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Gruson—Serganova character formulas
and the Duflo—Serganova cohomology functor

By Maria Gorelik at Rehovot and Thorsten Heidersdorf at Bonn

Abstract. We establish an explicit formula for the character of an irreducible finite-
dimensional representation of gl(m|n). The formula is a finite sum with integer coefficients
in terms of a basis &, (Euler characters) of the character ring. We prove a simple formula
for the behavior of the “superversion” of &, in the gl(m|n) and osp(m|2n)-case under the
map ds on the supercharacter ring induced by the Duflo—Serganova cohomology functor DS.
As an application, we get combinatorial formulas for superdimensions, dimensions and go-
decompositions for gl(m|n) and osp(m|2n).

1. Introduction

Let g be a finite-dimensional Kac—Moody superalgebra. Denote by W the Weyl group
of g.

1.1. A brief history of character formulas. Let L(1) be a simple finite-dimensional
g-module. In 1977, V. Kac [30] showed that the Weyl character formula

Re?chL(A) = Z sgn(w)w(e*+P),
wew

where R is the Weyl denominator and p is the Weyl vector, holds if L(A) is typical. In 1980,
I. Bernstein and D. Leites [1] established for ¢ = gl(1|n) the character formula

) e)H—p
(1.1) Re?chL(A) = W;ngn(w)w(m),

where 8 € AT satisfies (8]|A) = 0. This formula was extended to the osp(2|2n)-case in [50]
and to gl(m|n)-modules of atypicality one in [51]. In 1998, J. Germoni produced similar char-
acter formulas for the two cases osp(3|2) and D(2]1;a); except for the case of the standard
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05p(3]2)-module, Germoni’s formula is very similar to (1.1): the only difference is the factor
% appearing in the right-hand side in certain cases (other formulas were obtained earlier by van
der Jeugt in [48,49]). In 1990, J. van der Jeugt, J. Hughes, R. C. King and J. Thierry-Mieg [51]
suggested to write the character formula in the general gl(m|n)-case as a sum of terms

o
Z sgn(w)w(l_[ﬂEU(l +e—ﬂ))

weW
for some U C Aj satisfying (U|A) = 0.
In 1994, V. Kac and M. Wakimoto [32] conjectured that

12 RePch L(h) = j ! e

. = n

(1.2) elch L(d) = j w%:ng (w)w(l'[,ses(1+€_’3))

for some scalar j if the following conditions (which we will call the KW-conditions) hold: A is
the highest weight of L with respect to a base X containing S, (S|A + p) = (S|S) = 0 and
the cardinality of S is equal to the atypicality of L. This conjecture was established in [7,8,23].
For each S C A satisfying (S|1) = (S5]S) = 0, we set

e/l
K = n .
W(A,S) w;V s (w)w(l_IM(1 - e_ﬁ))
(We call the above terms “Kac—Wakimoto terms” since the condition (S|S) = 0 is crucial for
our argument.)

Notice that Germoni’s formulas demonstrate that the KW-conditions are not necessary
for (1.2) to be valid: the only atypical osp(3|2)-module satisfying the KW-condition is trivial,
whereas (1.1) holds for each L 2 V.

The first general formula for the character ch L was discovered by V. Serganova [41] in
the gl(m|n)-case by expressing the character as an infinite sum over characters of Kac modules.
This algorithmic solution was enhanced by J. Brundan [2] who showed that the values of the
coefficients in the infinite sum can be computed in terms of weight diagrams. The equivalence
of the two approaches [2,41] was shown in [35]. Another description of the composition factors
of Kac modules was obtained in [6]. The description of Brundan [2] was then used by Y. Su
and R. Zhang [46] to establish a finite character formula for gl(m|n). For the osp-case, a finite
character formula was produced by C. Gruson and V. Serganova in [24]. For the exceptional Lie
superalgebras, the character formulas were proven by J. Germoni [18] and L. Martirosyan [34].
For g, an implicit finite character formula was given by 1. Penkov and V. Serganova in [37];
Y. Su and R. B. Zhang [47] wrote this formula explicitly using [3]; for the p,-case, an infinite
Serganova type character formula was recently proven by B.-H. Hwang and J.-H. Kwon [29].

The Kac—Wakimoto character formula suggests the following two refinements of van der
Jeugt—Hughes—King—Thierry-Mieg’s proposal: to present Re” ch L as a linear combinations of
KW(v, S(v)), where

(I) S, is maximal, i.e. |.S,| equals the atypicality of L(v) or

(IT) S, can be embedded into a certain base Xj,.

The Kac—Wakimoto formula is of both types. The Germoni formula and the Su—Zhang
formula for gl(m|n) are of type I; the Gruson—Serganova formula for osp and the Su—Zhang
formula for g, are of type II. For the exceptional algebras, the character formulas in [18, 34]
can be rewritten as type I or as type II formulas.
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1.2. The Gruson—-Serganova type character formula. In this paper, we obtain a for-
mula of type II for gl(m|n) (by above, such formulas were obtained early for all other cases).
Since the g(n)-case and the exceptional cases can be treated with the same methods, this gives
a uniform approach to obtain finite character formulas. The main difference of the gl(m|n)-case
compared to the osp(m|2n)-case is that X7, depends on L.

Let Irr be the set of isomorphism classes of finite-dimensional irreducible g-modules.
The terms {ch L, L € Irr} form a natural basis of the character ring. We say ch L is given by
a Gruson—Serganova type character formula if it can be written as a sum

(1.3) RePchL = Y by 1 KW(L),

L’€lrr
where the Kac—Wakimoto terms KW (L) have the following properties.

(i) {&L := (Re”)"'KW(L), L € Irr} form a basis of the character ring (where R is the
Weyl denominator). The terms &, are equal to the Euler characteristics &, (for a suitable
choice of parabolic) of Penkov—Serganova, and hence we can equally write the character
of L(A) as a finite sum with integral coefficients in the Euler characters).

(ii) The character formula Re? chL = ) ;/cp, br, . KW(L) is finite.

(iii) The matrix B := (by,1/) is a lower triangular matrix with integral entries and 1’s on
the main diagonal; moreover, there exists a diagonal matrix D with D? = Id such that
the entries of DBD ™! are non-negative (the entries of DBD~! can be interpreted as
a number of certain paths in a directed graph).

(iv) KW(L) := j(L)"' KW(AT, S1), where j(L) is a scalar and AT is the p-shifted highest
weight of L with respect to a certain base ¥, containing Sy..

The scalar j(L) is an order of the “smallest factor” in Staby AT (for instance, j(L) = |S|! for
the gl-case). The set Sz, is a maximal subset of X7, satisfying (AT]S) = (S|S) = 0.

