Introduction to Complexity Theory

Notes for a One–Semester Course

Oded Goldreich Department of Computer Science and Applied Mathematics Weizmann Institute of Science, Israel. Email: oded@wisdom.weizmann.ac.il

Spring 2002 (revised: October 8, 2002)

© Copyright 2002 by Oded Goldreich.

Permission to make copies of part or all of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that new copies bear this notice and the full citation on the first page. Abstracting with credit is permitted. I

Preface

Complexity Theory is a central field of Theoretical Computer Science, with a remarkable list of celebrated achievements as well as a very vibrant present research activity. The field is concerned with the study of the intrinsic complexity of computational tasks, and this study tend to aim at generality: It focuses on natural computational resources, and the effect of limiting those on the class of problems that can be solved. Put in other words, Complexity Theory aims at understanding the nature of efficient computation.

Topics: In my opinion, a introductory course in complexity theory should aim at exposing the students to the basic results and research directions in the field. The focus should be on concepts and ideas, and complex technical proofs should be avoided. Specific topics may include • Revisiting NP and NPC (with emphasis on search vs decision); • Complexity classes defined by one resource-bound – hierarchies, gaps, etc; • Non-deterministic Space complexity (with emphasis on NL); • Randomized Computations (e.g., ZPP, RP and BPP);

• Non-uniform complexity (e.g., P/poly, and lower bounds on restricted circuit classes); • The Polynomial-time Hierarchy;

• The counting class #P, approximate-#P and uniqueSAT; • Probabilistic proof systems (i.e., IP, PCP and ZK); • Pseudorandomness (generators and derandomization); • Time versus Space (in Turing Machines); • Circuit-depth versus TM-space (e.g., AC, NC, SC); • Communication complexity; • Average-case complexity;

Of course, it would be hard (if not impossible) to cover all the above topics (even briefly) in a single-semester course (of two hours a week). Thus, a choice of topics has to be made, and the rest may be merely mentioned in a relevant lecture or in the concluding lecture. The choice may depend on other courses given in the institute; in fact, my own choice was strongly effected by this aspect. II

Prerequisites: It is assumed that students have taken a course in computability, and hence are familiar with Turing Machines.

Model of Computation: Most of the presented material is quite independent of the specific (reasonable) model of computation, but some material does depend heavily on the locality of computation of Turing machines.

The partition of material to lectures: The partition of the material to lectures reflects only the logical organization of the material, and does not reflect the amount of time to be spent on each topic. Indeed, some lectures are much longer than other.

State of these notes: These notes provide an outline of an introductory course on complexity theory, including discussions and sketches of the various notions, definitions and proofs. The latter are presented in varying level of detail, where the level of detail does not reflect anything (except the amount of time spent in writing). Furthermore, the notes are neither complete nor fully proofread.

Related text: The current single-semester introductory course on complexity theory is a proper subset of a two-semester course that I gave in 1998–99 at the Weizmann Institute of Science. Lectures notes for that course are availalbe from the webpage

http://www.wisdom.weizmann.ac.il/∼oded/cc.html

III

Contents

Preface II

I Things that should have been taught in previous courses 1

1 P versus NP 3 1.1 The search version . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 The decision version . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2 Reductions and Self-reducibility 5 2.1 The general notion of a reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Self-reducibility of search problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 NP-completeness 7 3.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 The existence of NP-complete problems . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.3 CSAT and SAT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 3.4 NP sets that are neither in P nor NP-complete . . . . . . . . . . . . . . . . . . . . . 8 3.5 NP, coNP and NP-completeness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 3.6 Optimal search algorithms for NP-relations . . . . . . . . . . . . . . . . . . . . . . . 10

Historical Notes for the first series 11

II The most traditional material 12

4 Complexity classes defined by a sharp threshold 14 4.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 4.2 Hierarchies and Gaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 5 Space Complexity 16 5.1 Deterministic space complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 5.2 Non-deterministic space complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 5.2.1 Two models of non-determinism . . . . . . . . . . . . . . . . . . . . . . . . . 17 5.2.2 Some basic facts about NSPACE . . . . . . . . . . . . . . . . . . . . . . . . . 18 5.2.3 Composition Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 5.2.4 NSPACE is closed under complementation . . . . . . . . . . . . . . . . . . . . 20

