without

common zeros in Y such that V = {y′ ∈ Y
∣∣|gi(y′)| ≤ |g0(y′)| for all 1 ≤ i ≤ n}. Each element gi ∈ B

has the form
∑∞

j=−∞ fijT
j with fij ∈ A such that, for every point x′ ∈ X and every R′ ≤ α ≤ R′′,

|fij(x′)|αj → 0 as j → ±∞. One has |gi(y)| = max
j
{|fij(x)|rj}. Since r 6∈

√
|H(x)∗|, then for

every 0 ≤ i ≤ n with gi(y) 6= 0 the maximum is achieved at only one value ji of j. The inclusion

y ∈ V implies that g0(y) 6= 0. Dividing all gi’s by T j0 , we may assume that j0 = 0. If gi(y) = 0 for

some 1 ≤ i ≤ n, we can shrink X and Y so that the inequality |gi(y′)| ≤ |g0(y′)| is satisfied for all

points y′ ∈ Y . Hence, we may assume that gi(y) 6= 0 for all 1 ≤ i ≤ n. Furthermore, if ji 6= 0 for

some 1 ≤ i ≤ n, then |gi(y)| is strictly less than |g0(y)|. We can therefore shrink X and Y so that

|gi(y′)| < |g0(y′)| for all y′ ∈ Y , and so we may assume that ji = 0 for all 1 ≤ i ≤ n. Notice that

the functions f00, f10, . . . , fn0 have no common zeros in X. Thus, we get V = {y′ ∈ Y
∣∣ϕ(y′) ∈ U},

where U is the strictly affinoid rational domain in X defined by the inequalities |fi0(x′)| ≤ |f00(x′)|
for all 1 ≤ i ≤ n.

70



We may assume that ω = ϕ∗(η) + adT
T with η ∈ Ω1,cl(X) and a ∈ k and that V = U ×A as in

Lemma 4.5.4, and our purpose is to show that a = 0 and the class of η in Ω1,cl
X,x/dOX,x lies in VX,x.

Replacing k by a finite extension, we may assume that r′, r′′ ∈ |k∗|. The reduction Ã is a union of

two affine lines over k̃ intersecting in the zero point 0 and π−1(0) = B(0; r′, r′′). Let y be a closed

point of Ṽ whose image in Ã is 0. If x is the image of y in Ũ , then π−1(y) ∼→ π−1(x)×B(0; r′, r′′).

By the assumption, ωy ∈ dO(π−1(y)), it follows that a = 0 and ηx ∈ dO(π−1(x)). Since such a

point y exists for every closed point x ∈ Ũ , the required fact follows.

Step 3. (i) is true. Indeed, this follows from the Steps 1 and 2 and the fact that, in the situation

of Step 2, Ω1,cl
Y,y/dOY,y is a direct sum of Ω1,cl

X,x/dOX,x and a one-dimension vector subspace over

cY,y generated by the class of df
f for an element f ∈ O∗Y,y with |f(y)| 6∈

√
|H(x)∗|.

Step 4. (ii), (iii) and (iv) are true. For (ii) it suffices to consider the case when ϕ is of

dimension one. In this case the claim follows from (i) and the fact mentioned in the previous Step

3. The statement (iii) follows from Step 1, Corollary 4.2.2 and Theorem 4.4.1, and (iv) is already

evident.

4.5.5. Remark. By Theorem 4.3.1(v), if k̃ is algebraic over a finite field, then for any smooth

k-analytic curve X one has Ω1,cl
X /dOX = ΥX ⊕ ΨX . It would be interesting to know if the same

equality holds in all dimensions.
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§5. Isocrystals

In this section we study various objects related to a wide germ of a strictly k-affinoid space,

i.e., a germ of an analytic space (X, Y ) in which Y is a strictly affinoid domain in the interior of a

separated analytic space X, and consider a related notion of a wide germ of a formal scheme (X, Y)

(which gives rise to a wide germ of a strictly k-affinoid germ (X, Yη)). First of all, we show that

the correspondence (X, Y ) 7→ B = O(X, Y ) gives rise to an anti-equivalence between the category

of such germs and that of dagger algebras. We define categories of sheaves on a germ and, if X is

smooth, relateD(X,Y )-modules to isocrystals over B. In particular, we show that the correspondence

F 7→ F(X,Y ) gives rise to an equivalence between the category of O(X,Y )-coherent D(X,Y )-modules

and that of isocrystals finitely generated over B, which preserves de Rham cohomology groups. We

then construct an increasing sequence of isocrystals E0
B = B ⊂ E1

B ⊂ . . . with the property that

the canonical homomorphisms H1
dR(Ei

B) → H1
dR(Ei+1

B ) are zero. The construction in fact depends

on certain choices, but the object constructed is unique up to a non-canonical isomorphism. Under

the assumption that the isocrystal EB = ∪∞i=1E
i
B can be provided with the structure of a filtered

B-algebra that satisfies the Leibniz rule, we relate it to a classical object, the shuffle algebra, which

appeared in the work of K.-T. Chen on iterated integrals (see [Chen]). Finally, if the germ (X,Y )

is a lifting of a similar germ (X ′, Y ′) defined over a closed subfield k′ ⊂ k such that the valuation

on k′ is discrete and k is isomorphic to a closed subfield k̂′a, we show that all of the isocrystals Ei
B

are unipotent and Ei
B′ ⊗B′ B

∼→ Ei
B , where B′ = O(X ′, Y ′). This is deduced from a result of O.

Gabber (Lemma 5.5.1) and a finiteness result of E. Grosse-Klönne [GK2]. (In its turn, the latter

is an extension of a result of P. Berthelot and Z. Mebkhout.)

5.1. Wide germs of analytic spaces and of formal schemes. Let k be an arbitrary

non-Archimedean field with a nontrivial valuation. Recall ([Ber2, §3.4]) that the category of germs

of a k-analytic space is the localization of the category of pairs (X, S) (consisting of a k-analytic

space X and a subset S ⊂ X) with respect to the system of morphisms ϕ : (Y, T ) → (X, S) such

that ϕ induces an isomorphism of Y with an open neighborhood of S in X. This system admits a

calculus of right fractions, and so the set of morphisms Hom((Y, T ), (X,S)) is the inductive limit

of the sets of morphisms ϕ : V → X with ϕ(T ) ⊂ S, where V runs through open neighborhoods of

T in Y . We say that a germs (X, S) is strictly k-affinoid if S is strictly affinoid domain in X. We

say that a germ (X, S) is wide if X is separated and S is contained in the interior Int(X) of X. In

this subsection we study the category of wide strictly k-affinoid germs.

For a germ (X, S) we denote by O(X, S) the algebra of functions analytic in a neighborhood
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of S in X, i.e., O(X, S) = lim
−→

O(U), where U runs through open neighborhoods of S in X. For

example, if S is a point x ∈ X, then O(X, x) is the local ring OX,x. If X = An is the n-dimensional

affine space and S = E is the closed unit polydisc with center at zero, then O(An, E) is the algebra

of overconvergent power series

k{T1, . . . , Tn}† = ∪ρ>1k{ρ−1T1, . . . , ρ
−1Tn} .

Recall (see [MW], [GK1]) that a k-dagger algebra is a k-algebra A isomorphic to a quotient

of k{T1, . . . , Tn}†. For a k-dagger algebra A, the equivalence class of the norm on A induced from

the Gauss norm of k{T1, . . . , Tn}† does not depend on the representation of A as a quotient, and

all ideals of A are closed and finitely generated (see [GK1, §1]). In particular, A is Noetherian,

and there is a well defined completion Â, which is a strictly k-affinoid algebra. Furthermore, the

canonical homomorphism A → Â is injective, and gives rise to a bijection between the sets of

maximal ideals. Finally, any homomorphism of k-dagger algebras A → B is bounded with respect

to the norms on the algebras, and so it extends in a canonical way to a homomorphism of strictly

k-affinoid algebras Â → B̂.

5.1.1. Lemma. The correspondence (X, Y ) 7→ O(X, Y ) gives rise to an anti-equivalence

between the category of wide strictly k-affinoid germs and the category of k-dagger algebras.

Proof. First of all, we have to verify that, for a wide strictly k-affinoid germ (X, Y ), O(X,Y )

is a k-dagger algebra. By a result of M. Temkin ([Tem, Theorem 5.1]), there exists a bigger strictly

affinoid domain V ⊂ X such that Y ⊂ Int(V ) and Y is a Weierstrass domain in V . We may assume

that X = V = M(A). In this case it follows from [Ber1, 2.5.2] that there exists an admissible

epimorphism k{r−1
1 T1, . . . , r

−1
n Tn} → A : Ti 7→ fi such that ri ∈

√
|k∗| and max

x∈Y
|fi(x)| = 1 < ri.

Since Y is Weierstrass in X, there exist elements g1, . . . , gm ∈ A such that Y = {x ∈ X
∣∣|gi(x)| ≤ 1

for all 1 ≤ i ≤ m}. Of course, we may assume that max
x∈X

|gi(x)| > 1 for all 1 ≤ i ≤ m and,

therefore, we may replace the system of elements {f1, . . . , fn} by {f1, . . . , fn, g1, . . . , gm}. Thus, we

may assume that Y = {x ∈ X
∣∣|fi(x)| ≤ 1 for all 1 ≤ i ≤ n} and there is an admissible epimor-

phism k{T1, . . . , Tn} → B : Ti 7→ fi, where Y = M(B). It follows that there is an epimorphism

k◦{T1, . . . , Tn}† → O(X,Y ), i.e., O(X, Y ) is a k-dagger algebra.

Furthermore, we have to verify that, for a similar germ (X ′, Y ′), the canonical map

Hom((X ′, Y ′), (X, Y )) ∼→ Hom(O(X,Y ),O(X ′, Y ′))

is bijective. That it is injective is easy. Suppose we are given a homomorphism O(X, Y ) →
O(X ′, Y ′). It extends in a canonical way to a bounded homomorphism of strictly k-affinoid algebras
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B → B′, where Y ′ = M(B′) and B (as well as some other objects below) are from the previous

paragraph. Let f ′i be the image of fi in O(X ′, Y ′). One has max
x′∈Y ′

|f ′i(x)| ≤ 1. We can shrink

X ′ and assume that X ′ = M(A′) is k-affinoid and that each f ′i comes from A′ and is of spectral

radius at most ri. Then there is a well defined bounded homomorphism of k-affinoid algebras

k{r−1
1 T1, . . . , r

−1
n Tn} → A′ : Ti 7→ f ′i . We can shrink X ′ and assume that this homomorphism

takes the finitely generated kernel of the epimorphism k{r−1
1 T1, . . . , r

−1
n Tn} → A : Ti 7→ fi to zero.

This means that there is a bounded homomorphism A → A′ which induces a morphism of germs

(X ′, Y ′) → (X, Y ). The latter evidently gives rise to the homomorphism O(X,Y ) → O(X ′, Y ′) we

started from.

Finally, let B be a k-dagger algebra, and consider a surjective homomorphism k{T1, . . . , Tn}† →
B. Its kernel is generated by a finite number of elements that come from k{r−1

1 T1, . . . , r
−1
n } for

some ri ∈
√
|k∗| with ri > 1, and let A be the quotient of the latter by the ideal generated by

those elements. Then for X = M(A), the set Y = {x ∈ X
∣∣|fi(x)| ≤ 1 for all 1 ≤ i ≤ n}, where fi

is the image of Ti in A, is a Weierstrass domain in X which is contained in Int(X), and one has

O(X, Y ) = B.

We now introduce a related category of germs of a formal scheme over k◦. Its objects are the

triples (X, Y, α) consisting of a k-analytic space X, a formal scheme Y locally finitely presented over

k◦, and an isomorphism α between the generic fiber Yη and a strictly analytic subdomain Y ⊂ X,

and morphisms (X ′, Y′, α′) → (X, Y, α) are the pairs consisting of a morphism of strictly k-analytic

spaces (X ′, Y ′) → (X,Y ) (with Y ′ = α′(Y′
η)) and a morphism of formal schemes Y′ → Y, which

are compatible in the evident sense. For brevity, we identify Yη with its image in X and denote

the corresponding germ by (X, Y). There are evident functors of generic fiber (X, Y) 7→ (X, Yη)

and of closed fiber (X, Y) 7→ Ys. We say that (X, Y) is a germ of a smooth formal scheme if Y is

smooth over k◦. A germ (X, Y) is said to be wide if X and Y are separated and Yη is contained in

the interior Int(X) of X. For example, if X is a separated formal scheme locally finitely presented

over k◦ and Y is a open subscheme smooth over k◦ and such that Ys is contained in an irreducible

component of Xs which is proper over k̃, then (Xη, Y) is a wide germ of a smooth formal scheme.

(This germ is wide, by a result of M. Temkin [Tem, Theorem 4.1].)

A morphism (ϕ,ψ) : (X ′,Y′) → (X, Y) is said to be étale if the morphisms ϕ : (X ′, Y′
η) →

(X, Yη) and ψ : Y′ → Y are étale in the sense of [Ber2, §3.4] and [Ber3, §2], respectively. Notice

that any germ (X ′, Y′) étale over a wide germ (X, Y) is also wide.

5.1.2. Lemma. Given a wide germ (X, Y), the correspondence (X ′,Y′) 7→ Y′
s gives rise to
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an equivalence between the category of germs étale over (X, Y) and that of schemes étale over Ys.

Recall that, by [Ber3, Lemma 2.1], the latter category is equivalent to the category of formal

schemes étale over Y.

Proof. The functor is clearly fully faithful. Therefore to show that it is essentially surjective, it

suffices to verify this property locally on Y. This is done using the reasoning from the proof of [Ber3,

Proposition 2.3] as follows. By the local description of étale morphisms, we may assume that we are

given an étale morphism ψ : Y′ = Spf(A′{f}) → Y = Spf(A), where A′ = A[T ]/(P ) = A{P}/(P ),

P is a monic polynomial over A and f is an element of A′ such that the image of the derivative P ′

in Ã′
f̃

= (Ã[T ]/(P̃ ))
f̃

is invertible. Since Yη lies in the interior of X, we can shrink X and assume

that X = M(B) is strictly k-affinoid and Yη is a Weierstrass domain in it. Then the image of B
in A = A ⊗k◦ k is dense. We may therefore assume that the coefficients of the polynomial P are

contained in B and the element f is contained in B′ = B[T ]/(P ). Consider the finite flat morphism

ϕ : X ′ = M(B′) → X. One has Y′
η = {x′ ∈ ϕ−1(Yη)

∣∣|f(x′)| = 1}. We claim that the morphism

ϕ is étale at all points of Y′
η. Indeed, if g denote the image of the derivative P ′ in B′, then ϕ is

étale at a point x′ ∈ X ′ if and only if g(x′) 6= 0. Since |g(x′)| = 1 for all points x′ ∈ Y′
η, the claim

follows.

5.1.3. Corollary. Let k′ be a closed subfield of k such that the residue field k̃ is algebraic

over k̃′. Then any wide germ of a smooth formal scheme (X, Y) is, locally on Y, induced by a wide

germ of a smooth formal scheme over k′′◦ for some finite extension k′′ of k′ in k.

Proof. By the definition of a smooth formal scheme over k◦, one can shrink Y so that there

is an étale morphism from Y to the formal affine scheme over k◦. the generic fiber of the latter

is the closed unit polydisc with center at zero in the affine space. Both are defined over k′◦ and,

therefore, the statement follows from Lemma 5.1.2.

5.1.4. Remarks. (i) In [GK1], E. Große-Klönne introduced a category of dagger spaces which

are glued from affinoid dagger spaces, the maximal spectra of k-dagger algebras. The functor of

Lemma 5.1.1 gives rise to an equivalence between the category of wide germs of a strictly k-affinoid

space and the category of affinoid dagger spaces. One can show that this functor can be extended

to a fully faithful functor from the category of wide germs (X, Y ), in which Y is a strictly analytic

subdomain of X, to the category of separated dagger spaces, and one can describe reasonable

subcategories of the above which are equivalent under that functor (cf. [Ber2, §1.6]). Similarly,

there is a fully faithful functor from the category of wide germs of formal schemes over k◦ to the
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category of weak formal schemes over k◦, introduced by D. Meredith [Mer] in the case when the

valuation on k is discrete.

(iii) If the valuation on k is discrete, the results of M. Temkin mentioned above were proven

earlier by W. Lütkebohmert in [Lüt2].

(iv) It is very likely the statement of Lemma 5.1.2 is true without the assumption that the

germ (X, Y) is wide.

5.2. D-modules on smooth strictly k-affinoid germs and isocrystals. The category

of sheaves of sets on a germ (X, S) is defined as the inductive limit of the categories of sheaves of

sets on open neighborhoods of S in X (see [SGA4, Exp. VI]). Namely, a sheaf of sets on (X, S)

is a pair (U , F ) consisting of an open neighborhood U of S in X and a sheaf of sets F on U . A

representative of a morphism (V, G) → (U , F ) is a pair (W, α) consisting of an open neighborhood

W of S in U ∩ V and a morphism of sheaves α : G
∣∣
W → F

∣∣
W . Two representatives (W, α) and

(W ′, α′) of a morphism (V, G) → (U , F ) are said to be equivalent if the restrictions of α and α′ to

some open neighborhood of S in W ∩W ′ coincide. A morphism (V, G) → (U , F ) is an equivalence

class of its representatives. The pullback of a sheaf of sets on U to S gives rise to a functor from the

category of sheaves of sets on (X,S) to that on the topological space S (the underlying topological

space of (X,S)).

In the similar way one defines categories of sheaves on (X, S) with additional algebraic struc-

tures. In particular, one has the abelian category of abelian sheaves on (X, S). This category has

injectives, and the values of the high direct images of the left exact functor F 7→ F (X, S) = lim
−→
U

F (U)

are the groups Hq((X, S), F ) = lim
−→
U

Hq(U , F ). Notice that if X is Hausdorff and S has a funda-

mental system of paracompact neighborhoods in X (e.g., S is compact), then the latter inductive

limit coincide with Hq(S, F ), the cohomology group of the space S with coefficients in the pullback

of F on S.

For example, the structural sheaf O(X,S) on (X, S) is the sheaf represented by the pair (X,OX)

(it is isomorphic to the sheaf represented by any pair (U ,OU )). The category of O(X,S)-modules

(resp. coherent O(X,S)-modules) is the inductive limit of the categories of OU -modules (resp. co-

herent OU -modules) taken over open neighborhoods U of S in X. Notice that the correspondence

(U ,F) 7→ F(X, Y ) gives rise to a functor from the category of O(X,S)-modules to that of O(X, S)-

modules.

5.2.1. Lemma. Let (X, Y ) be a wide strictly k-affinoid germ (X, Y ) with B = O(X, Y ).
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Then

(i) the above functor induces an equivalence between the category of coherent (resp. and

locally free) O(X,Y )-modules and that of finitely generated (resp. and projective) B-modules;

(ii) for any coherent O(X,Y )-module F and any q ≥ 1, one has Hq((X, Y ),F) = 0;

(iii) if F is a locally free O(X,Y )-module of finite rank, then for any O(X,Y )-module G the

canonical map F(X, Y )⊗B G(X, Y ) → (F ⊗O(X,Y ) G)(X, Y ) is a bijection.

Proof. (i) As in the proof of Lemma 5.1.1, we may assume that X = M(A) is strictly k-

affinoid, there is a surjective morphism k{r−1
1 T1, . . . , r

−1
n Tn} → A with ri > 1, and Y = {x ∈

X
∣∣|fi(x)| ≤ 1 for all 1 ≤ i ≤ n}, where fi is the image of Ti in A. Moreover, we may assume

the coherent (resp. and locally free) O(X,Y )-module considered comes from a coherent (resp. and

locally free) OX -module F . Then F(X) is a finitely generated (resp. and projective) A-module.

In particular, there is a surjective A-homomorphism Am → F(X). Given an affinoid neighborhood

V of Y in X, the latter induces a surjective homomorphism Am
V → FV (V ), where FV is the

corresponding coherent OV -module. Since B = lim
−→
V

AV and F(X,Y ) = lim
−→
V

FV (V ), there is a

surjective homomorphism Bm → F(X, Y ). This implies that F(X, Y ) is a finitely generated (resp.

and projective) B-module, i.e., the functor is well defined. That it is an equivalence of categories

is established in the same way.

(ii) The inductive limit defining the cohomology group considered coincides with the inductive

limit lim
−→
V

Hq(V,FV ) taken over affinoid neighborhoods V of Y in X. Since Hq(V,FV ) = 0, the

required fact follows.

(iii) The statement is trivial if F is a free O(X,Y )-module. In the general case, by (i), we may

assume that there is a coherent O(X,Y )-module H such that F ⊕H is a free O(X,Y )-module of finite

rank, and the required fact easily follows.

For any germ of a formal scheme (X, Y) over k◦, one can define as follows a nearby cycles

functor θ from the category of sheaves on its generic fiber (X, Yη) to the category of sheaves in

the Zariski topology of its closed fiber Ys (see [Ber8, §4]). Given a sheaf F on (X, Yη), one sets

θ(F )(Zs) = F (X, Zη) for any open subset Zs ⊂ Ys, where Z is the open subscheme of Y with

the underlying space Zs and F (X, Zη) is the set of global sections of the pullback of F to (X, Zη).

For example, it follows from Lemma 3.1.1 that the restriction of the sheaf cY = θ(c(X,Yη)) to any

connected component Zs of Ys is the constant sheaf associated to the field c(Zη) which is the finite

unramified extension of k with the residue field k̃(Zs). We denote by O(X,Y) the sheaf θ(O(X,Yη)).

It is a coherent sheaf of rings.
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5.2.2. Corollary. Let (X, Y) be a wide germ of a formal scheme over k◦. Then

(i) the functor θ gives rise to an equivalence between the category of coherent O(X,Yη)-modules

and that of coherent O(X,Y)-modules;

(ii) for any coherent O(X,Yη)-module F , one has Hq(Ys, θ(F)) ∼→ Hq((X, Yη),F), q ≥ 0.

Furthermore, we say that a germ (X,S) is smooth if X is a separated k-analytic space smooth

in a neighborhood of the set S. Such a germ is automatically wide. For example, if (X, Y) is a

wide germ of a smooth formal scheme, then the germ (X, Yη) is smooth.

Assume that the characteristic of k is zero, and let (X,Y ) be a smooth germ. As above, we

define the category of D(X,Y )-modules and those of OX -coherent and of unipotent D(X,Y )-modules

on (X, Y ) as the inductive limit of the corresponding categories taken over open neighborhoods of

Y in X. These three categories are abelian. The de Rham cohomology groups Hi
dR((X, Y ),F) of a

D(X,Y )-module F are the hypercohomology groups of the complex F ⊗O(X,Y ) Ω·(X,Y ) with respect

to the functor of global sections on (X, Y ). If F = OX , they are denoted by Hi
dR(X, Y ).

Let (X, Y ) be a smooth strictly k-affinoid germ and B = O(X, Y ). An isocrystal (resp. a

finite isocrystal) over B is an B-module (resp. a finitely generated B-module) M provided with

an integrable connection ∇ : M → M ⊗B Ω1
B . It is known that any finitely generated B-module

that can be provided with a connection is projective and, in particular, any finite isocrystal is a

projective B-module. A unipotent isocrystal over B is a finite isocrystal M over B which is a

successive extension of the trivial isocrystal B. Notice that such M is always a free B-module. A

trivial isocrystal over B is a finite isocrystal isomorphic to the isocrystal Bn, n ≥ 0. The de Rham

cohomology groups Hi
dR(M) of an isocrystal M over B are the cohomology groups of the complex

M ⊗B Ω·B : M
∇→ M ⊗B Ω1

B
∇→ M ⊗B Ω2

B
∇→ . . . .

5.2.3. Lemma. Let (X, Y ) be a smooth strictly k-affinoid germ. Then

(i) the correspondence F 7→ F(X,Y ) gives rise to a functor from the category of D(X,Y )-

modules to that of isocrystals over B;

(ii) the above functor induces an equivalence between the category of O(X,Y )-coherent (resp.

unipotent) D(X,Y )-modules and that of finite (resp. unipotent) isocrystals over B;

(iii) for any OX -coherent D(X,Y )-module F one has Hi
dR((X,Y ),F) ∼→ Hi

dR(F(X, Y )).

Proof. (i) Since the O(X,Y )-module Ω1
(X,Y ) is locally free of finite rank, the statement follows

from Lemma 5.2.1(iii).

(ii) That the functor is fully faithful follows from Lemma 5.2.1. To prove that it is essentially

surjective, it suffices to show that, given a locally free OX -module of finite rank F , any connection

78



∇ : F(X, Y ) → F(X, Y )⊗B Ω1
B comes from a connection on F

∣∣
U for some open neighborhood U of

Y in X. But this is easily seen since the connection is determined by its values on a finite number

of elements of F(X,Y ).

(iii) follows from Lemma 5.2.1(ii).

Let (X, Y) be a wide germ of a smooth formal scheme over k◦. A D(X,Y)-module is a sheaf

of O(X,Y)-modules F provided with an integrable connection ∇ : F → F ⊗O
(X,Y)

Ω1
(X,Y)

, where

Ωq

(X,Y)
= θ(Ωq

(X,Yη)
). The de Rham cohomology groups Hq

dR(Ys,F) of such a module are defined

in the same way as above. If F is the trivial D(X,Y)-module O(X,Y) (and the valuation on k

is discrete), its de Rham cohomology groups coincide with the Monsky-Washnitzer cohomology

groups Hq
MW(Ys/k) of Ys over k ([MW]).

5.2.4. Corollary. (i) The functor θ gives rise to a functor from the category of D(X,Yη)-

modules to that of D(X,Y)-modules;

(ii) the functor θ induces an equivalence between the category of O(X,Yη)-coherent (resp.

unipotent) D(X,Yη)-modules and that of O(X,Y)-coherent (resp. unipotent) D(X,Y)-modules;

(iii) Hq
dR(Ys, θ(F)) ∼→ Hq

dR((X, Yη),F) for every O(X,Yη)-coherent D(X,Yη)-module F and

every q ≥ 0.

5.2.5. Remarks. (i) Germs of analytic spaces are particular cases of pro-analytic spaces from

[Ber4]. The above definition of the category of sheaves on a germ is a simple variant of a more

general definition in [Ber4, §2].

(ii) Our terminology is slightly different from the standard one in the sense that finite isocrystals

are usually called isocrystals (see also Remark 6.2.2).

(iii) In the theory of (finite) isocrystals an additional property of overconvergence plays an

important role. All of the finite isocrystals considered here are unipotent and known to be over-

convergent (see [LeCh]). We do not invoke this property explicitly, but consider a closely related

property in §7.1.

5.3. A construction of isocrystals. Let k be a field of characteristic zero, and B a

commutative k-algebra which is provided with a projective B-module of finite rank Ω1
B and a k-

linear derivation d : B → Ω1
B with k = Ker(d) and such that locally in the Zariski topology of B

the B-module Ω1
B is freely generated by exact differentials. The latter assumption implies that,

setting Ωq
B = ∧qΩ1

B , one can define a de Rham complex Ω·B : 0 → B
d→ Ω1

B
d→ Ω2

B
d→ . . . whose

cohomology groups, denoted by Hq
dR(B), are vector spaces over k. Similarly, any B-module M
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with an integrable connection ∇ : M → M ⊗B Ω1
B defines a de Rham complex M ⊗B Ω·B whose

cohomology groups, denoted by Hq
dR(M), are vector spaces over k. Such a B-module M will be

called an isocrystal and, if it is finitely generated over B, it will be called a finite isocrystal. Trivial

and unipotent isocrystals are defined in the same way as in §1.3.

Given an isocrystal M over B and a k-vector subspace V ⊂ H1
dR(M), we construct as follows

an isocrystal MV . As a B-module, MV is the direct sum M ⊕ (V ⊗k B). For an element v ∈ V , we

denote by v the corresponding element v ⊗ 1 of MV . Furthermore, we fix a k-linear section to the

subspace of closed one-forms s : V → (M ⊗B Ω1
B)cl, and extend the connection ∇ : M → M ⊗B Ω1

B

to a connection ∇ : MV → MV ⊗B Ω1
B by ∇(v) = s(v) for all v ∈ V . This provides MV with the

structure of an isocrystal over B. Notice that different choices of the section s give rise to non-

canonically isomorphic isocrystal structures on MV . Indeed, a second section s′ : V → (M⊗B Ω1
B)cl

defines a connection ∇′ on MV with ∇′(v) = s′(v) and, therefore, s′(v) − s(v) ∈ ∇(M). Let µ

be a k-linear map V → M for which s′(v) − s(v) = ∇(µ(v)) for all v ∈ V . Then the B-linear

map ϕ : MV → MV identical on M and defined by ϕ(v) = µ(v) + v for all v ∈ V gives rise to an

isomorphism of isocrystals (MV ,∇′) ∼→ (MV ,∇).

5.3.1. Lemma. (i) There is a canonical isomorphism of isocrystals MV /M
∼→ V ⊗k B;

(ii) H0
dR(M) ∼→ H0

dR(MV );

(iii) Ker(H1
dR(M) → H1

dR(MV )) = V .

Proof. (i) trivially follows from the construction.

Let e1, . . . , en be elements of V linearly independent over k, and assume that for a closed

one-form ω ∈ M ⊗B Ω1
B one has ω = ∇(m +

∑n
i=1 fiei) with m ∈ M and fi ∈ B. It follows that

∑n
i=1 eidfi = ω−∇(m)−∑n

i=1 fis(ei) ∈ M⊗M Ω1
B and, therefore, dfi = 0, i.e., fi ∈ k. This implies

that the class of ω is contained in V , i.e., (iii) is true, and, if ω = 0, we get (ii).

Notice that the exact sequence of isocrystals 0 → M → MV → MV /M → 0 gives rise to an

isomorphism H0
dR(MV /M) ∼→ V ⊂ H1

dR(M).

Let M ⊂ M ′ be isocrystals over B such that H0
dR(M ′/M) ⊗k B

∼→ M ′/M , and let V =

Ker(H1
dR(M) → H1

dR(M ′)). Then any homomorphism of isocrystals ϕ : M → N with V ⊂
Ker(H1

dR(M) → H1
dR(N)) can be extended to a homomorphism of isocrystals ϕ′ : M ′ → N . Indeed,

as a B-module, M ′ can be identified with the direct sum M ⊕ (U ⊗k B), where U = H0
dR(M ′/M).

The assumption implies that ϕ(∇(u ⊗ 1)) ∈ ∇(N) for all u ∈ U . If β is a k-linear map U → N

with ϕ(∇(u ⊗ 1)) = ∇(β(u)) for all u ∈ U , then an extension ϕ′ : M ′ → N can be defined by

ϕ′(u⊗ 1) = β(u) for u ∈ U .
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5.3.2. Lemma. Assume that B is Noetherian and any finite isocrystal over B is a projective

B-module. Given isocrystals M ⊂ M ′ as above with H0
dR(M) ∼→ H0

dR(M ′), any homomorphism of

isocrystals M ′ → N injective on M is injective on M ′.

Proof. We can replace M ′ by the preimage of U ′⊗k B for some finitely dimensional subspace

U ′ ⊂ U = H0
dR(M), and so we may assume that dimk(U) < ∞. Suppose P = Ker(M ′ → N) 6= 0.

It suffices to show that H0
dR(P ) 6= 0 because this would contradict the assumption. For this we

consider the exact sequence of isocrystals 0 → P → M ′/M = U⊗kB → Q → 0. By the assumption,

Q is a projective B-module. It follows that the canonical map H0
dR(Q)⊗k B → Q is injective (see

the proof of Lemma 1.3.1). Since B is Noetherian, it follows that dimk(H0
dR(Q)) < dimk(U) which

implies that H0
dR(P ) 6= 0.

We now construct as follows an increasing sequence of unipotent isocrystals E0
B ⊂ E1

B ⊂ E2
B ⊂

. . .: E0
B = B and, for i ≥ 0, Ei+1

B = (Ei
B)V for V = H1

dR(Ei
B). The inductive limit EB = lim

−→
Ei

B is

a filtered isocrystal over B. For an isocrystal M over B, we denote the isocrystals M ⊗B EB and

M ⊗B Ei
B by ME and MEi , respectively.

Let M be a unipotent isocrystal of rank m over B, and fix a filtration M0 = 0 ⊂ M1 ⊂ . . . ⊂
Mn = M such that each quotient M i/M i−1 is a trivial isocrystal. Consider the filtration on the

isocrystal ME defined by the sub-isocrystals

M̃i = Mn
Ei + Mn−1

Ei+1 + . . . + M1
Ei+n−1 .

5.3.3. Lemma. (i) (M̃i ⊗B Ω1
B)cl ⊂ ∇(M̃i+1);

(ii) M̃∇
0 is a vector space over k of dimension m;

(iii) M∇
E = M̃∇

0 .

Proof. If n = 1, the claim follows from Lemma 5.3.1. Assume that n ≥ 2 and the claim

is true for n − 1. We set N = Mn−1 and notice that there are exact sequences of isocrystals

0 → Ñi+1 → M̃i → (M/N)Ei → 0 and 0 → Ñi+1 → (M̃i +MEi+1) → (M/N)Ei+1 → 0, where Ñi+1

is considered for the induced filtration of N of length n− 1.

First of all, let ω ∈ (M̃i ⊗B Ω1
B)cl. By the validity of the claim for the trivial isocrystal

M/N , there is an element f ∈ MEi+1 such that ω − ∇(f) ∈ (Ñi+1 ⊗B Ω1
B)cl. By the induction

hypotheses, there exists an element g ∈ Ñi+2 with ω − ∇(f) = ∇(g), and so ω = ∇(f + g) with

f + g ∈ MEi+1 + Ñi+2 = M̃i+1, i.e., (i) is true.

Furthermore, the first of the above exact sequences gives rise to an exact sequence of vector

spaces 0 → Ñ∇
i+1 → M̃∇

i → (M/N)∇Ei = (M/N)∇. To prove (ii) and (iii), it suffices to show
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that the second homomorphism is surjective. Let f be an element of M whose image in M/N is

contained in (M/N)∇. Then ∇(f) ∈ (N ⊗B Ω1
B)cl and, by the induction hypothesis, there exists

an element g ∈ Ñ1 with ∇(g) = ∇(f). The element f − g lies in M̃0 and its image in (M/N)∇

coincides with that of f .