We call the cardinality of Sy, the tail of L (tail(L)); this is a non-negative integer which
is less than or equal to the atypicality of L. If by ;/ # 0, then L and L’ lie in the same
block and tail(L’) < tail(L). We call the highest weight of L a Kostant weight if tail(L) is
equal to the atypicality of L; in this case, by, ;/ = 01 1. From [7, 8], it follows that, for
gl(m|n), osp(2m + 1|2n), L(A) satisfies the Kac—Wakimoto character formula if and only
if its highest weight is a Kostant weight; this also holds for the osp(2m|2n)-modules of
atypicality greater than one; see Remark 3.5.4.

In the osp-case, (1.3) was obtained in [24] in a slightly different form (property (iv) is
established in Proposition 4.3 below). In this case, ¥; = X is the usual “mixed” base and
At=1+p.

In this paper, we will establish (1.3) in the gl-case. In this case, X7 depends on L; in
Section 6, we describe the assignment L +> AT; this assignment is a one-to-one correspondence
between the set of irreducible modules Irr and the set AT which can be described in terms of
weight diagrams as follows: this is the set of the diagrams where at most one position contains
more than one of the symbols o, >, <, x and, if such a position exists, it contains x’ for i > 1
with no symbols x which precede this position. For each diagram fT in AT, we assign S
of cardinality tail( fT), where tail(fT) is the maximal number of x’s appearing in the same
position in fT. For instance, for A with the diagram f = >ox<x>o0x, we have

FT = >o00<x?>00x  with tail(L(1)) := tail(fT) = 2,
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and the character formula can be written as

Re? ch L(A) = KW(>ox<x>o00x) — KW(>0ox<x>0x0)

— KW (>xx<x>000) + 2 KW (>0Xx<X>X00),

where, for instance,
KW(L) =: KW(>ox<X>o00X) = %KW(>oo<x2>oox;s3 — 82,84 — 83),
KW(>xx<x>000) = éKW(>oo<X3>ooo, €3 — 81,84 — 02,85 — 83).
One has
Yp ={81—e1,61 —€2,62— 3,63 — 82,82 — €4,84 — 83,83 — 84,84 — &5}

which can be naturally encoded as §g2(¢8)28e.

1.3. Applications and conjectures. For a finite-dimensional module N, define the &-
character
chg N := dim(Ng)ye” + & dim(Ny)ve”

(where £ is a formal variable with £2 = 1); clearly, the Z-span of &-characters form a ring,
which we denote by Chg(g). The character ring Ch(g) and the supercharacter ring Sch(g) are
a factor of Chg(g) by § = 1 and § = —1, respectively; these rings were explicitly described
by A.N. Sergeev and A.P. Veselov [45]. Several important notions (for instance, dim N and
sdim N') can be viewed as linear maps from Chg(g). The Gruson—Serganova formula gives an
expression of Chg L see (A.3) and a formula for sch L in terms of &; (which are “superana-
logues” of &p).

An important example is the map multz/: Ch(g) — Z which assigns to ch N the (non-
graded) multiplicity [N : L], where L’ is a go-module; in Corollary A.5.3, we give formulas
for multz /(&) and for dim(&p).

Another important linear map is induced by the Duflo—Serganova monoidal functor

DS,: Fin(g) — Fin(gx),

where gy is a smaller rank Lie superalgebra. In [26, Section 3.8], it was shown that DS, induces
a ring homomorphism
dsx:Sch(g) — Sch(gy)

given by dsy:sch N — sch DS, (N) (see also [28] for more details); moreover, dsy coincides
with the evaluation of sch to a subalgebra by C §. In Theorem 7.2, we show that dsy (&) is
given by a simple formula (for the exceptional Lie superalgebras, a similar formula follows
from [20]). Since DSy preserves sdim, this gives a formula for sdim &; ; see Corollary 7.2.8.
It turns out that sdim &; = 0 except for the case when tail(L) is equal to the defect of g (by
above, tail(L) is less than or equal to the defect of g).

Using equation (1.3) and the aforementioned formulas, one obtains the expressions for
schDSy (L), sdim L, [L : L'] and dim L for L € Irr (we do not write these long expressions).
Note that DS, (L) is described in [20,21,26]; various formulas for dim L and sdim L appeared
in [10,21,26,34,46].
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It is well known that the highest weight of L with respect to any base X’ can be computed
by a recursive procedure. In Corollary 4.9.1, we show that, for the osp(2m + 1|2n)-case, the
p-shifted highest weight of L with respect to any base ¥’ is the maximal element in the support
of KW(L) and establish the same formula for certain bases for the osp(2m|2n)-case; we hope
that a similar result holds in the gl-case as well.

For each base X', let v denote the p-shifted highest weight of L with respect to X'.
Consider the leftmost position in its weight diagram containing the symbol x, and let tail’ (v)
be the number of x’s in this position. We conjecture that, for the gl-case, one has

tail(L) = max tail’ (v).

1.4. Euler characters. The Euler characters were originally defined as Euler charac-
teristics of the cohomology of vector bundles on a super-flag variety [41]. They were first
introduced in [36—38] and play also a crucial role in Brundan’s work on characters in the g (#)-
case [3,4]. We will describe the Euler characters for the “core-free case”, i.e. for the principal
block of gl(d|d) or osp(2d + t|2d), where t = 0, 1, 2. (A similar description works for all
osp-weights and for the “stable weights” in the gl-case.)

Fix a flag of parabolic subalgebras

g — p(d) Dp(d_l) DEIEED) p(O) — b’

where d is the defect of g and [) := [p@) p@] is of defect i (one has [() = gl(i]i) for
q = gl(d|d), () = osp(2i + 1]2i) for g = osp(2d + 1]2d)). For a pair of parabolic subal-
gebras @ C p C g containing a fixed Borel b, let I'y 4 (V') denote the maximal finite-dimen-
sional quotient of the induced module U(p) ®q(q) V. Then I'y  defines a functor from the
category of finite-dimensional g-modules Fin(q) to #in(p), and we denote by I'y, , its derived
functors as in [24]. For A, € A\, we consider the Poincaré polynomial in the variable z,

mn>
Kpia(z) = D08 4 (Lq(A) : L))z,
i=0

where Lg(A) and Ly(w) stand for the corresponding simple g and p-module, respectively.
Proposition 1 in [24] expresses the Euler characteristic

(1.4) Eipi= > Kgb(=DehL(w)
MEAI—J’I_Ul

in terms of ch Ly(A). The polynomials Ki’; (z) for the “neighboring parabolics” were com-
puted in [39] in the gl-case and in [24] in the osp-case. These polynomials can be conveniently
described in terms of so-called “arc diagrams”, Section 5.2.2. The coefficients Ké,’# (—=1) can
be computed iteratively via the formula

