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Schemes and analytic spaces over F;

Where did | come across them?
| came across them in searching for appropriate framework for
so called skeletons of non-Archimedean analytic spaces and
formal schemes.

What do they represent?

They represent schemes and non-Archimedean and complex
analytic spaces which are defined independently on the ground
field or ring (e.g., torus embeddings).

What are they good for?
e
@ They are not good for proving Riemann hypothesis.
@ Stupid question!
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Definition of F1-algebras

@ An Fy-algebrais a commutative multiplicative monoid A
provided with elements 1 = 1, and 0 = 04 such that

1. f=Ffand0-f=0forall f € A.

@ A homomorphism of Fy-algebras ¢ : A — Bis a map
compatible with the operations on A and B and takes 04
and 14 to 0Og and 1, respectively.

@ Ais integral if fh = gh implies either f = g or h = 0.

@ Ais an F,-field if every nonzero element of A is invertible
(i.e., A= A*, where A= A\{0}).

If Sis a sub-semigroup of A, one can define the localization
A — S~1A of A with respect to S. If A has no zero divisors, the
localization of A with respect to A is the fraction F-field of A.
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Examples of Fy-algebras

@ The field of one element Fy = {0,1}.

@ The trivial Fy-algebra {0} (with 0 = 1).

@ The multiplicative monoid A of any commutative ring A
with unity is an F4-algebra. For example, F; = F,,.

@ R, is an Fy-field, and Z,. is an integral F;-algebra.

@ Given an F-algebra A, the set A[Tq,..., Tp] consisting of 0
and aT{" ... T)" withae Aand p1,...,un € Z; and
provided with the evident multiplication is an Fy-algebra.

@ Any finite idempotent F1-algebra A, provided with the
partial ordering (e < f if ef = f) is a lattice. Conversely, any

lattice structure on a finite set A gives rise to an F;-algebra
structure on A: ef = sup(e, f), 0 = sup(e) and 1 = inf(e).
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|deals of F-algebras

Definition

An ideal of an Fy-algebra A is an equivalence relation which is
compatible with the operation on A, i.e., asubset EC Ax A
which is an equivalence relation and an F;-subalgebra.

Given an ideal E C A x A, the set of equivalence classes A/E
is an Fy-algebra.

Definition

A Zariski ideal is a subset a C A with the property that fg € a
whenever f € aand g € A.
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Examples of ideals

@ The diagonal A(A) C A x Ais the minimal ideal of A.

@ If ais a Zariski ideal, the set A(A) U (a x a) is an ideal, and
the corresponding quotient is denoted by A/a.

@ The union of any family of Zariski ideals is a Zariski ideal.
The maximal (nontrivial) Zariski ideal of Ais m = A\A*.

@ The nilradical of Ais nil(A) = {(f, g)| there is n > 1 with
f'' = g'forall i > n}. Ais reduced if nil(A) = A(A).

@ If Gis a subgroup of A*, the set of pairs of the form (f, fg)
with f € Aand g € G is an ideal, and the corresponding
quotient is the set A/G of orbits under the action of G on A.
If Ais an F4-field, each ideal of A is of this form.

@ Given a homomorphism ¢ : A — B, its kernel is the ideal
Ker(p) = {(f,g) € A x Alp(f) = ¢(9)}, and its Zariski
kernel is the Zariski ideal Zker(p) = {f € A|p(f) = 0}.
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Prime ideals and spectra

@ Anideal I of Ais prime if it is nontrivial and possesses the
property that, if (fh, gh) € I, then either (f,g) € M or
(h,0) € I, i.e., the quotient A/l is a nontrivial integral
F;-algebra.

@ A Zariski ideal p C Ais prime if it is nontrivial and
possesses the property that, if fg € p, then either f € p or
g € p, i.e., the quotient A/p is nontrivial and has no zero
divisors.

The sets of prime ideals and of Zariski prime ideals of A are
denoted by Fspec(A) and Zspec(A), the spectrum and the
Zariski spectrum, respectively.
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Prime ideals and spectra

For x € Fspec(A) and p € Zspec(A), the fraction F-fields of
A/MNy and A/p are denoted by x(x) and «(p), respectively, and
the image of f € Ain x(x) is denoted by f(x).

There is a surjective map

Fspec(A) — Zspec(A) : X — p, = {f € A’f(x) =0} .