Assume that the ring B is Noetherian and any finite isocrystal over B is a projective B-module

(as in Lemma 5.3.2). Assume also that the isocrystal EB can be provided with a structure of a

commutative filtered B-algebra which satisfies the Leibniz rule (i.e., ∇(fg) = ∇(f)g + f∇(g)). (In

§6, it will be shown that in the case of interest for us these assumptions are satisfied.) Then for

any isocrystal M over B there is a canonical homomorphism of isocrystals M∇
E ⊗k E → ME , which

is injective if M is finite over B.

5.3.4. Corollary. Under the above assumptions, the following properties of a finite isocrystal

M of rank m over B are equivalent:

(a) M is unipotent;

(b) the vector space M∇
E is of dimension m and M∇

E ⊗k E
∼→ ME ;

(c) there exists an embedding of isocrystals M ↪→ (E)l with l ≥ 1.

Furthermore, if M is unipotent, its level is equal to the minimal n for which there exists an

embedding of isocrystals M ↪→ (En−1)l with l ≥ 1.

The level of a unipotent isocrystal M is the minimal n for which there exists a filtration

M0 = 0 ⊂ M1 ⊂ . . . ⊂ Mn = M such that each quotient M i/M i−1 is a trivial isocrystal.

Proof. (c)=⇒(a) Since M is finitely generated over B, its image is contained in (En−1)l for

some n ≥ 1. The proof of Lemma 5.3.2 implies that M is unipotent of level at most n.

The implication (a)=⇒(b) follows easily from Lemma 5.3.3 (and its proof), and the implication

(b)=⇒(c) is trivial.

Assume that M is unipotent of level n, and let M0 = 0 ⊂ M1 ⊂ . . . ⊂ Mn = M be

a filtration such that each quotient M i/M i−1 is a trivial isocrystal. By Lemma 5.3.3, for the

corresponding filtration of ME one has M∇
E = M̃∇

0 . We claim that there is a basis of M∇
E such

that the isomorphism of isocrystals ME
∼→ (E)m, induced by it, takes every M̃i into (Ei+n−1)m.

Indeed, if n = 1, the claim is trivial. Assume that n ≥ 2 and the claim is true for n − 1. Then

we can find a basis h1, . . . , hl of N∇
E with the required property for N = Mn−1. The proof of

Lemma 5.3.3 shows that, if fl+1, . . . , fm are elements of M whose images in M/N form a basis

of (M/N)∇, then there exist elements gl+1, . . . , gm ∈ Ñ1 such that the elements h1, . . . , hl, hl+1 =
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fl+1 − gl+1, . . . , hm = fm − gm form a basis of M∇
E . Since M̃i = MEi + Ñi+1, it follows that the

constructed basis possesses the required property.

5.4. The filtered isocrystals EB and the shuffle algebras. We continue to work here in

the general setting of the previous subsection.

Recall that the shuffle algebra Sh(V ) of a vector space V over a field k is a commutative Z+-

graded algebra which, as a vector space, is the tensor algebra ⊕∞n=0V
⊗n of V with the following

multiplication

(v1 ⊗ . . .⊗ vp)·(vp+1 ⊗ . . .⊗ vp+q) =
∑

σ

vσ−1(1) ⊗ . . .⊗ vσ−1(p+q) ,

where the sum is taken over all (p, q)-shuffles, i.e., those of the permutations σ of {1, . . . , p + q} for

which σ(1) < . . . < σ(p) and σ(p + 1) < . . . < σ(p + q).

Assume we are in the situation of the beginning of §5.3. For a vector subspace V ⊂ H1
dR(B),

we denote by ShB(V ) the Z+-graded B-algebra Sh(V ) ⊗k B. (If V = H1
dR(B), it will be denoted

by ShB .) Fixing a k-linear section s : V → Ω1,cl
B , the k-linear map

Sh(V ) → Sh(V )⊗k Ω1
B : v1 ⊗ . . .⊗ vp 7→ (v1 ⊗ . . .⊗ vp−1)⊗ s(vp)

extends to a k-linear connection on the B-module ShB(V )

∇ : ShB(V ) → ShB(V )⊗B Ω1
B = Sh(V )⊗k Ω1

B .

Notice that this connection is not integrable (unless the rank of Ω1
B is at most one). The connection

∇ preserves each B-submodule Shn
B(V ) = ⊕n

p=0(V
⊗p ⊗k B), and it gives rise to an integrable

connection on each quotient Grn(ShB(V )) = Shn
B(V )/Shn−1

B (V ), which does not depend on the

choice of the section s. One has Grn(ShB(V ))∇ = V ⊗n and Grn(ShB(V )) is isomorphic to the free

B-module with an integrable connection Grn(ShB(V ))∇ ⊗k B.

5.4.1. Lemma. The connection ∇ satisfies the Leibniz rule, i.e., ∇(ab) = a∇(b)+ b∇(a), and

its kernel coincides with k.

Proof. To verify the Leibniz rule, it suffices to consider the case when a = v1 ⊗ . . .⊗ vp and

b = vp+1 ⊗ . . .⊗ vp+q. One has

∇(a·b) =
∑

σ

(vσ−1(1) ⊗ . . .⊗ vσ−1(p+q−1))⊗ s(vσ−1(p+q)) ,
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where the sum is taken over all (p, q)-shuffles σ of the set {1, . . . , p + q}. On the other hand, one

has

a·∇(b) =
∑

τ

(vτ−1(1) ⊗ . . .⊗ vτ−1(p+q−1))⊗ s(vp+q)

and

b·∇(a) =
∑

τ

(vτ−1(1) ⊗ . . .⊗ vτ−1(p−1) ⊗ vτ−1(p+1) ⊗ . . .⊗ vτ−1(p+q))⊗ s(vp) ,

where the first sum is taken over (p, q−1)-shuffles τ of the set {1, . . . , p+q−1}, and the second one

is taken over (p− 1, q)-shuffles τ of the set {1, . . . , p− 1, p+1, . . . , p+ q}. It remains to notice that,

for every (p, q)-shuffle σ of the set {1, . . . , p+q}, one has either σ−1(p+q) = p+q or σ−1(p+q) = p,

and so there is a one-to-one correspondence between the shuffles σ of each of the latter types and

the shuffles τ from each of the above sums, respectively. Assume now that there exists an element

a ∈ Shn
B(V )\Shn−1

B (V ) with da = 0 and n ≥ 1. If {v1, . . . , vm} is a basis of the k-vector space

V , then a basis of the k-vector space ShB(V ) is formed by the elements vi1,...,ip = vi1 ⊗ . . . ⊗ vip ,

and a =
∑

vi1,...,ipgi1,...,ip with gi1,...,ip ∈ B. The description of Shn
B(V )/Shn−1

B (V ) implies that

gi1,...,in ∈ k for all (i1, . . . , in). Furthermore, given (i1, . . . , in−1), the coefficient of da at vi1,...,in−1

is equal to dgi1,...,in−1 +
∑m

j=1 gi1,...,in−1,js(vj). It follows that gi1,...,in = 0 for all (i1, . . . , in) which

is a contradiction.

Let us call a DB-algebra any B-algebra which is an isocrystal over B whose connection sat-

isfies the Leibniz rule. Lemma 5.4.1 implies that Gr·(ShB(V )) is a graded DB-algebra isomor-

phic to Gr·(ShB(V ))∇ ⊗k B, and there is a canonical isomorphism of graded k-algebras Sh(V ) ∼→
Gr·(ShB(V ))∇.

Assume now that the filtered isocrystal EB , constructed in §5.3, is provided with a structure of

a commutative filtered DB-algebra. Recall that each quotient Grn(EB) = En
B/En−1

B is canonically

isomorphic to the trivial isocrystal H1
dR(En−1

B )⊗kB. In particular, there are canonical isomorphisms

of graded DB-algebras Gr·(EB)∇⊗kB
∼→ Gr·(EB) and of k-vector spaces Grn(EB)∇ ∼→ H1

dR(En−1
B )

and H1
dR(Grn(EB)) ∼→ H1

dR(En−1
B )⊗k H1

dR(B). Since the canonical map H1
dR(En−1

B ) → H1
dR(En

B)

is zero, the latter isomorphism and the exact sequence 0 → En−1
B → En

B → Grn(EB) → 0 give rise

to an injective k-linear map Grn(EB)∇ ↪→ H1
dR(B)⊗n. In this way we get an injective k-linear map

ψ : Gr·(EB)∇ → Sh(H1
dR(B)) .

5.4.2. Proposition. The map ψ is a homomorphism of k-algebras.

Proof. Let a ∈ Ep
B and b ∈ Eq

B be such that ∇(a) ∈ Ep−1
B ⊗B Ω1

B and ∇(b) ∈ Eq−1
B ⊗B Ω1

B .

We have to show that ψ(a·b) = ψ(a)·ψ(b). If p = 0 or q = 0, the equality is trivial, and so assume
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that p, q ≥ 1 and that the equality is true for all of the pairs (p′, q′) with either p′ < p and q′ ≤ q or

p′ ≤ p and q′ < q. Notice that the element ψ(a) is constructed as follows. First of all, consider the

image of ∇(a) in (Ep−1
B /Ep−2

B ⊗B Ω1
B)cl = (Ep−1

B /Ep−2
B )∇⊗k Ω1,cl

B (with E−1
B = 0). If the image of

the latter in H1
dR(B)⊗(p−1)⊗k Ω1,cl

B under the map induced by ψ : (Ep−1
B /Ep−2

B )∇ → H1
dR(B)⊗(p−1)

is
∑m

i=1 u
(i)
1 ⊗ . . .⊗u

(i)
p−1⊗(s(u(i)

p )+dfi), where fi ∈ B, then ψ(a) =
∑m

i=1 u
(i)
1 ⊗ . . .⊗u

(i)
p . Similarly,

if the image of ∇(b) in H1
dR(B)⊗(q−1) ⊗k Ω1,cl

B is
∑n

j=1 v
(j)
1 ⊗ . . . ⊗ v

(j)
q−1 ⊗ (s(v(j)

q ) + dgj), where

gj ∈ B, then ψ(a) =
∑n

j=1 v
(j)
1 ⊗ . . . ⊗ v

(j)
q . To find ψ(a·b) we apply the same procedure to the

element ∇(a·b) = a·∇(b) + b·∇(a). By induction, one has

ψ(a·b) = (ψ(a)·
n∑

j=1

v
(j)
1 ⊗ . . .⊗ v

(j)
q−1)⊗ v(j)

q + (ψ(b)·
m∑

i=1

u
(i)
1 ⊗ . . .⊗ u

(i)
p−1)⊗ u(i)

p .

Thus, the required equality ψ(a·b) = ψ(a)·ψ(b) is a consequence of the formula which tells that the

element (u1 ⊗ . . .⊗ up)·(v1 ⊗ . . .⊗ vq) is equal to

((u1 ⊗ . . .⊗ up)·(v1 ⊗ . . .⊗ vq−1))⊗ vq + ((v1 ⊗ . . .⊗ vq)·(u1 ⊗ . . .⊗ up−1))⊗ up .

This formula is verified in the same way as the Leibniz rule in the proof of Lemma 5.4.1.

Recall (see [Rad, Theorem 3.1.1]) that the shuffle algebra Sh(V ) of a vector space V over a field

of characteristic zero is isomorphic to the ring of polynomials over the field with a set of variables

consisting of homogeneous elements.

5.4.3. Corollary. (i) If B has no zero divisors, then so is the graded B-algebra Gr·(EB), and

B is algebraically closed in it;

(ii) Gr·(EB)∗ = B∗ and, in particular, (EB)∗ = B∗.

Finally, assume that the B-module Ω1
B is of rank one. Then the connection ∇ on ShB is

integrable and, in particular, ShB is an isocrystal over B. One has H0
dR(Shn

B) = k and Hq
dR(Shn

B) =

0 for all n ≥ 0 and q ≥ 2.

5.4.4. Lemma. If the B-module Ω1
B is of rank one, then

(i) the canonical homomorphism H1
dR(Shn−1

B ) → H1
dR(Shn

B) is zero;

(ii) H1
dR(Shn

B) ∼→ H1
dR(Grn(ShB)) = H1

dR(B)⊗(n+1);

(iii) the map ψ of the Proposition 5.4.2 is an isomorphism and, in particular, there is a canonical

isomorphism of graded DB-algebras Gr·(EB) ∼→ Gr·(ShB).

Proof. (i) The statement is trivially true for n = 0 (with Sh−1
B = 0). Assume that n ≥ 1

and that the statement is true for n− 1. Each element of Shn−1
B ⊗B Ω1

B = Shn−1(H1
dR(B))⊗k Ω1

B
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is a finite sum of elements of the form v1 ⊗ . . . ⊗ vn−1 ⊗ ω with vi ∈ H1
dR(B) and ω ∈ Ω1

B . Let

ω = s(v)+df for some v ∈ H1
dR(B) and f ∈ B. One has v1⊗. . .⊗vn−1⊗s(v) = ∇(v1⊗. . .⊗vn−1⊗v)

and v1⊗ . . .⊗ vn−1⊗ df = ∇(fv1⊗ . . .⊗ vn−1)− v1⊗ . . .⊗ vn−2⊗ (fs(vn−1)). It remains to notice

that the element v1 ⊗ . . . ⊗ vn−2 ⊗ (fs(vn−1)) is contained in Shn−2
B ⊗B Ω1

B and, by induction, it

is contained in ∇(Shn−1
B ).

(ii) The required isomorphism is obtained from the exact sequence 0 → Shn−1
B → Shn

B →
Grn(ShB) → 0 using (i) and the fact that H2

dR(Shn−1
B ) = 0.

(iii) As in (ii), the required isomorphism is obtained from the exact sequence 0 → En−1
B →

En
B → Grn(EB) → 0 and the facts that the canonical map H1

dR(En−1
B ) → H1

dR(En
B) is zero and

H2(En−1) = 0.

5.4.5. Remark. In §6.4 it will be shown that, in the situation considered there, the iso-

morphism of Lemma 5.4.4(iii) is induced by a (non-canonical) isomorphism of filtered DB-algebras

EB
∼→ ShB .

5.5. Unipotent isocrystals Ei(X, Z).

5.5.1. Lemma (O. Gabber). Let k be a non-Archimedean field with a nontrivial valuation.

Given an inductive system {F ·n}n≥1 of complexes of Banach spaces over k with dimk Hq(lim
−→

F ·n) <

∞ for some q ∈ Z, for any Banach space W over k the canonical linear map

Hq(lim
−→

F ·n)⊗k W → Hq(lim
−→

(F ·n⊗̂kW ))

is an isomorphism.

Proof. We set Zn = Ker(F q
n → F q+1

n ) and Bn = Coim(F q−1
n → F q

n) (i.e., the quotient of

F q−1
n by Ker(F q−1

n → F q
n)). These are Banach spaces over k, and there is a canonical injective

bounded linear operator Bn → Zn. Since the functor V 7→ V ⊗̂kW is exact in the sense that it

takes a short exact sequence of Banach spaces 0 → V ′ → V → V ′′ → 0 with V ′ ∼→ Ker(V → V ′′)

to a similar short exact sequence (see [Gru]), it suffices to show that the canonical linear map

(lim
−→

Coker(Bn → Zn))⊗k W → Coker(lim
−→

(Bn⊗̂kW ) → lim
−→

(Zn⊗̂kW ))

is an isomorphism provided we know that the inductive limit on the left hand side is of finite

dimension over k.

Given n ≤ m, let Dn,m denote the fiber product Bm ×Zm Zn, i.e., the closed subspace of

the direct product Bm × Zn that consists of the pairs (b, z) such that the images of b and z in Zm
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coincide. Given n ≥ 1, the Banach spaces Dn,m form an inductive system that maps to Zn. Assume

n is big enough so that there is a finite dimensional subspace H ⊂ Zn which maps bijectively onto

lim
−→

Coker(Bn → Zn). Then the canonical injective map from the inductive limit of Banach space

lim
−→
m

(H ×Dn,m) to the Banach space Zn is surjective. We claim that there exists m ≥ n such that

the injective map H ×Dn,m → Zn is surjective. Indeed, if none of those maps are surjective then,

by the Banach theorem (see [Bou2, Ch. I, §3, n◦ 3]), their images are countable unions of nowhere

dense subsets, and so Zn itself is a countable union of nowhere dense subsets which contradicts the

Baire theorem (see [Bou1, Ch. 9, §5, n◦ 3]).

Thus, for sufficiently big m ≥ n the map H × Dn,m → Zn is bijective. The same Banach

theorem, implies that it is an isomorphism and, in particular, there is an isomorphism

(H ⊗k W )× (Dn,m⊗̂kW ) ∼→ Zn⊗̂kW .

This immediately gives the bijectivity of the considered linear map.

Let k be a non-Archimedean field of characteristic zero with a nontrivial discrete valuation,

X a smooth k-analytic space, and Y a compact strictly analytic subdomain of X. By a theorem

of E. Grosse-Klönne ([GK2, Theorem A]), the de Rham cohomology groups Hq
dR(X, Y ) are of

finite dimension over k (see Remark 5.5.5(i)). Furthermore, for a non-Archimedean field k′ over

k, we set X ′ = X⊗̂kK ′ and Y ′ = Y ⊗̂kK ′. Notice that, if k′ is finite over k, then one has

Hq
dR(X,Y )⊗k k′ ∼→ Hq

dR(X ′, Y ′) for all q ≥ 0.

5.5.2. Corollary. The canonical map Hq
dR(X, Y ) ⊗k k′ → Hq

dR(X ′, Y ′), q ≥ 0, is always an

isomorphism.

Proof. Let V1 ⊃ V2 ⊃ . . . be a decreasing sequence of compact strictly analytic domains in X

with Y = ∩∞n=1Vn and Vn+1 ⊂ Int(Vn), and let F ·n : 0 → F 0
n → F 1

n → . . . be the de Rham complex

of the strictly k-analytic space Vn. Then F q
n are Banach spaces over k, the complexes form an

inductive system F ·1 → F ·2 → . . . and, if F · : 0 → F 0 → F 1 → . . . is the corresponding inductive

limit, one has Hq
dR(X,Y ) = Hq(F ·). Furthermore, for V ′

n = Vn⊗̂kk′ one has Y ′ = ∩∞n=1V
′
n and

V ′
n+1 ⊂ Int(V ′

n) for all n ≥ 1. The de Rham complex of V ′
n is F ·n⊗̂kk′ and, if F ′· is the corresponding

inductive limit, one has Hq
dR(X ′, Y ′) = Hq(F ′·). Since k′ is a Banach space over k, the required

fact follows from Lemma 5.5.1.

Let now k be a non-Archimedean field of characteristic zero, which is an extension of a non-

Archimedean field k′ with a nontrivial discrete valuation and a closed subfield of k̂′a.

5.5.3. Corollary. Let X be a smooth k-analytic space. Then
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(i) for any compact strictly analytic subdomain Y ⊂ X, the de Rham cohomology groups

Hq
dR(X,Y ) are of finite dimension over k;

(ii) if X = X ′ ⊗k′ k and ϕ denotes the canonical morphism X → X ′, then the canonical

morphism of étale abelian sheaves on X ′

ϕ−1(Ω1,cl
X′ /dOX′)⊗k′′ k −→ Ω1,cl

X /dOX

is an isomorphism, where k′′ = k ∩ k′a.

Proof. (i) By Lemma 2.1.3, we can find systems of open subsets Xi ⊂ X and of strictly

affinoid subdomains Yi ⊂ Xi such that Y = ∪Yi and, for every i, Xi and Yi come from a smooth

ki-analytic space X ′
i and a strictly affinoid subdomain Y ′

i ⊂ X ′
i, respectively, where ki is a finite

extension of k′ in k. By Corollary 5.5.2, the de Rham cohomology groups Hq
dR(Xi, Yi) are of finite

dimension over k and, therefore, the same is true for Hq
dR(X,Y ).

(ii) The statement is an easy consequence of the same Lemma 2.1.3 and Corollary 5.5.2.

Let Y be a strictly affinoid subdomain of X. Then B = O(X,Y ) is a k-dagger algebra, and,

by Corollary 5.5.3(i), the de Rham cohomology groups Hq
dR(B) are of finite dimension over k. The

construction of §5.3 can be applied to the algebra B, and so it provides a filtered isocrystal EB

over B. Assume, in addition, that X = X ′ ⊗k′ k and Y = Y ′ ⊗k′ k, where X ′ and Y ′ ⊂ X ′ are

smooth k′-analytic space and a strictly affinoid subdomain, respectively. Then B′ = O(X ′, Y ′) is a

k′-dagger algebra, and the construction of §5.3 provides a filtered isocrystal EB′ over B′.

5.5.4. Corollary. In the above situation, the following is true:

(i) the isocrystals Ei
B and Ei

B′ are unipotent;

(ii) there is compatible system of isomorphisms of isocrystals Ei
B′ ⊗B′ B

∼→ Ei
B ;

(iii) the isomorphism from (ii) gives rise to an isomorphism of de Rham cohomology groups

Hq
dR(Ei

B′)⊗k′ k
∼→ Hq

dR(Ei
B) for all q ≥ 0.

Proof. The statements are true, by Corollary 5.5.2, for i = 0 and are deduced, by induction,

from the exact sequence of isocrystals 0 → Ei
B → Ei+1

B → H1
dR(Ei

B)⊗c(B) B → 0.

5.5.5. Corollary. In the above situation, the following is true:

(i) every unipotent isocrystal M over B is isomorphic to M ′⊗B′ B for an unipotent isocrystal

M ′ over B′;

(ii) Hom(M ′
1,M

′
2)⊗k′ k

∼→ Hom(M ′
1 ⊗B′ B, M ′

2 ⊗B′ B) for every pair of unipotent isocrystals

M ′
1 and M ′

2 over B′.
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The above construction will be applied in the following situations. Let (X, Z) be a wide germ

of a smooth affine formal scheme over k◦. Then (X, Zη) is a smooth strictly k-affinoid germ. The

filtered isocrystal EB , provided by the previous construction for B = O(X, Zη), will be denoted

by E(X, Z). Notice that the isocrystals Ei(X, Z) are unipotent. In §6 we consider germs (X, Z)

which are liftings of a similar germ (X ′,Z′) over k′◦ as in Lemma 5.5.4. By that lemma, there is

compatible system of isomorphisms of isocrystals Ei(X ′, Z′) ⊗B′ B
∼→ Ei(X, Z). At the end of §6

and in §7, we consider germs of the form (Xη, Z), where X is a proper marked formal scheme over

k◦ and Z is an open affine subscheme of the smooth locus X̊ of X. Notice that such a germ is of the

previous type. Finally, after Theorem 1.6.1 is proved we consider again (in §8.1) arbitrary germs

of a smooth affine formal scheme over k◦.

5.5.6. Remark. In the paper E. Grosse-Klönne as well as in those of P. Berthelot and Z.

Mebkhout only the case char(k̃) > 0 is considered since the case char(k̃) = 0 is much easier and is

believed to be known earlier.
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§6. F -isocrystals

Beginning with this section the ground field k is assumed to be a closed subfield of Cp. We

apply constructions of the previous section to a wide germ of a smooth affine formal scheme (X, Z)

which is a lifting of a similar germ defined over a finite extension of Qp. First of all, we consider

the notions of a Frobenius lifting on the associated germ (X, Zη) and of a Frobenius structure on

isocrystals over B = O(X, Zη) (F -isocrystals). We provide the unipotent isocrystals Ei(X, Z) = Ei
B

with such a structure and, using a result of B. Chiarellotto [Chi], show that they possess the

following nice property: any morphism of F -isocrystals Ei(X, Z) → M for which the induced

map H1
dR(Ei(X, Z)) → H1

dR(M) is zero can be extended in a unique way to a morphism of F -

isocrystals Ei+1(X,Z) → M . This property implies, for example, that the unipotent F -isocrystals

Ei(X, Z) are unique up to a unique isomorphism, and is used to provide E(X, Z) = ∪Ei(X, Z)

with a unique structure of a filtered B-algebra which satisfies the Leibniz rule and commutes with

the Frobenius structure. One more application is as follows. Let Rλ(X, Zη) denote the filtered

F -isocrystal for which Rλ,i(X, Zη) consists of all naive analytic functions f defined in an open

neighborhood U of Zη such that f
∣∣
U∩π−1(x)

∈ Lλ,i(U ∩ π−1(x)) for all closed points x ∈ Xs.

Then, if dim(Xη) = 1, the canonical map H1
dR(Rλ,i(X,Zη)) → H1

dR(Rλ,i+1(X,Zη)) is zero and,

therefore, the canonical map B → Rλ,0(X, Zη) extends in a unique way to a homomorphism of

filtered B-algebras and F -isocrystals E(X, Z) → Rλ(X, Zη). We show that, given a closed one-

form with coefficients in Ei(X, Z) embedded in Rλ,i(X, Zη), its primitive in Ei+1(X, Z) embedded

in Rλ,i+1(X, Zη) is precisely the one given by R. Coleman’s construction. We also show that the

induced homomorphism EK(X, Z) = E(X, Z)⊗k K → Rλ(X, Zη) is injective.

6.1. Frobenius liftings. Assume first that k is finite over Qp, and let (X, Z) be a wide

germ of a smooth affine formal scheme over k◦. We set B = O(X, Zη) and A† = A ∩ B, where

Z = Spf(A). Furthermore, let φ̃ be the Frobenius endomorphism of Zs which corresponds to the

endomorphism φ̃∗ : Ã → Ã that takes α to αq, where Ã = A/k◦◦A and q is the number of elements

in k̃. It is well known (see, for example, [Col2]) that there is a lifting φ∗ : A† → A† of φ̃∗. It

gives rise to a homomorphism φ∗ : B → B, which induces the Frobenius automorphism of c(B)

over k. By Lemma 5.1.1(ii), φ∗ is induced by a unique morphism of germs φ : (X, Zη) → (X, Zη)

which is called a Frobenius lifting on (X, Zη) of degree [k̃ : Fp]. The latter is defined by a morphism

φ : U → X, where U is an open neighborhood of Zη in X. Notice that, given an open neighborhood

V of Zη in X and m ≥ 1, we can always shrink U so that φi(U) ⊂ V for i ≤ m.

A Frobenius lifting φ on (X, Zη) induces a k-linear endomorphism φ∗ on Hi
dR(X, Zη) = Hi

dR(B)
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which is also semi-linear with respect to the Frobenius automorphism of c(B) over k. Recall that a

Weil number of weight n (with respect to φ) is an algebraic number such that the absolute value of

all of its conjugates in C are equal to q
n
2 . By a result of B. Chiarellotto from [Chi], the eigenvalues

of φ∗ on Hi
dR(B) are Weil numbers of weights in the interval [i, 2i].

6.1.1. Lemma. Let X be a special formal scheme over k◦, which is the formal completion of

a separated formal scheme of finite type over k◦ along an irreducible component of its closed fiber

which is proper over k̃, and let Z is an open affine subscheme of the smooth locus X̊ of Z. Given a

Frobenius lifting φ : (Xη,Zη) → (Xη, Zη) and an integer n ≥ 1, there exists an open neighborhood

U of Zη in Xη at which all φi, 1 ≤ i ≤ n, are defined and such that φi(U ∩π−1(x)) ⊂ π−1(x) for all

1 ≤ i ≤ n and all closed points x ∈ Xs.

Proof. Let Z = Spf(A), k◦{T1, . . . , Tm}† → A : Tj 7→ fj an epimorphism, and V an open

neighborhood of Zη at which all φi, 1 ≤ i ≤ n, are defined. One has |(φ∗i

fj − fqi

j )(x)| < 1 for all

1 ≤ i ≤ n, 1 ≤ j ≤ m and x ∈ Zη, and we can find an open neighborhood U of Zη in V such that

the above inequalities hold for all points x ∈ U . It follows that |(φ∗i

f − fqi

)(x)| < 1 for all f ∈ A,

1 ≤ i ≤ n and x ∈ U . In particular, given f ∈ A and x ∈ U , |f(x)| < 1 if and only if |f(φi(x))| < 1

for all 1 ≤ i ≤ n, i.e., π(φi(x)) = π(x) for all 1 ≤ i ≤ n and x ∈ U . The set U possesses the required

property.

Assume now that k is an arbitrary closed subfield of Cp, and let (X, Z) be a wide germ of a

smooth affine formal scheme over k◦ which is a lifting of a similar germ over a finite extension of

Qp in k. A Frobenius lifting on (X, Zη) is a morphism of germs φ : (X, Zη) → (X, Zη) which is

induced by a Frobenius lifting φ′ on a germ (X ′, Z′) over a finite extension k′ of Qp in k whose lift

to k is (X, Z). The degree deg(φ) of φ is that of φ′. If n = deg(φ), then |(φ∗f − fpn

)(x)| < |f |sup

for all f ∈ B = O(X, Zη) and x ∈ Zη (where |f |sup is the supremum norm of f on Zη).

The Frobenius lifting φ extends in a unique way to a Frobenius lifting on (X, Yη) for every

nonempty open affine subscheme Y ⊂ Z of the form Y′⊗̂k′◦k
◦, where Y′ is a nonempty open affine

subscheme of Z′. Notice that the intersection of all Yη is the generic point σ of Z. The Frobenius

lifting φ gives rise to a morphism of germs φ : (X, σ) → (X, σ), and the latter is defined by a

homomorphism of local rings φ∗ : OX,σ → OX,σ. A Frobenius lifting at the point σ is a morphism

of germs φ : (X,σ) → (X, σ) which is induced by a Frobenius lifting on (X, Yη) for a nonempty

open affine subscheme Y ⊂ Z.

6.2. A Frobenius structure on the isocrystals Ei(X, Z). Let φ be a Frobenius lifting on

(X, Zη) which comes from a triple (k′, X ′,Z′) as at the end of the previous subsection. A Frobenius

91



structure on an isocrystal M over B = O(X, Zη) is a φ∗-semi-linear homomorphism of B-modules

F : M → M which commutes with ∇. The homomorphism F induces a k-linear endomorphism of

the de Rham cohomology groups Hi
dR(M). An isocrystal provided with a Frobeinus structure is

called an F -isocrystal (see Remark 6.2.2). An unipotent (resp. trivial) F -isocrystal over B is a finite

F -isocrystal which is unipotent (resp. trivial) as an isocrystal. Let E0(X, Z) = B ⊂ E1(X, Z) ⊂
E2(X, Z) ⊂ . . . be the increasing sequence of unipotent isocrystals over B, constructed in §5.5.

6.2.1. Lemma. (i) The isocrystals Ei(X, Z) can be provided with a compatible system of

Frobenius structures;

(ii) the eigenvalues of F on H1
dR(Ei(X, Z)) are Weil numbers of weights in [i + 1, 2(i + 1)].

Proof. (i) It suffices to show that, given an F -isocrystal M and a c(B)-vectors subspace

V ⊂ H1
dR(M) invariant under the action F , one can extend the Frobenius structure from M

to MV . Indeed, let s : V → (M ⊗B Ω1
B)cl be a c(B)-linear section that defines MV . Then

F (s(v)) − s(F (v)) ∈ ∇(M) for all v ∈ V , and an extension of F can be defined by F (v ⊗ 1) =

F (v)⊗ 1 + µ(v), where µ : V → M is a c(B)-linear map with F (s(v))− s(F (v)) = ∇(µ(v)) for all

v ∈ V .

(ii) The statement is deduced, by induction, from the result of B. Chiarellotto, cited above,

and the fact that H1
dR(Ei) ⊂ H1

dR(Ei/Ei−1) = H1
dR(Ei−1)⊗c(B) H1

dR(B), where Ei = Ei(X, Z).

6.2.2. Remark. In the usual definition of a (finite) F -isocrystal one requires that the induced

map F : φ∗M = M ⊗B,φ∗ B → M is bijective. All finite F -isocrystals we consider satisfy that

condition.

6.3. A uniqueness property of certain F -isocrystals. Let M ⊂ M ′ be F -isocrystals over

B such that the quotient F -isocrystal M ′/M is trivial, and let V = Ker(H1
dR(M) → H1

dR(M ′)).

Assume that the eigenvalues of F on H0
dR(M ′/M) are not roots of unity (and, in particular, the

same is true for the eigenvalues of F on V ).

6.3.1. Proposition. Let N be an F -isocrystal with H0
dR(N) = lim

←−
H0

dR(N)/Wν , where {Wν}
is a filtered family of F -invariant c(B)-vector subspaces such that the action of F on each quotient

is of finite order. Then any homomorphism of F -isocrystals ϕ : M → N with V ⊂ Ker(H1
dR(M) →

H1
dR(N)) can be extended in a unique way to a homomorphism of F -isocrystals ϕ′ : M ′ → N .

Proof. We set K = c(B) and denote by g the Frobenius automorphism of K over k. As a B-

module, M ′ can be identified with the direct sum M⊕(U⊗K B), where U = H0
dR(M ′/M). One has

∇(u⊗1) ∈ (M⊗B Ω1
B)cl and F (u⊗1) = F (u)⊗1+α(u) for all u ∈ U , where α : U → M is a g-semi-
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linear map. By the assumption, there is a K-linear map β : U → N such that ϕ(∇(u⊗1)) = ∇(β(u))

for all u ∈ U . It follows that
∇(F (β(u)) = F (ϕ(∇(u⊗ 1))) = ∇(ϕ(F (u⊗ 1)))

= ∇(ϕ(F (u)⊗ 1 + α(u))) = ∇(β(F (u)) + ϕ(α(u))) ,

and so the formula (F ◦ β)(u) = (β ◦ F )(u) + (ϕ ◦ α)(u) + A(u) defines a g-semi-linear map

A : U → H0
dR(N). If an extension ϕ′ : M ′ → N exists, it must provide a g-semi-linear map

B : U → H0
dR(N) with B(u) = ϕ′(u ⊗ 1) − β(u) for all u ∈ U , and the necessary and sufficient

condition for its existence is the validity of the equality ϕ′(F (u⊗ 1)) = F (ϕ′(u⊗ 1)) for all u ∈ U ,

which is equivalent to the equality B ◦F −F ◦B = A. Thus, if we set W = H0
dR(N) and denote by

HomK(U,W ) and Homg(U,W ) the K-vector spaces of K-linear and of g-semi-linear maps U → W ,

respectively, the required statement follows from the following lemma. (The first case of the lemma

will be used later.)

6.3.2. Lemma. Let K be a finite extension of k, g an automorphism of K over k, W a

K-vector space provided with a g-semi-linear operator F such that W = lim
←−

W/Wν , where {Wν}
is a filtered family of F -invariant K-vector subspaces, and the action of F on each quotient W/Wν

is of finite order. Then

(i) given a polynomial P (T ) ∈ k[T ] with no roots-of-unity roots, the k-linear operator P (F ) :

W → W is invertible;

(ii) given a finitely dimensional K-vector space U provided with a g-semi-linear operator G such

that its eigenvalues considered as a k-linear operator are not roots of unity, the k-linear operator

HomK(U,W ) → Homg(U,W ) : B 7→ F ◦B −B ◦G is bijective.