A, :
(1.5) Kga'(—=1) =Y K} (—DKgh (-1
v

established in [24, Theorem 1].
In the gl-case, the matrix Ap := (Kg’lff (—1)) is invertible and the inverse matrix can
be explicitly described; this gives the Serganova character formula [39]; this is an “infinite
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formula”: some rows of Ab_l have infinitely many non-zero entries. For the osp-case, one
has €, p = 0 for some A’s, so the matrix Ay is not invertible. In order to obtain the Gruson—
Serganova character formula, we take for each A the “maximal suitable parabolic”, setting
Py = p@lW  where tail(1) is the maximal i such that Alpnr@r = 0. (For osp-weights and for
the “stable” gl-weights, one has tail(A) = tail(L(A4))). The iterative formula (1.5) allows to
interpret Ké,’# (—1) in terms of “decreasing paths” in a certain directed graph. This graph has
several nice properties, which allow to express the inverse matrix (K é”#)\ (=1))"! in terms of
the paths in this graph; using (1.4), we obtain

(1.6) chi() = Y (-pH-llgrg,
HEA
for stable weights A, where di’“ is the number of “increasing paths” from j to A in the directed
graph and ||A]| is defined in Section 3.5. Since dim Ly, (1) = 1, [24, Proposition 1] gives
an explicit formula for &, p .. using the denominator identity from [32], this formula can be
rewritten as Re?&,, , , = KW(L). This gives (1.3).

For the osp-case, this program was executed in [24]. In the first part of our paper, we
execute a similar program for gl. The graph in the gl-case has an easier description than in the
osp-case, but its structure is more complicated: by contrast with the osp-case, each component
has infinitely many sources. We show that, in the gl-case, each vertex has finitely many prede-
cessors, and this property allows us to obtain (1.6). We will reveal some additional details in
Section 1.5 below.

To link (1.6) and (1.3), we show in Proposition 4.3 that the Euler characters are propor-
tional to Kac—Wakimoto terms. This result is also fundamental when we study the effect of ds
on Euler characters in the second part of the paper.

A similar approach works for the exceptional Lie superalgebras and for g; in these cases,
each component of the graph has a unique source. To the best of our knowledge, the Gruson—
Serganova type character formula is not known for the p,-case; we expect that, in this case,
each component has infinitely many sources as for the gl(m|n)-case.

1.5. Method of proof. The proof of (1.6) uses iterated parabolic induction. We will
outline this proof for the principal block of gl(d |d). A similar proof works for all osp-weights
and for the “stable weights” in the gl-case. On the other hand, the character formula for a simple
module of atypicality d can be reduced to this case.

The graphs [ and TX are directed graphs with the same set of vertices enumerated by
the highest weights of the 1rredu01ble modules in the principal block. In ['X, the vertices A
are joined by the edge yu — A if K (A) P61 # 03, for such an edge, we set b(e) := s. For
I'X, we require that p*~! D p, (in ‘other words, ['X can be obtamed from T'X by deletlng the
edges with b(e) < tail(1)). By [35], for the gl(m|n)-case, K m PG 1 is either 8, ,, or z' with

i = ||A|| — ||| In particular, if u and A are connected by an edge in ', then
A A
KA (1) = (A,

We define a “b-decreasing Path” inTX, TXasa path with a decreasing function b. For-
mula (1.5) allows to express K M( 1) as a sum of (— l)le“gth(P)"'”A" el where P runs
through the b-decreasing paths from M to A in ['X. We show that Kg m( 1) has the simi-
lar formula in terms of the b-decreasing paths in T'X (the proof uses the fact that a path in r'x
lies in "X if the last edge of this path lies in T'%).



Gorelik and Heidersdorf, Character formulas 7

The matrix As := (Ké,’p”“A (—1)) is invertible; by above, its entries can be written in terms
of the b-decreasing paths from u to A in I'X. We substitute b by another function 5" such that
b-decreasing paths and b’-decreasing paths are the same. The function »” has the following
advantage:

(*) if v is the start of an edge e and the end of an edge e,, then b’ (ey) # b'(e3)

(this property does not hold for the function b). By above, K, é”#/,\ (—1) can be written as a sum
of (—1)lengh(P)+IAMI=lnl where P runs through the b’-decreasing paths from 1 to A in T'X.
Property (*) implies that the entries of AZ! can be written as a sum of (—1)”’”"”“", where P
runs through the b’-increasing paths; this gives formula (1.6) (di’”“ stands for the number of
increasing paths from p to A with respect to b"). The graph ['% and the functions b, b’, deg(e)
can be naturally described in terms of arc diagrams (see Section 4.5.5).

In order to prove the finiteness of formula (1.6), we show that each vertex A has a finite
set of predecessors in I'* (for the gl-case, this property does not hold for ['X; for the osp and
q-cases, the property holds in both cases since {it € Ap|n | 1 < A} is finite).

1.6. Modified superdimensions. By the Kac—Wakimoto conjecture, sdim L(A) # 0 if
and only if L (1) has a maximal atypicality; this conjecture was proven by V. Serganova in [43].
In the gl(m|n)-case, sdim L (1) was computed in [26].

Consider the case g = gl(m|n), osp(M|N). Fix a triangular decomposition in the usual
way (see [24,25], etc.), i.e. a distinguished base for gl (m|n) and the mixed base for osp(m|2n).
Let L(A) be a finite-dimensional simple module of atypicality k. In this case, applying DSy
with rk(x) = k to L(}) gives by Theorem 7.2 an isotypic representation L(1)®"*) of

ax = gl(m —k|n — k)
in the gl-case, and in the osp-case, either an isotypic representation L (A’ )eem(x) of
gx = osp(m — 2k|2n — 2k)

(if L()\) is o invariant for the involution o of OSp; see Section 2.2) or (L(1') @ L(A/)®)®m*)
otherwise. We put L™ = L (1) in the gl and osp(2m + 1|2n)-case and

Jcore . L) if A’ is o — invariant,
T L)@ L(V)O else,

in the osp(2m|2n)-case. Then L™ only depends on the central character of A. Using this
notation, we obtain in case where the atypicality of L(A) equals the rank of x the uniform
formula

DS, (L (A,)) ~ Hi (Lcore)ﬂam(l)

for some parity shift TT'.

Identifying g, with a subalgebra of g as in [13, 22], we can interpret the above for-
mula as follows: for a simple gx-module L', the “super-multiplicity” of L’ in L(A) is zero if
[Le° . L'] = 0 and is £m(A) otherwise; see Remark 2.3.1.

If L(1) is maximal atypical, g is one of the algebras gl, og, sp, osp(1|2k).