There is a canonical bijection between the preimage of
p € Zspec(A) and the set of subgroups of r(p)*.

The prime ideal of A that corresponds to the unit subgroup of
r(p)* is denoted by [y. One has nil(A) =, My and

Mp = {(f, g)|either f,g € p, or fh = gh for some h & p} .
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Topology on the spectrum

The spectrum Fspec(A) of an Fq-algebra A is provided with the
topology whose base is formed by the sets N, D(f, g;), where
for f,g € Aone sets D(f,g) = {x € Fspec(A)|f(x) # g(x)}.

Fspec(A) is a quasicompact sober topological space.

The map x — {x} gives rise to a bijection between Fspec(A)
and the set of closed irreducible subsets of Fspec(A), and one
has {x} = Fspec(A/y).
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Topology on the spectrum

Let X = Fspec(A). For a Zariski prime ideal p C A, we set:
Xp = {x € X|f(x) =0forall f € p};

Xp = {x € Xp|f(x) #0forall f &p};

o XM = XTp

One has X®) = {My} = Fspec(A/My);

the map p — XP) gives rise to a bijection between the set
of minimal prime ideals of A and the set of irreducible
components of X.

The natural topology on the Zariski spectrum Zspec(A) is not
interesting, and it is better to consider Zspec(A) as a partially

ordered set with p < q if ¢ C p. This partial ordering admits the
infimum operation.
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Weakly decomposable Fi-algebras

A F-algebra A is said to be weakly decomposable if the set of
irreducible components of X = Fspec(A) is finite.

Suppose A is weakly decomposable, and letU € mo(X). Then

@ there is a unique maximal Zariski prime ideal p = p) with
Xy cU; we sett <V ifp) <pM) (e, p@ > p(V);

@ there is a unique maximal idempotent e € A with e\u =

@ there is an isomorphism of finite partially ordered sets
Ia 5 mo(X), where I, is the idempotent Fy-subalgebra of A.

J
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Definition of Banach F4-algebras

Definition
A Banach F-algebrais an F;-algebra A provided with a
Banach norm, i.e., a function || || : A — R, possessing the

following two properties:
(1) ||f|| = 0 if and only if f = 0;
) [lfgll < |[f]| - lg]| for all f, g € A.

Banach Fi-algebras form a category with respect to bounded
homomorphismes, i.e., homomorphisms of F{-algebras

¢ : A — B for which there exists a constant C > 0 with

lle(F)|| < C||f|| for all f € A.
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Examples of Banach F;-algebras

@ A Banach Fq-algebra K is a real valuation F1-field if it is an
F;-field and its norm is multiplicative. In this case
|K| = {|Al|X € K} is an Fy-subfield of R, and
K/K*™ 5 |K|, where K™ = {\ € K*||\| = 1}.

@ The multiplicative monoid A of any commutative Banach
ring A can be considered as a Banach F;-algebra.

@ For a Banach F-algebra A and numbers ry, ..., > 0, the
F-algebra A[Ty, ..., Tp] provided with the norm
llaT{" ... Th"|| = ||al|r{"* ... ri" is a Banach Fq-algebra

denoted by A{r; ' Ty,....ry ' Th}.

@ Given an ideal E of A, the function ||f|| = inf{||f|||f € f} is a
Banach norm on A/E if and only if E is closed. The closure
of Eis E = E U (a x a), where a = {f € A|||f|| = 0}.
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The spectrum of a Banach Fi-algebra

Definition
The spectrum M(A) of a Banach Fq-algebra A is the set of all
bounded homomorphisms of Banach Fy-algebras | | : A — Ry.

For a point x € M(A), the seminorm | | : A — Ry gives rise to
a multiplicative norm on the Fy-field H(x) = x(py), where
px = Zker(| |x) and to a character A — H(x) : f — f(x).

The spectrum M(A) is provided with the weakest topology with
respect to which all real valued functions of the form
x — |f(x)| = |f|x are continuous.

If A is nontrivial, M(A) is a nonempty compact space.

f € Ais invertible <= f(x) # 0 for all x € M(A).




The spectral radius and Gelfand transform

The spectral radius of an element f € A is the number
p(f) = lim /1] = inf /][] .
The function f — p(f) is a bounded seminorm on A.