Proof. In both cases, it suffices to prove the statements for each quotient W/Wν instead of

W , and so we may assume that the action of F on W is of finite order. Furthermore, the space

W is a union ∪i∈IWi of a filtered family of finitely dimensional K-vector subspaces Wi invariant

under the action of F . Since U is of finite dimension over K, it suffices to prove the statements for

each of the subspaces Wi instead of W . Thus, we may assume that dimK(W ) < ∞ and, therefore,

it suffices to prove that the k-linear operators considered are injective. Let m be a positive integer

with Fm = 1W (and, in particular, gm = 1).

(i) By the assumption, there exist Q(T ), R(T ) ∈ k[T ] with Q(T )P (T ) + R(T )(Tm − 1) = 1. If

we substitute F instead of T , we get Q(F ) ◦ P (F ) = 1W , and the required fact follows.

(ii) For every n ≥ 1, one has FnB−BGn = Fn−1(FB−BG)+ (Fn−1B−BGn−1)G. Thus, if

FB −BG = 0, it follows by induction that FnB −BGn = 0 for all n ≥ 1. Since Fm = 1W , we get

B(1W −Gm) = 0. By the assumption, the operator 1W −Gm is invertible and, therefore, B = 0.
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We now return to the situation of §6.2, and let us fix a Frobenius lifting φ on (X, Zη).

6.3.3. Corollary. Given two Frobenius structure F and F ′ on E(X, Z), there exists a unique

isomorphism of filtered F -isocrystals (E(X, Z), F ) ∼→ (E(X, Z), F ′).

Furthermore, let Y be a nonempty open affine subscheme of Z as at the end of §6.1. We

extend φ to a Frobenius lifting on (X, Yη) and provide the isocrystals Ei(X, Y) with a Frobenius

structure with respect to that Frobenius lifting. Let j denote the canonical morphism of germs

(X, Yη) → (X, Zη).

6.3.4. Corollary. There is a unique system of j-homomorphisms of isocrystals Ei(X, Z) →
Ei(X, Y) that commute with the Frobenius structures.

6.4. Structure of a commutative filtered DB-algebra on E(X, Z).

6.4.1. Proposition. The F -isocrystal E(X, Z) can be provided with a unique structure of a

commutative filtered DB-algebra which is compatible with the action of F .

To prove the proposition, we need the following lemma in which En = En(X, Z).

6.4.2. Lemma. Let N ′ ⊂ N be F -isocrystals with N satisfying the assumptions of Proposi-

tion 6.3.1 and such that the map H1
dR(N ′) → H1

dR(N) is zero. Then any pair of homomorphisms

of F -isocrystals Em ⊗B En−1 → N ′ and Em−1 ⊗B En → N ′, which coincide on Em−1 ⊗B En−1,

can be uniquely extended to a homomorphism of F -isocrystals Em ⊗B En → N .

Proof. We set M ′ = Em ⊗B En and denote by M the sub-F -isocrystal of M ′ which is the

sum of Em ⊗B En−1 and Em−1 ⊗B En in M ′. The quotient F -isocrystal M ′/M is isomorphic to

the tensor product Em/Em−1 ⊗B En/En−1 and, therefore, it is trivial and, by Lemma 6.2.1(ii),

the eigenvalues of F on H0
dR(M ′/M) are not roots of unity. Since the induced homomorphism of

F -isocrystals M → N goes through a homomorphism M → N ′, the assumption implies that the

map H1
dR(M) → H1

dR(N) is zero, and the required fact follows from Proposition 6.3.1.

Proof of Proposition 6.4.1. We set Ei = Ei(X, Z). Since the canonical maps H1
dR(Ei) →

H1
dR(Ei+1) are zero, we can apply Lemma 6.4.2 and construct, by induction, a unique system of

compatible homomorphisms of F -isocrystals Em ⊗B En → Em+n : f ⊗ g 7→ fg. The uniqueness

implies that this operation is commutative. That it is associative is proved in the similar way by
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induction. Namely, to show that the following diagram is commutative

Em ⊗B En ⊗B El −→ Em+n ⊗B El

y y

Em ⊗B En+l −→ Em+n+l

one assumes that the corresponding diagrams for the triples (m,n, l−1), (m, n−1, l) and (m−1, n, l)

are commutative, and applies Proposition 6.3.1 to M ′ = Em⊗B En⊗B El and the sub-F -isocrystal

M which is the sum of Em ⊗B En ⊗B El−1, Em ⊗B En−1 ⊗B El and Em−1 ⊗B En ⊗B El in M ′.

(Notice that the quotient M ′/M is canonically isomorphic to the tensor product Em/Em−1 ⊗B

En/En−1 ⊗B El/El−1.) Thus, E is provided with a unique structure of a commutative filtered

B-algebra on E = E(X, Z) which satisfies the Leibniz rule and is compatible with the action of

Frobenius.

6.4.3. Corollary. If dim(X) = 1, there is an isomorphism of filtered D-algebras E(X, Z) ∼→
ShB which is compatible with the isomorphism of Lemma 5.4.4(iii).

Proof. Let φ be a Frobenius lifting on (X, Zη). We claim that the isocrystals Shn
B admit a

system of compatible Frobenius structures, which is unique up to a unique automorphism. Indeed,

the claim is trivially true for n = 0, and so assume n ≥ 1 and that Shn−1
B is already provided

with a Frobenius structure. If {v1, . . . , vm} is a basis of the k-vector space H1
dR(B), then to

construct F , it suffices to define the images of the elements vi1,...,in = vi1 ⊗ . . . ⊗ vin . Since

∇(vi1,...,in) = vi1,...,in−1 ⊗ s(vin) ∈ Shn−1
B , an element F (∇(vi1,...,in)) of Shn−1

B ⊗B Ω1
B is defined

and, by Lemma 5.4.4(i), it is equal to ∇(w) for some w ∈ Shn
B , and we define F (vi1,...,in) = w.

The φ∗-semi-linear map F extended to Shn
B commutes with ∇ and, therefore, it is a required one.

The uniqueness of F follows from Proposition 6.3.1 and the fact that the eigenvalues of F on

H1
dR(Shn

B) = H1
dR(B)⊗(n+1) are Weil numbers of weights at least n + 1.

Thus, the identity map E0(X, Z) = B → Sh0
B = B extends in a unique way to an injective

homomorphism of filtered F -isocrystals and B-algebras E(X, Z) ∼→ ShB . Assume that for some n ≥
1 the map En−1(X, Z) → Shn−1

B is an isomorphism. Then it induces an isomorphism between their

first de Rham cohomology groups. Since Grn(E(X, Z)) = H1
dR(En−1(X, Z))⊗k B and Grn(ShB) =

H1
dR(Shn−1

B )⊗k B, it follows that En(X, Z) → Shn
B . That it is compatible with the isomorphism of

Lemma 4.4.4(iii) is easy.

6.5. Filtered F -isocrystals EK(X, Z) and Fλ(X,Z). Let K be a commutative filtered

k-algebra. We denote by EK(X, Z) the filtered F -isocrystal E(X, Z) ⊗k K. It is a commutative
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filtered B-algebra with Gr·(EK(X, Z)) = Gr·(E(X, Z)) ⊗k Gr·(K) and, given a homomorphism of

filtered k-algebras K → K ′, there is the evident isomorphism of filtered B-algebras and of isocrys-

tals EK(X, Z)⊗K K ′ ∼→ EK′
(X, Z). Notice that H0

dR(EK,i(X, Z)) = c(B)⊗k Ki = CK,i(X, Zη) for

all i ≥ 0. If the algebra K possesses the property dimk(Ki) < ∞ for all i ≥ 0, then each EK,i(X, Z)

is a unipotent F -isocrystal isomorphic to the direct sum ⊕i
j=0(E

j(X, Z) ⊗k Ki−j/Ki−j−1) and,

for i ≥ 1, and the quotient EK,i(X, Z)/EK,i−1(X, Z) is isomorphic to the trivial F -isocrystal

⊕i
j=0(E

j(X, Z)/Ej−1(X, Z)⊗Ki−j/Ki−j−1) with K−1 = 0 and E−1(X, Z) = 0. If K is arbitrary, it

is a union of filtered subalgebras with the above property (e.g., of finitely generated k-subalgebras),

and so each EK,i(X, Z) is a union of unipotent sub-F -isocrystals.

Let now X be a proper marked formal scheme over k◦, Z an open affine subscheme of X̊, and

λ an element of K1. Given an open neighborhood U of σ = σX, let Rλ,i(X,U) denote the set of

all functions f ∈ NK,i(U) such that fx ∈ Lλ,i(U ∩ π−1(x)) for every closed point x ∈ Xs, and

let Rλ,i(X, Zη) denote the inductive limit of Rλ,i(X,U) taken over all open neighborhoods of Zη

in Xη. We also denote by Rλ,i
x (X, Zη) the similar inductive limit of Lλ,i(U ∩ π−1(x)). Lemma

6.1.1 implies that both Rλ,i(X, Zη) and Rλ,i
x (X, Zη) are F -isocrystals over B. Notice that there is a

canonical projection Rλ,i(X, Zη) → Rλ,i
x (X, Zη) and, if x ∈ Zs, then Rλ,i

x (X, Zη) = Lλ,i(π−1(x)) =

O(π−1(x))⊗k Ki.

Assume in addition that dim(Xη) = 1. In this case Xη is isomorphic to a smooth basic curve

X an
η \ ∪m

i=1 Xri
i , m ≥ 0, where X is a connected projective smooth curve over k◦, Xri

i are affinoid

subdomains lying in pairwise different residue classes of closed points x1, . . . ,xm ∈ Xs = Xs and, if

an isomorphism of each residue class π−1(xi) with an open disc of radius one with center at zero over

kxi is fixed, then each Xri
i is isomorphic to a closed subdisc of radius ri ∈ |k∗|, ri < 1, with center at

zero. If Xs\Zs = {x1, . . . ,xn}, n ≥ max(m, 1), then a fundamental system of open neighborhoods of

Zη in Xη is formed by sets of the form X an
η \∪n

i=1 Xti
i with Xti

i ⊂ π−1(xi) having the same meaning

and ri ≤ ti < 1. Since each open subset π−1(xi)\Xti
i is isomorphic to an open annulus over kxi ,

it follows the homomorphisms H1
dR(Rλ,n(X, Zη)) → H1

dR(Rλ,n+1(X, Zη)) are zero. One also has

H0
dR(Rλ,n(X, Zη)) = CK,n

R (X, Zη). Thus, the assumptions of Proposition 6.3.1 are satisfied and,

therefore, the canonical injective homomorphism E0(Xη,Z) = O(Xη,Zη) → Rλ,0(X, Zη) extends in

a unique way to a compatible system of injective homomorphisms of F -isocrystals Ei(Xη, Z) →
Rλ,i(X, Zη), i ≥ 0, which, by Lemma 6.4.2, takes products to products. The latter extends by

linearity to a homomorphism of filtered F -isocrystals EK,i(Xη,Z) → Rλ,i(X, Zη), i ≥ 0, which

also takes products to products. In the same way one constructs, for every closed point x ∈ Xs,

a homomorphism of F -isocrystals EK,i(Xη,Z) → Rλ,i
x (X, Zη) which coincides in fact with the
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composition of the latter homomorphism with the canonical projection Rλ,i(X, Zη) → Rλ,i
x (X, Zη).

6.5.1. Lemma. In the above situation, the homomorphisms EK,i(Xη, Z) → Rλ,i
x (X, Zη)

are injective for all closed points x ∈ Xs and, in particular, the homomorphism EK,i(Xη, Z) →
Rλ,i(X, Zη) is injective.

Proof. The statement is evidently true for i = 0, and so assume that i ≥ 1 and that it is true

for i − 1. Let us write Ei and EK,i instead of Ei(Xη, Z) and EK,i(Xη, Z), respectively, and let Ẽ

denote the B-submodule of EK,i generated by EK,i−1 and E0⊗kKi. It is a sub-F -isocrystal of EK,i.

Notice that the quotient EK,i/Ẽ is isomorphic to the F -isocrystal ⊕i
j=1(E

j/Ej−1⊗kKi−j/Ki−j−1),

and one has H0
dR(Ẽ) ∼→ H0

dR(EK,i). Thus, to prove the statement it suffices to verify the injectivity

of the induced homomorphism Ẽ → Rλ,i
x (X, Zη). By the induction hypothesis, the latter follows

from the trivial fact that, for an open annulus with center at zero Y , the intersection of O(Y )⊗k Ki

and Lλ,i−1(Y ) in Lλ,i(Y ) coincides with O(Y )⊗k Ki−1.

We denote by Fλ,i(X, Z) the image of EK,i(Xη,Z) in Rλ,i(X, Zη) and by Fλ,i

X,σ
the union of the

images of Fλ,i(X,Z) in NK,i

Xη,σ
taken over all nonempty open affine subschemes Z of X̊ (see Corollary

6.3.4). We now describe a primitive of a one-form ω ∈ Fλ,i(X, Z) ⊗B Ω1
B in Fλ,i+1(X, Z). Recall

that, by Lemma 6.2.1(ii), there exists a polynomial P (T ) ∈ k[T ], whose roots are Weil numbers of

weights ≥ 1, with P (φ∗)ω ∈ d(Fλ,i(X, Z)).

6.5.2. Lemma. (i) There exists a function f ∈ Rλ,i+1(X, Zη), unique up to an element of

CK,i(Xη,Zη), such that df = ω and, for every polynomial P (T ) ∈ k[T ] with no roots-of-unity roots

and P (φ∗)ω ∈ d(Fλ,i(X, Z)), one has P (φ∗)f ∈ Fλ,i(X,Z);

(ii) the function f is contained in Fλ,i+1(X,Z).

Proof. (i) We know that a function f ′ ∈ Rλ,i+1(X, Zη) with df ′ = ω exists. Let P (T ) ∈ k[T ]

be a polynomial with no roots-of-unity roots such that P (φ∗)ω = dg for some g ∈ Fλ,i(X, Z). The

function h = P (φ∗)f ′ − g lies in Rλ,i+1(X, Zη) and, since dh = 0, it follows that h ∈ CK,i+1
R (X, Zη).

By Lemma 6.3.2(i), the map P (φ∗) : CK,i+1
R (X, Zη) → CK,i+1

R (X, Zη) is a bijection. We can therefore

find an element α ∈ CK,i+1
R (X, Zη) with P (φ∗)f ′−g = P (φ∗)α. The function f = f ′−α is contained

in Rλ,i+1(X, Zη) and satisfies the required properties. The bijectivity of the above map implies that

f is uniquely defined by the element g and the polynomial P .

We claim that the function f does not depend on the choice of g and P up to an element of

Cλ,i(Xη, Zη). Indeed, let g′ be another element of Fλ,i(X, Z) with P (φ∗)ω = dg′, and let f ′ be the

function from Rλ,i+1(X, Zη) with df ′ = ω and P (φ∗)f ′ = g′. Since d(g′ − g) = 0, it follows that

g′−g ∈ CK,i(Xη, Zη). On the other hand, f ′−f ∈ CK,i+1
R (X, Zη) and P (φ∗)(f ′−f) = g′−g. Since the
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actions of P (φ∗) on CK,i+1
R (X, Zη) and CK,i(Xη,Zη) are bijective, it follows that f ′−f ∈ CK,i(Xη, Zη).

Furthermore, let Q(T ) be the monic polynomial of minimal degree with Q(φ∗)ω ∈ d(Fλ,i(X, Z)).

It is clear that Q(T ) divides P (T ), and so let P (T ) = Q(T )Q′(T ), and let Q(φ∗)ω = dg′ for some

g′ ∈ Fλ,i(X, Z). We have P (φ∗)ω = d(Q′(φ∗)g′). If f ′ is the function from Rλ,i+1(X, Zη) with

df ′ = ω and Q(φ∗)f ′ = g′, then P (φ∗)f ′ = Q′(φ∗)g′, and the independence on P follows from that

on g.

(ii) We know that a function f ′ ∈ Fλ,i+1(X, Z) with df ′ = ω exists and that f ′ ∈ Rλ,i+1(X, Zη).

If P (φ∗)ω = dg with P and g from (i), then P (φ∗)f ′ − g ∈ Fλ,i+1(X, Z) and d(P (φ∗)f ′ − g) = 0,

i.e., P (φ∗)(f ′ − f) ∈ CK,i+1(X,Zη). Since the action of P (φ∗) on the latter space is bijective, the

required fact follows.

6.5.3. Remark. The construction of Lemma 6.5.2 is due to R. Coleman. His methods will be

also used to generalize it to higher dimensions and to show, in particular, that the sub-isocrystals

Fλ,i(X, Z) ⊂ Rλ,i(X,Zη) do not depend on the choice of the Frobenius lifting φ.
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§7. Construction of the sheaves Sλ
X

The construction of the sheaves Sλ,n
X is carried out by the double induction on m = dim(X)

and the number n. Assume that the sheaves Sλ,i
X with all required properties exist for all pairs

(i,X) with 0 ≤ i ≤ n, or i = n+1 and dim(X) ≤ m. In order to construct the sheaves Sλ,n+1
X for X

of dimension m+1, we have to construct a primitive of a closed one-form ω with coefficients in Sλ,n
X

in an open neighborhood of every point of X. For this we make additional induction hypotheses

that describe the form of a function f ∈ Sλ,i(X) in an étale neighborhood of a point x ∈ X. If

s(x) < dim(X) then, given a smooth morphism ϕ : X → Y to a smooth k-analytic space Y of

dimension dim(X)−1 such that s(y) = s(x) for y = ϕ(y), there exists an Y -split étale neighborhood

ψ : X ′ → X of x over an étale morphism Y ′ → Y such that ψ∗(f) is contained in the O(X ′)-module

generated by functions of the form gLogλ(h)j with g ∈ Sλ,i−j(Y ′) and h ∈ O(X ′)∗, and a primitive

of ω at such a point x is easily found among functions of a similar form. If s(x) = dim(X), there

exists a marked neighborhood ϕ : Xη → X such that ϕ∗(f)
∣∣
π−1(x)

∈ Lλ,i(π−1(x)) for all closed

points x ∈ Xs, and, for some open affine subscheme Z ⊂ X̊, the restriction ϕ∗(f)
∣∣
(Xη,Zη)

is contained

in the image Gλ,i(Xη, Z) of an injective morphism of F -isocrystals EK,i(Xη, Z) → Sλ,i(Xη, Zη)

provided by the construction of §6. In fact, there is one more technical assumption as well as the

hypothesis that, if dim(Xη) = 1, Gλ,i(Xη, Z) coincides with the image of EK,i(Xη, Z) under the

homomorphism constructed at the end of §6. The induction hypotheses reduce the problem of

constructing a primitive of ω at x to that of constructing a primitive of a closed one-form which is

defined on Xη and possesses certain properties. The latter is done in a way which is a generalization

of R. Coleman’s construction; the miraculous fact is that the primitive does not depend on all of the

objects used in its construction (marked neighborhoods, Frobenius liftings and so on). The proof

is based on the geometrical properties of analytic spaces established in §2 and §3 and in [Ber7] and

[Ber9].

7.1. Induction hypotheses. We construct the DX -submodules Sλ,n
X of NK,n

X by the double

induction on n ≥ 0 and m = dim(X) ≥ 0 (and then define the filtered DX -subalgebra Sλ
X of NK

X as

the inductive limit of all Sλ,n
X ). Notice that it is enough to consider only pure dimensional smooth

k-analytic spaces, and we assume that all the spaces considered are such ones.

First of all, if n = 0 then Sλ,0
X = OK,0

X , and if m = 0 then Sλ,n
X = OK,n

X . Given m,n ≥ 0,

assume that the DX -modules Sλ,i
X , with the induction hypotheses we are going to specify, are

already constructed for all pairs (i, X) with 0 ≤ i ≤ n, or i = n + 1 and dim(X) ≤ m, and we will

construct the DX -modules Sλ,n+1
X with dim(X) = m + 1. The induction hypotheses include the
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properties of Theorems 1.6.1 (with the same condition on (i,X ′) in the property (f)); the following

property

(g) Sλ,i
X ·Sλ,j

X ⊂ Sλ,i+j
X for all (i, j,X) with i + j ≤ n, or i + j = n + 1 and dim(X) ≤ m;

the hypothesis on the uniqueness of the sheaves Sλ,i
X with the above properties; the properties (i)-

(iii) of Theorem 1.6.2, and additional hypotheses (IH1)-(IH3). Before formulating them we make a

preliminary observation.

Let Ω1,cl
Sλ,i,X

denote the subsheaf of closed one-forms Ker(Ω1
Sλ,i,X

d→ Ω2
Sλ,i,X), where 0 ≤ i ≤ n

or i = n + 1 and dim(X) ≤ m. Notice that if 0 ≤ i ≤ n − 1 or i = n and dim(X) ≤ m then, by

the property (c), Ω1,cl
Sλ,i,X

⊂ dSλ,i+1
X . Let Pλ,i+1

X denote the preimage of Ω1,cl
Sλ,i,X

in Sλ,i+1
X . By the

property (d), Sλ,i+1
X is generated over OX by local sections of Pλ,i+1

X . We have an exact sequence

0 −→ CK,i+1
X −→ Pλ,i+1

X
d−→ Ω1,cl

Sλ,i,X
−→ 0 .

It follows that, if H1(X, cX) = 0, then every closed one-form ω ∈ Ω1,cl
Sλ,i(X) has a primitive in

Pλ,i+1(X) which is defined uniquely up to an element of CK,i+1(X). Similarly, if Y is a strictly

affinoid domain in X with H1(Y, cY ) = 0, then every closed one-form ω ∈ Ω1,cl
Sλ,i(X, Y ) on the germ

(X,Y ) has a primitive in Pλ,i+1(X,Y ).

Suppose now we are given a wide germ of a smooth affine formal scheme (X, Z) such that,

if i = n, then dim(X) ≤ m + 1, and let B = O(X, Zη). Since Z is smooth over k◦, all of the

connected component of Zη⊗̂kk′ are contractible for any non-Archimedean field k′ over k and,

therefore, Hq(Zη, cZη
) = 0 for all q ≥ 1 (see [Ber9, §8]). By the above remark, if 0 ≤ i ≤ n− 1, or

i = n and dim(X) ≤ m, every closed one-form ω ∈ Ω1,cl
Sλ,i(X, Zη) has a primitive in Pλ,i+1(X, Zη) ⊂

Sλ,i+1(X, Zη). Thus, if the germ (X, Z) is a lifting of a similar germ over a finite extension of Qp in

k, then by the construction of §6.3, given a Frobenius lifting φ on (X, Zη), there is a unique system

of injective homomorphisms of F -isocrystals Ei(X, Z) → Sλ,i(X, Zη) for 0 ≤ i ≤ n, or i = n+1 and

dim(X) ≤ m. Lemma 6.4.2 implies that these homomorphisms take the product f ·g ∈ Ei+j(X, Z)

of two elements f ∈ Ei(X, Z) and g ∈ Ej(X, Z) to the product of the corresponding functions in

Sλ,i+j(X, Zη) for i + j ≤ n, or i + j = n + 1 and dim(X) ≤ m. The above homomorphisms give

rise to a homomorphism from the F -isocrystal EK,i(X, Z), introduced in §6.5, to Sλ,i(X, Zη).

7.1.1. Lemma. The homomorphism of F -isocrystals EK,i(X, Z) → Sλ,i(X, Zη) is injective.

Proof. The statement is proved in the same way as Lemma 6.5.1. Namely, it is evidently true

for i = 0. Assume it is true for i− 1 with i ≥ 1, and let us write Ei and EK,i instead of Ei(X, Z)

and EK,i(X, Z), respectively. Let Ẽ denote the B-submodule of EK,i generated by EK,i−1 and
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E0 ⊗k Ki. It is a sub-F -isocrystal of EK,i. Notice that the quotient EK,i/Ẽ is isomorphic to the

F -isocrystal ⊕i
j=1(E

j/Ej−1⊗k Ki−j/Ki−j−1), and one has H0
dR(Ẽ) ∼→ H0

dR(EK,i). Thus, to prove

the statement it suffices to verify the injectivity of the induced homomorphism Ẽ → Sλ,i(X, Zη).

The latter follows from the injectivity of the homomorphism EK,i−1 → Sλ,i−1(X, Zη) and the trivial

fact that the intersection of the image of E0⊗Ki in NK,i(X, Zη) with NK,i−1(X, Zη) coincides with

E0 ⊗Ki−1.

Let Gλ,i(X, Z) denote the image of EK,i(X, Z) in Sλ,i(X, Zη). It does not depend on the choice

of the Frobenius lifting and depends functorially on (X, Z) since Gλ,i(X, Z) is generated over B

by the primitives of all closed one-forms from Gλ,i−1(X, Z)⊗B Ω1
B which, by the property (b), are

defined uniquely up to an element of CK,i(X, Zη) = c(B)⊗k Ki. Notice that Gλ,i(X, Z)·Gλ,j(X, Z) ⊂
Gλ,i+j(X, Z) for i + j ≤ n, or i + j = n + 1 and dim(X) ≤ m.

Till the end of this section we consider only germs of the form (Xη,Z), where X is a proper

marked formal scheme over k◦ and Z is a nonempty open affine subscheme of X̊. (Recall that if i = n,

we assume that dim(Xη) ≤ m + 1.) Let Gλ,i

X,σ
denote the union of Gλ,i(Xη, Z) in Sλ,i

Xη,σ
⊂ NK,i

Xη,σ

taken over all nonempty open affine subschemes Z of X̊ (see Corollary 6.3.4).

Recall that in the case dim(Xη) = 1 (and an arbitrary i ≥ 0) we considered a similar injective

homomorphism of F -isocrystals EK,i(Xη, Z) → Rλ,i(X,Zη) ⊂ NK,i(Xη,Zη), denoted by Fλ,i(X, Z)

its image and by Fλ,i

X,σ
the corresponding union in NK,i

Xη,σ
(see §6.5). Here is the first of the additional

induction hypotheses.

(IH1) If dim(Xη) = 1, then Gλ,i(Xη,Z) = Fλ,i(X, Z).

The property (IH1) implies that the sub-F -isocrystals Fλ,i(X, Z) ⊂ NK,i(Xη, Zη), which are

defined in §6.5 for all i ≥ 0, do not depend on the choice of the Frobenius lifting and are functorial

on (X, Z) at least for i ≤ n.

The last two of the additional induction hypotheses describe the local form of a function f ∈
Sλ,i(X) in an étale neighborhood of a point x ∈ X in the cases s(x) < dim(X) and s(x) = dim(X),

respectively.

(IH2) (split case) If s(x) < dim(X) then, given a smooth morphism ϕ : X → Y to a smooth

k-analytic space Y of dimension dim(X) − 1 with s(y) = s(x) for y = ϕ(x), there exists an Y -

split étale neighborhood ψ : X ′ → X of x over an étale morphism Y ′ → Y such that ψ∗(f) ∈
∑i

j=0 p#
1 (Sλ,j(Y ′))·Lλ,i−j(X ′).

(IH3) (marked case) If s(x) = dim(X), there is a marked neighborhood ϕ : Xη → X of x with

the following properties:
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(IH3.1) ϕ∗(f) ∈ Rλ,i(X) (see the end of §3.1);

(IH3.2) ϕ∗(f)σ ∈ Gλ,i

X,σ
;

(IH3.3) for every stratum closure Y ⊂ Xs, there exists a small open affine subscheme Y ⊂ X

(see §3.5) with Ys∩Y̊ 6= ∅ and the following property: if Y = Xs (resp. Y is arbitrary), there is a p1-

discoid (resp. p1-semi-annular) open neighborhood V of DY′ in DY , where Y ′ = Y ∩Ys, such that

for U = p1(V) one has p∗2(ϕ
∗(f)) ∈ p#

1 (Sλ,i(U)) (resp. p∗2(ϕ
∗(f)) ∈ ∑i

j=0 p#
1 (Sλ,j(U))·Lλ,i−j(V)),

where p1 and p2 are the canonical projections V → U and V → Xη, respectively.

In the property (IH3), if the proper marked formal scheme X is defined over k′◦, then Rλ,i(X)

and Gλ,i

X,σ
are considered for the k′-algebra K ⊗k k′ and the element λ⊗ 1.

The properties (IH2) and (IH3.2) can be used to describe the stalk Sλ,i
X,x of the sheaf Sλ,i

X at

a geometric point x of X over a point x ∈ X. Namely, in the situation (IH2), if y is a geometric

point of Y over the point y ∈ Y which is under the geometric point x, let ϕ#(Sλ,i
Y,y) denote the

OX,x-subalgebra of Sλ,i
X,x generated by the functions ϕ∗(g) with g ∈ Sλ,i

Y,y. In the situation (IH3),

if σ is a geometric point of Xη over the point σ and the geometric point x, let Gλ,i

X,σ
denote the

inductive limit of Gλ,i

X′
,σ′

taken over commutative triangles

X′η −→ Xη

↖ ↗
σ

where the upper arrow is a marked neighborhood of the point σ that comes from a morphism of

formal schemes X′ → X, and the image of the left arrow is the generic point σ′ of X′. The statements

(i) and (ii) of the following lemma are easy consequences of (IH2) and (IH3.2), respectively. Notice

also that, by Lemma 1.4.2, the sum in the second part of (i) is a direct one.

7.1.2. Lemma. (i) In the situation of (IH2), if t(y) = t(x) then Sλ,i
X,x = ϕ#(Sλ,i

Y,y), and

if t(y) < t(x) then Sλ,i
X,x =

∑i
j=0 ϕ#(Sλ,j

Y,y)Logλ(f)i−j , where f is a function from O∗X,x with

|f(x)| 6∈
√
|H(y)∗|;

(ii) in the situation of (IH3), one has Sλ,i
X,x = Gλ,i

X,σ
.

7.2. Split one-forms. Let X be a smooth k-analytic space. If i = n, we assume that

dim(X) ≤ m + 1. We say that X is split if it is provided with an isomorphism with Y × D or

Y × B, where Y is a smooth k-analytic space of dimension dim(X) − 1 whose sheaf of analytic

one-forms Ω1
Y is free over OY , and D and B are open disc and annulus, respectively. For a split

space X, let p1 be the projection X → Y . We say that a closed one-form ω ∈ Ω1
Sλ,i(X) is split if it

is contained in Ω1
M (X) with M =

∑i
j=0 p#

1 (Sλ,j(Y )) ·Lλ,i−j(X) and admits a primitive fω in N =
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∑i+1
j=0 p#

1 (Sλ,j(Y )) · Lλ,i+1−j(X). Notice that if X is isomorphic to Y ×D then M = p#
1 (Sλ,i(Y ))

and N = p#
1 (Sλ,i+1(Y )).

7.2.1. Lemma. Let X be a smooth k-analytic space such that dim(X) ≤ m + 1 if i = n,

and let ω ∈ Ω1,cl
Sλ,i(X). Then every point x ∈ X with s(x) < dim(X) has an étale neighborhood

ϕ : X ′ → X such that X ′ and ϕ∗(ω) are split.

Proof. First of all, we can shrink X and assume that ω =
∑l

ν=1 fνων with fν ∈ Sλ,i(X) and

ων ∈ Ω1(X). Furthermore, by Proposition 2.3.1(i), we can shrink X and find smooth morphism

ψ : X → Y to a smooth k-analytic space Y of dimension dim(X)−1 with s(y) = s(x) for y = ϕ(x).

By the property (IH2), we can find, for every 1 ≤ ν ≤ l, an Y -split étale neighborhood ϕν :

Xν → X of x over an étale morphism Yν → Y such that ϕ∗ν(fν) ∈ ∑i
j=0 p#

1 (Sλ,i(Yν))·Lλ,i−j(Xν).

Corollary 2.3.2 implies that there exists an Y -split neighborhood ϕ : X ′ → X over Y ′ → Y

that refines all of the neighborhoods Xν → X. It follows that ϕ∗(ω) ∈ Ω1
M (X ′), where M =

∑i
j=0 p#

1 (Sλ,j(Y ′)) · Lλ,i−j(X ′). Of course, we may shrink Y ′ and assume that the sheaf Ω1
Y ′

is free over OY ′ . Finally, from Propositions 1.3.2 and 1.5.1 it follows that ϕ∗(ω) = dg + p∗1(η)

with g ∈ N =
∑i+1

j=0 p#
1 (Sλ,j(Y ′)) · Lλ,i+1−j(X ′) and a closed one-form η ∈ Ω1

Sλ,i(Y ′). By the

induction hypotheses, we can shrink Y ′ and assume that η = dh for some h ∈ Sλ,i+1(Y ′), and we

get ϕ∗(ω) = df for f = g + p∗1(h) ∈ N , i.e., the one-form ϕ∗(ω) is split.

7.2.2. Lemma. Let X be a split smooth k-analytic space (with p1 : X → Y ) such that

dim(X) ≤ m + 1 if i = n, and let ω be a split closed one-form from Ω1
Sλ,i(X). Then

(i) the primitive fω ∈ N =
∑i+1

j=0 p#
1 (Sλ,j(Y )) · Lλ,i+1−j(X) is unique up to an element of

CK,i+1(X);

(ii) if i ≤ n− 1, or i = n and dim(X) ≤ m, then fω ∈ Sλ,i+1(X);

(iii) given a split smooth k-analytic space X ′ with dim(X ′) ≤ m + 1 if i = n and a morphism

ϕ : X ′ → X such that the one-form ϕ∗(ω) is also split, one has fϕ∗(ω) − ϕ∗(fω) ∈ CK,i+1(X ′).

Proof. (i) and (ii). If i ≤ n − 1 or i = n and dim(X) ≤ m (as in (ii)) then, by the

induction hypotheses, one has N ⊂ Sλ,i+1(X). This implies (i) (in the case considered) and (ii).

Assume therefore that i = n and dim(X) = m + 1. If m = 0, X is an open disc or annulus and

N = Lλ,i+1(X), and the statement is trivial. Assume that m ≥ 1, i.e., dim(X) ≥ 2, and that

there is another primitive f ′ω ∈ N . By Corollary 4.1.3(ii), it suffices to show that for any morphism

ψ : Z → X from an elementary k′-analytic curve Z, where k′ is a finite extension of k, one has

ψ∗(fω − f ′ω) ∈ CK′,n+1(Z), where K ′ = K ⊗k k′. Since both ψ∗(fω) and ψ∗(f ′ω) are functions from

Sλ,n+1(Z), the induction hypotheses imply (i).
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(iii) Let g = fϕ∗(ω) − ϕ∗(fω). If i ≤ n − 1, then g ∈ Sλ,i+1(X ′), and the statement follows

from the induction hypotheses. Assume therefore that i = n. If m = 0, then each of X and X ′ is

either zero-dimensional, or an open disc or annulus, and in all of the cases one has g ∈ Lλ,n+1(X ′),

and the statement follows. If m ≥ 1, then as above it suffices to show that for any morphism

ψ : Z → X from an elementary k′-analytic curve Z, where k′ is a finite extension of k, one has

ψ∗(g) ∈ CK′,n+1(Z), where K ′ = K ⊗k k′. But this again follows from the induction hypotheses

since ψ∗(g) ∈ Sλ,n+1(Z).