The numbers m(A) can be computed in the equal rank case. In this case, we have that
m(A) = |sdim L(1)] is equal to the number of increasing paths from the Kostant weights,



8 Gorelik and Heidersdorf, Character formulas

which are p’s with dim L(p) = 1, to A. (In all cases, it is easy to see that the existence of
such paths is equivalent to the maximal atypicality condition). Therefore, we reprove the Kac—
Wakimoto conjecture and establish another combinatorial expressions for the superdimensions.

If L(A) is not maximal atypical, one can introduce a modified superdimension sdimf on
the thick tensor ideal spanned by the irreducible representations of atypicality k instead. We
show that the modified superdimension is given by sdim® (L(L)) = £m(X) sdim® (L) for
L(X) of atypicality k, where sdim® is the (unique up to a scalar) modified superdimension on
the thick ideal of projective objects, reproving results of [33,43].

By [21], the isotypic multiplicity in the osp-case can be expressed in terms of the arc
diagram of A.

1.7. Structure of the article. We recall some background in Sections 2 and 3. In partic-
ular, in Section 3, we discuss stability, tail and weight diagrams. We define parabolic induction
functors and their derived versions in Section 4. The main results, formula (1.3) for gl(m|n)
and the behavior of &, ’s under ds, are proven in Section 5 and Theorem 7.2. For the relation-
ship of (1.3) to other existing gl(m|n)-character formulas (notably the one from Su—Zhang),
see Section 5.4. Section 6 deals with &, , , and KW (L) in the gl(m|n)-case; in particular, we
describe the assignment L > AT and establish property (iv). The results on superdimensions
and modified superdimensions are assembled in Section 8. We discuss properties of KW(L)
in Appendix A. In Section A.5, we compute dim &) and obtain a formula for the multiplicity
of a gg-module in L(1); see Corollary A.5.3, Section A.5.5 and Remark A.5.6 for the graded
versions.

1.8. Index of definitions and notation. Throughout the paper, the ground field is C;
N stands for the set of non-negative integers. We will use the standard Kac notation for the root
systems.

KW(A4, S),Ch(g), Sch(g) Section 1.2
¥, A%n Section 2.1
o Section 2.2
ax,rk(x),dsy, ds; Section 2.3
Ss, 2, p Section 3.1
iso-set, at(A), at(L), stable weight, tail(1), gy Section 3.2
Ar%ln’ weight diagrams, diag(4), wt(4), stability and tail for the diagrams Section 3.3
core(A), x, A%, core(y), core-free, howl(A) Section 3.4
[ Allgrs [IA]], T, Kostant weights Section 3.5
K{},’# (2) Section 4.1
€. Pa Section 4.2
PL Proposition 4.3
arc diagrams for gl, b(v; L), b’ (v; 1) Section 4.5

graph Dy for gl, D Section 4.6



Gorelik and Heidersdorf, Character formulas 9

A% d. d<’“, Ta,a+1 Section 4.7

j), KW(v), KW(L) Section 4.8
hwty L Section 4.9
1“3{, FZ{ , r'x , I'X, increasing/decreasing paths Section 5.2
AT, tail(v), KW(v) for non-stable weights Section 6.1.2
&, Section 7.1
Leere Section 7.2.7
sgn(w),Jy, Ro, R1, po, p1, Re” Section A.1
R, Ry, supp Section A.2
Py, ®)I€,x/ Section A.3

2. Preliminaries

We denote by IT the parity change functor. Throughout Sections 2-8, g stands for one of
the Lie superalgebras gl (m|n), osp(2m|2n) or osp(2m + 1|2n).

2.1. Notation. We use the standard notation: the root system A lies in the lattice
Amjn CH* spanned by {&; )7L, U{&}_,.

We denote by A the lattice spanned by {&; }$2, U {§;}?2 | and view A, as a subset of A. We
define the parity homomorphism p: A — Z, by p(e;) = 0, p(§;) = 1 forall i, j.

For our purposes (character formulas and DS functor), the study of the category Fin of
finite-dimensional representations of g with parity preserving morphisms reduces to study the
category & with the modules whose weights lie in A |,.

The category ¥ is canonically isomorphic to the category of G-modules, where G is
a classical supergroup corresponding to g,

G := GL(m|n) for gl(m|n) and G := SOSp(m|n) for g = osp(m|n).

We fix the same triangular decomposition as in [24,25, 35]: for gl(m|n), we choose the
base ¥ which contains only one odd root &, — 1, and in the osp-case, we choose a base X
which contains a maximal possible number of odd roots; we always consider X as the ordered
set with respect to the usual order (see examples in Section 3.1 below).

We denote by A the set of dominant weights in Amin,

Al

mln

(A € Apjn | dim L(1) < oo}

mn =

The simple modules in ¥ are of the form L(4), IT(L(4)) for A € Am|n
The category ¥ decomposes into a direct sum of two categories,

F=Folf,

such that the simple objects in & are labeled by the dominant integral weights. The category ¥
is the full subcategory consisting of all modules M with the Z>-grading induced by the grading

onA (ie. M; =) . p(v)=i M,). Note that ¥ and F are tensor categories.
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2.2. OSp,SOSp and 0. One has
OQ2r +1)=SOQ2r +1)xZ, and OQ2r) =SOQ2r) x Zy;

we can choose the subgroup Z, in such a way that Z, acts on osp(2r|2n) by an involutive
automorphism o which stabilizes the Cartan algebra §). For r > 1 (i.e. 0 # C), o induces
a Dynkin diagram involution given by

oj)=46;, j=1,...,n,
o(e) = g, i=1,....r—1,
o(er) = —&r.
For odd m = 2r + 1, the orthosymplectic supergroup OSp(m|2n) is a direct product,

OSp(2r + 1|2n) = SOSp(2r + 1|2n) X Z,,

where the nontrivial element of Z, acts as minus the identity. For even m = 2r, it is a semidi-

rect product,
OSp(2r|2n) = SOSp(2r|2n) x Z,.
The underlying even group of OSp(m|2n) is O(m) x Sp(2n) and SO(m) x Sp(2n) in the
SOSp-case.
The automorphism o can be extended to osp(2r|2n). For m > 1, the involution o on §*
is given by
0(d;) =6;., j=1,...,n,
o(e) =g, i=1,....r—1,
o(er) = —&r.
A finite-dimensional SO(2r)-module N can be extended to O(2r) if and only if N¢ = N.

Similarly, a finite-dimensional SOSp(2r|2n)-module N can be extended to OSp(2r|2n) if and
only if N9 = N. See also [14] for more details.

2.3. The DS-functor. The DS-functor was introduced in [13]. We recall the definition
below.
For a g-module M and g € g, we set

M?& = Kery g.

ad x

We fix now an x € g; with [x, x] = 0. We set qx := q*¢*/[x, g]; note that g
are Lie superalgebras. For a g-module M, we set

and gy

DSy (M) = M*/xM.