Forany f € A, one has p(f) = m/glz(A) [f(x)] .
Xe

Corollary
If X = M(A), the Gelfand transform " : A — C(X) is isometric
with respect to the spectral norm.

One has Ker(") = {(f, g)||f(x)| = |g(x)| for all x € X}. If

|A| = A/Ker(") and A = Im("), then M(A) 5 M(|A]) = M(A).
The canonical bounded homomorphism |A| — A'is a bijection,
but is not an isomorphism in general.
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K-affinoid algebras

Let K be a real valuation F-field.

A K-affinoid algebra is a Banach K-algebra A for which there
exists an admissible epimorphism K{r; ' Ty,...,r, ' T} — A.

Every real valuation K-field K’ with finitely generated group
Coker(K* — K'™) is a K-affinoid algebra. For example, #(x) of
every point x € M(A) is a K-affinoid algebra.
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Example: R-polytopal algebras

Let R be an Fy-subfield of R;..

@ An R-affinoid polytope in R'! is a subset defined by a finite
number of equalities f(t) = g(t) with f,g € R[Ty,..., Tj]
and inequalities t; < ry with r; > O forall 1 </ < n.

@ For an R-affinoid polytope V C R, Ay denotes the
Banach R-algebra of continuous functions V — R, which
are restrictions of functions from R[Ty, ..., T,].

@ An R-polytopal algebra is a Banach R-algebra isomorphic
to the R-algebra Ay of some R-affinoid polytope V C R’

Any R-polytopal algebra is R-affinoid.
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The spectrum of a K-affinoid algebra

Let A be a K-affinoid algebra, and fix an epimorphism as
above. Then M(A) is identified with a compact subset X C R’

@ The kernel of the induced admissible epimorphism
\KI{ry " Ty, .o ry ' To} — A/K** s finitely generated and,
in particular, X is an |K|-affinoid polytope.

@ The bijection |A| — Ais an isomorphism of |K|-polytopal
algebras.

@ Zspec(A) is finite, and A is weakly decomposable.
@ The map X — Zspec(A) : x — py IS surjective.

For a Zariski prime ideal p C A, we set:
® Xy ={x e X|f(x)=0forall f € p};
@ Xp = {x € Xp|f(x)#0forall f ¢ p};
o X = )V(Tg
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Properties of the spectrum

@ Xy = M(A/p).

@ The prime ideals Iy are closed.

o X®) = M(AP)), where A®) = A/Ny; in particular, if A is
integral, then X = X(©).

@ If A is polytopal without zero divisors and X = X, then A
is integral.

@ Forevery U € my(X), there is a unique maximal Zariski
prime idealp = p(U) with X,  U; we set U < V if

(U) < ]J ([ e, p U) D) p(V));
@ There is a unique maximal idempotent e € A with e\ U=

@ There is an isomorphism of finite partially ordered sets
Ia 5 mo(X).
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Properties of K-affinoid algebras

Let A be a K-affinoid algebra.

@ For every non-nilpotent element f € A, there exists C > 0
such that ||f"|| < Cp(f)" foralln> 1.

@ If A is reduced, then there exists C > 0 such that
[|f|| < Cp(f) for all f € A.

o Ifnil(A) is prime, then Ker(A — A) = {(f,g)|f" = g"h for
somen > 1 and h € A with |h(x)| =1 for all x € M(A)}.

Corollary

Letp : A— B be a bounded homomorphism to a K-affinoid
algebra B. Given fy,...,f, e Bandr,...,rn> 0 withr; > p(f),
there exists a unique bounded homomorphism
A{r7'Ty,....ry ' T} — B extending ¢ and sending T; to f;.
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K-affinoid spaces

The category K-Aff of K-affinoid spaces is, by definition, the
category opposite to that of K-affinoid algebras.
Definition
A closed subset V ¢ X = M(A) is an affinoid domain if there is
a homomorphism of K-affinoid algebras A — Ay such that

@ the image of M(Ay) in X liesin V;

@ any homomorphism of K-affinoid algebras A — B such

that the image of M(B) in X lies in V goes through a
unique homomorphism of K-affinoid algebras Ay, — B.