7.3. Marked and weakly marked one-forms. Let X be a proper marked formal scheme

over k◦. If i = n, we assume that dim(Xη) ≤ m + 1. We say that a closed one-form ω ∈ Ω1
Sλ,i(Xη)

is marked if it satisfies the following properties:

(MF1) ω ∈ Ω1
Rλ,i(X) (see the end of §3.1);

(MF2) there exists a Frobenius lifting φ at the point σ = σX (see the end of §6.1) and a

polynomial P (T ) ∈ k[T ] with no roots-of-unity roots such that P (φ∗)ωσ ∈ dSλ,i

Xη,σ
;

(MF3) for every stratum closure Y ⊂ Xs, there exists a small open affine subscheme Y ⊂ X

(see §3.5) with Ys ∩ Y̊ 6= ∅ and the following property: if Y = Xs (resp. Y is arbitrary), there is

a p1-discoid (resp. p1-semi-annular) open neighborhood V of DY′ in DY with Y ′ = Y ∩ Ys and

p∗2(ω) ∈ Ω1
M (V), where M = p#

1 (Sλ,i(U)) (resp. M =
∑i

j=0 p#
1 (Sλ,j(U))·Lλ,i−j(V)) and U = p1(V).

7.3.1. Lemma. Let X be a smooth k-analytic space such that dim(X) ≤ m + 1 if i = n,

and let ω ∈ Ω1,cl
Sλ,i(X). Then every point x ∈ X with s(x) = dim(X) has a marked neighborhood

ϕ : Xη → X such that the closed one-form ϕ∗(ω) is marked and in fact ϕ∗(ω)σ ∈ Gλ,i

X,σ
⊗OXη,σ

Ω1
Xη,σ

.

Proof. We can shrink X so that η =
∑l

j=1 fjηj with fj ∈ Sλ,i(X) and ηj ∈ Ω1(X). By

Propositions 2.1.1, Corollary 3.3.2 and the property (IH3), we can find a marked neighborhood

ϕ : Xη → X of x such that all ϕ∗(fj) possess the properties (IH3.1)-(IH3.3) on Xη. We claim

that ϕ∗(ω) is marked. Indeed, the properties (IH3.1) and (IH3.3) imply (MF1) and (MF3). The

property (IH3.2) implies that ϕ∗(ω)σ ∈ Gλ,i

X,σ
⊗OXη,σ

Ω1
Xη,σ

. In its turn, the latter implies that for

any Frobenius lifting φ at σ there exists a polynomial P (T ) ∈ k[T ] whose roots are Weil numbers

with weights in [1, 2(i + 1)] and such that P (φ∗)ϕ∗(ω)σ ∈ dGλ,i

X,σ
⊂ dSλ,i

Xη,σ
, i.e., (MF2) is true.

Given a smooth k-analytic space X such that if i = n then dim(X) ≤ m + 1, we introduce the

following DX -submodule of NK,i+1
X :

S̃λ,i
X =

i∑

j=0

Sλ,j
X · Lλ,i+1−j

X .
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Notice that if i ≤ n − 1 or i = n and dim(X) ≤ m, then S̃λ,i
X ⊂ Sλ,i+1

X . In any case, given a

morphism ϕ : X ′ → X as in the property (e) with dim(X ′) ≤ m+1 if i = n, then ϕ#(S̃λ,i
X ) ⊂ S̃λ′,i

X′ .

7.3.2. Lemma. Ker(S̃λ,i
X

d−→ Ω1

S̃λ,i,X
) = CK,i+1

X .

Proof. If i ≤ n − 1 or i = n and dim(X) ≤ m, the statement follows from the induction

hypotheses since S̃λ,i
X ⊂ Sλ,i+1

X . Assume therefore that i = n and dim(X) = m + 1.

Case m = 0, i.e., dim(X) = 1. Let f ∈ S̃λ,n(X) be such that df = 0. It suffices to show that

every point x ∈ X has an étale neighborhood ϕ : X ′ → X such that ϕ∗(f) ∈ Cλ,n+1(X ′). Replacing

X by an étale neighborhood of x, we may assume that f =
∑n

j=0 gjhj , where gj ∈ Sλ,j(X) and

hj ∈ Lλ,n+1−j(X). If x is not of the type (2), the property (IH2) implies that there is a finite

extension k′ of k and an open subset X ′ ⊂ X ⊗ k′ such that the induced morphism ϕ : X ′ → X

is an étale neighborhood of the point x and, if x of type (1) or (4) (resp. (3)), X ′ is isomorphic

to an open disc (resp. open annulus) with center at zero over k′ and ϕ∗(gj) ∈ Lλ,j(X ′) for all

0 ≤ j ≤ n. We get ϕ∗(f) ∈ Lλ,n+1(X ′), and the required fact follows. Assume now that the point

x is of type (2). By Propositions 2.2.1 and 2.4.1 and the properties (IH1) and (IH3), there exists a

marked neighborhood ϕ : Xη → X of x such that ϕ∗(gj) ∈ Gλ,j

X,σ
⊂ Fλ,j

X,σ
for all 0 ≤ j ≤ n. We get

ϕ∗(f) ∈ Fλ,n+1

X,σ
, and Lemma 6.5.1 implies the required fact.

Case m ≥ 1, i.e., dim(X) ≥ 2. By Corollary 4.1.3(ii), it suffices to show that for any morphism

ϕ : Y → X from an elementary k′-analytic curve Y one has ϕ∗(f) ∈ CK′,n+1(Y ), where k′ is a finite

extension of k and K ′ = K ⊗k k′. Since ϕ∗(f) ∈ S̃λ,n(Y ) ⊂ Sλ,n+1(Y ), the induction hypothesis

implies the required fact.

In the situation of the beginning of this subsection, we say that a closed one-form ω ∈ Ω1
Sλ,i(Xη)

is weakly marked if it satisfies the properties (MF1), (MF3) and the following weaker form of the

property (MF2):

(M̃F2) there exists a Frobenius lifting φ at σ and a polynomial P (T ) ∈ k[T ] with no roots-of-

unity roots such that P (φ∗)ωσ ∈ dS̃λ,i

Xη,σ
.

The usefulness of weakly marked one-forms will be seen in Proposition 7.4.3. Notice that if

the property (MF2) (resp. (M̃F2)) holds for a Frobenius lifting φ, then it holds for any Frobenius

lifting φ′ with φ′ = φl or φ = φ′l, where l is a positive integer.

7.3.3. Proposition. Let ω ∈ Ω1,cl
Sλ,i(Xη) be a marked (resp. weakly marked) one-form. If the

property (MF2) (resp. (M̃F2)) holds for a polynomial P and a Frobenius lifting φ, then it holds

for the same polynomial P and any other Frobenius lifting φ′ of the same degree as φ.

Let ω ∈ Ω1,cl
Sλ,i(Xη) be a closed one-form that possesses the property (MF3) for the maximal
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stratum closure Xs. Suppose we are given a closed subfield k′ ⊂ Cp, a proper marked formal

scheme X′ over k′◦ with dim(X′η) ≤ m+1 if i = n, an embedding of fields k ↪→ k′, and a morphism

of formal schemes ϕ : X′ → X over the embedding k◦ ↪→ k′◦. Suppose also we are given a filtered

k′-algebra K ′ and a homomorphism of filtered algebras K → K ′ over the embedding k ↪→ k′ that

takes λ to an element λ′ ∈ K ′.

7.3.4. Lemma. Assume that ϕ is dominant, i.e., ϕ(σ′) = σ, where σ and σ′ are the generic

points of X and X′, respectively. Then for every pair of Frobenius liftings φ and φ′ of the same

degree at σ and σ′, respectively, and every j ≥ 0 one has

φ′∗
j
(ϕ∗(ω)σ′)− ϕ∗(φ∗j(ω))σ′ ∈ dSλ′,i

X′
η,σ′

.

Proof. Let Y be a small open affine subscheme of X from the property (MF3) (for the maximal

stratum closure Xs). Furthermore, let Z and Z′ be open affine subschemes of X̊ ∩Y and X̊
′
with

ϕ(Z′) ⊂ Z and such that φ and φ′ are Frobenius liftings of the germs (Xη, Zη) and (X′η, Z′η), and

let U and U ′ be open neighborhoods of Zη and Z′η at which the morphisms φj and φ′j are defined,

respectively, and the sheaf Ω1
U is free over OU . Consider the morphism of analytic spaces

ψj = (ϕ ◦ φ′j , φj ◦ ϕ) : U ′ → Xη × Xη .

Since the morphisms between closed fibers Z′s → Zs induced by ϕ◦φ′j and φj ◦ϕ coincide, it follows

that ψj(Z′η) ⊂ DZ ⊂ DX and, therefore, ψj(Z′η) is contained in an open neighborhood V of DZ in

DX. By Proposition 3.5.1 and the property (MF3), we can shrink V and U and assume that V is a

p1-discoid open neighborhood of DZ in DX, U = p1(V) and p∗2(ω) ∈ Ω1
p#
1 (Sλ,i(U))

(V). The one-form

considered coincides with ψ∗j (p∗1(ω)−p∗2(ω)). Hence it suffices to show that p∗1(ω)−p∗2(ω) ∈ dSλ,i(V).

But the restriction of the latter one-form to the diagonal ∆(U) is zero, and therefore the required

fact follows from Proposition 1.3.2 applied to the surjective discoid morphism p1 : V → U and the

DU -module Sλ,i(U).

Proof of Proposition 7.3.3. We apply Lemma 7.3.4 to the identity morphism X → X and the

Frobenius liftings φ and φ′. If P (φ∗)ωσ ∈ dSλ,i

Xη,σ
(resp. dS̃λ,i

Xη,σ
), it follows that P (φ′∗)ωσ ∈ dSλ,i

Xη,σ

(resp. dS̃λ,i

Xη,σ
).

7.4. Construction of a primitive of a weakly marked one-form. Let X be a proper

marked formal scheme over k◦. If i = n, we assume that dim(Xη) ≤ m + 1. Furthermore, let

ω ∈ Ω1
Sλ,i(Xη) be a closed one-form that possesses the properties (MF1) and (MF2) (resp. (M̃F2)),

and fix a Frobenius lifting φ at σ for which (MF2) (resp. (M̃F2)) holds.
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7.4.1. Proposition. (i) There exists a function fω ∈ Rλ,i+1(X), unique up to an element

of CK,i(Xη) (resp. CK,i+1(Xη)), such that dfω = ω and, for every polynomial P (T ) ∈ k[T ] with

no roots-of-unity roots and P (φ∗)ωσ ∈ dSλ,i

Xη,σ
(resp. dS̃λ,i

Xη,σ
), one has P (φ∗)(fω)σ ∈ Sλ,i

Xη,σ
(resp.

S̃λ,i

Xη,σ
);

(ii) if ω also satisfies (MF3), fω does not depend on the choice of the Frobenius lifting φ.

Proof. By Corollary 3.1.5, a function f ′ ∈ Rλ,i+1(X) with df ′ = ω exists. Let P (T ) ∈ k[T ]

be a polynomial with no roots-of-unity roots such that P (φ∗)ωσ = dg for some g ∈ Sλ,i

Xη,σ
(resp.

S̃λ,i

Xη,σ
). Then for the function h = P (φ∗)f ′σ − g one has dh = 0, and Lemma 7.3.2 implies that

h ∈ CK,i+1
R (X, σ). By Lemma 6.3.2(i), the map P (φ∗) : CK,i+1

R (X) → CK,i+1
R (X, σ) = CK,i+1

R (X) is

a bijection. We can therefore find an element α ∈ CK,i+1
R (X) with P (φ∗)f ′σ − g = P (φ∗)ασ. The

function fω = f ′−α is contained in Rλ,i+1(X) and satisfies the required properties. The bijectivity

of the above map implies that fω is uniquely defined by the element g and the polynomial P .

We claim that, up to an element of Cλ,i(Xη) (resp. Cλ,i+1(Xη)), the function fω does not

depend on the choice of g and P and, if ω satisfies (MF3), of the Frobenius lifting φ.

Let g′ be another element of Sλ,i

Xη,σ
(resp. S̃λ,i

Xη,σ
) with P (φ∗)ωσ = dg′. Then d(g′−g) = 0. The

induction hypothesis (resp. Lemma 7.3.2) implies that g′ − g ∈ CK,i

Xη,σ
(resp. CK,i+1

Xη,σ
). By Lemma

3.1.1, the element g′ − g is the restriction of a unique element from CK,i(Xη) (resp. CK,i+1(Xη)).

If f ′ is the function from Rλ,i+1(X) with df ′ = ω and P (φ∗)f ′σ = g′, then f ′ − f ∈ CK,i+1
R (X)

and P (φ∗)(f ′σ − fσ) = g′ − g ∈ CK,i

Xη,σ
(resp. CK,i+1

Xη,σ
), where f = fω. Since the actions of P (φ∗)

on CK,i+1
R (Xη) and CK,i

Xη,σ
(resp. CK,i+1

Xη,σ
) are bijective, it follows that f ′ − f ∈ CK,i(Xη) (resp.

CK,i+1(Xη)).

Furthermore, let Q(T ) ∈ k[T ] be the monic polynomial of minimal degree with Q(φ∗)ωσ ∈
dSλ,i

Xη,σ
(resp. dS̃λ,i

Xη,σ
). It is clear that Q(T ) divides P (T ), and so let P (T ) = Q(T )Q′(T ). Let

Q(φ∗)ωσ = dg′ for some g′ ∈ Sλ,i

Xη,σ
(resp. S̃λ,i

Xη,σ
). We have P (φ∗)ωσ = d(Q′(φ∗)g′). If f ′ is

the function from Rλ,i+1(Xη) with df ′ = ω and Q(φ∗)f ′σ = g′, then P (φ∗)f ′σ = Q′(φ∗)g′, and the

required fact follows from the previous paragraph.

Finally, let φ′ be another Frobenius lifting at σ, and let f ′ω be the corresponding primitive.

Assume first that φ′ = φl for some integer l ≥ 1. If P (T ) =
∏

j(T − αj) with αj ∈ ka, the

polynomial Q(T ) =
∏

j(T − αl
j) has coefficients in k, and one has Q(T l) = P (T )P ′(T ) for some

P ′(T ) ∈ k[T ]. It follows that Q(φ′∗)(fω)σ = g′ with g′ = P ′(φ∗)g ∈ Sλ,i

Xη,σ
(resp. S̃λ,i

Xη,σ
), and the

required fact follows from the independence of f ′ω on the choice of g′. It remains to consider the

case when φ and φ′ are of the same degree. In this case Lemma 7.3.4 implies that P (φ′∗)ωσ = dg′
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for some g′ ∈ Sλ,i

Xη,σ
(resp. S̃λ,i

Xη,σ
), and again the required fact follows from the independence of

f ′ω on the choice of the element g′.

7.4.2. Lemma. Let ω ∈ Ω1,cl
Sλ,i(Xη) be a marked (resp. weakly marked) one-form. Then

(i) if i ≤ n− 1 or i = n and dim(Xη) ≤ m, then fω ∈ Sλ,i+1(Xη)

(ii) if ω = dh for some h ∈ S̃λ,i(Xη), then fω − h ∈ CK,i+1(Xη);

(iii) given a dominant morphism ϕ : X′ → X as in Lemma 7.3.4, one has fϕ∗(ω) − ϕ∗(fω) ∈
CK′,i(X′η) (resp. CK′,i+1(X′η));

(iv) if dim(Xη) = 1, the construction of fω is compatible with that of Lemma 6.5.2, i.e., if

ωσ ∈ Gλ,i

X,σ
⊗OXη,σ

Ω1
Xη,σ

, then (fω)σ ∈ Fλ,i+1

X,σ
.

Notice that in (iii) the one-form ϕ∗(ω) is marked (resp. weakly marked), by Lemma 7.3.4.

Proof. (i) We know that a function f ′ ∈ Sλ,i+1(Xη) with df ′ = ω exists. Let x be a

closed point of Xs. Since ωx ∈ Ω1
Lλ,i(π−1(x)) and Lλ,i(π−1(x)) ⊂ Sλ,i(π−1(x)), it follows that

f ′x ∈ Lλ,i+1(π−1(x)), i.e., f ′ ∈ Rλ,i+1(X). One has P (φ∗)f ′σ − g ∈ Sλ,i+1

Xη,σ
and d(P (φ∗)f ′σ − g) = 0.

It follows that P (φ∗)f ′σ − g ∈ CK,i+1

Xη,σ
= CK,i+1(Xη). Since the map P (φ∗) : CK,i+1

Xη,σ
→ CK,i+1

Xη,σ
is

a bijection, there exists an element α ∈ CK,i+1(Xη) with P (φ∗)f ′σ − g = P (φ∗)ασ. The function

f ′ − α is contained Sλ,i+1(Xη) ∩Rλ,i+1(X), and Proposition 7.4.1 implies that fω = f ′ − α.

(ii) One has d(P (φ∗)hσ − g) = 0 and P (φ∗)hσ − g ∈ S̃λ,i

Xη,σ
. Lemma 7.3.2 implies that

P (φ∗)hσ − g ∈ CK,i+1

Xη,σ
= CK,i+1(Xη). Since the map P (φ∗) : CK,i+1

Xη,σ
→ CK,i+1

Xη,σ
is a bijection, to

prove the required fact it suffices to show that h ∈ Rλ,i+1(X). Let x be a closed point of Xs.

One has (fω)x − hx ∈ S̃λ,i(π−1(x)) and d((fω)x − hx) = 0 and, by Lemma 7.3.2 again, we get

(fω)x − hx ∈ CK,i+1(π−1(x)), i.e., h ∈ Rλ,i+1(X).

(iii) and (iv) trivially follow from Proposition 7.4.1 and Lemma 6.5.2, respectively.

We now want to extend the conclusion of Lemma 7.4.2(iii) to not necessarily dominant mor-

phisms X′ → X. In the following proposition k′ is a closed subfield of Cp, X′ is a proper marked

formal scheme over k′◦ with dim(X′η) ≤ m + 1 if i = n, and K ′ is a filtered k′-algebra.

7.4.3. Proposition. Given a marked one-form ω ∈ Ω1,cl
Sλ,i(Xη), there exists an open neigh-

borhood U of σ such that, for any triple (k′, X′, K ′) as above, any embedding of fields k ↪→ k′, any

morphism of formal schemes ϕ : X′ → X over the embedding k◦ ↪→ k′◦ with ϕ(σ′) ∈ U , and any

homomorphism of filtered algebras K → K ′ over the embedding k ↪→ k′, the one-form ϕ∗(ω) is

weakly marked and fϕ∗(ω) − ϕ∗(fω) ∈ CK′,i+1(X′η). If dim(Xη) = 1, one can take U = Xη.
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For needs of the following subsection we denote by Uω the maximal open neighborhood of σ

that possesses the property of Proposition 7.4.3. (It will be shown in fact that Uω is always Xη.)

Proof. First of all, it follows from Lemma 7.4.2(iii) that the construction of the primitives

is preserved under the base change with respect to an embedding of fields k ↪→ k′ and under the

change with respect to a homomorphism of filtered algebras K → K ′, and so it suffices to consider

only morphisms over the same field k and with the same filtered k-algebra K.

Let us fix a Frobenius lifting φ at the point σ and a polynomial P (T ) ∈ k[T ] without roots-of-

unity roots for which P (φ∗)ωσ ∈ dSλ,i

Xη,σ
. Furthermore, let U be an open neighborhood of σ such

that the morphisms φj , 0 ≤ j ≤ deg(P ), are defined on U , P (φ∗)ω ∈ dSλ,i(U), and the sheaf of

OU -modules Ω1
U is free. We claim that the set U possesses the required property.

Indeed, let ϕ : X′ → X be a morphism with ϕ(σ′) ∈ U . Let Y̊ be the stratum of Xs that

contains the point π(ϕ(σ′)) and Y its closure in Xs. Since X′s is proper, its image is closed in

Xs and, therefore, one has ϕ(X′η) ⊂ π−1(Y). Let Y be a small open affine subscheme of X with

Ys ∩ Y̊ 6= ∅, and let V be a p1-semi-annular open neighborhood of DY′ in DY , where Y ′ = Y ∩Ys,

such that W = p1(V) ⊂ U and p∗2(ω) ∈ Ω1
M (V), where M =

∑i
j=0 p#

1 (Sλ,j(W))Lλ,i−j(V) (see the

property (IH3.3)).

Furthermore, let Z′ be a non-empty open affine subscheme of X̊
′
with ϕ(Z′s) ⊂ Ys ∩ Y̊, φ′ a

Frobenius lifting on the germ (X′η, Z′η), and U ′ an open neighborhood of Z′η such that the morphisms

φ′j , 0 ≤ j ≤ deg(P ), are defined on U ′ and ϕ(U ′) ⊂ U . Given 0 ≤ j ≤ deg(P ), consider the

morphism of analytic spaces

ψj = (ϕ ◦ φ′j , φj ◦ ϕ) : U ′ → Xη × Xη .

Since ϕ ◦ φ′j and φj ◦ ϕ induce the same morphism Z′s → (Y̊ ∩ Ys) × (Y̊ ∩ Ys), it follows that

ψj(Z′η) ⊂ π−1(∆(Y̊ ∩Ys)) ⊂ DY′ . We can therefore shrink U ′ and assume that ψj(U ′) ⊂ V for all

0 ≤ j ≤ deg(P ). We have

φ′∗
j
(ϕ∗(ω))− ϕ∗(φ∗j(ω)) = ψ∗j (p∗1(ω)− p∗2(ω)) .

Thus, to prove our claim it suffices to show that p∗1(ω)− p∗2(ω) ∈ dN , where

N =
i∑

j=0

p#
1 (Sλ,j(W))Lλ,i−j+1(V) .

But the restriction of the latter one-form to the diagonal ∆(W) is zero, and so the required fact

follows from Corollary 1.5.6.
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Assume now that dim(Xη) = 1. If ϕ is not dominant, the image of X′s in Xs is a closed point x,

and one has ϕ(X′η) ⊂ π−1(x). Since (fω)x ∈ Lλ,i+1(π−1(x)), then ϕ∗(fω) ∈ Lλ,i+1(X′η) ⊂ S̃λ,i(X′η),

and the required fact follows from Lemma 7.4.2(ii) because ϕ∗(ω) = d(ϕ∗(fω)).

7.5. Construction of the DX-modules Sλ,n+1
X . We say that a smooth k-analytic space X

is atomic if it is split or marked, i.e., it is provided with an isomorphism with a space of the form

Y ×D or Y ×B, where Y is a smooth k′-analytic space of dimension dim(X)− 1 whose sheaf Ω1
Y

is free over OY , and D and B are open disc and annulus with center at zero, or with the generic

fiber Xη of a proper marked formal scheme over k′◦, respectively, where k′ is a finite extension of

k (see the end of §1.1). Let X be an atomic k-analytic space of dimension at most m + 1. We say

that a closed one-form ω ∈ Ω1
Sλ,n(X) is atomic if it is split or marked in each of the corresponding

cases. Given such a form ω, we denote by fω its primitive constructed in §7.2 and Proposition

7.4.1, respectively. The primitive fω is defined uniquely up to an element of CK,n+1(X). We also

denote by Uω the open subset of X introduced after the formulation of Proposition 7.4.3 in the

case when X is marked and of dimension at least 2, and set Uω = X in all other cases.

7.5.1. Lemma. Let ϕ : X ′ → X be a morphism between atomic k-analytic spaces of

dimension at most m + 1, and let ω ∈ Ω1
Sn(X) be an atomic closed one-form on X such that its

pullback ϕ∗(ω) is also atomic. Then (fϕ∗(ω)−ϕ∗(fω))
∣∣
V ∈ CK,n+1(V), where V = Uϕ∗(ω)∩ϕ−1(Uω).

Proof. If both spaces are split, the statement follows from Lemma 7.2.2(iii). In the general

case, by Corollary 4.1.4, it suffices to show that the function g = ψ∗(fϕ∗(ω) − ϕ∗(fω)) is contained

in CK,n+1(Z) for any morphism ψ : Z → V from a smooth basic k′-analytic curve Z, where k′ is a

finite extension of k.

Assume that both spaces X and X ′ are marked. Increasing the field k, we may assume that

X and X ′ are the generic fibers of proper marked formal schemes X and X′ over k◦, respectively,

and Z = X an
η \∪l

µ=1 E(0; rµ), where X is a smooth projective curve over k◦, x1, . . . ,xl are pairwise

distinct k̃-rational points of Xs and 0 < rµ < 1 with rµ ∈ |k∗|. Given numbers rµ < r′µ < 1 with

r′µ ∈
√
|k∗|, let W denote the strictly affinoid domain X an

η \ ∪l
µ=1 D(0, r′µ) and W ′ the open set

X an
η \ ∪l

µ=1 E(0, r′µ). It suffices to show that g
∣∣
W ′ ∈ CK,n+1(W ′). For this we may increase the

field k and assume that r′µ ∈ |k∗| for all 1 ≤ µ ≤ l, i.e., that W is a k-affinoid basic curve. By

Proposition 2.4.2 applied to the induced morphism W → (X × X′)η, we can increase the field k

and find a finite open covering W ′ = ∪νW ′
ν such that each W ′

ν is the generic fiber of a proper

marked formal scheme Yν over k◦ and the induced morphisms Wν → Xη and W ′
ν → X′η come from

morphisms of formal schemes Yν → X and Yν → X′, respectively. Since the latter two morphisms
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satisfy the assumption of Proposition 7.4.3, it follows that the functions ψ∗(fϕ∗(ω))− f(ϕψ)∗(ω) and

(ϕψ)∗(fω)− f(ϕψ)∗(ω) are contained in CK,n+1(Z), i.e., g ∈ CK,n+1(Z).

If one of the spaces is split and another one is marked, then the reasoning from the previous

paragraph reduces the situation to the case when the morphism from Z to the marked space is

induced by a morphism of the corresponding proper marked formal schemes and so, by Proposition

7.4.3, the pullback of the primitive on the marked space coincide with the primitive of the pullback

of the one-form on Z (up to an element of CK,n+1(Z)). The similar fact is true for the morphism

of Z to the split space, by the induction hypotheses.

7.5.2. Lemma. Let X be a smooth k-analytic space of dimension at most m + 1 with

H1(X, cX) = 0. Then every closed one-form ω ∈ Ω1
Sλ,n(X) has a primitive f ∈ NK,n+1(X) which

is defined uniquely up to an element of CK,n+1(X) by the following property: given a morphism

ϕ : V → X from an atomic k-analytic space of dimension at most m + 1 such that the one-form

ϕ∗(ω) is atomic, one has ϕ∗(f)− fϕ∗(ω) ∈ CK,n+1(V ).

Proof. Step 1. Given a closed one-form ω ∈ Ω1
Sλ,n(X), we say that a morphism ϕ : V → X

is ω-atomic if (1) V is an atomic k-analytic space; (2) the one-form ϕ∗(ω) is atomic; (3) ϕ is

étale, if V is split, or a marked neighborhood of the image of the generic point of V , otherwise.

Furthermore, we say that a family of morphisms {Vi
ϕi−→ X}i∈I is an ω-atomic covering of X if

all of the morphisms ϕi are ω-atomic and X = ∪i∈Iϕi(Vi), where Vi denotes the étaleness locus

of the morphism Uϕ∗
i
(ω) → X (i.e., {Vi

ϕi−→ X}i∈I is an étale covering of X). By the induction

hypotheses and Lemmas 7.2.1 and 7.3.1, an ω-atomic covering of X always exists. Given a pair

i, j ∈ I, consider the cartesian diagram

Vi
ϕi−→ X

xψj

xϕj

Vij
ψi−→ Vj

We claim that ψ∗i (fϕ∗
j
(ω)) − ψ∗j (fϕ∗

i
(ω)) ∈ CK,n+1(Vij). Indeed, if η is the one-form ψ∗i (ϕ∗j (ω)) =

ψ∗j (ϕ∗i (ω)), it suffices to verify that, for any η-atomic morphism α : W → Vij , the restrictions of

the functions fα∗(η) − α∗(ψ∗i (fϕ∗
j
(ω))) and fα∗(η) − α∗(ψ∗j (fϕ∗

i
(ω))) to the open subset Uα∗(η) are

contained in CK,n+1(Uα∗(η)), but this follows from Lemma 7.5.1.

Thus, the one-form ω defines a one-cocycle of the étale covering {Vi
ϕi−→ X}i∈I with coefficients

in the étale sheaf CK,n+1
X . Since H1(X, cX) = 0, this one-cocycle is a co-boundary and, therefore,

there is a primitive f ∈ NK,n+1(X) of ω, unique up to an element of CK,n+1(X), such that
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(ϕ∗i (f)− fϕ∗
i
(ω))

∣∣
Vi
∈ CK,n+1(Vi) for all i ∈ I. From the construction it follows that, for any open

subset X ′ ⊂ X with H1(X ′, cX′) = 0, the restriction of f to X ′ coincides, up to an element of

CK,n+1(X ′), with the primitive of the form ω
∣∣
X′ constructed on X ′. Of course, if X is of dimension

at most m, the induction hypotheses imply that f ∈ Sλ,n+1(X).

Step 2. If, in the above situation, the space X and the one-form ω are atomic, then f − fω ∈
CK,n+1(X). Indeed, it remains to verify the claim only in the case when X is marked of dimension

m + 1 ≥ 2. Let X be the generic form of a proper marked formal scheme X over k◦. We know that

(f −fω)
∣∣
U ∈ CK,n+1(U) for an open neighborhood U of the generic point of X. Corollary 3.2.6 then

implies that it suffices to verify that (f − fω)x ∈ CK,n+1(π−1(x)) for every closed point x ∈ Xs.

Since ω is marked, one has ωx ∈ Ω1
Lλ,n(π−1(x)) and (fω)x ∈ Lλ,n+1(π−1(x)). Increasing the field

k, we may assume that the point x is k̃-rational. It follows from the description of Lemma 3.1.2

that the space π−1(x) can be covered by open subsets U isomorphic to a product of open annuli

and discs. Of course, such a subset U is split and the restriction of the form ω to it is split. The

claim now follows from the fact that it is known to be true for split spaces.

The statement of the lemma now easily follows from the construction of f , Step 2 and Lemma

7.5.1.

7.5.3. Corollary. Given an atomic k-analytic space X of dimension at most m + 1 and an

atomic closed one-form ω ∈ Ω1
Sλ,n(X), the one-form ω is atomic with respect to any other structure

of an atomic space on X, and its primitive fω does not depend, up to an element of CK,n+1(X), on

the choice of such a structure.

7.5.4. Corollary. Let ϕ : X ′ → X be a morphism between smooth k-analytic spaces of

dimension at most m + 1 with H1(X, cX) = H1(X ′, cX′) = 0. Given a closed one-form ω ∈
Ω1
Sλ,n(X), one has fϕ∗(ω) − ϕ∗(fω) ∈ CK,n+1(X ′).

For a smooth k-analytic space X of dimension at most m+1 with H1(X, cX) = 0, let Pλ,n+1(X)

denote the k-vector subspace of NK,n+1(X) generated by the primitives fω for all closed one-forms

ω ∈ Ω1
Sλ,n(X). It follows that there is an exact sequence of vector spaces

0 −→ CK,n+1(X) −→ Pλ,n+1(X) d−→ Ω1,cl
Sλ,n(X) −→ 0

and, given a morphism ϕ : X ′ → X as in Corollary 7.5.4, one has ϕ∗(f) ∈ Pλ,n+1(X ′) for all

functions f ∈ Pλ,n+1(X). Furthermore, given an open covering X = ∪i∈IUi by open subsets with

H1(Ui, cX) = 0, if a function f ∈ NK,n+1(X) is such that f
∣∣
Ui
∈ Pλ,n+1(Ui) for all i ∈ I, then
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f ∈ Pλ,n+1(X). Indeed, since the one-forms (df)
∣∣
Ui
∈ Ω1,cl

Sλ,n(Ui) are compatible on intersections,

there exists a one-form ω ∈ Ω1,cl
Sλ,n(X) with df = ω and, therefore, (f − fω)

∣∣
Ui
∈ CK,n+1(Ui) for all

i ∈ I, and Lemma 7.5.2 easily implies that f − fω ∈ CK,n+1(X), i.e., f ∈ Pλ,n+1(X).

We now extend the definition of Pλ,n+1(X) to an arbitrary smooth k-analytic space of dimen-

sion m+1 using the main result of [Ber9], which implies that a basis of topology of X is formed by

the open subsets U with H1(U , cU ) = 0. Namely, we let Pλ,n+1(X) denote the vector space of all

functions f ∈ NK,n+1(X) such that f
∣∣
U ∈ Pλ,n+1(U) for all open subsets U with H1(U , cU ) = 0. It

follows that, given a morphism ϕ : X ′ → X of smooth k-analytic spaces of dimension at most m+1,

one has ϕ∗(f) ∈ Pλ,n+1(X ′) for all f ∈ Pλ,n+1(X). Lemma 7.5.2 implies that the correspondence

X ′ 7→ Pλ,n+1(X ′) is a sheaf in the étale topology of X, and so there is an exact sequence of sheaves

0 −→ CK,n+1
X −→ Pλ,n+1

X
d−→ Ω1,cl

Sλ,n,X
−→ 0 .

Of course, if dim(X) ≤ m, the sheaf Pλ,n+1
X coincides with that considered in §7.1.

Finally, we define Sλ,n+1
X as the étale subsheaf of OX -modules in NK,n+1

X generated by Pλ,n+1
X .

Since d(Pλ,n+1
X ) ⊂ Ω1

Sλ,n,X , it follows that d(Sλ,n+1
X ) ⊂ Ω1

Sλ,n+1,X , i.e., Sλ,n+1
X is a DX -submodule

of NK,n+1
X .

7.6. End of the proof. It remains to verify that the DX -modules Sλ,n+1
X satisfy all of the

induction hypotheses and the properties (i)-(iii) of Theorem 1.6.2, and that they are unique. First

of all, the validity of the properties (a), (c), (d), (e) and (f) from Theorem 1.6.1 and of the property

(IH2) trivially follow from the construction.