Observe that M*, x M are g*!*-invariant and [x, g]M* C xM, so DS, (M) is a g**-module
and g,-module. Thus DSyx: M — DS, (M) is a symmetric monoidal functor from the category
of g-modules to the category of gx-modules.

ad x

2.3.1. Remark. Notice that the action of x provides a g*“*-isomorphism

~

M/M* = TI(xM).
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ad x

This implies that the “super-multiplicity” of a simple g*°*-module L’ in a g-module M equals

the “super-multiplicity” of L’ in the gx-module DSy (M),
[M: L] —[M:TI(L)] = [DSx(M) : L'] — [DSx(M) : TI(L")].

In many examples, g, can be identified with a subalgebra of g; in this case, the same
holds for a simple g,-module L’. The examples of such situation includes the cases when g is
a finite-dimensional Kac—Moody algebra (and x is arbitrary); see [13,22].

2.3.2. Let Gg denote GL(m) x GL(n) (the gl-case) or O(m) x Sp(2n) (the osp-case).
There exist ¢ € G and isotropic mutually orthogonal linearly independent roots 1, ..., o;
such that

Adg(x) =x1 +---+x;, wherex; € gg,.

The number j does not depend on the choice of g and is denoted by rank x (or rk(x)) [13]. The
Lie superalgebra g depends only on the rank of x. For rk(x) = k, we have

. gl(m — kin — k), g = gl(m|n),
T osp(m — 2k|2n — 2k), g = osp(m|2n).

Take x := x1 + -+ + x; as above. Then the algebra b, := H24¥/([x, g] N B) is a Cartan
subalgebra of gy. The functor DSy induces a ring homomorphism dsy: Sch(g) — Sch(gy)
such that

schDSx(N) = dsx(sch N) foreach N € Fin(g).

This homomorphism can be described as follows: the restriction f > f[gax gives a ring
homomorphism Sch(g) — Sch(g®!¥); the image of this map lies in Sch(gy) (which is a sub-
ring in Sch(g®!¥)) and dsy: Sch(g) — Sch(gy) is the corresponding map. If we choose

by C 5™* suchthat H** = b, @ ([x,g] N b),

then dsy is given by f +— fp ; see [28, Lemma 4].

2.3.3. In this paper, we will describe the action of dsy on a certain basis of Sch(g). We
do not use DS, but ds only, and while DS, depends on x (even for fixed rank [26]), dsx depends
only on the rank of x, and we simply write ds; for dsx with rk(x) = k. Then

2.1) ds; = (dsy)’.

3. Weights, roots and diagrams

We use the standard notation for the roots of g¢ and denote by I a standard set of simple
roots. In what follows, we consider only bases 3 of A which are compatible with ITg, that is
AT(Z)o = AT(IIp). By [40], all such bases are connected by chains of odd reflections. These
bases can be encoded by words consisting of m letters ¢ and n letters § (see examples below).

We fix a standard bilinear form on h* as follows:

(eilej) = 8ij = —(8i16;). (eild;) = 0.
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3.1. The base X and the sets S;. We set So := @ and, for s = 1, ..., min(m, n), in-
troduce the sets S as follows:
{em+1-i —8i}j_, for gl(m|n),
Ss = { {8n—i — em—i}{zh for osp(2m|2n),
{em—i — Sn—i }f;(l) for osp(2m + 1|2n).

Notice that Syin(n,») is a basis of a maximal isotropic subspace of h*.
For gl(m|n), we take the base X corresponding to the word §",

S = {61 — £2. ... Em1 — EmrEm — 61,81 — 82, Bt — Bn).

For the osp-case, we denote by X a base containing Syin(m,») (Such a base is unique): this are
the bases 6" (8¢)™ and ™" (§¢)" for osp(2m|2n) with n > m and n < m, respectively,
and 8" 7" (¢§)™ and ™" (&6)" for osp(2m + 1]|2n) withn > m and n < m, respectively. For
instance,

X={81—02.....0n—m+1 —€1.61 = On—m+2.6n—m+2 — €2, ..., Em—1 — n. On L &m}

for osp(2m|2n) with n > m.

3.1.1. Remark. 1In [21], we used the same bases X, but in the osp(2m|2n)-case, we
chose different S for different blocks. The formulas in Proposition 4.3 hold for both choices
of S.

3.1.2. We denote by p the Weyl vector of g (see Section A.1.1). Note that p is unique
for osp(M |2n) with M # 2; we take

n
Z(n —1i)é; for osp(2]2n),

i=1

Y (1 —i)ei + Y (m—i)§ forgl(mln).

i=1 i=1

p:

Notice that (0|Smin(m,n)) = 0 in the osp(2m|2n)-case, one has o (p) = p.

3.1.3. Remark. For our choice of X, there are several natural choices of x of each
rank s: this can be x € } Jgeg gg Or X € Y geg g—p. For these choices, we have a natural
embedding DS (g) = gx C g which is compatible with the triangular decomposition with the
set of positive roots

At :={ae AT | (|Ss) =0} \ S.

Our choice of p is compatible with the embedding gx C g, i.e. p|y, is the Weyl vector of gx.
For instance, for gl(m|n) with x € g, _s,, we have

m—1 n
plo, = D (1 =Dei + Y (m—0)s;
i=1 =2

which is the Weyl vector for g, = gl(m — 1|n — 1).
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3.2. Atypicality, stability and tails. We call S C A an iso-set if S forms a basis of
an isotropic subspace in §*, i.e. S is linearly independent and (S|S) = 0. For instance, S, is
an iso-set.

For A € h*, we denote by at(1) the atypicality of A (i.e. the maximal cardinality of an
iso-set orthogonal to A). The atypicality of L(1) is equal to at(A + p).

The stability is usually introduced for a weight diagram. Below, we will introduce this
notion for a weight (and a fixed base X).

We say that g5 C g is an equal rank subalgebra if g is of the following form:

as = gl(s|s) for the gl-case,
gs = osp(2s + 1)2s) for g = osp(2m + 1|2n),
gs = 0sp(2s]2s) or osp(2s + 2[2s) for g = osp(2m|2n),

and, in addition, gs has a base X3 C X. Note that p; := p|q, g satisfies (of|a) = 2(«|e) for
each o € Xy, s0 p} is “a Weyl vector” for g (p} is the usual Weyl vector except for the gl-case).
Observe that g contains a unique copy of gs for each s with 0 < s < min(m, n).

3.2.1. Definition. In the gl-case, we say that A € A;m is a stable weight if there exists
an equal rank subalgebra gy C g such that

at(A + p)png, = at(A + p) =s.