@ The induced map M(Ay) — V is bijective and, for every
pointy € M(Ay) with the image x € X, there is an
isometric isomorphism H(x) = H(y);

@ the induced map Zspec(Ay) — Zspec(A) is injective.
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Rational and Weierstrass domains

@ Givenfy,...,fh,ge Aandps,...,pn,q > 0, the subset
V = {x € X||i(x)| < pilg(x)|,|9(x)| > q} is an affinoid
domain with respect to the homomorphism
A— Ay =A{p;'Th,....,om' Tm, qS}/E , where E is the
closed ideal generated by the pairs (gT;, f;) and (gS,1);

@ the canonical homomorphism Ag — Ay is surjective, and
its kernel coincides with the Zariski kernel.

An affinoid domain of the above form is called rational. If g = 1
and g = 1, itis called Weierstrass.

Every point of X has a fundamental system of neighborhoods
consisting of rational domains.
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Description of affinoid domains

For Zariski prime ideals p < q (i.e., p D q), the canonical
bounded homomorphism A®) = A/My, — A induces a
continuous map qp : X@) = M(A(q)) s X))

For a subset U C X, we set Up = UﬂXp, Up = UmX
UP) = Un X®, and Z(U) = {p € Zspec(A)|Up # 0}.
Fact

A subset U c X is an affinoid domain if and only if

e foreveryp € Z(U), UW) is a connected rational domain in
XM) -

J

e ifp < qinZ(U), then rqp(UW) c UP
@ the setZ(V) is preserved under the infimum operation.
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Properties of affinoid domains

Let U be an affinoid domain in X.

@ If U is connected then it is rational, and it is Weierstrass if
and only if U N Xm # 0;
@ if X is connected and U N Xm # 0, then U is connected.
@ there exists a decreasing sequence of affinoid domains
Ui D Us D --- D U such that
o U1 is a Weierstrass domain in U, and lies in the
topological interior of U, in X;
o Ny Un=U;
e the canonical homomorphisms Ay, — Ay are bijections.
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Acyclic K-affinoid spaces

For a finite affinoid covering U = {U;};c, of a K-affinoid space
X = M(A), we set

Au = Ker(H AU; j) H AUiﬂUj)

icl ijel

and provide A;; with the supremum norm.

The canonical map A — Ay is an admissible monomorphism.

Definition

X is said to be acyclic if the above map is a bijection for any i.
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Acyclic K-affinoid spaces

Each point x € X has an affinoid neighborhood U such that
every affinoid domain x € V C U is acyclic.

Corollary

@ Given finite affinoid coverings U andV such thatV is a
refinement of U, the canonical map Ay — Ay is an
admissible monomorphism;

@ there exists U such that, for any refinementV, the above
admissible monomorphism is a bijection.

The full subcategory of K- Aff consisting of acyclic K-affinoid
spaces is denoted by K-Caff, and the category with the same
family of objects and affinoid domain embeddings as
morphisms is denoted by K-Caffa.

Vladimir Berkovich Analytic geometry over F4



K-analytic spaces

@ A family = of subsets of a topological space X is a quasinet
if, for every x € X, there exist V4,..., V, € 7 such that

xeVin---nVyand V3 U---U V,is a neighborhood of x.

@ A quasinet 7 is a net if, for every pair U, V € 7, T|Umv is a
quasineton UnN V.

We consider 7 as a category and denote by 7 the canonical
function = — T op to the category of topological spaces 7 op.
We also denote by 72 the canonical functor K-Caffa® — T op.

Definition

A K-analytic space is a triple (X, A, ), where X is a locally
Hausdorff topological space, 7 is a net of compact subsets of
X, and Ais an acyclic affinoid atlas on X with the net 7, i.e., a
pair consisting of a functor A : 7 — K-Caffa® and an
isomorphism of functors 720 A = 7.
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The category K-An

A strong morphism ¢ : (X, A, 7) — (X', A, 7) is a pair:
@ a continuous map ¢ : X — X’, such that for every U € 7
there exists U’ € 7/ with p(U) C U/,
@ a compatible system of morphisms of K-affinoid spaces
puju : U— U with poy,u = ¢|,, (as maps) for all pairs
Uerand U €7 with p(U) Cc U.

Strong morphisms define a category K-An.
A strong morphism ¢ : (X, A, 7) = (X', A, 7')is a
quasi-isomorphism if
@ ¢ is a homeomorphism of topological spaces X = X/,
o for every pair U € 7 and U’ € 7" with o(U) C U', vy, is
an affinoid domain embedding.
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The category K-An

Definition

The category of K-analytic spaces K-An is the category of
fractions of K-.An with respect to the system of
quasi-isomorphisms.