The property (b). We have to prove that, if df = 0 for a function f ∈ Sλ,n+1(X), then

f ∈ CK,n+1(X). Corollary 4.1.3(ii) reduces the situation to the case when X is a smooth k-analytic

curve. Since the statement is local in the étale topology of X, we may assume that X is atomic and

f =
∑l

i=1 figi, where fi ∈ O(X) and all gi ∈ Pλ,n+1(X) are such that the one-forms dgi ∈ Ω1
Sλ,n(X)

are atomic. If they are in fact split and, in particular, X is isomorphic to D or B, it follows that

f ∈ Lλ,n+1(X), and the required fact is trivial. Assume therefore, that X and all dgi are marked.

In this case we may even assume that dgi,σ ∈ Gλ,n

X,σ
⊗OXη,σ

Ω1
Xη,σ

for all 1 ≤ i ≤ l, where X is a

proper marked formal scheme with Xη = X and σ is its generic point. Lemma 7.4.2(iv) implies that

gi,σ ∈ Fλ,n+1

X,σ
for all 1 ≤ i ≤ l and, therefore, fσ ∈ Fλ,n+1

X,σ
. The latter implies that fσ ∈ CK,n+1

Xη,σ
.

Since fx ∈ CK,n+1(π−1(x)) for all closed points x ∈ Xs it follows that f ∈ CK,n+1(Xη).

To verify the remaining properties and, in particular, the property (g) formulated in §7.1, we

make a preliminary observation similar to that from §7.1.
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Suppose we are given a proper marked formal scheme X over k◦ with dim(Xη) ≤ m + 1

and a nonempty open affine subscheme Z ⊂ X◦. Since H1(Zη, cZη
) = 0, every closed one-form

ω ∈ Ω1,cl
Sλ,n(Xη, Zη) has a primitive in Sλ,n+1(Xη, Zη) and, therefore, given a Frobenius lifting φ on

(Xη, Zη), the injective homomorphisms of F -isocrystals Ei(Xη, Z) → Sλ,i(Xη, Zη) considered in §7.1

for 0 ≤ i ≤ n extends to a similar homomorphism for i = n+1. The properties of the sheaves Sλ,n+1
X

already known imply that the induced homomorphism EK,n+1(Xη,Z) → Sλ,n+1(Xη, Zη) is injective

and that its image Gλ,n+1(X, Z) does not depend on the choice of the Frobenius lifting. Let Gλ,n+1

X,σ

be the union of the latter in Sλ,n+1

Xη,σ
taken over all Z’s. Given 0 ≤ i, j ≤ n + 1 with i + j = n + 1,

Lemma 6.4.2, applied to the multiplication homomorphisms from Ei(Xη, Z) ⊗B Ej−1(Xη, Z) and

Ei−1(Xη,Z)⊗B Ej(Xη,Z) to Ei+j−1(Xη, Z), implies that Gλ,i(X, Z)·Gλ,j(X, Z) ⊂ Gλ,n+1(X, Z) and,

therefore, Gλ,i

X,σ
·Gλ,j

X,σ
⊂ Gλ,n+1

X,σ
.

The property (g). It is enough to show that, given f ∈ Pλ,i(X) and g ∈ Pλ,j(X), one has

f ·g ∈ Pλ,n+1(X) in the case when dim(X) = m + 1, 1 ≤ i, j ≤ n and i + j = n + 1. Since this fact

is local in the étale topology, we may assume that the space X and the one-forms df ∈ Ω1
Sλ,i−1(X)

and dg ∈ Ω1
Sλ,j−1(X) are atomic. If they are in fact split, then the required fact easily follows

from the induction hypotheses. Assume they are marked. Using the induction hypothesis (IH3)

and increasing the field k, we may assume in addition that X is the generic fiber Xη of a proper

marked formal scheme X over k◦, fσ ∈ Gλ,i

X,σ
and gσ ∈ Gλ,j

X,σ
, where σ is the generic point of X.

It follows that f ·g ∈ Rλ,n+1(X) and (f ·g)σ ∈ Gλ,n+1

X,σ
. On the other hand, the closed one-form

ω = f ·dg + g·df ∈ Ω1
Sλ,n(Xη) possesses the property (MF1), and since ωσ ∈ Gλ,n

X,σ
⊗OXη,x

Ω1
Xη,σ

, it

also possesses the property (MF2), i.e., given a Frobenius lifting φ at σ, there exists a polynomial

P (T ) ∈ k[T ] with no roots-of-unity roots and P (φ∗)ωσ ∈ dGλ,n

X,σ
. Since d(f ·g) = ω, it follows

that d(P (φ∗)(f ·g)σ) ∈ dGλ,n

X,σ
, and since the kernel of the differential on Gλ,n+1

X,σ
coincides with

CK,n+1

Xη,σ
= CK,n+1(Xη), it follows that P (φ∗)(f ·g)σ ∈ Gλ,n

X,σ
+ CK,n+1

Xη,σ
⊂ S̃λ,n

Xη,σ
. Proposition 7.4.1(i)

now implies that the function f ·g is precisely the primitive of ω given by the proposition, i.e.,

f ·g ∈ Pλ,n+1(Xη).

The property (IH1). It suffices to verify that Gλ,n+1(Xη, Z) ⊂ Rλ,n+1(X, Zη) and, for the latter,

it suffices to show that any element f ∈ Gλ,n+1(Xη, Z) with df ∈ Gλ,n(Xη,Z) ⊗B Ω1
B is contained

in Rλ,n+1(X,Zη). By the induction hypothesis, Gλ,n(Xη, Z) ⊂ Rλ,n(X,Zη). Let U be an open

neighborhood of Zη in Xη with f ∈ Sλ,n+1(U) and such that, for every closed point x ∈ Xs, the

intersection π−1(x)∩U is either an open disc or annulus and the restriction of df to it is contained

in Ω1
Lλ,n(π−1(x)∩U). The latter has a primitive in Lλ,n+1(π−1(x)∩U) ⊂ Sλ,n+1(π−1(x)∩U), and

the required fact follows.
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The property (IH3). It is enough to verify the properties (IH3.1)-(IH3.3) for a function f ∈
Pλ,n+1(X) which is a primitive of a closed one-form ω ∈ Ω1

Sλ,n(X). First of all, Lemma 7.3.1 reduces

the situation to the case when X is the generic fiber Xη of a proper marked formal scheme X over

k◦, the one-form ω is marked and ωσ ∈ Gλ,n

X,σ
⊗OXη,σ

Ω1
Xη,σ

. The construction of f from Proposition

7.4.1 immediately implies that f ∈ Rλ,n+1(X), i.e., (IH3.1) is true. Since fσ ∈ Sλ,n+1

Xη,σ
and ωσ = dg

for some g ∈ Gλ,n+1

X,σ
, it follows that fσ − g ∈ CK,n+1

Xη,σ
= CK,n+1(Xη) and, therefore, fσ ∈ Gλ,n+1

X,σ
,

i.e., (IH3.2) is true. Finally, given a stratum closure Y ⊂ Xs, the property (MF3) of ω tells that

there exists a small open affine subscheme Y ⊂ X with Y ∩ Y̊ 6= ∅ and the following property: if

Y = X (resp. Y is arbitrary), there is a p1-discoid (resp. p1-semi-annular) open neighborhood V
of DY′ in DY with Y ′ = Y ∩Ys such that p∗2(ω) ∈ Ω1

M (V), where M = p#
1 (Sλ,n(U)) (resp. M =

∑n
j=0 p#

1 (Sλ,j(U))·Lλ,n−j(V)) and U = p1(V). Shrinking U , we may assume that theOU -module Ω1
U

is free and, therefore, we can apply Proposition 1.3.2 (resp. Corollary 1.5.6). It follows that p∗2(ω) =

dg for some g ∈ N , where N = p#
1 (Sλ,n+1(U)) (resp. N =

∑n+1
j=0 p#

1 (Sλ,j(U))·Lλ,n+1−j(V)). The

restriction of g to the diagonal ∆(U) lies in Sλ,n+1(∆(U)), and the restriction of p∗2(f) coincides

with that of p∗1(f) and, therefore, also lies in Sλ,n+1(∆(U)). By the property (a) already verified,

we may assume that both restrictions are equal. We then claim that p∗2(f) = g. Indeed, it suffices

to verify the equality at the fiber p−1
1 (x) of every point x ∈ U0. The restriction of g to it lies in

Lλ,n+1(p−1
1 (x)) and, by the property (f), the restriction of p∗2(f) lies in Sλ,n+1(p−1

1 (x)). The claim

now follows from the property (b).

The properties (ii) and (iii) of Theorem 1.6.2 easily follow from the already established prop-

erties of Theorem 1.6.1 and the construction of the sheaves Sλ,n+1
X , respectively.

The property (i). By Theorem 4.1.1, we may assume that either X is isomorphic to an open

disc or annulus and f ∈ Lλ,n+1(X), or X = Xη, where X is a proper marked formal scheme over

k◦ with dim(Xη) = 1, and f ∈ Rλ,n+1(X) and fσ ∈ Fλ,n+1

X,σ
. In the first case, the required fact

follows from Lemma 1.4.2. In the second case, the same lemma implies that if U ∩ π−1(x) 6= ∅,
then f

∣∣
π−1(x)

= 0, and the required fact follows from Lemma 6.5.1.

Uniqueness of the DX-modules Sλ,n+1
X . Assume one can construct another DX -submodule

Ŝλ,n+1
X ⊂ NK,n+1

X which together with the DX -submodules Sλ,i
X , 0 ≤ i ≤ n, possesses the properties

of Theorem 1.6.1. It follows easily that these sheaves also satisfy the property (ii) of Theorem 1.6.2.

It suffices to verify that, given a closed one-form ω ∈ Ω1
Sλ,n(X), its local primitives in Ŝλ,n+1

X are

local sections of Pλ,n+1
X . For this we may assume that X and ω are atomic, and let f and f̂

be primitives of ω in Sλ,n+1(X) and Ŝλ,n+1(X), respectively. If X and ω are in fact split, the

required fact f − f̂ ∈ CK,n+1(X) follows from the construction of the primitive of ω in §7.2 and
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the property (e). Assume therefore that they are marked, and let X = Xη, where X is a proper

marked scheme over k◦. By (MF1), one has ω ∈ Ω1
Rλ,n(X) and, therefore, the property (e) and

the Logarithmic Poincaré Lemma imply that f̂ ∈ Rλ,n+1(X). Furthermore, by (MF2), there exists

a Frobenius lifting φ at σ and a polynomial P (T ) ∈ k[T ] without roots-of-unity roots such that

P (φ∗)ωσ = dg with g ∈ Sλ,n

Xη,σ
. It follows that d(P (φ∗)f̂σ − g) = 0. But from the property (f) it

follows that P (φ∗)f̂σ − g ∈ Ŝλ,n+1

Xη,σ
, and the property (b) implies that P (φ∗)f̂σ − g ∈ CK,n+1(Xη),

i.e., P (φ∗)f̂σ ∈ Sλ,n

Xη,σ
. It follows now from Proposition 7.4.1(i) that f − f̂ ∈ CK,n+1(X).
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§8. Properties of the sheaves Sλ
X

In this section we refine information on the sheaves Sλ
X using the fact that they exist. First

of all, we show that any connected wide germ with good reduction (X, Y ) can be provided with

a unique filtered D(X,Y )-subalgebra Eλ(X,Y ) ⊂ Sλ(X, Y ) with the properties (a)-(d) and (f) of

Coleman’s algebras mentioned in the introduction, and we relate it to the isocrystal Eλ(X, Y)

considered in §5.5 and §7.1. We also show that any proper marked formal scheme X over k◦ can be

provided with a unique filtered O(Xη)-subalgebra Eλ(X) ⊂ Sλ(Xη) which is a filtered DXη
-algebra

that possesses similar properties and some sort of continuity (see Theorem 8.2.1(1)). Given a

function f ∈ Sλ(X) on a smooth k-analytic space X, every point x ∈ X with s(x) = dim(X) has a

marked neighborhood ϕ : Xη → X with ϕ∗(f) in the image of the canonical injective homomorphism

Eλ(X)⊗k K → Sλ(Xη). The latter is used to provide each stalk of Sλ
X at a geometric point x over a

point x ∈ X with a Gx/x-invariant filtered DOX,x
-subalgebra Eλ

X,x which is functorial with respect

to (k, X, x,K, λ) and such that the homomorphism kLog → K : Log(p) 7→ λ gives rise to an

isomorphism EX,x
∼→ Eλ

X,x and, if f1, . . . , ft are elements of O∗X,x for which |f1(x)|, . . . , |ft(x)| for

a basis of the Q-vector space
√
|H(x)∗|/

√
|k∗|, then there is a Gx/x-equivariant isomorphism of

filtered DOX,x
-algebras Eλ

X,x[T1, . . . , Tt]⊗k K
∼→ Sλ

X,x : Ti 7→ Logλ(fi). We prove that the subspace

VX,x ⊂ Ω1,cl
X,x/dOX,x, introduced in §4.5, coincides with the space of the classes of closed one-forms

Ω1
X,x that admit a primitive in Eλ

X,x = (Eλ
X,x)Gx/x . If dim(X) = 1 and x is a point of type (2),

we construct a Gx/x-equivariant isomorphism between EX,x and the shuffle algebra ShOX,x
. In

§8.4, we prove a uniqueness result which implies the following generalization of the property of the

logarithmic function mentioned at the beginning of the introduction. Assume that X is connected,

the OX -module Ω1
X is free over a nonempty Zariski open subset and H1(X, cX) = 0. Assume also

we are given closed analytic one-forms {ωi}i∈I which are linearly independent over k modulo exact

one-forms and, for a point x ∈ X(k), let fi be a primitive of ωi in OX,x. Then the functions

{fi}i∈I are algebraically independent over the image of O(X) in OX,x. Finally, in §8.5, we consider

the filtered DX -subalgebra sX = SX ∩ nX and prove that sX ∩ LX = OX and that the subsheaf

ΨX ⊂ Ω1,cl
X /dOX , introduced in §4.5, coincides with the sheaf of the classes of closed one-forms

that admit local primitives which are sections of sX .

8.1. Filtered D(X,Y )-algebras Eλ(X,Y ) for germs with good reduction. We say that

a k-germ (X,Y ) (or a k-analytic space Y ) has good reduction if Y is isomorphic to the generic

fiber Yη of a smooth formal scheme Y over k◦. Notice that any wide germ with good reduction is

smooth. A D(X,Y )-module on a smooth k-germ (X,Y ) is an O(X, Y )-submodule M ⊂ NK(X,Y )
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such that dM ⊂ Ω1
M (X, Y ), where Ωq

M (X,Y ), q ≥ 0, denotes the image of M ⊗O(X,Y ) Ωq(X, Y ) in

Ωq

NK (X,Y ). A D(X,Y )-algebra is a D(X,Y )-module which is also a subalgebra of NK(X, Y ).

8.1.1. Theorem. Every connected wide k-germ with good reduction (X,Y ) can be provided

with a unique filtered O(X, Y )-subalgebra Eλ(X, Y ) ⊂ Sλ(X, Y ) such that the following is true:

(a) Eλ(X, Y ) is a filtered D(X,Y )-algebra;

(b) Eλ,0(X, Y ) = O(X,Y );

(c) Ker(Eλ(X,Y ) d→ Ω1
Eλ(X,Y )) = c(X,Y ) (= c(Y ));

(d) every closed one-form ω ∈ Ω1
Eλ,i(X, Y ) has a primitive fω ∈ Eλ,i+1(X,Y );

(e) Eλ,i+1(X,Y ) is generated over O(X, Y ) by the above primitives fω;

(f) there exists a point x ∈ Yst such that fx ∈ OX,x for all f ∈ Eλ(X, Y ).

Furthermore, the D(X,Y )-algebra Eλ(X,Y ) possesses the following properties:

(1) fx ∈ OX,x for all points x ∈ Yst and all f ∈ Eλ(X,Y );

(2) the canonical homomorphism Eλ(X, Y )⊗k K → Sλ(X, Y ) is injective;

(3) Eλ(X, Y ) is functorial with respect to (k, (X, Y ),K, λ);

(4) the homomorphism kLog → K that takes Log(p) to λ gives rise to an isomorphism

E(X, Y ) ∼→ Eλ(X,Y ).

8.1.2. Corollary. Assume that (X,Y ) = (X, Yη), where (X, Y) is a wide germ of a smooth

affine formal scheme over k◦. Then

(i) if, in addition, (X, Y) is induced by a similar germ over a finite extension of Qp in k, then

Eλ(X,Y ) is the image of the injective homomorphism of F -isocrystals E(X, Y) → Sλ(X, Yη) (from

§7.1) and, in particular, that image does not depend on the choice of the Frobenius lifting;

(ii) Eλ(X, Y ) is isomorphic to the filtered isocrystal E(X, Y) (from §5.5) and, in particular,

E(X, Y) can be provided with the structure of a filtered algebra which satisfies the Leibniz rule;

(iii) given a morphism (X ′, Y′) → (X, Y) of wide germs of smooth affine formal schemes over an

embedding k ↪→ k′ such that the induced morphism Y′
s → Ys⊗k̃

k̃′ is dominant and quasifinite, for

every i ≥ 0 the induced homomorphism E i(X, Y )⊗O(X,Y ) O(X ′, Y ′) → E i(X ′, Y ′) (with Y ′ = Y′
η)

is injective and its cokernel is a free O(X ′, Y ′)-module.

Proof of Theorem 8.1.1 and Corollary 8.1.2. First of all, we notice that if the O(X,Y )-

subalgebra Eλ(X, Y ) with the properties (a)-(f) exists, it is unique. Indeed, for this it is enough

to verify that, given a closed one-form ω as in (d), one has f − fω ∈ c(Y ) for any primitive f

of ω in Sλ,i+1(X, Y ) with the property (f). We know that f − fω ∈ c(Y ) ⊗k Ki+1 and, by (f),

(f − fω)x ∈ cX,x. Since the intersection of c(Y ) ⊗k Ki+1 and cX,x in cX,x ⊗k Ki+1 coincides with
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c(Y ), the required fact follows.

Suppose first we are in the situation of Corollary 8.1.2(i). In this case we define Eλ(X,Y )

as the image of the injective homomorphism of F -isocrystals E(X, Y) → Sλ(X, Yη) from §7.1. It

obviously possesses the properties (a)-(e), and so, to verify the property (f), it suffices to verify

the property (1). Assume that, for some i ≥ 0, fx ∈ OX,x for all points x ∈ (Yη)st and all

f ∈ Eλ,i(X, Y), and let ω be a closed one-form in Eλ,i(X, Y) ⊗B Ω1
B , where B = O(X, Yη). It

has a primitive f in Eλ,i+1(X, Y), and it suffices to verify that fx ∈ O(π−1(x)) for all closed

points x ∈ Ys. Recall that, by the construction, there is a monic polynomial P (T ) ∈ k[T ] with

no roots-of-unity roots such that P (φ∗)f = g ∈ Eλ,i(X, Y), where φ is a fixed Frobenius lifting on

(X, Yη). By the induction hypothesis, for every closed point x ∈ Ys one has gx ∈ O(π−1(x)) and

ωx ∈ Ω1,cl(π−1(x)). Since π−1(x) is isomorphic to the open unit polydisc with center at zero over

kx, there is a primitive hx of ωx in O(π−1(x)). It follows that fx − hx = α ∈ kx ⊗k Ki+1 and,

therefore, P (1)α = gx − P (φ∗)hx ∈ O(π−1(x)). The latter implies that α ∈ kx and, therefore,

fx ∈ O(π−1(x)).

Suppose now (X,Y ) = (X, Yη), where (X, Y) is a wide germ of a smooth formal scheme over

k◦, and assume that, for some i ≥ 0, the D(X,Y )-module Eλ,i(X, Y ) is already constructed and,

besides the properties (a)-(f), it possesses the following property: for any open affine subscheme

Z ⊂ Y with (X, Z) satisfying the assumption of Corollary 8.1.2(i), the restriction of any functions

from Eλ,i(X,Y ) is contained in Eλ,i(X, Zη). To construct Eλ,i+1(X, Y ), it suffices to find, for any

closed one-form ω as in (d), a primitive f ∈ Sλ,i+1(X, Y ) of ω with the property (1). We know that

the restriction of ω to any (X, Zη) as above has a primitive in Eλ,i+1(X, Zη) which is unique up to

an element of c(Zη) = c(Y ). All such primitives give rise to a one-cocycle on Ys with coefficients

in c(Y ). Since the latter is always a co-boundary, there is a primitive of ω in Sλ,i+1(X, Y ) whose

restriction to every (X, Zη) as above is contained in Eλ,i+1(X, Z).

Thus, the D(X,Y )-algebra Eλ(X, Y ) is constructed, and it is easy to see from the construction

that it possesses all of the properties of Theorem 8.1.1 and the properties (i)-(ii) of Corollary 8.1.2.

To prove the property (iii), we may assume that c(Y ) = k and c(Y ′) = k′. The proof is easily done,

by induction on i, using the fact that the quotient of E i+1(X,Y ) by E i(X,Y ) is the trivial isocrystal

H1
dR(E i(X, Y )) ⊗k O(X, Y ), the similar fact for (X ′, Y ′) and the following claim: for every i ≥ 0,

the canonical homomorphism H1
dR(E i(X, Y ))⊗k k′ → H1

dR(E i(X ′, Y ′)) is injective.

By Lemma 5.5.4(iii), to prove the claim it suffices to consider the case k′ = k. Furthermore,

since there are canonical embeddings H1
dR(E i(X, Y )) ↪→ H1

dR(X, Y )⊗(i+1) and H1
dR(E i(X ′, Y ′)) ↪→

H1
dR(X ′, Y ′)⊗(i+1), it suffices to prove the claim for i = 0. If X ′ = X and Y′ is an open subscheme
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of Y, the injectivity of the homomorphism H1
dR(X, Y ) → H1

dR(X ′, Y ′) follows from [Bert, Corollary

5.7]. In the general case, we can shrink both schemes Y and Y′ so that the induced homomorphism

Y′
s → Ys is finite and flat, and then the required injectivity follows from [Bert, Proposition 3.6].

Let now (X, Y) be a wide germ of a smooth formal scheme over k◦. We denote by Ẽ(X,Y) the

sheaf on Ys associated to the presheaf Zs 7→ E(X, Zη). This sheaf is a filtered D(X,Y)-subalgebra

of θ(S(X,Y)). Notice that (Ẽ(X,Y))
∇ = cY (= θ(c(X,Yη))). For a D(X,Y)-module F , let FE and

FEi denote the D(X,Y)-modules F ⊗O
(X,Y)

Ẽ(X,Y) and F ⊗O
(X,Y)

Ẽ i
(X,Y)

, respectively.

8.1.3. Proposition. Let F be a unipotent D(X,Y)-module F of rank m and of level n. Then

(i) the cY-module F∇E is free of rank m and F∇E ⊗cY
Ẽ(X,Y)

∼→ FE ;
(ii) F∇E = (Fn + Fn−1

E1 + . . . + F1
En−1)∇, where F0 = 0 ⊂ F1 ⊂ . . . ⊂ Fn = F is a filtration

such that each quotient F i/F i−1 is a trivial D(X,Y)-module;

(iii) there is an embedding of D(X,Y)-modules F ↪→ (Ẽn−1

(X,Y)
)l with l ≥ 1.

Proof. We may assume that Y is connected. By Lemma 5.3.3, the properties (i) and (ii) are

true for the restrictions of F∇E to any open affine subscheme Z ⊂ Y. This immediately implies (ii)

and the second half of (i). It follows also that the sheaf F∇E gives rise to a one-cocycle in the Zariski

topology of Ys with coefficients in the constant sheaf of groups GLm(c(Yη)). Since Ys is irreducible,

that cocycle is a coboundary, i.e., the sheaf F∇E is free of rank m over cY, and (i) is true. Finally,

an embedding F ↪→ (Ẽn−1

(X,Y)
)l is constructed in the same way as the corresponding embedding in

the proof of Corollary 5.3.4. Namely, for i ≥ 0 we set F̃i = Fn
Ei + Fn−1

Ei+1 + . . . + F1
Ei+n−1 (and so

(2) means that F∇E = F̃∇0 ), and we claim that there is a basis h1, . . . , hm of F∇E over c(Yη) such

that the induced isomorphism FE ∼→ (Ẽ(X,Y))
m takes each F̃i into (Ẽ i+n−1

(X,Y)
)m. Indeed, if n = 1,

the claim is trivial. Assume that n ≥ 2 and the claim is true for n − 1. We set G = Fn−1 and

consider the canonical epimorphism of vector spaces F∇E → (F/G)∇E = (F/G)∇. Its kernel is the

space G∇E , and we can find a basis h1, . . . , hl of it with the required property (for G). Furthermore,

we take elements hl+1, . . . , hm ∈ F∇E = F̃∇0 whose images in (F/G)∇ form a basis of that space.

Then the elements h1, . . . , hm form a basis of F∇E , which possesses the required property, since the

restriction of the induced isomorphism FE ∼→ (Ẽ(X,Y))
m to every open affine subscheme possesses

that property (by the proof of Corollary 5.3.4).

8.1.4. Lemma. Let F be a D(X,Y)-module with the property that every point of Ys has an

open neighborhood such that the restriction of F to it is unipotent. Then F is unipotent.

Proof. It suffices to show that F contains a nonzero trivial D(X,Y)-submodule.

Let Z be an open subscheme of Y such that (X, Z) is induced by a similar germ over a
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finite extension of Qp and the restriction of F to Zs is unipotent. Then for any open subscheme

Z′ ⊂ Z the canonical map F∇(Zs) → F∇(Z′s) is an isomorphism. Indeed, it suffices to show that

H1
dR,W (Zs,F) = 0, where W = Zs\Z′s and, since the restriction of F to Zs is unipotent, it suffices

to consider the case F = O(X,Y). By Corollary 5.5.2, we may assume that k is a finite extension

of Qp and, in that case, the required fact is a consequence of [Bert, Corollary 5.7].

Let now {Zi}i∈I be a covering of Y by sufficiently small open subschemes which satisfy the

assumptions of the previous paragraph. By the above claim, one has F∇(Zi
s)

∼→ F∇(Zi
s ∩ Zj

s) for

every pair i, j ∈ I. This easily implies that F∇(Ys)
∼→ F∇(Zi

s) for every i ∈ I. In particular, F
contains a nonzero trivial D(X,Y)-submodule.

8.1.5. Remark. Assume that the valuation on k is discrete, and let X be a formal scheme of

finite type over k◦ and Y an open smooth subscheme of X such that the Zariski closure Ys of Ys in

Xs is proper over k̃. The triple T = (Y,Ys,X) is what A. Besser calls a rigid triple (see [Bes, 2.8]).

In [Bes, §4], he defined a ring ACol(T ) of so called abstract Coleman functions and constructed an

embedding of ACol(T ) into the ring of naive analytic functions n(Yη). Notice that the generic fiber

Yη is a closed analytic domain in Xη, and it does not coincide with Xη if Y is not proper (e.g.,

if Y is affine). Thus, the naive analytic functions, constructed by A. Besser, are defined only on

the closed subset Yη whereas the functions constructed here are defined on an open neighborhood

of Yη in Xη. This is one of the main differences between the two constructions. On the other

hand, it is very likely that the image of ACol(T ) in n(Yη) coincides with that of the restriction map

Ẽ(Xη,Y) → n(Yη) : f 7→ f
∣∣
Yη

(and so both rings are isomorphic) and, in particular, if X is proper

smooth over k◦ and Y = X the image of ACol(T ) in n(Xη) coincides with Ẽ(Xη, X).

8.2. Filtered DXη
-algebras Eλ(X) for proper marked formal schemes.

8.2.1. Theorem. Every proper marked formal scheme X over k◦ can be provided with a

unique filtered O(Xη)-subalgebra Eλ(X) ⊂ Sλ(Xη) such that the following is true:

(a) Eλ(X) is a filtered DXη
-algebra;

(b) Eλ,0(X) = O(Xη);

(c) Ker(Eλ(X) d→ Ω1
Eλ(X)) = c(Xη);

(d) every closed one form ω ∈ Ω1
Eλ,i(X) has a primitive fω in Eλ,i+1(X);

(e) Eλ,i+1(X) is generated over O(Xη) by the above primitives fω;

(f) there exists a point x ∈ (X̊η)st with fx ∈ OX,x for all f ∈ Eλ(X).

Furthermore, the filtered DXη
-algebra Eλ(X) possesses the following properties:
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(1) Eλ,i(X) ⊂ Rλ,i
0 (X) (see the end of §3.1);

(2) for every f ∈ Eλ(X), one has f
∣∣
(Xη,

˚Xη)
∈ Eλ(Xη, X̊η), and, if dim(Xη) = 1 or X̊ = X, there

is an isomorphism Eλ(X)⊗O(Xη) O(Xη, X̊η) ∼→ Eλ(Xη, X̊η);

(3) Eλ(X) is functorial with respect to (k, X,K, λ);

(4) the homomorphism kLog → K : Log(p) 7→ λ gives rise to an isomorphism E(X) ∼→ Eλ(X);

(5) the canonical homomorphism of filtered O(Xη)-algebras Eλ(X)⊗k K → Sλ(Xη) is injective;

(6) given a function f ∈ Sλ,i(X) on a smooth k-analytic space X, every point x ∈ X with

s(x) = dim(X) has a marked neighborhood ϕ : Xη → X such that ϕ∗(f) ∈ (Eλ(X)⊗k K)i.

Proof. The uniqueness of the algebras Eλ(X) is verified in the same way as the correspondent

fact in the proof of Theorem 8.1.1, and their construction is done by induction as follows. Assume

that DXη -module Eλ,i(X) with all of the properties is already constructed for some i ≥ 0. To

construct Eλ,i+1(X), it suffices to show that every closed one-form ω ∈ Ω1
Eλ,i(X) has a primitive

fω ∈ Sλ,i+1(Xη)∩Rλ,i+1
0 (X). First of all, by [Ber9, Corollary 8.3.3], H1(Xη, cXη

) = 0 and, therefore,

there exists a primitive fω of ω in Sλ,i+1(Xη). Let Z be an open affine subscheme of X̊. By the

property (2), ω
∣∣
(Xη,Zη)

∈ Eλ,i⊗B Ω1
B , where B = O(Xη,Zη), and, therefore, there exists a primitive

f ′ω of ω in Eλ,i+1(Xη, Z). We get fω

∣∣
(Xη,Zη)

−f ′ω ∈ c(Xη, Zη)⊗k K. Since c(Xη,Zη) = c(Xη), we may

assume that fω

∣∣
(Xη,Zη)

∈ Eλ,i+1(Xη, Z), and we claim that such fω possesses the necessary property,

i.e., fω ∈ Rλ,i+1
0 (X). Indeed, by the property (1), one has ω ∈ Ω1

Rλ,i
0

(X), and Corollary 3.1.6

implies that there exists a primitive f of ω in Rλ,i+1
0 (X). It follows that fω − f = α ∈ cR(X)⊗k K,

and we have to show that in fact α ∈ cR(X). Let φ be a Frobenius lifting on (Xη, Zη). By the

construction of fω, there exists a monic polynomial P (T ) ∈ k[T ] with no roots-of-unity roots such

that P (φ∗)fω = g ∈ Eλ,i(Xη,Z). It follows that g − P (φ∗)f = P (φ∗)α, and the latter is the

restriction of a unique element β ∈ cR(X)⊗k K. Since P (φ∗) induces a bijection on cR(X)⊗k K, it

suffices to verify that β ∈ cR(X).

Let U be an open neighborhood of Zη in Xη such that all φj for j ≤ deg(P ) are defined on

U . For a closed point x ∈ Xs, we set Ux = π−1(x) ∩ U and denote by Mx be the subgroup of

all h ∈ O(Ux)∗ for which the real valued function x 7→ |h(x)| extends by continuity to the generic

point σ of X and such that |h(σ)| = 1. Furthermore, we denote by Lλ
0 (Ux) the filtered DUx-

subalgebra of Lλ(Ux) generated over O(Ux) by Logλ(h) for h ∈ Mx, and we denote by Rλ,i
0 (X,U)

the subspace of all h ∈ Rλ,i(X,U) with hx ∈ Lλ
0 (Ux) for all closed points x ∈ Xs. For example,

P (φ∗)f ∈ Rλ,i+1
0 (X,U).

By the property (5), we can find a dominant morphism ϕ : X′ → X from a proper marked formal

scheme X′ over k′◦ with is a finite extension k′ of k such that ϕ(X′η) ⊂ U and ϕ∗(g) ∈ Eλ,i(X′)⊗k K.
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Since g ∈ Eλ,i(Xη,Z), it follows that in fact ϕ∗(g) ∈ Eλ,i(X′), and since ϕ∗(h) ∈ Rλ,i
0 (X′) for

all h ∈ Rλ,i
0 (X,U), it follows that ϕ∗(β) = ϕ∗(g) − ϕ∗(P (φ∗)f) ∈ Rλ,i

0 (X′). This implies that

β ∈ cR(X). That the DXη
-modules Eλ,i+1(X) possess all of the other properties easily follows from

the construction.

8.2.2. Remark. If K = k and dim(Xη) = 1, i.e., Xη is a smooth basic curve, the filtered

algebra Eλ(X) is precisely the algebra A(Xη) introduced by R. Coleman in [Col1] and [CoSh] and

mentioned in the introduction to this paper.

8.3. A filtered DOX,x-subalgebra Eλ
X,x ⊂ Sλ

X,x and the space VX,x.

8.3.1. Theorem. There is a unique way to provide each stalk Sλ
X,x at a geometric point x of

a smooth k-analytic space X over a point x ∈ X with a Gx/x-invariant filtered DOX,x
-subalgebra

Eλ
X,x so that the following is true (with Eλ

X,x = (Eλ
X,x)Gx/x):

(a) if s(x) = dim(X), then Eλ
X,x consists of the elements f ∈ SX,x such that there exists a

marked neighborhood ϕ : Xη → X of x with ϕ∗(f) ∈ Eλ(X);

(b) Eλ
X,x is functorial with respect to (k,X, x,K, λ);

(c) for any smooth morphism ϕ : Y → X and any geometric point y of Y over x and a

point y ∈ Y with s(y) = s(x), there is a Gy/y-equivariant isomorphism of filtered DOY,y
-algebras

Eλ
X,x ⊗OX,x

OY,y
∼→ Eλ

Y,y.