3.2.2. Definition. Take A € A,*n'm, which is assumed to be stable for the gl(m|n)-case.
We denote by g, the maximal equal rank subalgebra of g satisfying A|pn[q; .q,] = 0; we call

g, the tail subalgebra of A and denote by tail(1) the defect of g, .

3.2.3. Examples. The gl(3|3)-weight A with A + p = 3&; 4 2e5 — 26, — 583 is stable
(with gs = gl(2]2)), and one has gj = gl(1|1) and tail(A) = 1; the gl(3|3)-weight v with
v+ p = 3e1 + & — 63 — 563 is stable (with g5z = gl(2]|2)), and one has g, = gl[(2]2) and
tail(v) = 2.

3.3. Weight diagrams. Many properties of a finite-dimensional representation L (1)
can be better understood by assigning a weight diagram to the weight A (see e.g. [6,15,26,43]).
These were first defined in [6] for gl(m|n) and then for osp(m|2n) in [24,43] and for OSp
in [14]. Note that the conventions how to draw these weight diagrams differ. The original
weight diagrams of [6] use a different labeling of the vertices: our > is a X, our < a o and our
x a V. For the difference between the weight diagrams of [24] and [14] in the osp-case, see
[14, Proposition 6.1]. We follow essentially [24].

We denote by Ay, the following subgroup of h*:

m n
A%’m = {Zaié‘i + Zbi&/‘

i=1 j=1

1
al EEZ,al—bl EZ, a,-—aj,bl-—bj e N fori <]}

The set A, contains p, A$|n and A%n + p.
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3.3.1. We assign the weight diagram (a labeling of the real line R by certain symbols)
to each weight Y7L, a;e; + )7y bidj € A using the following rules:

o for gl(m|n), we put > and < at the position with the coordinate j ifa; = j and b; = —j
for some 7, respectively;

* for osp(2m|2n), we put > and < at the position with the coordinate ¢ if |a;| = j and
|bi| = jfor some i, respectively; if a,, # 0, we add the signs 4+ and — if a,, > 0 and
am < 0, respectively;

 for osp(2m + 1|2n), we put > and < at the position with the coordinate j — % if|la;| = J
and |b;| = j for some i, respectively; we add the signs 4+ and — if the zero position is
occupied by x? for p > 0, (A + ple;) = % for some i and (A + ple;) # % for each i,
respectively.

If >, < occupy the same position, we write these symbols as x (x* stands for s symbols < and
s symbols >; % stands for s symbols < and s + 1 symbols >). We put an “empty symbol” o at
the non-occupied positions with the coordinates in a1 + Z; sometimes, instead of o, we put its
coordinate (for instance, 0 ox means that x has the coordinate 2). For a diagram f', we denote
by f(a) the symbols at the a-th position.

Note that, for the osp(2m + 1|2n)-case, our diagram is obtained from the diagram used

in [24] by the shift by —1.

3.3.2. Examples. The diagram of p for osp(2n + 1|2n) has the sign — and contains n
symbols X in the zero position; we write this as (—)x"; similarly, for osp(2n|2n), the diagram
of p is x™, and for gl(3|3), the diagram of p is xx X, where the rightmost symbol x appears
in the position 0. For gl(m|n), we sometimes add a coordinate of o instead one empty symbol;
for instance, for gl(4]3), the diagram of p can be written as

XXX>1 or —4XXxX>.

3.3.3. We assign to each A € A,?”n the diagram of A 4 p constructed as above; this
diagram will be denoted by diag(1). For a diagram f', the corresponding weight in A,%,m will
be denoted by wt( f'); notice that

wt(diag(1)) = A + p.

The map A +— diag(A) gives a one-to-one correspondence between Ajn'|n and the dia-
grams containing k symbols X, m — k symbols > and n — k symbols < (where k < min(m, n))

with the following additional properties:

* the atypicality of L(A) is equal to the number of symbols X in the diagram of A + p;

 in the gl-case, the coordinates of the occupied positions lie in Z, and each occupied
position contains exactly one of the signs {>, <, x};

* in the osp-case, the coordinates of the occupied positions lie in N, and each non-zero
occupied position contains exactly one of the signs {>, <, x};

* in the osp(2m|2n)-case, the zero position does not contain <, contains at most one sym-
bol > and an arbitrary number of x; a diagram f has a sign if and only if f(0) = o; see
[24, Section 6] for details;
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* in the osp(2m + 1|2n)-case, the zero position contains at most one of the symbols >, <
and an arbitrary number of x; a diagram f has a sign if and only if f(0) = x' fori > 0;
see [24, Section 6] for details.

3.3.4. Remark (OSp(2m|2n)-modules). By Section 2.2, simple OSp(2m|2n)-modules
are in one-to-one correspondence with the unsigned osp(2m|2n)-diagrams.

3.3.5. Tail in the diagrammatic language. It is easy to see that A € Ar%ln is stable in
the gl-case if and only if all symbols x in diag(4) precede all symbols <, >.

For A € A%n, we can easily express tail(4) in terms of f := diag(1) as follows:

* for the osp(2m|2n)-case, tail(A) is equal to the number of symbols X in the zero position
of f

o for the osp(2m + 1|2n)-case, tail(4) is the number of symbols x in the zero position of
f if f does not have (+) sign and is less by 1 if f has the sign (+);

» for a stable weight A in the gl-case, tail(1) is equal to the maximal length of the subdia-
gram XX ... X which starts from the first symbol x in diag(A).

For instance, in the osp-case, tail(oxx) = 0 and tail((+)x3x) = 2; in the gl-case, one has
tail(oxXxoxXxXx) = 2.
Note that, in the gl-case, tail(A) 7 0 if A is an atypical stable weight.

3.4. Cores and howls. We call the symbols >, < the core symbols. A core diagram is
a weight diagram which does not contain symbols x and does not have a sign.

For a weight diagram f, we denote by core( f) the core diagram which is obtained
from the diagram of f by replacing all symbols x by o and deleting the sign. For instance,
core(<ox>) = <oo>. For a weight A, we set

core(A) := core(diag(1)).

3.4.1. We say that a g-central character is dominant if ¥ (g) contains modules with
this central character. We denote by y, the central character of L(A). For a dominant central
character y, we set

A= {he Ay, | xa= X

For the gl(m|n), osp(2m + 1|2n)-cases, the dominant central characters are parame-
trized by the core diagrams, i.e. for A,v € A}

mn>
X1 = xv = core(A + p) = core(v + p);
for osp(2m|2n), the same holds for the atypical dominant central characters, and one has

Xx € {xv, Yvo} = core(A) = core(v).