Morphisms in the category K-.4n can be described as follows
First of all

@ If W is an acyclic affinoid domain in some U € r, itis an
acyclic affinoid domain in any V € r that contains W;

@ the family T consisting of all W as above is a net on X, and
there exists an acyclic affinoid atlas A on X with the net 7
which extends A.
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The category K-An

If o is a net on X, we write o < 7 if o C 7. Then A defines an
acyclic K-affinoid atlas A, with the net o, and there is a
canonical quasi-isomorphism (X, A,,o) — (X, A, 7). The
system of nets o with o < 7 is filtered and, for any K-analytic
space (X', A',7'), one has

Hom((X,A,7),( X, A, 7)) = lim Hom (X, Ay, 0), (X, A, 7).

o<T

Example

Let X = M(A) be a K-affinoid space. Then the family 7 of
acyclic affinoid domains in X is a net, and there is an acyclic
affinoid atlas A¢ with the net 7¢. In this way we get a functor
K-Aff — K-An : X — (X, Ac, 7¢). For a K-affinoid space

Y = M(B), Hom((Y, Bg, 0¢), (X, A¢, 7c)) = Hom(A, By), where
V is a finite covering of Y by acyclic affinoid domains.

o’
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Analytic domains

Let (X, A, 7) be a K-analytic space.

Definition

A subset Y C X is an analytic domain if ﬂ y IS @ quasinet.

In this case ﬂ y Is @ net and the atlas A defines a K-analytic
space (Y,A,7|,). A p-affinoid domain is an analytic domain
isomorphic to a K-affinoid space. A K-analytic space is said to
be good if every point has an acyclic affinoid neighborhood.

The family T of acyclic affinoid domains is a net on X, and there
is a unique (up to a canonical isomorphism) acyclic K -affinoid
atlas A on X with the net 7 that extends A (the maximal acyclic
affinoid atlas on X).
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G-topology on a K-analytic space

Definition

The G-topology Xg is the Grothendieck topology on the family
of analytic domains in X defined by the following pretopology:

the set of coverings of an analytic domain W C X is formed by
families of analytic domains which are quasinets on W.

Any representable presheaf is a sheaf on Xg.

The presheaf representable by M(K{r~'T}) is a sheaf on Xg
denoted by O . The inductive limit lim O is a sheaf of

K-algebras on Xg denoted by Ox, and called the structural
sheafon Xg. Its restriction to X is denoted by Oy.

If V is acyclic affinoid, one has O(V) = Ay. If V is compact,
O(V) is a Banach K-algebra and, for any finite covering {V;} of
V, the map O(V) — [[; O(V;) is an admissible monomorphism.
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Closed immersions and separated morphisms

A morphism ¢ : Y — X is a closed immersion if there is a
quasinet 7 on X such that, for every U € r, o' (U) — Uis a
closed immersion of acyclic K-affinoid spaces.

If o: Y — Xis aclosed immersion and X is good, then every
point of X has an acyclic affinoid neighborhood U with the
above property.

The category K-An admits fiber products, and a morphism
¢ : Y — Xs called separated if the diagonal morphism
Y —» Y xx Y is a closed immersion.

If o: Y — Xisand X is Hausdorff, then sois Y. If X is
Hausdorff and good, it is separated.
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Piecewise K-affinoid spaces

Definition

@ A K-analytic space is piecewise K-affinoid if it admits a
closed immersion of X in a K-affinoid space.

@ An analytic domain is said to be piecewise affinoid if it is
isomorphic to a piecewise K-affinoid space.

Piecewise K-affinoid spaces form a category K-Paff.

Fact
@ Piecewise K-affinoid spaces are good;

@ the category of piecewise K-affinoid spaces is preserved
under finite disjoint unions and fiber products;
@ for every piecewise K-affinoid space X, there exists a finite

family of closed immersions ¢ : Y; — X with integral
K -affinoid spaces Y; such that X = J; ¢i(Yi).
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The relative interior of a morphism

Letp: Y = M(B) - X = M(A) be a morphism of K-affinoid
spaces.

Definition

The relative interior of ¢ is the set Int(Y/X) consisting of the
points y € Y with the following property: for every non-nilpotent
element g € B with |g(y)| = p(g), one has g(y)" = f(y) for
some n > 1and f € Awith |f(y)| = p(f).