Furthermore, the filtered DOX,x
-algebra Eλ

X,x possesses the following properties:

(1) Eλ
X,x is a free OX,x-module of at most countable rank;

(2) if f1, . . . , ft are elements of O∗X,x such that |f1(x)|, . . . , |ft(x)| form a basis of the Q-vector

space
√
|H(x)∗|/

√
|k∗|, then there is an isomorphism of filtered DOX,x -algebras

Eλ
X,x[T1, . . . , Tt]⊗k K

∼→ Sλ
X,x : Ti 7→ Logλ(fi) ;

(3) the homomorphism kLog → K : Log(p) 7→ λ gives rise to an isomorphism EX,x
∼→ Eλ

X,x;

(4) EX,x consists of the elements f ∈ SX,x such that there exists a strictly affinoid domain V

in an open neighborhood of x, at which f is defined, with x ∈ V and f
∣∣
V
∈ n(V ).

Proof. If the DOX,x
-algebras Eλ

X,x exist, the uniqueness is trivial. Their construction is done

in several steps.

Step 1. Assume first that s(x) = dim(X). We define Eλ
X,x (and together with it Eλ

X,x) by the

property from (a), and we claim that Eλ
X,x is a free OX,x-module of at most countable rank. Indeed,

since k is a closed subfield of Cp, H(x) contains a countable dense subfield. It follows that set
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of finite extensions of H(x) in H(x) is countable and, therefore, there is a marked neighborhood

ϕ : X1,η → X of the point x and a countable sequence of morphisms of proper marked formal

schemes . . .
ψ2→ X2

ψ1→ X1 such that each induced morphism Xn,η → X is also a marked neighborhood

of x and Eλ
X,x = lim

−→
Eλ(Xn). If Zn ⊂ X̊n are open affine subschemes with ψn(Zn+1) ⊂ Zn, then

Eλ
X,x = lim

−→
Eλ(Xn,η, Zn,η), and the claim follows from Corollary 8.1.2(iii).

Step 2. Assume now that s(x) < dim(X). We take a smooth morphism ϕ : X ′ → Y from

an open neighborhood X ′ of x such that s(y) = s(x) = dim(Y ), where y = ϕ(x), and a geometric

point y of Y over y and under x, and define Eλ
X,x (and together with it Eλ

X,x = (Eλ
X,x)Gx/x) as the

image of the injective homomorphism Eλ
Y,y ⊗OY,y

OX,x → Sλ
X,x. (The injectivity follows from Step

1 and Corollary 2.3.4.) Although we do not yet know that the above image does not depend on the

choice of ϕ and y, and we do know that the property (2) holds. To prove the theorem, it suffices

to verify the property (4). Let Eλ

X,x denote the set of all elements of Sλ
X,x with the property (4).

Step 3. The inclusion Eλ
X,x ⊂ Eλ

X,x is true. Indeed, to prove this, we may assume that

s(x) = dim(X). Let f ∈ Eλ
X,x. Shrinking X, we may assume that f ∈ Sλ(X), and let us take a

marked neighborhood ϕ : Xη → X of x with ϕ∗(f) ∈ Eλ(X), and a nonempty open affine subscheme

Z ⊂ X̊ such that ϕ is étale at all points of the strictly affinoid domain Zη. By the construction,

ϕ∗(f)
∣∣
Zη
∈ n(Zη) and, by Raynaud’s theorem (see [BoLü2, Corollary 5.11]), ϕ(Zη) is a finite union

of strictly affinoid subdomains of X. If V is one of them that contains the point x, then f
∣∣
V
∈ n(V ),

i.e., f ∈ Eλ

X,x.

Step 4. If t(x) = 0, then Eλ

X,x ⊂ Eλ
X,x. Indeed, since Eλ

X,x[Log(p)] ∼→ Sλ
X,x, every element

f ∈ Eλ

X,x is of the form
∑n

i=1 giLog(p)i with gi ∈ Eλ
X,x. Shrinking X, we may assume that

g0.g1, . . . , gn ∈ Sλ(X). Assume that n ≥ 1 and gn 6= 0. Then every strictly affinoid domain V with

x ∈ V contains a point z ∈ Vst with gn(x) 6= 0, and so, for such a point z, f(z) is a polynomial in

Log(p) over OZ,z of positive degree. This contradicts the assumption on f .

Step 5. The previous two steps reduce the theorem to the verification of the following fact.

Given a smooth morphism ϕ : Y → X of dimension one, if the required statement is true for a

point x ∈ X, then it is also true for any point y ∈ ϕ−1(x) with t(y) > t(x). Indeed, by Proposition

2.3.1(ii), we may assume that Y = X × B, where B = B(0; R′, R′′) is an open annulus of radii

R′ < R′′ with center at zero, and y is the point of the fiber ϕ−1(x) which is the maximal point of

the closed disc of radius R′ < r < R′′ with r 6∈
√
|H(x)∗|.

One has Eλ
X,x[Log(T )][Log(p)] ∼→ Sλ

X,x and, in particular, every element f ∈ Eλ

Y,y is of the form
∑n

i,j=0 gijLog(T )iLog(p)j with gij ∈ Eλ
X,x. Shrinking X, we may assume that gij ∈ Sλ(X) and,
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therefore, f ∈ Sλ(Y ). Let d be the maximal value of i+ j with gij 6= 0. We are going to show that,

if d > 0, then every strictly affinoid domain V with y ∈ V contains a point y′ ∈ V0 with fy′ 6∈ OY,y′ .

By Lemma 4.5.4, we may assume that V = U ×A (as in the formulation of the lemma). Shrinking

U , we may assume that (gij)
∣∣
U
∈ n(U) for all i, j ≥ 0. The maximal possible degree of Log(p) in fy′

is d, and the coefficient is equal to α =
∑j

i=0 gd−i,i(x′)v(T (y′))i, where j is the maximal i ≤ d with

gd−i,i 6= 0, x′ = ϕ(y′), v(T (y′)) is the rational number with Log(T )y′ − v(T (y′))Log(p) ∈ OY,y′ .

(Notice that v(T (y′)) is the value of the real logarithm with basis |p| at |T (y′)|.) Let x′ be a point

in U0 with gd−j,j(x′) 6= 0. If j = 0 then, for every point y′ ∈ V0 over x′, fy′ is a polynomial over

OY,y′ of degree d, and so assume that j > 0. Since V = U ×A, we can find a point y′ ∈ V0 over x′

for which the denominator of the rational number v(T (y′)) is divisible by a big power of p so that

|v(T (y′))| > max
0≤i≤j−1

( |gd−i.i(x′)|
|gd−j,j(x′)|

) 1
j−i

.

We get |α(y′)| = |gd−j,j(x′)|v(T (y′))|j 6= 0, and the required fact follows.

8.3.2. Corollary. The statements (iv)-(vi) of Theorem 1.6.2 are true.

Proof. The statement (vi) and (iv) follow from Theorem 8.3.1(1) and (2), respectively. In the

situation of the second part of (v), Lemma 5.5.4 implies that ϕ∗(Sλ,i
X ) ∼→ ϕ#(Sλ,i

X ) ∼→ Sλ′,i
X′ , and

so to verify the first part we may assume that k′ = k. In that case, the required fact follows from

Corollary 2.3.4.

8.3.3. Corollary. Let X be a smooth k-analytic space. Then

(i) the following properties of a point x ∈ X are equivalent:

(a) Sλ
X,x = OK

X,x;

(b) Lλ
X,x = OK

X,x;

(c) s(x) = t(x) = 0, i.e., H̃(x) is algebraic over k̃ and the group |H(x)∗|/|k∗| is torsion;

(ii) the following properties of a geometric point x of X over a point x ∈ X are equivalent:

(a) Sλ
X,x = Lλ

X,x;

(b) Eλ
X,x = OX,x;

(c) s(x) = 0, i.e., H̃(x) is algebraic over k̃.

8.3.4. Corollary. If elements {fi}i∈I ∈ O∗X,x are such that their images in Ov
X,x form a

basis of the abelian group H̃x/̃cX,x (from Corollary 4.2.2), then there is an isomorphism of filtered

DOX,x
-algebras

OX,x[Ti]i∈I
∼→ Eλ

X,x ∩ Lλ
X,x : Ti 7→ Logλ(fi) .
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8.3.5. Corollary. The class of a closed one-form ω ∈ Ω1
X,x lies in VX,x if and only if it admits

a primitive fω ∈ EX,x.

Proof. For a geometric point x over x, let V ′X,x denote the space of the classes of those closed

one-forms ω from Ω1
X,x that admit a primitive fω in EX,x. It suffices to verify that VX,x = V ′X,x.

If ϕ : Y → X is a smooth morphism and y is a point over x with s(y) = s(x) = dim(X),

then, by Theorem 4.5.3(ii), VX,x
∼→ VX,y for any geometric point y over y and x and, by Theorems

4.5.3(i) and 8.2.1(d), VX,x = Ω1,cl
X,x/dOX,x = V ′X,x. This gives the inclusion V ⊂ V ′ and, to prove the

converse inclusion, it suffices to verify the following claim. Given a smooth morphism ϕ : Y → X of

dimension one, if the required fact is true for a point x ∈ X, it is also true for any point y ∈ ϕ−1(x)

with t(y) > t(x). For this, we may assume that Y = X × B, where B = B(0; R′, R′′) and y is the

point of the fiber ϕ−1(x) which is the maximal point of a closed disc of radius R′ < r < R′′ with

r 6∈
√
|H(x)∗|. Given a closed one-form ω ∈ Ω1

Y,y whose class is in V ′Y,y, one has ω = η + αdT
T + dg,

where η is a closed one-form in Ω1
Y,y with class in VY,y, α ∈ cY,y and g ∈ OY,y. We can shrink X

and Y (in the étale topology) so that g ∈ O(Y ) and the primitives fη and fω are defined on all Y

and fω = fη + αLog(T ) + g. We are going to show that, if α 6= 0, every strictly affinoid domain V

with y ∈ V contains a point y′ ∈ Vst with (fω)y′ 6∈ OY,y′ . Indeed, shrinking V , we may assume that

(fη)
∣∣
V
∈ n(V ) and, by Lemma 4.5.4, we may assume that V = U × A as in its formulation. For a

point y′ ∈ Vst, (fω)y′ is a polynomial over OY,y′ in Log(p) of degree at most one, and the coefficient

at Log(p) is equal to αv(T (y′)). We can of course find a point y′ ∈ Vst with v(T (y′)) 6= 0, and the

required fact follows.

Recall that the construction of §5.4 applied to the cX,x-algebra OX,x, the differential d :

OX,x → Ω1
X,x and the vector subspace VX,x ⊂ Ω1,cl

X,x/dOX,x, provides a filtered DOX,x
-algebra

ShOX,x
(VX,x) = OX,x ⊗cX,x

Sh(VX,x). If ϕ : X ′ → Y is a smooth morphism from an open neigh-

borhood X ′ of x to a smooth k-analytic space Y with s(y) = dim(Y ) = s(x), where y = ϕ(x),

and y is a geometric point of Y under x and over y, then there is a Gx/x-equivariant isomorphism

ShOX,x
(VX,x) ∼→ OX,x⊗cY,y

ShOY,y
. Thus, the Gy/y-equivariant injective homomorphism of graded

DOY,y
-algebras Gr·(EY,y) ↪→ Gr·(ShOY,y

), constructed in §5.4, gives rise to a Gx/x-equivariant in-

jective homomorphism of graded DOX,x
-algebras

Gr·(EX,x) ↪→ Gr·(ShOX,x
(VX,x)) .

Notice that the right hand side is isomorphic, as an OX,x-algebra, to ShOX,x
(VX,x), and recall that,

by a result of R. Radford (see [Rad, Theorem 3.1.1]), the shuffle algebra of a vector space over
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a field of characteristic zero is isomorphic to the ring of polynomials over the field with a set of

variables consisting of homogeneous elements.

8.3.6. Corollary. (i) The graded OX,x-algebra Gr·(EX,x) has no zero divisors and OX,x is

algebraically closed in it and, in particular, the same is true for the filtered OX,x-algebra EX,x;

(ii) Gr·(EX,x)∗ = O∗X,x and, in particular, E∗X,x = O∗X,x.

From Theorem 8.3.1 and Corollary 8.3.5 it follows that if the k-algebra K (resp. Gr·(K)) has no

zero divisors and k is algebraically closed in it, then the sheaf of OX -algebras Sλ
X (resp. Gr·(Sλ

X))

has no zero divisors and OX is algebraically closed in it. It follows also that the OX -modules

Sλ
X/Sλ,n

X are torsion free.

8.3.7. Theorem. Let X be a smooth k-analytic curve, and x a geometric point of X over

a point x of type (2). Then there is a (non-canonical) Gx/x-equivariant isomorphism of filtered

DOX,x
-algebras EX,x

∼→ ShOX,x
.

Proof. There is a countable sequence of étale morphism . . .
ϕ2→ X2

ϕ1→ X1
ϕ→ X with a set of

compatible morphisms pH(x) → Xn over x, which form a fundamental system for calculating the

stalk Fx of an étale sheaf F at x, i.e., Fx = lim
−→

F (Xn), (see §1.1). We may assume that each Xn is

an elementary and basic curve over a finite Galois extension kn over k, and is a Galois covering of

X whose Galois group Gn coincides with that of H(xn) over H(x), where xn is the generic point of

Xn as well as the image of x in Xn. We may also assume that the above system is induced by an

equivariant system of morphisms . . .
ϕ2→ X2

ϕ1→ X1
ϕ→ X, where each Xn is a proper marked formal

scheme over k◦n with Xn,η = Xn and the generic point xn. We set Vn = Ω1(Xn)/dO(Xn) and

V = Ω1
X,x/dOX,x. Notice that ∪∞n=1kn = cX,x is the algebraic closure of k in H(x), V = ∪∞n=1Vn,

and Gx/x = lim
←−

Gn. We now choose the following objects:

(1) a compatible system of kn-linear Gn-equivariant sections sn : Vn → Ω1(Xn) of the canonical

epimorphisms Ω1(Xn) → Vn (we denote by Ωn the image of sn);

(2) a compatible system of kn-linear Gn-equivariant sections tn : Ωn → P1(Xn) ∩ E1(Xn) of

the epimorphisms d : P1(Xn) → Ω1(Xn) (over Ωn);

(3) a basis {vi}i≥1 of V over cX,x such that, for every n ≥ 1, the first ln vectors v1, . . . , vln

form a basis of Vn over kn.

Notice that the systems of sections {sn}n≥1 and {tn}n≥1 define cX,x-linear Gx/x-equivariant

sections s : V → Ω1
X,x and t : Ω = ∪∞n=1Ωn → P1

X,x. We are now going to construct a Gx/x-

equivariant embedding of DX,x-algebras ShOX,x
→ EX,x for which the operator ∇ : ShOX,x

→
ShOX,x

⊗cX,x
Ω1

X,x, that takes vi1⊗ . . .⊗vim to vi1⊗ . . .⊗vim−1s(vim), corresponds to the differential
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on EX,x. Since Sh(V ) = ∪∞n=1Sh(Vn), for this it suffices to construct a compatible system of Gn-

equivariant embeddings of kn-algebras ShO(Xn) = O(Xn) ⊗kn Sh(Vn) → E(Xn) with the same

properties. We now recall results of D. Radford [Rad] on the structure of the shuffle algebra Sh(V ).

First of all, let S denote the free semigroup generated by symbols x1, x2, . . .. Each element

x = xi1 · . . . ·xim ∈ S defines an element vx = vi1 ⊗ . . .⊗ vim of Sh(V ), and one sets |x| = m. There

is a subset P ⊂ S (whose elements are called primes) such that the elements vx for x ∈ P form a

polynomial basis of Sh(V ). Moreover, if Pm = {x ∈ P
∣∣|x| = m} and P [m] = ∪m

i=1P
m, the elements

vx for x ∈ P [m] form a polynomial basis of the subalgebra of Sh(V ) generated by the subspace

Shm(V ) = ⊕m
i=1V

⊗i. By the definition of primes, all elements xi are contained in P 1, and if Sn is

the semigroup generated by x1, . . . , xn, then the set of primes in Sn coincides with the intersections

P ∩ Sn.

Thus, to construct the required homomorphism α : ShOX,x
→ EX,x, it suffices to define the

images of the elements vx for x ∈ P . First of all, for i ≥ 1 we set α(vi) = t(s(vi)) and, in

particular, dα(vi) = s(vi). This defines a compatible system of kn-linear Gn-equivariant maps

Sh1(Vn) → E1(Xn) and, therefore, a cX,x-linear Gx/x-equivariant map α1 : Sh1(V ) → E1
X,x. Assume

that m ≥ 2 and that we have already constructed a compatible system of kn-linear Gn-equivariant

maps αm−1 : Shm−1(Vn) → Em−1(Xn), n ≥ 1, which take products (when they are defined) to

products and for which the operators ∇ : Shm−1(Vn) → Shm−2(Vn) ⊗kn Ω1(Xn) correspond to

the usual differentials. The correspondence vi1 ⊗ . . . ⊗ vim−1s(vim) 7→ vi1 ⊗ . . . ⊗ vim gives rise

to a kn-linear Gn-equivariant isomorphism between the cokernel of the induced homomorphism

Shm−1
O(Xn) → Shm−1

O(Xn) ⊗O(Xn) Ω1(Xn) and the tensor product V ⊗m
n (see Lemma 5.4.4). It also

defines a kn-linear Gn-equivariant section sm
n : V ⊗m → Shm−1

O(Xn) ⊗O(Xn) Ω1(Xn). As in (3) above,

we denote by Ωm
n the image of the latter, and choose a compatible system of kn-linear Gn-invariant

sections tmn : Ωm
n → Pm(Xn) ∩ Em(Xn) of the epimorphism d : Pm(Xn) → Ω1

Sm−1(Xn) (over Ωm
n ).

Finally, for a prime x = xi1 · . . . · xim ∈ Pm ∩ Sn, we set αn(vx) = tmn (vi1 ⊗ . . .⊗ vim−1s(vim)). In

this way we get a compatible system of kn-linear Gn-equivariant maps αm : Shm(Vn) → Em(Xn)

which extend the maps αm−1 and give rise to the required isomorphism.

8.3.8. Corollary. In the situation of Theorem 8.3.7, there is an isomorphism of filtered

DOX,x -algebras Sh
Gx/x

OX,x
⊗k K

∼→ Sλ
X,x.

Notice that the algebra on the left hand side in the above isomorphism is bigger than the

algebra ShOX,x
= OX,x⊗cX,x

⊗Sh(ΩX,x/dOX,x). The following corollary is proved in the same way

as Theorem 4.5.1(ii).
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8.3.9. Corollary. Let X be a smooth k-analytic space. For n ≥ 1, let Sn
X denote the

subalgebra of SX generated by Sn
X and K, and set S0

X = LX . Then for every geometric point x of

X over a point x with s(x) > 0 and every n ≥ 0, Sn+1
X,x is not contained in any finitely generated

Sn
X,x-subalgebra of SX,x.

8.4. More uniqueness properties.

8.4.1. Theorem. Let X be a connected smooth k-analytic space such that the OX -module

Ω1
X is free over a nonempty Zariski open subset of X. Let {fi}i∈I be a system of functions

from Pλ,1(X) such that the classes of the analytic one-forms dfi in Ω1,cl(X)/dO(X) are linearly

independent over c(X). Then the following homomorphism of filtered DX -algebras is injective:

O(X)[Ti]i∈I ⊗k K → Sλ(X) : Ti 7→ fi .

8.4.2. Proposition. Let X be a smooth k-analytic space, and X ′ a dense Zariski open subset

of X. If a function f ∈ Sλ(X) is such that f
∣∣
X′ ∈ Sλ,n(X ′), then f ∈ Sλ,n(X).

Proof. The statement is local in the étale topology of X, and we prove it by induction on

m, the dimension of the proper Zariski closed subset Y = X\X ′. If m = 0, we may assume that

Y is a point x ∈ X0. In this case Sλ
X,x = OX,x ⊗k K, and the statement immediately follows.

Assume that 1 ≤ m ≤ dim(X)− 1 and that the statement is true for smaller dimensions. We may

assume that Y is connected, and we provide it with the structure of a reduced k-analytic space.

The non-smoothness locus Z of Y is a Zariski closed subset of X of smaller dimension, and so if

the statement is true for the pair (X\Z,X ′\Z), it is also true for the pair (X, X ′). This reduces

the situation to the case when Y is smooth. It suffices to show that, given a function f ∈ Sλ,n′(X)

with n′ > n and f
∣∣
X′ ∈ Sλ,n(X ′), every point x ∈ Y has an étale neighborhood ϕ : U → X

with connected U such that the preimage V = ϕ−1(Y ) is connected and ϕ∗(f)
∣∣
U ′ ∈ Sλ,n(U ′) for a

Zariski open subset U ′ ⊂ U which is strictly bigger than ϕ−1(X ′) = U\V .

First of all, replacing X by an étale neighborhood of the point x, we may assume that X
∼→

Y ×D, where D is the open unit polydisc with center at zero of dimension q = dim(X) −m. By

the property (IH2) from the proof of Theorem 1.7.1, we may then assume that f ∈ p#
1 (Sλ,n′(Y )),

i.e., f =
∑l

i=1 gifi with gi ∈ O(X) and fi ∈ Sλ,n′(Y ). Assume that for some p ≤ l the functions

g1, . . . , gp form a maximal subset of linearly independent functions over the fraction field of O(Y ).

If p < l, we can replace Y by a Zariski open subset so that all of the functions gp+1, . . . , gl are linear

combinations of g1, . . . , gp over O(Y ). This reduces the situation to the case when the functions

g1, . . . , gl are linearly independent over the fraction field of O(Y ).
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8.4.3. Lemma. Let g1, . . . , gl be analytic functions on X = Y ×D linearly independent over

the fraction field of O(Y ). Then there exist nonzero k-rational points α1, . . . , αl ∈ D such that the

determinant of the matrix (gi(αj))1≤i,j≤l is not equal to zero.

Proof. If l = 1, the statement means that, given a nonzero analytic function g ∈ O(X), there

exists a k-rational point α ∈ D with g(α) 6= 0, and the required fact is easily verified by induction

on q = dim(D). Assume the statement is true for l − 1 with l ≥ 2. Then there exist nonzero

k-rational points α1, . . . , αl−1 ∈ D such that the determinant of the matrix (gi(αj))1≤i,j≤l−1 is

not equal to zero. To find the required value of αl, consider the expansion of the determinant of

the original matrix in terms of the elements of the last column. It follows that this determinant is

a nonzero linear combination of the elements gi(αl) with coefficients in O(Y ) and, therefore, the

required value of αl exists.

Replacing Y by the Zariski open subset where the above determinant does not vanish, we

may assume that it is invertible on Y . Each point αj defines a section σj : Y → X\Y of the

canonical projection X\Y → Y . Since f
∣∣
X\Y ∈ Sλ,n(X\Y ), it follows that the function σ∗j (f) =

∑l
i=1 gi(αj)fi is contained in Sλ,n(Y ). The fact that the determinant of the matrix (gi(αj))1≤i,j≤l

is invertible on Y implies that all of the functions fi are also contained in Sλ,n(Y ) and, therefore,

f ∈ Sλ,n(X).

Proof of Theorem 8.4.1. We may assume that the system considered is finite, i.e., we are

given {f1, . . . , fm} ⊂ Pλ,1(X). For ν = (ν1, . . . , νm) ∈ Zm
+ , we set |ν| = ν1 + . . . + νm, and we

provide Zm
+ with an ordering possessing the property that if |ν| < |ν′| then ν < ν′. For a polynomial

P =
∑

ν∈Zm
+

gνT ν ∈ OK [T1, . . . , Tm], we denote by ν(P ) the maximal ν with gν 6= 0. Furthermore,

let {γj}j∈J be a basis of K over k and, for a function g =
∑

j∈J gjγj ∈ OK(X), let `(g) denote the

number of j ∈ J with gj 6= 0. We have to show that if a polynomial P as above is not zero then

P (f) 6= 0. We prove the latter fact by double induction on (µ, l) with µ = ν(P ) and l = `(gµ). Of

course, the fact is true if µ = (0, . . . , 0), and so assume that µ 6= (0, . . . , 0) and l ≥ 1, and that the

fact is true for all (µ′, l′) with either µ′ < µ, or µ′ = µ and l′ < l.

If X ′ is a nonempty Zariski closed subset of X then, by Lemma 1.1.1, X ′ is connected and

c(X) ∼→ c(X ′). Proposition 8.4.2 also implies that the restrictions of the analytic one-forms

df1, . . . , dfm to X ′ are linearly independent in Ω1,cl(X ′)/dO(X ′). Thus, we can replace X by a

nonempty Zariski open subset at which gµ,j0 is invertible and the OX -module Ω1
X is free. After

that we can replace P by P/gµ,j0 , and so we may assume that gµ,j0 = 1.

Let η1, . . . , ηq ∈ Ω1(X) be a basis of Ω1
X over OX . Then dfi =

∑q
p=1 f

(p)
i ηp and dgν =
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∑q
p=1 g

(p)
ν ηp, where f

(p)
i ∈ O(X) and g

(p)
ν ∈ OK(X) with `(g(p)

µ ) < l for all 1 ≤ p ≤ q. The

coefficient of dP (f) at ηp is equal to

∑

ν∈Zm
+

m∑

i=1

νigνf
(p)
i fν−ei +

∑

ν∈Zm
+

g(p)
ν fν ,

where fν−ei = fν1
1 · . . . ·fνi−1

i · . . . ·fνm
m . Thus, if P (f) = 0, all of the above coefficients are equal to

zero. Since `(g(p)
µ ) < l, the induction hypothesis implies that the coefficient of the above expression

at every fν is zero.

If |ν| = |µ|, the coefficient at fν is g
(p)
ν for all 1 ≤ p ≤ q and, therefore, gν = αν ∈ C(X).

Furthermore, for every 1 ≤ i ≤ m with µi ≥ 1 the coefficient at fµ−ei is equal to

g
(p)
µ−ei

+ µiαµf
(p)
i +

m∑
j=1
j 6=i

(µj + 1)αµ−ei+ej
f

(p)
j ,

where µ− ei + ej = (µ1, . . . , µi − 1, . . . , µj + 1, . . . , µm). The summation by p gives the equality

dgµ−ei + µiαµdfi +
m∑

j=1
j 6=i

(µj + 1)αµ−ei+ej dfj = 0 .

Decomposing this equality in the basis {γj}j∈J and using the fact that αµ,j0 6= 0, we get a non-

trivial linear relation between the classes of df1, . . . , dfm in Ω1,cl(X)/dO(X) over c(X), which is a

contradiction.

8.4.4. Corollary. In the situation of Theorem 8.4.1, let {fi}i∈I be a maximal system of

invertible analytic functions on X such that the classes of the one-forms dfi

fi
in Ω1,cl(X)/dO(X)

are linearly independent over c(X). Then the following homomorphism of filtered DX -algebras is

bijective:

O(X)[Ti]i∈I ⊗k K → Lλ(X) : Ti 7→ Logλ(fi) .

8.4.5. Corollary. In the situation of Theorem 8.4.1, let {ωi}i∈I ⊂ Ω1,cl(X) be such that

the classes of ωi’s in Ω1,cl(X)/dO(X) are linearly independent over c(X), and assume that either

they are contained in the c(X)-vector subspace generated by the classes of the one-forms df
f for

f ∈ O(X)∗, or H1(X, cX) = 0. Given a point x ∈ X(k), let fi be a primitive of ωi in OX,x. Then

the analytic functions {fi}i∈I are algebraically independent over the image of O(X) in OX,x.

Notice that the existence of a k-rational point implies that c(X) = k.
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Proof. In both cases, for every i ∈ I, there exists a primitive gi of ωi in Pλ,i(X) with gi,x = fi,

and the required fact follows from Theorems 8.4.1 and 1.6.2(i).

The following is a consequence of Proposition 8.4.2.

8.4.6. Corollary. Let X be a smooth k-analytic space. Then

(i) for any étale morphism Y → X with connected Y and the property that the OY -module

Ω1
Y is free over a nonempty Zariski open subset of Y , the map Pλ,n+1(Y )/Sλ,n(Y )⊗c(Y ) O(Y ) →

Sλ,n+1(Y )/Sλ,n(Y ) is injective;

(ii) there is an isomorphism of DX -modules Pλ,n+1
X /Sλ,n

X ⊗cX
OX

∼→ Sλ,n+1
X /Sλ,n

X .

Proof. By Proposition 8.4.2, local sections of the sheaf Sλ,n+1
X /Sλ,n

X satisfy the assump-

tion of Lemma 1.3.1, and so (i) follows from that lemma and the fact that the canonical maps

Pλ,n+1(Y )/Sλ,n(Y ) → (Pλ,n+1
X /Sλ,n

X )(Y ) and Sλ,n+1(Y )/Sλ,n(Y ) → (Sλ,n+1
X /Sλ,n

X )(Y ) are injec-

tive. That the homomorphism in (ii) is injective follows from the same lemma, and its surjectivity

follows from the property (d) of Theorem 1.6.1.

8.4.7. Remark. It would be interesting to know if the statement of Proposition 8.4.2 is true

with the weaker assumption f ∈ NK(X) instead of f ∈ Sλ(X). This is true for trivial reason in the

case when X\X ′ is of dimension zero. It would be also interesting to know if the correspondence

U 7→ Sλ(U) is a sheaf in the flat quasifinite topology of X (see [Ber2, §4.1]). Again, this is true for

trivial reason for X of dimension one.

8.5. A filtered DX-subalgebra sX ⊂ SX and the sheaf ΨX . For i ≥ 0, let si
X denote the

DX -module which is the intersection of Si
X and nX in NX , and set sX = lim

−→
si
X . Notice that, since

the sheaves Sλ,i
X are functorial with respect to (K,λ), it follows that si

X ⊂ Sλ,i
X for every (K, λ).

Notice also that, by Theorem 8.3.1(4), one has sX,x ⊂ EX,x for all points x ∈ X.

8.5.1. Theorem. (i) The class of a closed one-form ω ∈ Ω1
X,x is contained in ΨX,x if and

only if it admits a primitive fω ∈ sX,x;

(ii) sX ∩ LX = OX .

Proof. (i) Assume first that s(x) = dim(X). If the class of ω is in ΨX,x then, by Theorem

4.5.1(iii), there exists a marked neighborhood ϕ : Xη → X of x such that ϕ∗(ω)x ∈ dO(π−1(x))

for all closed points x ∈ Xs. We can find a monic polynomial P (T ) ∈ k[T ] with no roots-of-unity

roots such that P (φ∗)(ϕ∗(ω)) = dg for some Frobenius lifting φ around the generic point σ of X

and a function g ∈ OXη,σ. Then there exists a primitive f of ϕ∗(ω) in S1(Xη) with P (φ∗)f = g.

on the other hand, by Theorem 8.2.1, there exists a primitive f ′ of ϕ∗(ω) in E1(X) and, therefore,
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f − f ′ = α + βLog(p) with α, β ∈ c(X). It follows that g − P (φ∗)f ′ = P (φ∗)α + P (φ∗)βLog(p).

The left hand side is the restriction of an element of c(X) and, therefore, P (φ∗)β = 0. Since

P (φ∗) induces a bijection on c(X), it follows that β = 0, i.e., fx ∈ O(π−1(x)) for all closed points

x ∈ Xs. The latter means that f ∈ s(Xη) and, therefore, ω has a primitive in sX,x. Conversely,

assume ω has a primitive f in sX,x, and let ϕ : Xη → X be a marked neighborhood of the point

x whose image is contained in an open neighborhood of x over which f is defined. Then for

every closed point x ∈ Xs, one has ϕ∗(f)x ∈ s(π−1(x)) ∩ L1(π−1(x)) = O(π−1(x)) and, therefore,

ϕ∗(ω)x ∈ dO(π−1(x)). Theorem 4.5.1(iii) implies that the class of ω lies in ΨX,x.

If the point x is arbitrary, we may shrink X and assume that there exists a smooth morphism

ϕ : X → Y that takes x to a point y with s(x) = s(y) = dim(Y ). By Lemma 4.5.2(iii), ΨX,x
∼→ ΨY,y

for any pair of compatible geometric points x and y over x and y, respectively, and the first case

implies that, if the class of ω is in ΨX,x, then it has a primitive in sX,x. On the other hand, assume

that ω has a primitive in sX,x. Since the latter is contained in EX,x, then the class of ω lies in

VX,x and, by Theorem 4.5.2(ii), we can shrink X and Y in the étale topology so that the class of

ω coincides with that of ϕ∗(η) for some η ∈ Ω1,cl
X,x with class in VY,y. It follows that ϕ∗(η) has a

primitive in sX,x. Since any smooth morphism has a local section in the étale topology, it follows

that η has a primitive in sY,y. By the previous case, the class of η lies in ΨY,y and, therefore, that

of ω lies in ΨX,x.

(ii) By Corollary 8.3.4, it suffices to prove that, given functions f1, . . . , fn ∈ O∗X,x with |fi(x)| =
1 such that their images in Ov

X,x are linearly independent, for any polynomial of positive degree

P ∈ OX,x[T1, . . . , Tn] the function P (Log(f1), . . . , Log(fn)) does not lie in sX,x. Shrinking X, we

may assume that it is connected, f1, . . . , fn ∈ O(X)∗ and and all of the coefficients of the polynomial

P are defined over all X, and we are going to show that P (Log(f1), . . . , Log(fn)) 6∈ s(X).

Step 1. The required fact is true if s(x) = dim(X) = 1. Indeed, shrinking X in the étale

topology, we may assume that X = X an
η \∐m

i=1 Xi, where X is a smooth projective curve over k◦

and each Xi is an affinoid subdomain of π−1(xi) isomorphic to a closed disc with center at zero,

and x1, . . . ,xm are pairwise distinct k̃-rational points of Xs. As in the proof of Theorem 4.3.1, we

can shrink X (increasing each Xi in π−1(xi)) so that there exist functions g1, . . . , gm−1 ∈ O(X)∗

such that the reduction of every gi is a well defined rational function on Xs whose divisor is a

nonzero integral multiple of (xi)− (xm). It follows (see §4.3) that a nonzero integral power of ev-

ery function fj is contained in the subgroup generated by g1, . . . , gm−1 and O(X)1 and, therefore,

P (Log(f1), . . . , Log(fn)) = Q(Log(g1), . . . , Log(gm−1)) for some polynomial Q of positive degree
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over O(X). We may therefore assume that {f1, . . . , fn} = {g1, . . . , gm−1}. Assume now that

P (T1, . . . , Tn) =
∑d

i=1 Pi(T2, . . . , Tn)T i
1, where d ≥ 1 and Pd 6= 0. By the construction, the restric-

tions of the functions Log(f2), . . . , Log(fn) to the open annulus B = π−1(x1)\X1 are analytic and,

by Corollary 8.4.5, Pd(Log(f2), . . . , Log(fn)) 6= 0. Thus, the restriction of P (Log(f1), . . . , Log(fn))

to B is a polynomial in Log(f1) of positive degree over O(B). It is clear that such a functions is

not contained in s(B).