For a dominant central character y = y,, we set core(y) := core(4). By above, a dom-
inant central character is determined by its core for g = gl(m|n), osp(2m + 1|2n), and for
osp(2m|2n), this holds for atypical dominant central characters.
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For the osp(2m|2n)-case, we introduce ¢ € {0, 2} for each dominant central character y
and for each A € A;m in the following way: ¢ = 0 if core(y) and core(A), respectively, have
an empty zero position and ¢ = 2 otherwise (i.e. the zero position is occupied by >); for
osp(2m + 1]2n), we set t = 1, and for gl(m|n), we set ¢t := 0. We will sometimes use the

notation ¢(y) or t(A); one has (1) := t(yy)-

3.4.2. We say that a diagram [ is core-free if core(f) = @ or ¢ = osp(2m|2n) and
core( f) = > (> occupies the zero position).

3.4.3. By [24, Theorem 2], the blocks in ¥ (g) are parametrized by the dominant central
characters; for gl(m|n), the block of atypicality s is equivalent to the block y¢ in gl(s|s); for
the osp(M |2n)-case, the block of atypicality s is equivalent to the block y¢ in osp(2s + 7]2s).
The equivalences are described in [24, Section 6]. For A € A%n, let howl(A) be the corre-
sponding weight in yo. Diagrammatically, the passage from A to howl(4) essentially amounts
to removing the core symbols <, > from diag(A) except for the symbol > at the zero position
in the osp(2m|2n)-case (see [24, Section 6] and [21, Section 3.7] for details). (In particular,
howl(A) has a core-free diagram.) If tail(A) is defined, then tail(A) = tail(howl(A)).

For example, if diag(1) = >x<xo<oX, then

X X 00X for g = gl(4/5),
diag(howl(A)) = { >xxoox for g = osp(810),
(+)xxoox for g = osp(9]10).

3.5. The functions ||A|| and [|A[lgr. LetA € A%n be such that A 4 p is atypical. Set
f := diag(howl(1)).

Definition. Leta; <--- <a; be the coordinates of the symbols x in f (j = at(A + p)).
Then

J

Za,- for t(A) # 2,
[A] == | i=1 J

til(A) — j + Y _a; fort(h) =2,

i=1

J .
Z(ai —ay) — % for gl(m|n),
i=1
) J
1A llgr = Zai for osp(2m|2n),
i=1 j
Jj —taild) + > a; for osp(2m + 1]2n).

i=1

Notice that || Ao € N and that [|A]| € N for osp(M|N) and ||| € Z for gl(m|n). More-
over, ||A|lg- = 0 if and only if howl(A) = 0 in the osp-case and howl(A) € Z Z{Zl(si —8;)
for the gl-case (i.e. dim L (howl(4)) = 1). The condition ||A| = 0is equivalent to howl(A) = 0
and howl(A) = 0, & for ¢ = osp(2m|2n) and for g = osp(2m + 1|2n), respectively. Note
that, in the gl(m|n)-case, ||A||¢ is invariant under the shift of the diagram.
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If A + pis typical, we set ||A|lg = O (we do not define ||A|| in this case).

3.5.1. Remark. For the osp-case with 7 = 0, 1, one has (—1)?howID) — (—)IAl_1f
A, v are stable gl-weights with y; = yv, then (—1)?M=P) = (—)IAlI=IVI,

3.5.2. Remark. The odd-looking formulas for ||A|| with #(A) = 2 and for [|A||g with
t(A) = 1 can be interpreted as follows. Consider f’, which is obtained from f by removing
> from the zero position and then shifting all entries at the non-zero positions of f by one
position to the left; then || A|| = }"/_, a/, where a/ are the coordinates of x in f”. The above
operation induces a bijection t between the core-free osp(2m + 2|2m)-weights and the core-
free osp(2m + 1|2m)-weights: this bijection, introduced in [24], assigns to f the diagram f’
with the sign chosen in such a way that tail( ') = tail(t( f)). For instance,

r(;ox) = —XX, ‘[(;) =—-X, 1(>x)=4+X, 1(>0X)=o0xX.

One has
Al =Nz, Al = It | gr-

3.5.3. Definition. We call A € A%n a Kostant weight if dim L(howl(1)) = 1.

Note that dim L (howl(A)) = 1 means that howl(A) = 0 and howl(A) € Z str for the osp-
case and for the gl-case, respectively.

Observe that ||A|lg = 0 if and only if A is a Kostant weight (||A || can be seen as the
“distance” to the nearest Kostant weight). For instance, for g{(3|3) and diag(1) = xxox, one
has ||A|lg = 1.

For the gl-case, this term was used in [5]; in [8], these weights are called fotally con-
nected. If in addition A is stable, such weight is called a ground state in [26,52]. The Kostant
weights are precisely the weights where all x are adjacent to each other discounting possible
core symbols.

3.5.4. Remark. For the gl(m|n)-case, the modules satisfying the KW-conditions (see
Section 1.1) were classified in [8]; for the osp(M |N)-case, this was done in [7]. The results
of these classification can be formulated as follows. Except for the case g = osp(2m|2n)
with # = 0 and atypicality 1, L(A) satisfies the KW-conditions if and only if A is a Kostant
weight. For the case ¢ = osp(2m|2n) with ¢ = 0, all simple finite-dimensional modules of
atypicality 1 satisfy the KW-conditions. The latter case has the following interpretation. Let
F (osp(2m|2n))X be a block of atypicality 1 with # = 0. Since osp(2]|2) = s[(1/|2), we have

F (osp(2m|2n))* = F (0sp(2]2))X° = F(s[(1]2))%0 = F (s[(1]1))*°,
so the image of each simple module L € ¥ (osp(2m|2n))X is the trivial s[(1]|1)-module.
From the above description, it follows that the KW-conditions are compatible with the
equivalence of categories given by the translation functors 7 4,41 described in Section 4.7.
This is not true in general: the switch functor

FX0(osp(2m + 12n)) = FX0(osp(2m + 1|2n))

given by N > (N ® Vi )X° maps the trivial module (satisfying the KW-conditions) to the
standard module, which does not satisfy these conditions.
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4. Parabolic induction, Euler characters and character formulas

We define parabolic induction functors F]’;’q and the Poincaré polynomials Ki’# (z) in
Section 4.1 and Euler characters &) in Section 4.2. We give a diagrammatic description of the
Poincaré polynomials in the gl(m|n)-case. This leads to a character formula for ch L(A).

4.1. The functors F";’q. Let ¢ C p C g be a pair of parabolic subalgebras contain-
ing b, and let V' be a finite-dimensional q-module. We denote by I'p 4 (V') the maximal finite-
dimensional quotient of the induced module U(p) ®q(q) V. View I'y 4 as a functor from
the category of finite-dimensional g-modules to the category of finite-dimensional p-modules
and define the derived functors I‘{J’q as in [24] (I‘{J’q =T5(P/ Q ) in the notation of [24]).
By [25], for gl(m|n), these functors coincide with the functors Fxl),q defined in [35].