For example, if B= A{r; ' Ty,...,ry ' Ty}, then
Int(Y/X)={y € Y||Ti(y)| < riforall 1 <i< n}.

Vladimir Berkovich Analytic geometry over F4



The relative interior of a morphism

Let ¢ : Y — X be a morphism of K-analytic spaces.

@ The relative interior of ¢ is the set Int(Y/X) consisting of
the points y € Y with the following property: there exist
acyclic affinoid domains Uy, . .., U, with
x=¢p(y)eUn---NnUysuchthat Uy U---U U,is a
neighborhood of x and, for every 1 </ < n, there exists an
acyclic affinoid neighborhood V; of y in ¢~'(U;) with
y € Ini(V;/U)).

@ The relative boundary of ¢ is the set
(Y /X) = Y\Int(Y/X).

If X and Y are K-affinoid, this definition is consistent with the
previous one.
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Properties of the relative interior

@ Int(Y/X) is an open subset of Y.

@ If Y is an analytic domain in X, thenInt(Y /X) is the
topological interior of Y in X.

e ify € Int(Y/X) then, for every acyclic affinoid domain
o(y) € U C X, the point y has an acyclic affinoid
neighborhood V in o~ 1(U) with y € Int(V/U).

@ given a second morphism« : Z — Y, one has
Int(Z/Y) Ny~ (Int(Y/X)) c Int(Z/X) and, if
H(w(2)) = H(z) for all z € Z, the inclusion is an equality;

@ ifo: Y — X is separated and X is K-affinoid, then for
every p-affinoid domain V C Y with V C Int(Y/X) there
exists a bigger p-affinoid domain W C Y such that
V c Int(W/X) and V is a Weierstrass domain in W.
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Proper morphisms

A morphism of K-analytic spaces ¢ : Y — X is proper if it is
compact (i.e., proper as a map of topological spaces) and has
no boundary (i.e., 5(Y/X) = 0).

The class of proper morphisms is preserved under any base
change and any composition.

Vladimir Berkovich Analytic geometry over F4



Fréchet K-algebras

@ A Fréchet K-algebrais a K-algebra A provided with an
increasing sequence of seminorms | |[{ < | |2 < ... such
that if |f|; = 0 for all i > 1, then f = 0.

@ A homomorphism of Fréchet K-algebras ¢ : A — A’ is

bounded if for every i > 1 there exist j > 1 and C > 0 such
that |o(f)|; < C|f|; for all f € A.

There is a fully faithfull functor from the category of Banach
K-algebras to that of Fréchet K-algebras.

The category of Fréchet K-algebras admits countable direct
products. Indeed, given a sequence Aq, Ay, ... with seminorms

9 <1 < ..., their direct product A = [, A; is provided
with the seminorms |f|, = max{]f,-|j(.’)} for f = (fi,f,...) € A.
i+j<n
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Fréchet K-algebras

The spectrum M(A) of a Fréchet Fy-algebra A is the space of
all bounded homomorphisms of Fréchet F{-algebras

|| : A— Ry provided with the evident topology.

The K-algebra O(X) of every K-analytic space X countable at
infinity can be provided with a unique structure of a Fréchet
K-algebra so that, for every sequence of similar analytic
domains Uy, Us, ... that cover X, the canonical homomorphism
O(X) — 121 O(Un) is an admissible monomorphism.

For such X, there is a canonical continuous map
X = M(O(X)).
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Stein K-analytic spaces

Definition

A K-analytic space X is Stein if it is a union of an increasing
sequence of acyclic affinoid domains U; € U, C ... such that
each U, is a Weierstrass domain in Uy and U; C Int(U).

If X is Stein, then X = M(O(X)).

Fact
@ The contravariant functor X — O(X) from the category of
Stein K-analytic spaces to that of Fréchet K-algebras is
fully faithful.
@ Every point of a K-analytic space without boundary has a
fundamental system of open Stein neighborhoods.

A Stein K-algebra is a Fréchet K-algebra isomorphic to O(X)
of a Stein K-analytic space X.
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Non-Archimedean analytic spaces

Let k be a non-Archimedean field, and suppose we are given
an isometric homomorphism of Fi-fields ¢ : K — k'.