IV

6 The Polynomial-Time Hierarchy 23 6.1 Defining PH via quantifiers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 6.2 Defining PH via oracles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 6.3 Equivalence of the two definitions of PH . . . . . . . . . . . . . . . . . . . . . . . . . 26 6.4 Collapses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 6.5 Comment: a PSPACE-complete problem . . . . . . . . . . . . . . . . . . . . . . . . . 27

7 Randomized Complexity Classes 29 7.1 Two-sided error: BPP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 7.2 One-sided error: RP and coRP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 7.3 No error: ZPP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 7.4 Randomized space complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

8 Non-Uniform Complexity 34 8.1 Circuits and advice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 8.2 The power of non-uniformity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 8.3 Uniformity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 8.4 Evidence that P/poly does not contain NP . . . . . . . . . . . . . . . . . . . . . . . 35 8.5 Reductions to sparse sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 9 Counting Classes 39 9.1 The definition of #P . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 9.2 #P-complete problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 9.3 A randomized reduction of Approximate-#P to NP . . . . . . . . . . . . . . . . . . . 40 9.4 A randomized reduction of SAT to Unique-SAT . . . . . . . . . . . . . . . . . . . . . 42 Promise problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 10 Space is more valuable than time 43

11 Circuit Depth and Space Complexity 44

Historical Notes for the second series 45

III The less traditional material 47

12 Probabilistic Proof Systems 49 12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 12.2 Interactive Proof Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 12.2.1 The Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 12.2.2 An Example: interactive proof of Graph Non-Isomorphism . . . . . . . . . . 51 12.2.3 Interactive proof of Non-Satisfiability . . . . . . . . . . . . . . . . . . . . . . 51 12.2.4 The Power of Interactive Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . 52 12.2.5 Advanced Topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 12.3 Zero-Knowledge Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 12.3.1 Perfect Zero-Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 12.3.2 General (or Computational) Zero-Knowledge . . . . . . . . . . . . . . . . . . 55 12.3.3 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 12.4 Probabilistically Checkable Proof (PCP) Systems . . . . . . . . . . . . . . . . . . . . 57 V

12.4.1 The Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 12.4.2 The power of probabilistically checkable proofs . . . . . . . . . . . . . . . . . 58 12.4.3 PCP and Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 12.5 The actual notes that were used . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 12.5.1 Interactive Proofs (IP) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 12.5.2 Probabilistically Checkable Proofs (PCP) . . . . . . . . . . . . . . . . . . . . 60

13 Pseudorandomness 64 13.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 13.2 The General Paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 13.3 The Archetypical Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 13.3.1 The actual definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 13.3.2 How to Construct Pseudorandom Generators . . . . . . . . . . . . . . . . . . 67 13.3.3 Pseudorandom Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 13.3.4 The Applicability of Pseudorandom Generators . . . . . . . . . . . . . . . . . 70 13.3.5 The Intellectual Contents of Pseudorandom Generators . . . . . . . . . . . . 71 13.4 Derandomization of BPP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 13.5 On weaker notions of computational indistinguishability . . . . . . . . . . . . . . . . 74 13.6 The actual notes that were used . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

14 Average-Case Complexity 79 14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 14.2 Definitions and Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 14.2.1 Distributional-NP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 14.2.2 Average Polynomial-Time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 14.2.3 Reducibility between Distributional Problems . . . . . . . . . . . . . . . . . . 82 14.2.4 A Generic DistNP Complete Problem . . . . . . . . . . . . . . . . . . . . . . 83 14.3 DistNP-completeness of Π_{BH} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 14.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 Appendix: Failure of a naive formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

15 Circuit Lower Bounds 89 15.1 Constant-depth circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 15.2 Monotone circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 16 Communication Complexity 90 16.1 Deterministic Communication Complexity . . . . . . . . . . . . . . . . . . . . . . . . 90 16.2 Randomized Communication Complexity . . . . . . . . . . . . . . . . . . . . . . . . 90

Historical Notes for the second series 91

Bibliography 93

VI