Step 2. The required fact is true if s(x) = dim(X). Since all of the nonzero coefficients of P

are not equal to zero at x, we may shrink X and assume that they are even invertible. By Lemma

4.4.3, there exists a morphism ϕ : Y → X from smooth k-analytic curve Y such that, for some

point y ∈ Y of type (2), the images of ϕ∗(f1), . . . , ϕ∗(fn) in Ov
Y,y are linearly independent. Since

ϕ∗(P ) is a polynomial of positive degree over O(Y ), this reduces the situation to Step 1.

Step 3. The required fact is true in the general case. Indeed, shrinking X, we may assume

that there exists a smooth morphism ϕ : X → Y that takes the point x to a point y ∈ Y with

s(x) = s(y) = dim(Y ). Let x′ be an arbitrary point of the fiber Xy = ϕ−1(y) with s(x′) = dim(Xy).

Then s(x′) = dim(X). Let y be a geometric point of Y over y. If x and x′ are geometric points

of X over y and the points x and x′, then the canonical homomorphisms from H̃∗y /̃c
∗
Y,y to H̃∗x/̃c

∗
X,x

and H̃∗x′ /̃c
∗
X,x′ are bijective and injective, respectively. It follows that the validity of the required

fact for x′ implies that for the point x.

If X is a proper smooth k-analytic space with good reduction, then, by Theorem 8.1.1(1), the

O(X)-algebra Eλ(X) = Eλ(X, X) is contained in s(X). But the O(X)-algebra s(X) is much larger

than E(X).

8.5.2. Lemma. For every i ≥ 1, the quotient space si(P1)/si−1(P1) is of infinite dimension

over k.

Notice that E(P1) = O(P1) = k.

Proof. Let X be an elliptic curve over k with good reduction all of whose points of order

two are k-rational, ω a nonzero invariant one-form on X , and f a primitive of ω in E1(X an) with

f(0) = 0. Then f has zero of first order at all points of finite order in X an(k). If σ denotes

the automorphism x 7→ −x on X , then the quotient of X by {1, σ} is the projective line. We

denote by ϕ the corresponding homomorphism X an → P1, and we may assume that ϕ(0) = ∞.

Since σω = −ω, then σf = −f . Furthermore, if g is a rational function on X whose divisor is

(P1)+(P2)+(P3)−3(0), where Pi are the points of order two, then σg = −g and, therefore, for the
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function h = f
g ∈ s1(X an) one has σh = h, i.e., h ∈ s1(P1). Finally, let α be an element of k∗ with

|α| 6= 1 and, for n ∈ Z, let ψn denote the automorphism P1 → P1 : z 7→ αnz and set hn = ψ∗n(h).

We claim that, for every i ≥ 1, the images of the functions {hi
n}n∈Z in si(P1)/si−1(P1) are linearly

independent over k. Indeed, since the function f is analytic everywhere except the generic point x

of X an, the function h is analytic everywhere except the point y = ϕ(x) of type (2). It follows that

each function hn is analytic everywhere except the point yn = ψ−1
n (y). By Corollary 8.3.6(i), the

image of hi
n in si

P1,yn
/si−1

P1,yn
is not zero. Since all of the points {yn}n∈Z are pairwise distinct, the

claim follows.
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§9. Integration and parallel transport along a path

For a k-analytic space X, we set X = X⊗̂k̂a. At the beginning of this section we construct, for

every smooth k-analytic space X with H1(X,Q) ∼→ H1(X,Q), every closed one-form ω ∈ Ω1
Sλ,n(X)

and every path γ : [0, 1] → X with ends in X(k), an integral
∫

γ
ω ∈ Kn+1. This integral possesses

all of the natural properties and, in particular, it only depends on the homotopy class of γ. That

this dependence is nontrivial is shown in §9.2. Furthermore, for a DX -module F , let FSλ denote

the DX -module F⊗OX Sλ
X . We prove that a locally unipotent DX -module F is trivial over an open

neighborhood of every point x ∈ Xst, and its CK
X -module of horizontal sections F∇Sλ is locally free in

the usual topology of X. It is not difficult to derive from this that for any path γ : [0, 1] → X with

ends x, y ∈ Xst there is an associated isomorphism of (ka⊗kK)-modules TFγ : F∇x ⊗kK
∼→ F∇y ⊗kK

which possesses all of the properties of the classical parallel transport. It is more difficult to prove

that the parallel transport is uniquely determined by those properties. We also show that an OX -

coherent DX -module F is locally quasi-unipotent (i.e., locally unipotent in the étale topology) if

and only if the CK
X -module F∇Sλ is locally free in the étale topology of X, and we construct a similar

parallel transport TFγ : F∇x ⊗k K
∼→ F∇y ⊗k K along an étale path γ from x to y. In particular,

every locally quasi-unipotent DX -module F gives rise to a semi-linear representation of the étale

fundamental group πét
1 (X, x) of X in the free (ka ⊗k K)-module F∇x of rank equal to the rank

of F . (Semi-linearity here is considered with respect to the action of πét
1 (X, x) on ka through its

homomorphism to the Galois group of ka over k.)

9.1. Integration of closed one-forms along a path.

9.1.1. Theorem. Given a closed subfield k ⊂ Cp, a filtered k-algebra K and an element

λ ∈ K1, there is a unique way to construct, for every smooth k-analytic space X with H1(X,Q) ∼→
H1(X,Q), every closed one-form ω ∈ Ω1

Sλ,n(X) and every path γ : [0, 1] → X with ends in X(k),

an integral
∫

γ
ω ∈ Kn+1 such that the following is true:

(a) if ω = df with f ∈ Sλ,n+1(X), then
∫

γ
ω = f(γ(1))− f(γ(0));

(b)
∫

γ
ω depends only on the homotopy class of γ;

(c) given a second path γ′ : [0, 1] → X with ends in X(k) and γ′(0) = γ(1), one has
∫

γ′◦γ ω =
∫

γ
ω +

∫
γ′ ω.

Furthermore, the integral possesses the following properties:

(1)
∫

γ
ω depends linearly on ω;

(2)
∫

γ
ω is functorial with respect to (k, X, γ, K, λ);
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(3) if γ([0, 1]) ⊂ Y and ω
∣∣
(X,Y )

∈ Ω1
Eλ(X,Y ), where Y is an analytic domain with good

reduction, then
∫

γ
ω ∈ k.

Here H1(X,Q) is the singular homology group of X with coefficients in Q. The condi-

tion H1(X,Q) ∼→ H1(X,Q) is equivalent to the isomorphism of singular cohomology groups

H1(X,Q) ∼→ H1(X,Q) (which coincide with the étale cohomology groups with coefficients in

the constant sheaf QX). The full formulation of (2) is as follows. Given a closed subfield k′ ⊂ Cp,

a filtered k′-algebra K ′, a smooth k′-analytic space X ′ with H1(X
′
,Q) ∼→ H1(X ′,Q), a morphism

ϕ : X ′ → X over an isometric embedding k ↪→ k′, a homomorphism of filtered algebras K → K ′

over the embedding k ↪→ k′ that takes λ to an element λ′ ∈ K ′1, and a path γ′ : [0, 1] → X ′ with

ends in X ′(k′), one has
∫

γ′ ϕ
∗(ω) =

∫
ϕ◦γ′ ω.

Proof. Consider first the case when k is algebraically closed, i.e., k = Cp. In this case the

condition on X is evidently satisfied, cX is the constant sheaf kX associated to k and, therefore,

Cn
X = Kn

X . The pullback of the exact sequence of abelian groups 0 → Kn+1
X → Pλ,n+1

X → Ω1,cl
Sλ,n,X

→
0 with respect to γ gives rise to an exact sequence on [0, 1]

0 −→ Kn+1
[0,1] −→ γ∗(Pλ,n+1

X ) d−→ γ∗(Ω1,cl
Sλ,n,X

) −→ 0 .

Since the unit interval [0, 1] is contractible, there is a section g of the sheaf γ∗(Pλ,n+1
X ), defined

uniquely up to an element of Kn+1, with dg = γ∗(ω). and we set
∫

γ
ω = g(1) − g(0). (Notice

that the stalks of γ∗(Pλ,n+1
X ) at 0 and 1 coincide with Pλ,n+1

X,γ(0) ⊂ OX,γ(0) ⊗k Kn+1 and Pλ,n+1
X,γ(1) ⊂

OX,γ(1) ⊗k Kn+1, respectively, and therefore, g(0) and g(1) are elements of Kn+1.) If ω = df , one

can take g = γ∗(f), and we get
∫

γ
ω = f(γ(1)) − f(γ(0)), i.e., (a) is true. Assume we are given a

path γ′ : [0, 1] → X with the same ends as γ and which is homotopy equivalent to γ. This implies

that there is a continuous map Φ : [0, 1]2 → X with Φ(t, 0) = γ(t), and Φ(t, 1) = γ′(t) for all

t ∈ [0, 1]. The same reasoning gives a section g of the sheaf Φ∗(Pλ,n+1
X ) with dg = Φ∗(ω), and this

easily implies the equality
∫

γ′ ω =
∫

γ
ω, i.e., (b) is true. The validity of (c) and (1) is trivial, that

of (2) easily follows from the property (f) of Theorem 1.6.1, and that of (3) follows from Theorem

8.1.1. To prove uniqueness of the integral, we take open subsets U1, . . . ,Um ⊂ X such that ω has a

primitive fi at each Ui and γ([ i−1
m , i

m ]) ⊂ Ui for all 1 ≤ i ≤ m. Furthermore, given 1 ≤ i ≤ m− 1,

let xi be a k-rational point of Ui ∩ Ui+1 which is contained in the same connected component of

the intersection as the point γ( i
m ), and set x0 = γ(0) and xm = γ(1). By the property (a), the

integral of ω along any path [0, 1] → Ui with ends xi−1 and xi is equal to fi(xi)− fi(xi−1) and, by
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the properties (b) and (c), we get the equality

∫

γ

ω =
m∑

i=1

(fi(xi)− fi(xi−1)) ,

which implies the uniqueness.

In the general case we need the following fact.

9.1.2. Lemma. Let k be a non-Archimedean field whose residue field is at most countable, X

a k-analytic space, and α the canonical map X = X⊗̂k̂a → X. Then for every path γ : [0, 1] → X

and every point x′ ∈ X with α(x′) = γ(0) there exists a path γ′ : [0, 1] → X with α ◦ γ′ = γ and

γ′(0) = x′.

Proof (cf. [Ber1, Lemma 3.2.5]). We may assume that the space X is compact, and let us

consider the cartesian diagram
[0, 1]

γ−→ Xxα′
xα

Σ τ−→ X

Notice that there is a homeomorphism X
∼→ lim

←−
X⊗̂k′, where k′ runs through finite extensions

of k in ka. It follows that the map α′ : Σ → [0, 1] is open, proper and surjective. Since the

connected component of a point in a compact space coincides with the intersection of its open-

closed neighborhoods, it follows that the map α′ : Σ′ → [0, 1] is surjective, where Σ′ is the connected

component of the point (0, x′) in Σ. The assumption on the residue field of k and [Ber1, 3.2.9]

imply that the compact space Σ′ has a countable basis of open sets. From [En, 4.2.8] it follows

that Σ′ is metrizable. Since connected metrizable compact spaces are arcwise connected ([En,

6.3.11]), it follows that Σ′ is arcwise connected. This implies that there exists a homeomorphic

embedding ψ : [0, 1] → Σ′ with ψ(0) = (0, x′) and α′(ψ(1)) = 1. The composition β = α′ ◦ ψ is a

homeomorphism of [0, 1] with itself that fixed its ends, and the path γ′ = τ ◦ ψ ◦ β−1 : [0, 1] → X

possesses the required properties.

By Lemma 9.1.2, there exists a path γ′ : [0, 1] → X with α ◦ γ′ = γ. Since the points γ(0)

and γ(1) are in X(k), they have unique preimages x′ and y′ in X, respectively, and it follows

that γ′(0) = x′ and γ′(1) = y′. We set
∫

γ
ω =

∫
γ′ ω ∈ Kn+1 ⊗k Cp. First of all, the latter does

not depend on the choice of γ′. Indeed, if γ′′ is another lifting of γ, then the class of γ′−1 ◦ γ′′ in

H1(|X|,Q) is zero (since its image in H1(|X|,Q) is zero) and, therefore,
∫

γ′′ ω =
∫

γ
ω. For the same

reason, given an element σ of the Galois group of ka over k, the class of γ′−1 ◦ σγ′ in H1(|X|,Q)

is zero. This implies that
∫

γ
ω ∈ Kn+1. If τ : [0, 1] → X is a path homotopy equivalent to γ, then
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the class of γ−1 ◦ τ in H1(|X|,Q) is zero and, therefore, the class of γ′−1 ◦ τ ′ in H1(|X|,Q) is zero,

i.e.,
∫

τ
ω =

∫
γ

ω. All of the other properties of the integral and its uniqueness easily follow from

the case of an algebraically closed field k.

9.1.3. Remarks. (i) If the field k is not algebraically closed, the assumption H1(X,Q) ∼→
H1(X,Q) is really necessary for the existence of the integral along a path in X. Indeed, let X be a

twisted Tate elliptic curve. Then X is contractible, but X is homotopy equivalent to a circle (and,

in particular, the assumption is not satisfied). Let ω be a nonzero analytic one-form from Ω1(X).

The existence of the integral
∫

γ
ω along paths γ in X would imply that ω has a primitive on X.

But this is impossible since X is isomorphic to the quotient Gm/qZ for some q ∈ (ka)∗ with |q| < 1,

and the primitive of the pullback of ω on Gm is, up to some constants, the logarithm Logλ(T ),

which cannot come from a function on X if Logλ(q) 6= 0.

(ii) The integral of a closed analytic one-form on a smooth algebraic variety X , constructed

by Yu. Zarhin ([Zar]) and P. Colmez ([Colm]), depends only on two points and not on a path

that connects them. The reason is that the integral is required to be functorial with respect to

morphisms in the category of algebraic varieties, and the latter category is too coarse to distinguish

a nontrivial homotopy type of the analytification X an of X . If X is proper and has good reduction,

X an is contractible, and the integral of a closed analytic one-form along a path (from Theorem

9.1.1) depends only on its ends and coincides with the integral constructed by R. Coleman in [Col2]

as well as with those mentioned above.

9.2. Nontrivial dependence on the homotopy class of a path. In this subsection

K = kLog and λ = Log(p). Let X be a geometrically connected separated smooth scheme over k

and X = X ⊗k k̂a. The construction of the previous subsection gives rise to a k̂a-linear pairing

Ω1,cl(X )/dO(X )×H1(X an
, k̂a) → (k̂a)1Log : (ω, γ) 7→ ∫

γ
ω. This pairing is equivariant with respect

to the action of the Galois group G = Gal(ka/k). From [Ber9, Corollary 8.3.4] it follows that there

is a canonical isomorphism of finite dimensional k-vector spaces H1(X an, cX an) ∼→ H1(X an
, k̂a)G.

Thus, if we set H1(X an, cX an) = H1(X an
, k̂a)G, we get a k-linear pairing

Ω1,cl(X )/dO(X )×H1(X an, cX an) → k1
Log : (ω, γ) 7→

∫

γ

ω .

Our first purpose is to extend this pairing to the de Rham cohomology group H1
dR(X ), which

contains Ω1,cl(X )/dO(X ) and coincides with it if X is affine. Recall that, by R. Kiehl’s theorem

[Kie], there are canonical isomorphisms of de Rham cohomology groups Hn
dR(X ) ∼→ Hn

dR(X an).
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9.2.1. Lemma. Let X be an irreducible scheme over a non-Archimedean field k, and let

F · be a complex of sheaves of abelian groups on X an. Assume that the restriction of the sheaf

Ker(F 0 → F 1) to the Zariski topology of X is constant. Then the correspondence Y 7→ H1(Yan, F ·)

is a sheaf on X .

Proof. Let U = {Yi}i∈I be an open covering of Y, and consider the spectral sequence

Ep,q
2 = Ȟp(Uan,Hq) =⇒ Hp+q(Yan,F ·), where Hq denotes the presheaf Y 7→ Hq(Yan, F ·). The

assumption implies that Ep,0
2 = 0 for all p ≥ 1 and, therefore, H1(Yan, F ·) ∼→ E0,1

2 . The required

fact follows.

By Lemma 1.1.1, the assumption of Lemma 9.2.1 is satisfied for the complex 0 → cX an → 0.

It follows that the correspondence Y 7→ H1(Yan, cYan) is a sheaf on X . For the same reason, the

assumption of Lemma 9.2.1 is satisfied for the complex Ω·X an and, therefore, the correspondence

Y 7→ H1
dR(Yan) = H1

dR(Y) is a sheaf on Y. Thus, the above k-linear pairings for open affine

subschemes of X give rise to a k-linear pairing

H1
dR(X )×H1(X an, cX an) → k1

Log : (ω, γ) 7→
∫

γ

ω .

Recall that there is an exact sequence 0 → H1(X an, cX an) → H1
dR(X ) → H0(X an,Ω1,cl

X an/dOX an) →
H2(X an, cX an) (see §1.3).

9.2.2. Lemma. The induced pairing H1(X an, cX an) ×H1(X an, cX an) → k1
Log takes values in

k and is nondegenerate.

Proof. We may assume that and k is algebraically closed and X is affine. Then H1
dR(X ) =

Ω1,cl(X )/dO(X ). Let ω be a closed one-form in Ω1(X ) whose image in H1
dR(X ) = H1

dR(X an) is in

H1(X an, k). Then the restriction of ω to an open neighborhood of every point of X an is an exact

one-form, and so
∫

γ
ω ∈ k for all γ ∈ H1(X an, k). Assume that

∫
γ

ω = 0 for all γ ∈ H1(X an, k).

Then any local primitive of ω admits an analytic continuation to the whole space X an and, therefore,

ω is an exact one-form. Since the dimensions of both spaces over k are equal, the pairing considered

is nondegenerate.

9.2.3. Theorem. Assume that X is proper and that it is either an abelian variety or can be

defined over a finite extension of Qp, and let γ ∈ H1(X an, cX an). If
∫

γ
ω ∈ k for all ω ∈ Ω1,cl(X ),

then γ = 0.

Proof. We may assume that the field k is algebraically closed, and we make the following

simple remark concerning the above statement in a more general setting. Let ϕ : Y → X be a

morphism between separated smooth k-analytic spaces. (A) If the map H1(Y, k) → H1(X, k) is
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injective, then the validity of the statement for X implies that for Y . (B) If the map H1(Y, k) →
H1(X, k) is bijective and the map Ω1,cl(X) → Ω1,cl(Y )/dO(Y ) is surjective, then the validity of

the statement for Y implies that for X.

Step 1. The theorem is true if X is an abelian variety. Indeed, by Raynaud’s uniformization of

abelian varieties (in the form of [BoLü1]), we may replace X by an isogenous abelian variety so that

there is an exact sequence of proper smooth k-analytic groups 0 → Y → X an → Z → 0, where Z has

good reduction and Y is an analytic torus, i.e., Y
∼→ Gn

m/Γ, where Γ is a lattice of maximal rank in

(k∗)n. By [Ber1, §6.5], H1(Y, k) ∼→ H1(X an, k), and so the remark (B) reduces the verification of the

statement to Y instead of X . Let γ1, . . . , γn be a basis of Γ over Z, and let γi = (qi1, . . . , qin) ∈ (k∗)n.

For an element γ ∈ H1(Y, k) one has γ =
∑n

i=1 λiγi with λi ∈ k. If ωi is the invariant one-form

on Y which corresponds to the one-form dTi

Ti
on Gn

m, then
∫

γ
ωi =

∑n
j=1 λjLog(qij). It follows

that, if qij = uijp
αij with |uij | = 1 and αij ∈ Q, then the coefficient of

∫
γ

ωi at Log(p) is equal to
∑n

j=1 λjαij . Thus, if
∫

γ
ωi ∈ k for all 1 ≤ i ≤ n, then

∑n
j=1 λjαij = 0 for all 1 ≤ i ≤ n. Since

Γ is a lattice in (k∗)n, it follows that the system of row vectors {(αi1, . . . , αin)}1≤i≤n, is linearly

independent. Hence λi = 0 for all 1 ≤ i ≤ n, i.e., γ = 0.

Step 2. The theorem is true if X can be defined over a finite extension of Qp. By the remark

(A), it suffices to verify that, for the canonical morphism X → A from X to its Albanese variety A,

the induced map H1(X an, k) → H1(Aan, k) is bijective. Notice that the required fact is equivalent

to the bijectivity of the map H1(|Aan|,Ql) → H1(|X an|,Ql) for some prime number l, and that

there is a well known isomorphism of l-adic étale cohomology groups H1(A,Ql)
∼→ H1(X ,Ql).

We now use the assumption that X is defined over a finite extension k′ of Qp in k, i.e., X =

Y ⊗k′ k and, therefore, A = B ⊗k′ k, where Y is a proper smooth scheme over k′ and B is its

Albanese variety. We may assume that k′ is big enough so that H1(|Yan|,Ql)
∼→ H1(|X an|,Ql) and

H1(|Ban|,Ql)
∼→ H1(|Aan|,Ql) (see [Ber7, Theorem 10.1]), i.e., it suffices to check the bijectivity of

the map H1(|Ban|,Ql) → H1(|Yan|,Ql). By [Ber8, Corollary 1.2], there are canonical isomorphisms

H1(|Yan|,Ql)
∼→ H1(X ,Ql)G and H1(|Ban|,Ql)

∼→ H1(A,Ql)G, where G is the Galois group of

k′a over k′, and the required fact follows from the isomorphism H1(A,Ql)
∼→ H1(X ,Ql).

9.2.4. Corollary. In the situation of Theorem 9.2.3, the following is true:

(i) the integration gives rise to a surjective homomorphism H1
dR(X ) → H1(X an, cX an)⊗k k1

Log;

(ii) the intersection of H1(X an, cX an) and Ω1,cl(X )/dO(X ) in H1
dR(X ) is zero;

(iii) the canonical homomorphisms H1(X an, cX an) → H1(X ,OX ) and Ω1,cl(X )/dO(X ) →
H0(X an, Ω1,cl

X an/dOX an) are injective.
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Proof. The statement (i) follows from Theorem 9.2.3, (ii) follows from its proof, and (iii)

follows from (ii).

9.2.5. Remarks. The assumption on X in Theorem 9.2.1 is certainly superfluous since the

isomorphism H1(X an,Q) ∼→ H1(Aan,Q) must always take place.

9.3. Locally unipotent and quasi-unipotent DX-modules. A DX -module F on a smooth

k-analytic space X is said to be unipotent (resp. quasi-unipotent) at a point x ∈ X if x has an

open neighborhood U ⊂ X (resp. an étale neighborhood U → X) for which F
∣∣
U

is unipotent. A

DX -module F is said to be locally unipotent (resp. locally quasi-unipotent) if it is unipotent (resp.

quasi-unipotent) at all points of X.

Furthermore, the level of a unipotent DX -module F on X is the minimal n for which there is a

filtration of DX -submodules F0 = 0 ⊂ F1 ⊂ F2 ⊂ . . . ⊂ Fn = F such that each quotient F i/F i−1

is a trivial DX -module. If a DX -module F is unipotent (resp. quasi-unipotent) at a point x ∈ X,

its level at x is the minimal number n, which is the level of the unipotent DU -module F∣∣
U

for some

U from the previous paragraph (see Remark 9.3.6(i)).

9.3.1. Lemma. Assume that a DX -module F is unipotent at a point x ∈ X. Then its level

at x is the same whether it is considered as unipotent or quasi-unipotent at x.

Proof. Lemma 5.2.1 reduces the lemma to the verification of the following fact. Given a

finite étale morphism of connected smooth strictly k-affinoid germs ϕ : (X ′, Y ′) → (X,Y ) and a

unipotent isocrystal M over B = O(X, Y ), the level of M is equal to the level of the unipotent

isocrystal M ′ = M ⊗B B′ over B′ = O(X ′, Y ′). To show this, we may assume that ϕ is Galois with

Galois group G and k = c(B), and set k′ = c(B′).

The canonical homomorphisms M∇ ⊗k B → M and M ′∇ ⊗k′ B′ → B′ are injective and

their images coincide with the maximal trivial sub-isocrystals of M and M ′, respectively. Since

the B′-submodule M ′∇ ⊗k′ B′ is invariant under the action of G, it coincides with N ⊗B B′ for

a B-submodule N ⊂ M (see [SGA1, Exp. VIII, §1]). Replacing M by N , we may assume that

M ′ is a trivial isocrystal, and our purpose is to show that M is also trivial. We prove the latter

by induction on the rank n of M . Since M is unipotent, the required fact is evident for n = 1.

Assume that n ≥ 2 and the statement is true for n− 1. Consider an exact sequence of isocrystals

0 → B → M → P → 0. Since M ′ is trivial, P ′ = P ⊗B B′ is also trivial and, by induction, P is

trivial and dimk(P∇) = n − 1. The exact sequence 0 → k′ → M ′∇ → P ′∇ → 0 and the fact that

H1(G, k′) = 0 imply that there is an exact sequence 0 → k → M∇ → P∇ → 0. It follows that

dimk(M∇) = n, i.e., M is trivial.
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9.3.2. Corollary (cf. Remark 9.5.4(i).) Any DX -module F unipotent at a point x ∈ Xst is

trivial over an open neighborhood of x.

Proof. Corollaries 2.3.3 and 1.3.3 imply that the level of F at x is zero if we consider F as a

DX -module quasi-unipotent at x and, therefore, the claim follows from Lemma 9.3.1.

9.3.3. Theorem. Let F be an OX -coherent DX -module, x ∈ X and n ≥ 1. Then the

following are equivalent:

(a) F is quasi-unipotent at x of level at most n;

(b) the point x has an étale neighborhood U → X such that, for some m ≥ 1, there is an

embedding of DU -modules F∣∣
U

↪→ (Sλ,n−1
U )m.

For a DX -module F , let FSλ denote the DX -module F ⊗OX Sλ
X . It is a DSλ-module, i.e., a

sheaf of D-modules over the DX -algebra Sλ
X , and its sheaf of horizontal sections F∇Sλ is a sheaf of

modules over CK
X . Moreover, it is a filtered DSλ-module with respect to the filtration defined by

the DX -submodules FSλ,i = F ⊗OX
Sλ,i, i ≥ 0. Assume that F is unipotent of rank m over OX ,

and fix a filtration F0 = 0 ⊂ F1 ⊂ F2 ⊂ . . . ⊂ Fn = F such that each quotient F i/F i−1 is a

trivial DX -module. Then there is a different structure of a filtered DSλ-module on FSλ defined by

the DX -submodules

F̃i = Fn
Sλ,i + Fn−1

Sλ,i+1 + . . . + F1
Sλ,i+n−1 .

9.3.4. Lemma. In the above situation, every point of X has an open neighborhood U such

that the following is true:

(i) (F̃i ⊗OX Ω1
X)cl(U) ⊂ ∇(F̃i+1(U));

(ii) each cU -module F̃∇i
∣∣
U

is free;

(iii) the CK
U -module F∇Sλ

∣∣
U

is free with free generators h1, . . . , hm ∈ F̃∇0 (U);

(iv) the elements h1, . . . , hm are free generators of the Sλ
U -module FSλ

∣∣
U

;

(v) the isomorphism of DSλ-modules F∇Sλ

∣∣
U
⊗CK

U
Sλ

U
∼→ (Sλ

U )m, defined by the elements

h1, . . . , hm, takes each F̃i

∣∣
U

into (Sλ,i+n−1
U )m.

Proof. Shrinking X, we may assume that X is connected, the OX -module Ω1
X is free, every

surjection of OX -modules F i → F i/F i−1 has a section, and H1(X, cX) = 0. We claim that all of

the statements are true for U = X. If n = 1, the claim follows from Theorem 1.6.1. Assume that

n ≥ 2 and the claim is true for n− 1. We set G = Fn−1 and notice that F̃i = FSλ,i + G̃i+1, where

the second summand is considered for the induced filtration of G of length n− 1.

First of all, given ω ∈ (F̃i ⊗OX
Ω1

X)cl(X), the above assumptions imply that there exists an

element f ∈ FSλ,i+1(X) with ω − ∇(f) ∈ (G̃i+1 ⊗OX
Ω1

X)cl(X). By the induction hypotheses,
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there exists an element g ∈ G̃i+2(X) with ω − ∇(f) = ∇(g), and so ω = ∇(f + g) with f + g ∈
FSλ,i+1(X) + G̃i+2(X) ⊂ F̃i+1(X), and (i) follows.

Furthermore, consider the exact sequence of DX -modules 0 → G̃i+1 → F̃i → (F/G)Sλ,i → 0.

It gives rise to an exact sequence 0 → G̃∇i+1 → F̃∇i → (F/G)∇Sλ,i = (F/G)∇ ⊗k Ki. To prove

(ii) , it suffices to show that the second homomorphism is surjective and has a section. For this

we take elements f1, . . . , fl ∈ F(X) whose images in F(X)/G(X) generate (F/G)∇ over c(X).

By the induction hypotheses, there exist elements g1, . . . , gl ∈ G̃1(X) with ∇(gj) = ∇(fj) for all

1 ≤ j ≤ l. We get elements f1 − g1, . . . , fl − gl ∈ F̃∇0 (X) which are linearly independent over c(X)

modulo G̃∇1 (X) and generate F̃∇0 modulo G̃∇1 . If V denotes the subspace of F̃∇0 (X) generated by

f1 − g1, . . . , fl − gl over c(X), then the subspace V ⊗k Ki of F̃∇i (X) maps isomorphically onto

(F/G)∇(X)⊗k Ki, and the required fact follows.

If now h1, . . . , hm−l are elements of G̃∇0 (X) with the properties (iii)-(v) for G, then the elements

h1, . . . , hm−l, hm−l+1 = f1 − g1, . . . , hm = fl − gl possess the same properties for F .

Proof of Theorem 9.3.3. The implication (a)=⇒(b) follows from Lemma 9.3.4.

(b)=⇒(a) It suffices to show that every point of X has an étale neighborhood such that the

restriction of F to it has an OX -coherent DX -submodule G such that its image in (Sλ,n−1
X )m

is contained in (Sλ,n−2
X )m and the quotient F/G is a trivial DX -module. Shrinking X, we may

assume that F is free over OX . Consider the induced morphism of DX -modules F → H =

(Sλ,n−1
X /Sλ,n−2

X )m. By Corollary 8.4.6(ii), there is an isomorphism of DX -modules H∇ ⊗cX
OX

∼→
H. We can therefore shrink X in the étale topology so that the images of generators of F over OX

are contained in
∑l

j=1 hjO(X) for some hj ∈ H∇(X). Let Y be an affinoid neighborhood of a point

x ∈ X, and let M be the submodule of H(X,Y ) generated by the elements hj over B = O(X, Y ).

Then M is a trivial isocrystal over B, and so the image of the finite isocrystal F(X, Y ) in M is

also trivial. This easily implies the required fact.

9.3.5. Corollary. Let F be a locally quasi-unipotent DX -module. Then

(i) the étale CK
X -module F∇Sλ is locally free;

(ii) there is an isomorphism of DSλ-modules F∇Sλ ⊗CK
X
Sλ

X
∼→ FSλ .

9.3.6. Remark. (i) Let X be a Tate elliptic curve, and ω a nonzero invariant one-form on X.

Then the DX -module F = OXe, defined by ∇(e) = ωe, is not unipotent, but is locally unipotent

of level one at all points of X.

(ii) Lemma 9.3.4 implies that, if a DX -module F is unipotent at a point x ∈ X of level at

most n, then x has an open neighborhood U for which there is an embedding of DU -modules
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F ↪→ (Sλ,n−1
U )m with m ≥ 1. It would be interesting to know if the converse implication is also

true.

9.4. Parallel transport along a path. Let ka be an algebraic closure of k, and X a smooth

k-analytic space. For an étale OX -module F , we denote by F the pullback of F on X = X⊗̂k̂a

and, for a point x ∈ X, we denote by Fx the inductive limit of the stalks Fx′ taken over finite

extensions k′ of k in ka, where x′ is the image of x in X⊗̂k′. Notice that Fx = Fx ⊗ka k̂a. Recall

that, by Corollary 9.3.2, any locally unipotent DX -module F is a trivial DX -module in an open

neighborhood of every point from Xst and, in particular, the stalk F∇x at a point x ∈ Xst is a

ka-vector space whose dimension is equal to the rank of F at x. Let X(ka) be the inductive limit

of the sets (X⊗̂k′)(k′) taken over finite extensions k′ of k in ka. Notice that it is identified with

the projective limit of the sets (X⊗̂k′)0 and, in particular, with a dense subset of X. One has

X(ka) ⊂ X(k̂a) ⊂ Xst.

9.4.1. Theorem. Given a closed subfield k ⊂ Cp, a filtered k-algebra K and an element

λ ∈ K1, there is a unique way to construct, for every smooth k-analytic space X, every locally

unipotent DX -module F , every path γ : [0, 1] → X with ends x, y ∈ Xst, an isomorphism of

ka ⊗k K-modules (the parallel transport)

TFγ = TF,λ
γ : F∇x ⊗k K

∼→ F∇y ⊗k K

such that the following is true:

(a) TFγ depends only on the homotopy type of γ;

(b) given a second path τ : [0, 1] → X with ends y, z ∈ Xst, one has TFτ◦γ = TFτ ◦ TFγ ;

(c) TFγ is functorial with respect to F ;

(d) TFγ commutes with tensor products;

(e) TFγ is functorial with respect to X;

(f) if F is the unipotent DX -module OXe1 ⊕OXe2 on X = Gm with ∇(e1) = 0 and ∇(e2) =
dT
T e1, γ(0) = 1 and γ(1) = a ∈ k∗, then TFγ (e2 − log(T )e1) = (e2 − log(T

a )e1)− Logλ(a)e1.