Definition
A ¢-morphism from a k-analytic space Y to a K-analytic space
X is a pair consisting of
@ a continuous map ¢ : Y — X such that, for every point
y € Y, there exist affinoid domains V4,..., V, C Y such
thaty e Vin---nV,, V3 U---U V,is a neighborhoods of
y, and all (V) lie in acyclic affinoid subdomains of X;

@ a system of compatible bounded ¢-homomorphisms
Ay — By, for all pairs consisting of an affinoid domain
V = M(By) C Y and an acyclic affinoid domain
U= M(Ay) € X with ¢(V) C U such that the induced
map V — U coincides with ¢|,,.
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Non-Archimedean analytic spaces

Let ®x be the functor from the category of k-analytic spaces to
the category of sets that takes a k-analytic space Y to the set
of ¢-morphisms Homy( Y, X).

@ The functor ®y is representable by a k-analytic space X(%)
and a compact ¢-morphism = = 7y : X(9) — X;

@ m induces a morphism of sites 7 : X((f’) — Xg and a

homomorphism of sheaves Ox, — <O YOR
G

@ the functor X — X(®) commutes with fiber products and
takes open and closed immersions, and proper morphisms
to morphisms of the same type;

@ the functor X — X(%) gives rise to a functor
K-Paff — k-Aff.

Vladimir Berkovich Analytic geometry over F4



Classes of analytic spaces

The following definitions makes sense also for the field of
complex numbers k = C. Let B be a K-algebra.

Definition

@ B is ¢-nontrivial if the stabilizer of any non-nilpotent
element of Bin K* lies Ker(K* — k*).

@ Bis ¢-special if it is ¢-nontrivial and, for every Zariski prime
ideal p C B, the group Ker(K* — k(p)*) has no torsion.

@ Bis ¢-superspecial if it is ¢-special and, for every pair of
Zariski prime ideals p < q, Y®) n V(@) is a Zariski closed
subset of Y(P), where ) = Spec(B).

@ A K-analytic space X is ¢-nontrivial (resp. ¢-special, resp.
¢-superspecial) if the K-affinoid algebras of all of its
affinoid domains possess the corresponding property.

For example, any irreducible ¢-special X is ¢-superspecial.
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Properties of the map 7 : X(®) — X

Let X be a K-analytic space.

@ If X is ¢-nontrivial, the map = is surjective and takes
analytic domains of X(®) to analytic domains of X.
@ If X is ¢-superspecial, then
e there is a canonical continuous section o : X — X(9) of the
map w;
e there is a strong deformation retraction
®: X x[0,1] = X of X(9) to o(X).

<

The full subcategory of K-.An consisting of ¢-special K-analytic
spaces is denoted by K-An(®).
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Sheaves of Banach K-algebras on k-analytic spaces

@ A sheaf of Banach K-algebras on a k-analytic space Y is a
sheaf of K-algebras .4 on Yg with the following structure:
o A restricted to the family of compact analytic domains is
induced by a functor to the category of Banach K-algebras;
e if {Vi}ic/ is a finite covering of a compact analytic domain V
by compact analytic domains, then A(V) — [];c, A(V;) is
an admissible monomorphism.
@ a homomorphism of sheaves of Banach K-algebras
A — A’ is bounded if, for every compact analytic domain
V, the homomorphism A(V) — A’(V) is bounded.

For example, Oy, is a sheaf of Banach K-algebras.

For a K-analytic space X, n§0Ox, is a sheaf of Banach
K-algebras on X\®), and ax : 70x, — O (@) IS bounded.
G
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k-analytic spaces with a prelogarithmic K-structure

@ A k-analytic space with a prelogarithmic K-structure is a
triple (Y, A, ) consisting of

@ a k-analytic space Y;

e a sheaf of Banach K-algebras A on Yg;

e a bounded ¢-homomorphism of sheaves of Banach
K-algebras A — Oy,.

@ A morphism (Y, A,a) — (Y, A, ) is a pair consisting of

e a morphism of k-analytic spaces ¢ : Y — Y’;

e a bounded homomorphism of sheaves of Banach
K-algebras A" — ¢..A, which is compatible with the
homomorphism Oy, — ¢, Oy,.

@ k-An(?) is the category of k-analytic spaces with a
prelogarithmic K-structure.
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Description of X in terms of X(?)

@ The correspondence X — (X(?) 1:0x.,, ax) gives rise to a
fully faithful functor K-An(®) — k-An(®).

@ Anobject (Y, A, a) of k-An(?) lies in the essential image of
the above functor if and only if
e the family of k-affinoid domains V C Y such that A(V) is an
acyclic K-affinoid algebra and V = M(A(V))?) is a net;
e for every pair of affinoid domains V C W from the above
net, M(A(V)) — M(A(W)) is an affinoid domain
embedding.
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Complex analytic spaces

Suppose we are given an isometric homomorphism of F+-fields
K—C.
Definition
A ¢-morphism from a complex analytic space Y to a K-analytic
space without boundary X is a pair consisting of
@ acontinuous map ¢ : Y — X;
@ a system of compatible bounded ¢-homomorphisms
OU) — O(V) for all pairs consisting of an open Stein
subspaces Y C X and V C Y with (V) C U such that the
induced map V — U coincides with ¢, .

If Y is the complex analytic point, then the set of ¢-morphisms
Homy(Y, X) is identified with the set of pairs consisting of a
point x € X and an isometric y-homomorphism #(x) — C".
The latter set is defined for an arbitrary K-analytic space X,
and is denoted by X,(C).
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Complex analytic spaces

For a K-analytic space without boundary X, let #x be the
functor from the category of complex analytic spaces to that of
sets that takes a complex analytic space Y to Hom(Y, X).

Fact

@ The functor ®x is representable by a complex analytic
space X(®) and a compact ¢-morphismn = 7y : X(¥) — X;

e there is a canonical bijection Xs(C) = X(¢) and, for any
analytic domain X' ¢ X, =~ (X") = X/(C);

@ for any open Stein subspace U c X, =—'(U) is an open
Stein subspace of X(9);

o if X is separated then, for any p-affinoid domain U C X,
7~ '(U) is a Stein compact in X(?).

@ the functor X — X(%) takes open and closed immersions
and proper morphisms to morphisms of the same type.
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Properties of the map 7 : X(®) — X

@ if X is ¢-nontrivial, 7 is an open surjective map, and its
fibers are direct products of a real torus and a finite set;

@ if X is ¢-special, the fibers of = are real tori;

@ if X is ¢p-special and irreducible, there is an action of a real
torus S on X(?) such that X(®)/S = X.

The full subcategory of K-.An consisting of ¢-special K-analytic
spaces without boundary is denoted by K-Can(®).
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Sheaves of Fréchet K-algebras on complex analytic

spaces

@ A sheaf of Fréchet K-algebras on a complex analytic

space Y is a sheaf of K-algebras A on Y with the following
structure:

e A restricted to the family of open subspaces countable at
infinity is induced by a functor to the category of Fréchet
K-algebras;

e if {V;}ics is a countable covering of a such an open
subspace V by similar open subspaces, then
A(V) = [, A(V)) is an admissible monomorphism.

@ a homomorphism of sheaves of Fréchet K-algebras
A — A’ is bounded if, for every V as above, the
homomorphism A(V) — A’(V) is bounded.

For example, Oy is a sheaf of Banach K-algebras.
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Complex analytic spaces with a prelogarithmic

K-structure

@ A complex analytic space with a prelogarithmic K -structure
is a triple (Y, A, «) consisting of

e a complex analytic space Y;

e a sheaf of Fréchet K-algebras .4 on Y;

e a bounded ¢-homomorphism of sheaves of Fréchet
K-algebras A — Oy.

@ A morphism (Y, A,a) — (Y, A, ) is a pair consisting of

e a morphism of complex analytic spaces ¢ : Y — Y’;

e a bounded homomorphism of sheaves of Fréchet
K-algebras A" — ¢..A, which is compatible with the
homomorphism Oy, — ¢, Oy.

@ C-An(? is the category of complex analytic spaces with a
prelogarithmic K-structure.
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Description of X in terms of X(?)

@ The correspondence X — (X\®) m*Ox, ax) gives rise to a
fully faithful functor K-Can(®) — C-An(?).

@ Anobject (Y, A, ) of C-An(9) lies in the essential image of
the above functor if and only if
e the family of open Stein subspaces V C Y such that A(V)
is a Stein K-algebra and V = M(A(V))¥) is a basis of a
topology;
e for every pair of open Stein subspaces V C W from the
above basis, M(A(V)) — M(A(W)) is an open immersion.
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