Furthermore, the parallel transport possesses the following properties:

(1) TFγ commutes with the Hom-functor;

(2) if F is unipotent of level n, then TFγ (F∇x ) ⊂ F∇y ⊗k Kn−1;

(3) if F is unipotent and γ([0, 1]) ⊂ Y , where Y an analytic subdomain of X with good

reduction, then TFγ (F∇x ) ⊂ F∇y ;

(4) TFγ is functorial with respect to (k, X, γ,K, λ);
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(5) the system of parallel transports TFγ is uniquely determined by the properties (a)-(f)

restricted to the paths with ends in X(ka).

9.4.2. Remarks. (i) In the situation of (f), the stalk F∇a at a point a ∈ k∗ is a two dimensional

vector space generated by the elements e1 and e2 − log(T
a )e1. The restriction of e2 − Logλ(T )e1

to an open neighborhood of the point a is an element of F∇a ⊗k K1 (and in fact the K-module

F∇a ⊗k K is generated by e1 and that element), and the property (f) simply means that the parallel

transport TFγ takes e2 − Logλ(T )e1 to itself.

(ii) The complete formulation of (4) (and of its particular case (e)) is as follows. Given a similar

tuple (k′, X ′, γ′,K ′, λ′), compatible isometric embeddings k ↪→ k′ and ka ↪→ k′a, a morphism

ϕ : X ′ → X and a homomorphism of filtered algebras K → K ′ : λ 7→ λ′ over the embedding

k ↪→ k′, the following diagram (in which F ′ = ϕ∗F and x′, y′ are the ends of γ′) is commutative

F∇ϕ(x′) ⊗k K
TF,λ

ϕ◦γ′−→ F∇ϕ(y′) ⊗k Ky y

F ′∇x′ ⊗k′ K ′ TF
′,λ′

γ′−→ F ′∇y′ ⊗k′ K ′

Proof. Construction. The inverse image of the étale sheaf cX with respect to the morphism

X → X is the constant sheaf ka
X

. From Lemma 9.3.4 it follows that the inverse image of the étale

sheaf F∇Sλ is an étale sheaf of ka-vector spaces whose restriction to the usual topology of X is locally

constant. It follows that the inverse image of the latter with respect to any path γ is a constant

sheaf on [0, 1]. Thus, if the ends x, y of γ lie in Xst, we get an isomorphism of ka ⊗k K-modules

TFγ : F∇x ⊗k K
∼→ F∇y ⊗k K. The validity of the properties (a)-(f),(1) and (4) is easily verified. To

verify (2), we again use Lemma 9.3.4. Fixing a filtration F0 = 0 ⊂ F1 ⊂ . . . ⊂ Fn = F such that

each quotient F i/F i−1 is a trivial DX -module, it follows that the sheaf F̃∇0 of horizontal sections

of F̃0 = Fn⊗OX Sλ,0
X + . . . +F1⊗OX Sλ,n−1

X is an étale sheaf of cX -vector spaces whose restriction

to the usual topology of X is locally free, and its stalk at every point x ∈ Xst contains the subspace

F∇x . The above reasoning implies the property (2). The property (3) is an easy consequence of

Proposition 8.1.3. The statement on the uniqueness in (5) follows from the fact that the restriction

of F to an open neighborhood U of every point x ∈ Xst is a trivial DU -module, the property (e)

applied to the canonical morphism U →M(k), and the property (b).

Uniqueness. Let T̃Fγ be a system of isomorphisms possessing the properties (a)-(f). We have

to show that it coincides with TFγ .

First of all, by Theorem 4.1.1 and the property (e), it suffices to prove the uniqueness on the

class of smooth basic curves. Furthermore, the last reasoning from the construction part shows
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that both parallel transports extend uniquely to all paths with ends in X(k̂a). Thus, applying

Corollary 5.5.5, we see that it suffices to prove that both parallel transports coincide on the class

of smooth basic curves under the assumptions that k is algebraically closed and the weaker form of

the property (e), in which morphisms considered are defined over a finite extension of Qp, is true.

Let X be a smooth basic curve. Since X is simply connected, F∇Sλ(X) is a free K-module of

rank equal to the rank m of F over OX , and F∇Sλ is the constant sheaf associated to it. Furthermore,

the isomorphisms TFγ and T̃Fγ depend only on the ends x = γ(0) and y = γ(1) of γ, and so they

will be denoted by TFx,y and T̃Fx,y respectively. It suffices to show that each isomorphism T̃Fx,y is

induced by the canonical isomorphisms of F∇Sλ(X) with F∇Sλ,x = F∇x ⊗k K and F∇Sλ,y = F∇y ⊗k K.

If the DX -module F is trivial, the required fact follows from the property (e) applied to the

canonical morphism X → M(k) and, in particular, it is true if X is an open disc. Assume now

that X is an open annulus in A1 with center at zero. In this case the category of unipotent DX -

modules is described as follows (see [Crew, Proposition 6.7]). Given a nilpotent linear operator

N on a finite dimensional k-vector space V , let FV denote the OX -module V ⊗k OX provided

with the connection ∇N = N ⊗ dT
T . Then the correspondence (V, N) 7→ (FV ,∇N ) gives rise to

an equivalence of the category of such pairs (V, N) with that of unipotent DX -modules. Notice

that (FV1 ,∇N1) ⊗OX
(FV2 ,∇N2) = (FV1⊗V2 ,∇N ), where N = N1 ⊗ 1 + 1 ⊗ N2. Let (V, N) be a

pair that corresponds to F . By the description of nilpotent matrices and the property (c), we may

assume that there is a basis v1, . . . , vm of Vm = V such that N(ei) = ei−1 for all 1 ≤ i ≤ m, where

v0 = 0. If m = 2, the required fact follows from the property (f) (as explained in Remark 9.4.2(i)).

If m ≥ 3, we use the surjective homomorphism Vm−1 ⊗ V2 → Vm that takes the element vi ⊗ v1 to

vi−1 and the element vi ⊗ v2 to ivi+1, where 1 ≤ i ≤ m − 1. This homomorphism gives rise to a

surjective homomorphism of unipotent DX -modules FVm−1⊗OX
FV2 → FVm , and the properties (c)

and (d) imply the required fact. We notice the following consequence of the above consideration.

For a unipotent DX -module F , let FLλ,n denote the DX -module F(X)⊗O(X) Lλ,n(X). If F is of

level n, then there is an isomorphism of DX -modules F∇Lλ,n−1 ⊗k O(X) ∼→ FLλ,n−1 . In particular,

F∇Sλ,n−1(X) = F∇Lλ,n−1 and (F ⊗OX
Ω1

X)(X) ⊂ ∇(FLλ,n−1).

Thus, it remains to consider the case when X is an arbitrary smooth basic curve, i.e., it is

isomorphic to the generic fiber Xη of a proper marked formal scheme X over k◦. By the previous

two cases and the property (e), it suffices to verify the required fact for an étale neighborhood of

the generic point of X. By the property (c) and Theorem 9.3.3, we may assume that for an open

affine subscheme Z ⊂ X̊, the isocrystal associated to F∣∣
(X,Zη)

is En(X, Z) for some n ≥ 0 and even

that En(X, Z) = F(X)⊗O(X) O(X, Z).
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The required fact is true for n = 0, and so assume that n ≥ 1 and that the fact is true for

n− 1. Let G be the unipotent DX -submodule of F with G
∣∣
(X,Zη)

= En−1(X, Z), and let H denote

the trivial DX -module F/G. Given an element e ∈ H∇(X), let f be its preimage in F(X). Then

∇(f) = ω ∈ (G ⊗OX
Ω1

X)(X). For a point x ∈ X(k), the space F∇x is generated by G∇x and

elements of the form f − gx, where f is as above and gx is a primitive of ω = ∇(f) in Gx. Given

a point x0 ∈ X(k) and a primitive gx0 of ω in Gx0 ⊗k K, consider the function x 7→ gx that takes

a point x ∈ X(k) to the primitive gx of ω in Gx ⊗k K such that T̃Fx0,x(f − gx0) = f − gx. For a

closed point x ∈ Xs, the preimage π−1(x) is either an open disc or annulus. It follows that there

exists an element gx ∈ G(π−1(x)) ⊗O(π−1(x)) Lλ(π−1(x)) such that, for every point x ∈ π−1(x),

the image of gx in Gx ⊗k K coincides with gx. Let Rλ(X) denote the space of systems of functions

αx ∈ Lλ(π−1(x)) taken over all closed points x ∈ Xs. (Notice that all Rλ,i(X), defined at the end

of §3.1, are contained in Rλ(X).) Then the above system of elements gx can be considered as an

element g of G(X)⊗O(X) Rλ(X) which is a primitive of ω.

We claim that g is defined by the element e ∈ H∇(X) uniquely up to an element of G∇Sλ(X).

Indeed, if g′x0
is another primitive of ω in Gx0 ⊗k K that gives rise to a primitive g′ of ω in

G(X)⊗O(X) Rλ(X), then g′x0
− gx0 ∈ G∇x0

⊗k K. By the induction hypothesis, one has T̃Fx0,x(g′x0
−

gx0) = TFx0,x(g′x0
− gx0), and so the function x 7→ TFx0,x(g′x0

− gx0) is an element of G∇Sλ(X).

Furthermore, if x1 is another point of X(k), then T̃Fx0,x(f − gx0) = T̃Fx1,x(f − gx1). Finally, if f ′ is

another preimage of e in F(X), then f ′ = f + h for some h ∈ G(X), g′x0
= gx0 + h is a primitive of

∇(f ′) = ω +∇(h) in Gx0 ⊗k K and, therefore, T̃Fx0,x(f ′ − g′x0
) = T̃Fx0,x(f − gx0).

Let now h be a primitive of ω in GSλ(X). Notice that h is also contained in G(X)⊗O(X) Rλ(X)

as the element g, and gx − hx ∈ K for every closed point x ∈ Xs. Thus, to prove the required

fact it suffices to show that g − h ∈ G∇Sλ(X), and to verify the latter, it suffices to show that

(g−h)σ ∈ Gσ⊗OX,σ
Sλ

X,σ, where σ is the generic point of X. For this we consider a Frobenius lifting

φ on (X, Zη) and a compatible system of Frobenius structures on the isocrystals Ei(X, Z), i ≥ 0.

Replacing φ by its power, we may assume that there exists a closed point x0 ∈ Zs stable under φ

and, therefore, there exists a k-rational point x0 ∈ π−1(x0) also stable under φ. By Lemma 6.2.1, we

can find a monic polynomial P (T ) ∈ k[T ] with no roots-of-unity roots such that P (φ∗)ω ∈ ∇(G(U))

for some open neighborhood U of Zη in Xη. We may assume that U is connected and all of the

morphisms φi with 0 ≤ i ≤ deg(P ) are defined at it. The above uniqueness claim implies that

P (φ∗)g ∈ GSλ(U). The equality here is considered in the tensor product G(U) ⊗O(X) Rλ(X,U),

where Rλ(X,U) is the space of all systems of functions αx ∈ L(U ∩ π−1(x)) taken over all closed

points x ∈ Xs (cf. §6.5). On the other hand, one also has P (φ∗)h ∈ GSλ(U). It follows that
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P (φ∗)(g − h) ∈ GSλ(U), and Lemma 6.3.2 implies the required fact.

Assume that X is connected, and let γ : [0, 1] → X be a path with ends x, y ∈ X such that

c(X) ∼→ cX,x and c(X) ∼→ cX,x. Then the points x and y have unique preimages x′ and y′ in each

connected component X
′
of X. By Lemma 9.1.2, the path γ lifts to a path γ′ : [0, 1] → X

′
with

the ends x′ and y′. Thus, if π1(X, x′) ∼→ π1(X,x) and x, y ∈ Xst, then the parallel transport

TFγ′ : Fx′ ⊗k K
∼→ Fy′ ⊗k K does not depend on the lifting γ′ of γ and, by functoriality, it gives

rise to an isomorphism of K-modules TFγ : Fx ⊗k K
∼→ Fy ⊗k K.

9.4.3. Corollary. Given a closed subfield k ⊂ Cp, a filtered k-algebra K and an element

λ ∈ K1, there is a unique way to construct, for every connected smooth k-analytic space X with

π1(X, z′) ∼→ π1(X, z), every locally unipotent DX -module F , every path γ : [0, 1] → X with ends

x, y ∈ Xst such that c(X) ∼→ cX,x and c(X) ∼→ cX,x, an isomorphism of K-modules

TFγ = TF,λ
γ : F∇x ⊗k K

∼→ F∇y ⊗k K

for which the properties (a)-(f) hold. Moreover, the properties (1)-(5) (appropriately modified) also

hold.

Recall that the fundamental groupoid of a topological space X is a category Π1(X) whose

objects are points of X and sets of morphisms ΠX(x, y) are the sets of homotopy classes of paths

from x to y. For a smooth k-analytic space X, let Π1(X)st denote the full subcategory of Π1(X)

whose objects are points from Xst, and let Π1(X)st,e denote the full subcategory of Π1(X)st whose

objects are the points x with c(X ′) ∼→ cX,x, where X ′ is the connected component of X that contains

x. Let also L-Mod denote the category of L-modules of a commutative algebra L. The properties

(a) and (b) of the parallel transport mean that the correspondences and x 7→ F∇x ⊗k K and γ 7→ TFγ

give rise to a functor TF = TF,λ : Π1(X)st → (ka⊗k K)-Mod (resp. Π1(X)st,e → K-Mod), which

is uniquely defined by them and the properties (d)-(f). In particular, for every point x ∈ Xst (resp.

Xst,e), there is an associated representation of the fundamental group π1(X, x) (resp. π1(X, x)) in

F∇x ⊗k K. In order to extend the construction to the class of locally quasi-unipotent DX -modules,

we recall a different interpretation of the fundamental groupoid, which is possible due to the fact

that smooth k-analytic spaces are locally simply connected.

Let Cov(X) denote the category of topological covering spaces over X, i.e., continuous maps

ϕ : Y → X with the property that each point of X has an open neighborhood U ⊂ X for which

ϕ−1(U) is a disjoint union of spaces such that each of them maps homeomorphically onto U . (Notice

that such Y always carries a canonical structure of a smooth k-analytic space.) Every point x ∈ X
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defines a functor Fx : Cov(X) → Ens to the category of sets that takes ϕ : Y → X to ϕ−1(x).

Then there is a canonical bijection between the set ΠX(x, y) of homotopy classes of paths from x

to y and the set of isomorphisms of functors Fx
∼→ Fy and, in particular, the fundamental group

π1(X, x) is canonically isomorphic to the automorphism group of the functor Fx.

9.4.4. Remark. In [Vol], V. Vologodsky constructed a parallel transport TFx,y : Fx⊗k kLog
∼→

Fy ⊗k kLog on a smooth geometrically connected scheme X over k with discrete valuation, where

F is an unipotent DX -module and x, y ∈ X (k). The relation between it and the parallel transport

on X an from Corollary 9.4.3 is similar to that between integrals mentioned in Remark 9.1.3(ii). In

particular, they do coincide if X is proper and has good reduction. (Notice that X an and X an
are

simply connected for such X .)

9.5. Parallel transport along an étale path. Let Covét(X) denote the category of étale

covering spaces over X, i.e., étale morphisms ϕ : Y → X with the property that each point of X

has an open neighborhood U ⊂ X for which ϕ−1(U) is a disjoint union of spaces such that the

induced morphism from each of them to U is finite étale (such ϕ is called an étale covering map).

Every geometric point x : pH(x) → X defines a functor Fx : Covét(X) → Ens that takes ϕ : Y → X

to the set of all morphisms pH(x) → Y over x (i.e., it takes ϕ : Y → X to the stalk at x of the sheaf

representable by Y ). Given two geometric points x and y of X, the homotopy class of an étale path

from x to y is an isomorphism of functors γ : Fx
∼→ Fy. For brevity, we call it an étale path from x

to y and denote γ : x 7→ y. By de Jong’s results from [deJ1], if X is connected, an étale path from

x to y exists for every pair of geometric points x and y.

The étale fundamental groupoid of X is the category Πét
1 (X) whose objects are geometric points

x of X and sets of morphisms Πét
X(x, y) are the sets of homotopy classes of étale paths γ : x 7→ y.

For example, the automorphism group of a geometric point x in Πét
1 (X) is the étale fundamental

group πét
1 (X, x) introduced in [deJ1]. Given an étale covering map Y → X and geometric points

x′ : pH(x) → Y and y′ : pH(y) → Y over x and y, respectively, let HY (x′, y′) denote the set of all

étale paths x 7→ y that take x′ to y′ under the induced maps Fx(Y ) → Fy(Y ). The set Πét
X(x, x′)

is provided with the weakest topology with respect to which all of the subsets HY (x′, y′) are open.

In particular, the étale fundamental group πét
1 (X, x) is provided with a topology. Notice that

the composition maps between the spaces of morphisms are continuous. Notice also that for every

morphism X ′ → X in the category of analytic spaces there is an induced functor Πét
1 (X ′) → Πét

1 (X)

with continuous maps between the spaces of morphisms. In particular, the canonical morphism

X → pk = M(k) induces, for every pair of geometric points x and y of X, a continuous map
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Πét
X(x, y) → Πét

pk
(x, y) : γ 7→ σγ . From [deJ1, 2.12] it follows that the latter map is always open

and, if X is geometrically connected, it is surjective.

If the valuation on k is nontrivial and the k-analytic space X is smooth, the canonical functor

Πét
1 (X) → Π1(X), which is evidently surjective on the families of objects, is also surjective and

continuous on the sets of morphisms (where the sets ΠX(x, y) of morphisms in Π1(X) are provided

with the discrete topology). Indeed, this follows from the fact that such a space X is locally simply

connected. In particular, the map πét
1 (X, x) → π1(X, x) is surjective.

9.5.1. Lemma. Let X be a geometrically reduced k-analytic space, and K a k-algebra. Then

any étale sheaf of CK
X -modules L, which is locally free of finite rank over CK

X , is representable by an

étale covering space over X.

Proof. Consider first the case K = k, i.e., CK
X = cX , and L = cX . The sheaf cX is the

pullback with respect to the canonical morphism X → pk of the sheaf cpk
(which coincides with

the structural sheaf of pk). The latter is representable by the étale covering space Wk =
∐

Vm

over pk, where the disjoint union is taken over all maximal ideals m ⊂ k[T ] whose residue field is

separable over k and Vm = M(k[T ]/m). From [Ber2, Corollary 4.1.4(ii)] it follows that the sheaf

cX is representable by the étale covering space WX = X ×pk
Wk over X.

In the general case, we fix a basis {ei}i∈I of the k-vector space K with e0 = 1 for a fixed

element 0 ∈ I. Let A be the set of pairs (J, f) consisting of a finite subset J ⊂ I and a map

f : j 7→ mf(j) from J to the set of maximal ideals of k[T ] such that, if J 6= {0}, then mf(j) 6= (T )

for all j ∈ J . For every (J, f) ∈ A, we fix a total ordering on J (i.e., represent J as {j1, . . . , jn})
and set W(J,f) = Vmf(j1) ×pk

× . . . ×pk
Vmf(jn) . Then WK

k =
∐

(J,f)∈A W(J,f) is an étale covering

space over pk, and it represents the étale sheaf CK
pk

= cpk
⊗k K. It follows that the étale covering

space WK
X = X ×pk

WK
k over X represents the étale sheaf CK

X = cX ⊗k K. If the étale CK
X -module

L is free of rank n, then it is representable by the fiber product over X of n copies of WK
X , which

is an étale covering space over X. If L is arbitrary, there is an étale covering {Uj → X}j∈J of X

such that each L
∣∣
Uj

is free over CK
Uj

, i.e., it is representable by an étale covering space over Uj , and

the claim follows from [deJ1, Lemma 2.3].

In the situation of Lemma 9.5.1, for any geometric point x of X, there is a canonical isomor-

phism cpk,x
∼→ cX,x and so, for any étale path γ : x 7→ y, the induced isomorphism cX,x

∼→ cX,y is

compatible with the isomorphism σγ : cpk,x
∼→ cpk,y. Because of that the former isomorphism is

also denoted by σγ . More generally, any étale path γ : x 7→ y gives rise to a bijection TL
γ : Lx

∼→ Ly,

which is compatible with all algebraic structures on L defined in a functorial way and, in particu-
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lar, TL
γ is an isomorphism of K-modules which is σγ-semi-linear in the sense that it is compatible

with the isomorphism σγ : cX,x
∼→ cX,y. Furthermore, it commutes with tensor products and the

internal Hom-functor, and is functorial on L and commutes with any base change in the category

of analytic spaces. Notice also that if the field k is algebraically closed and L is locally free in the

usual topology of X, then TL
γ coincides with the parallel transport TL

γ : Lx
∼→ Ly, where γ is the

homotopy class of a usual path with ends x, y ∈ X that lies under γ.

Let now k be a closed subfield of Cp, K a filtered k-algebra, λ an element K1, X a smooth

k-analytic space, and F a locally quasi-unipotent DX -module. We apply the above construction

to the sheaf of horizontal sections F∇Sλ . It follows that each étale path γ : x 7→ y defines a σγ-

semi-linear isomorphism of K-modules TFγ = TF,λ
γ : F∇Sλ,x

∼→ F∇Sλ,y. Recall that, by Corollary

9.3.2, if F is locally unipotent then, for every geometric point x of X over a point x ∈ Xst, there

is a canonical isomorphism F∇x ⊗cX,x
cX,x

∼→ F∇x . If now Πét
1 (X)st denotes the full subcategory of

Πét
1 (X) whose family of objects consists of the geometric points of X over points in Xst, we get

a functor TF = TF,λ : Πét
1 (X)st → K-Mod which takes a geometric point x to F∇x ⊗k K and an

étale path γ : x 7→ y to TFγ . The following theorem lists properties of this functor.

9.5.2. Theorem. (a) The K-linear isomorphism TFγ : F∇x ⊗k K
∼→ F∇y ⊗k K is σγ-semi-linear;

(b) the map Πét
X(x, y)× (F∇x ⊗k K) → F∇y ⊗k K is continuous;

(c) TF is functorial with respect to F ;

(d) TF commutes with tensor products and the internal Hom-functor;

(e) TF is functorial with respect to (k,X, γ, K, λ);

(f) in the situation of Corollary 9.4.3, TFγ is the σγ-semi-linear extension of the parallel trans-

port TFγ : F∇x ⊗k K
∼→ F∇y ⊗k K.

Proof. The only property, which is not so evident, is (f) in the case when the field k is not

necessarily algebraically closed (i.e., strictly smaller than Cp). To verify it, we may assume that

c(X) = k (and therefore, cX,x = cX,y = k). Let x′ and y′ be the preimages in X of the points x and

y, and let x′ : pH(x) → X and y′ : pH(x) → X be geometric points of X over the geometric points

x and y, respectively. By the assumption, there is a unique homotopy class of a path γ′ from x′ to

y′ in X over the path γ and, by the construction of Theorem 9.4.1, one has TFγ (f) = TFγ′(f) for all

f ∈ F∇x . Since the map Πét
X

(x′, y′) → ΠX(x′, y′) is surjective, we can find an étale path γ′ : x′ 7→ y′

over the path γ′ and, by the case of an algebraic closed field, one has TFγ′(f) = TFγ′(f) for all f ∈ F∇x .

Thus, to verify the property (f), we can replace the étale path γ : x 7→ y by the étale path γ′−1 ◦ γ

(where γ′ is considered an an element of Πét
X(x, y)), and so we may assume that γ is an element of
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the étale fundamental group πét
1 (X, x) whose image in the topological fundamental group π1(X, x)

is trivial, and we have to show that TFγ (f) = f for all f ∈ F∇x . Since the dimension of F∇x over k

is finite, there is an open subgroup H ⊂ πét
1 (X, x) such that TFτ (f) = f for all τ ∈ H and f ∈ F∇x .

We may shrink H and assume that it is contained in Ker(πét
1 (X, x) → π1(X, x)). Furthermore,

the canonical morphism pH(x) → X gives rise to a homomorphism of étale fundamental groups

πét
1 (pH(x), x) → πét

1 (X, x). It is clear that elements from the image of the latter act trivially on

F∇x ⊗k K. Since the canonical homomorphism from πét
1 (pH(x), x) to the Galois group Gal(ka/k)

of the algebraic closure ka of k in H(x) over k is surjective, we can multiply γ by an element of

πét
1 (pH(x), x) so that we may assume the image of γ in Gal(ka/k) is trivial. We now use the fact

that the image of πét
1 (X, x′) in πét

1 (X, x) is dense in Ker(πét
1 (X, x) → Gal(ka/k)) (see [deJ1, Remark

2.15]). It follows that γ = γ′τ for some γ′ ∈ πét
1 (X, x′) and τ ∈ H and, therefore, TFγ (f) = f for

all f ∈ F∇x .

9.5.3. Example. Let F = OXe be the DX -module on the affine line X = A1 defined by

∇(e) = −dTe. A horizontal section of F at zero is given by exp(T )e, where exp(T ) is the usual

exponential function convergent on the open disc with center at zero and of radius |p| 1
p−1 . The

logarithmic map ϕ : Y = D(1; 1) → X = A1 that takes z to log(z) is an étale covering map (see

§9.5), and since ∇(ϕ∗(e)) = −dz
z ϕ∗(e) it follows that ϕ∗(F) is a trivial DY -module. In particular,

F is a locally quasi-unipotent DX -module of level one. Assume now that the field k is algebraically

closed, i.e., k = Cp. For any geometric point a over a point a ∈ X(k) = k, F∇a = F∇a is a

one-dimensional vector space over k generated by the function exp(T − a). Given an étale path

γ : 0 7→ a, the isomorphism TFγ : F∇0 ∼→ F∇a depends only on the image of 1 ∈ ϕ−1(0) in ϕ−1(a)

under γ. If α = γ(1), then log(α) = a, and one has TFγ (exp(T )) = α exp(T − a).

9.5.4. Remarks. (i) The statement of Corollary 9.3.2 is not true if F is only assumed to be

quasi-unipotent at a point x ∈ Xst. Indeed, assume that k is algebraically closed, and let x be a

point of the affine line A1 of type (4) which corresponds to a family of embedded discs in k of radii

> |p| 1
p−1 with empty intersection. Then for F from the previous Example 9.5.3 one has F∇x = 0.

(ii) In a recent preprint [DeWe], C. Deninger and A. Werner constructed a parallel transport

along an étale path for a certain class of vector bundles on a smooth projective curve. It is of

different nature than the parallel transport from Theorem 9.5.2. For example, it is not related to

an integrable connection on such a vector bundle, and it is continuous with respect to the nontrivial

p-adic topology on the fibers of the bundle in comparison with the continuity of Theorem 9.5.2(c)

with respect to the discrete topology. Of course, it would be interesting to find a relation between
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the two parallel transports.
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Index of notations

cX , s(x), t(x), Xst : 1.1 (9).
Fx, fx, x, H(x), pH(x), Fx, Gx/x : 1.1 (9, 10).
F̃ (F is an étale sheaf) : 1.2 (10).
OK,i

X , OK
X , CK,i

X , CK
X (K is a filtered k-algebra) : 1.2 (11).

NK,i
X , NK

X , Ωq

NK,i
,X

, Ωq

NK
,X

, nX : 1.2 (11).

∇, F∇, (F ⊗OX Ω1
X)cl, Ω1,cl

X , ϕ∗(F), ϕ−1(F): 1.3 (12).
Hq

dR(X,F), Hq
dR(X) : 1.3 (13).

Ωq
F,X , F · G, F + G, F ∩ G, ϕ#(F) (F and G are DX -submodules of NK

X): 1.3 (13, 14).
Ωq

M (X), M ·N , M + N , ϕ#(M) (M and N are DX -modules) : 1.3 (14).
S(Gm), p(E(0; r)) : 1.4 (16).
Logλ, Logλ(f), Lλ,n(X), Lλ(X), Lλ,n

X , Lλ
X : 1.4 (17).

kLog, Log(p), Ni
X , NX , Ci

X , CX : 1.4 (18).
Sλ

X , Sλ,i
X , SX : 1.6 (22, 23).

π (reduction map) : 2.1 (24).
X̂ , X̂/Y , σX (generic point) : 2.1 (25).
kx : 2.4 (37).
c(A/L), c(A) (A is an L-algebra) : 3.1 (40, 41).
T(n,a), S(m) : 3.1 (41).
ωx, CK,n

R (X), Rλ,n(X), Ωq
Rλ,n(X), Rλ,n

0 (X), Ωq

Rλ,n
0

(X), cR(X) : 3.1 (43).

X̊ : 3.2 (44).
Irr(Xs) : 3.2 (46).
X̊, CK,n

R (X,U), CK,n
R (X, σ) : 3.2 (48, 49).

MY , DY (Y is a stratum closure) : 3.4 (51).
O(X)c, Oc

X , O(X)1, O1
X : 4.2 (58).

Ov
X , dLog, Hx : 4.2 (59).

ΥX , Ψ̃X , ΨX (X is a curve) : 4.3 (60).
Ψ̃X , ΨX : 4.5 (67).
VX,x, VX,x : 4.5 (69).
(X,S), O(X, S) : 5.1 (72).
k{T1, . . . , Tn}† : 5.1 (73).
(X, Y, α), (X, Y) : 5.1 (74).
Hq((X,S), F ), O(X,S) : 5.2 (76).
θ (nearby cycles functor), cY, O(X,Y) : 5.2 (77).
Hi

dR((X, Y ),F), Hi
dR(X, Y ), Hi

dR(M) : 5.2 (78).
Ωq

(X,Y)
, Hq

dR(Ys,F) : 5.2 (79).

Ωq
B , Hq

dR(B), Hq
dR(M), (M ⊗B Ω1

B)cl, MV : 5.3 (79, 80).
Ei

B , EB , MEi , ME , M̃i : 5.3 (81).
Sh(V ), ShB , Shn

B , Grn(ShB) : 5.4 (83).
E(X, Z), Ei(X, Z) : 5.5 (89).
EK(X, Z), EK,i(X, Z), Rλ,i(X,U), Rλ,i(X,Zη), Rλ,i

x (X, Zη) : 6.5 (95, 96).
Fλ,i(X, Z), Fλ,i

X,σ
: 6.5 (97).

Ω1,cl
Sλ,i,X

, Pλ,i+1
X : 7.1 (100)

Gλ,i(X, Z), Gλ,i

X,σ
: 7.1 (101).

ϕ#(Sλ,i
Y,y), Gλ,i

X,σ
: 7.1 (102).
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S̃λ,i
X : 7.3 (104).
Uω (ω is a marked one-form) : 7.4 (109).
Eλ(X,Y ) ((X, Y ) is a wide germ with good reduction) : 8.1 (118).
Ẽ(X,Y), FE , FEi : 8.1 (120).
Eλ(X) (X is a proper marked formal scheme) : 8.2 (121).
Eλ

X,x, Eλ
X,x : 8.3 (123).

si
X , sX : 8.5 (132).∫
γ

ω : 9.1 (136).
H1(X an, cX an) : 9.2 (139).
FSλ , FSλ,i , F̃i : 9.3 (143).
X(ka), TF,λ

γ , TFγ : 9.4 (145).
Π1(X), ΠX(x, y), Π1(X)st, Π1(X)st,e, TF,λ, TF , π1(X,x) : 9.4 (149)
Cov(X), Ens, Fx : 9.4 (149, 150).
Covét(X), Fx, γ : x 7→ y, Πét

1 (X), Πét
X(x, y), πét

1 (X, x), HY (x′, y′) : 9.5 (150)
pk, σγ : 9.5 (150, 151).
TF,λ

γ , TFγ , Πét
1 (X)st, TF,λ, TF : 9.5 (152).
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Index of terminology

DX -Algebra : 1.3 (12).
DB-Algebra : 5.4 (84).
D(X,Y )-Algebra : 8.3 (118).
Analytic curve :

affinoid basic : 2.4 (38),
elementary : 2.2 (33),
smooth basic : 2.4 (37).

NK,i-Analytic function : 1.2 (11).
Analytic space :

annular : 1.5 (19),
discoid : 1.3 (14),
rig-smooth : 1.1 (8),
semi-annular : 1.5 (19),
split : 7.2 (102).

Analyticity set : 1.2 (11).
Branch of the logarithm (over K): 1.4 (16).
Closed one-form :

marked : 7.3 (104),
split : 7.2 (102);
weakly marked : 7.3 (105).

NK,i-Differential form : 1.2 (11).
p1-Discoid neighborhood : 3.5 (55).
Étale path : 9.5 (150).
de Rham cohomology groups :

of a D-module : 1.3 (13), 5.2 (78).
of an isocrystal : 5.2 (78).

Filtered :
k-algebra : 1.2 (11).
OX -algebra : 1.2 (11).
DX -algebra : 1.3 (12).

Formal scheme :
nondegenerate strictly poly-stable : 3.1 (40);
marked : 2.1 (25),
proper marked : 2.1 (25),
k0-special : 2.1 (24);
small : 3.4 (51), 3.5 (53);
strictly poly-stable : 3.1 (40);
strongly marked : 2.1 (25).

Frobenius lifting : 6.1 (90, 91).
Fundamental groupoid : 9.4 (149),

étale : 9.5 (150).
Generic point : 2.1 (25).
Geometric point : 1.1 (10).
Germ :

of an analytic space 5.1 (72),
of a formal scheme : 5.1 (74),
of a smooth formal scheme : 5.1 (74),
smooth : 5.2 (78).
strictly k-affinoid : 5.1 (72),
wide : 5.1 (72);
with good reduction : 8.1 (117).

Isocrystal : 5.2 (78),
finite : 5.2 (78), 5.3 (80),
trivial : 5.2 (78), 5.3 (80),
unipotent : 5.2 (78), 5.3 (80),
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of level : 5.3 (82).
F -isocrystal : 6.2 (92),

trivial : 6.2 (92),
unipotent : 6.2 (92).

Logarithmic character (with values in K) : 1.4 (16).
DX -Module : 1.3 (12),

locally unipotent : 9.3 (142),
locally quasi-unipotent : 9.3 (142),
trivial : 1.3 (13),
quasi-unipotent at a point : 9.3 (142),
unipotent : 1.3 (13),

of level : 9.3 (138),
unipotent at a point : 9.3 (142).

D(X,Y )-Module : 5.2 (78).
D(X,Y)-Module : 5.2 (79).
DX -Module : 1.3 (14).
D(X,Y )-module : 8.1 (117).
Morphism of analytic spaces :

annular : 1.5 (19),
discoid : 1.3 (14),
semi-annular : 1.5 (19).

Nearby cycles functor : 5.2 (77).
Neighborhood of a point :

marked : 2.1 (25),
Y -split : 2.3 (35),
strongly marked : 2.1 (25).

p1-Semi-annular neighborhood : 3.5 (55).
Stratum : 3.3 (49).
Stratum closure : 3.3 (49).
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