For A, u € Aj,;| > we consider the Poincaré polynomial in the variable z as

Kyai(z) == Y [Th 4 (Lg(V) : L))z,
i=0

where Lq(A) and Ly() stand for the corresponding simple g and p-module, respectively.
4.1.1. Fix a central character y and a flag of parabolic subalgebras

where d is the defect of g and [/) := [p® p'] is given by [D) = gl(i|i) for g = gl(d|d),
1) = osp(2i 4 1]2i) for g = osp(2d + t|2d).

The polynomials KS(’i‘;’p(,. +1)(2) for the “neighboring parabolics” were given in [39] in
the gl-case and in [24] in the osp-case. In the gl-case, we will describe these polynomials in
terms of so-called “arc diagrams” in Section 4.5 below. Using these polynomials, the values
Ké,’p , (=1) can be computed iteratively using the formula (established in [24, Theorem 1])

A’? s ’
(4.1 Kgi (=) =Y K}V (—=DKgp (1),
%
where the summation is taken over v € h* with dim L, (v) < oo.

4.2. The terms €,. Take A € A%n, which is assumed to be stable for the gl-case.
Let g, be the tail subalgebra of A (see Definition 3.2.2). As in [24], we introduce

S)L = R—le—p JW( e/l-i-p _ )’
Haea@nrd +e™)

see Section A.1 for notation. Clearly, &; € R; see Section A.2 for notation. By [24, Proposi-
tion 1] (Euler characteristic formula), one has

A" .
(4.2) €r= Y Kgi (=)chL(u). wherep, :=b+gj.
MEAIJ'T;\H

The sum in the right-hand side of the formula is finite (see, for example, [24, Lemma 3]).
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4.2.1. Remark. The perspective of [24,41] is a bit different. The &)’s are defined as
actual Euler characters. It is important not to confuse the Euler character &, of [24] with the

Euler character &), of [25]. In the latter case, & simply equals for gl(m|n) the character of the
Kac module K(A).

4.2.2. 1Inthe case when g, = g, formula (A.2.2) gives §; = e* = ch L(}).
4.3. Proposition. Take A € A%n, which is stable in the gl(m|n)-case. Set s := tail(1).
(1) In the osp-case, we have
JjsReP&; = KW(A + p, Ss),
where js = max(1,2°71s!) fort = 0 and js = 25s! fort = 1,2.
(ii) If g = gl(m|n) and X is stable, then
JsRe?&y = KW(A + pr, Ss),
where jg = (—1)[%]s! and py, is the Weyl vector for the base ™5 (e8)*§" 5.
Proof. Inthe osp-case, set X7 := X; in the gl-case, let X7, be the base £ ~5(g6)56" 5.
Denote by p, and pa the Weyl vectors for A(gy) with respect to the bases X N A(gy) and

31 N A(gy), respectively. Let W) C W be the Weyl group of g, . Note that S is the maximal
iso-set in A(g). Combining (A.2.2) and (A.4.5), we obtain

) )
W, - =7 W, — .
g naeA(gA)T(l +te™®) ’ ’ HaGSs(l +e7%)

One has Iy = Jw,w, - Jw,, where W/ W) stands for any set of representatives. Using
W) -invariance of A and p — p,, we obtain

e)H—p e/\+p
RepSAZJw( ) =Jww. (JW ( ))
HoteA(g)l)T(l +e™) [ ’ naeA(gA)f(l +e7%)

ertpP—Prtpl ertP—Patp}
= js_l JW/WA (JW)L( )) — js_l JW( )
naess (I4+e7%) naess (I4+e7%)

=KW(A + p—px + 0}, Ss).

For the osp-case, one has ¥ = ¥y, so p) = pﬁl; this gives (i). For the gl-case, notice
that Xy, is obtained from X by the chain of odd reflections with respect to the roots in A(gy);
this gives p, — p = p:l — p,, and establishes (ii). |

4.4. The osp-case. Consider the case g = osp(M |2n) (M =2m or M = 2m + 1).
Theorems 3, 4 and the remark after Theorem 3 of [24] imply that, for A € A ,ﬁ| ,.» one has
chL(}) = Z (_l)lllll—llulldiaﬂgu,
M€A$\n
where di’” is the number of “increasing paths” from diag(w) to diag(A) in the graph Dg
described in [24, Section 11]; we will recall some properties of this graph below.
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4.4.1. Properties of Dg. The connected components of Dg correspond to the dominant
central characters, so for each component DZ, we can define ¢ € {0, 1, 2} via the correspond-
ing central character. The map A — howl(4) gives an 1somorphlsm DX = DX osp(2k+t|2k) for
k :=at(y), t := t(y); the map 7 induces an isomorphism Dogp(2k+1|2k) = Dogp(2k+t|2k)

Assume that diag(w) is a predecessor of diag(A) in Dg4. From [24, Section 11], we
conclude that, for the cases ¢ = 0, 2, diag(A) is obtained from diag() by moving several sym-
bols x to the right; moreover, if diag(4) has a sign, then diag(x) has the same sign. Using the
isomorphism induced by t, we conclude that, for ¢ = 1, diag(A) is obtained from diag(u) by
moving several symbols X to the right or by changing the sign — to the sign +. This implies

A >, howl(d) > howl(e), Al = [lwll,  [[Allgr > lltllgr,  tail(u) = tail(A)

and that if A is stable, then u is stable. Moreover,

43) L E{§NHO+N(5n—em)+N(5n+em) fort = 0,

%NHO fort =1,2.

By above, Dy is N-graded with respect to || || (if diag(ye) is a predecessor of diag(A),
then [|t]|gr < [[A]|gr)- In particular, each vertex in Dg has finitely many predecessors.

The map 7 described in Remark 3.5.2 gives an isomorphism of the graph D osp(2m+1/21)
and the subgraph of Dygp(2m+2|2n) Which correspond to the union of connected components
with t = 2.

4.4.2. We conclude that, for osp(M |N), we have

di,k — 1’ di’,[,b — dEOWlA.,h()Wl,LL 2 O,

"0 = n=gp el = IAL til(e) = @il(), Al > (il

Moreover, the sum in the right-hand side of the character formula is finite and the terms
{€a} 2}, form a basis in the character ring of 7.
Using Remark 3.5.1, we obtain

)PP eh L) = Y (~)PWdaiH e, if disstable and 1(A) # 2.

MGA;"VI_|H

4.4.3. Remark. The a(n)-case can be treated with the same methods. The character of
L(A) can be written as a finite sum in the Euler characters where the coefficients are again
given by the number of increasing paths in a certain bimarked graph. As for the osp-case, the
finiteness is automatic since each vertex A in this graph has a finite number of predecessors.
However, Y. Su and R. B. Zhang already obtained in [47] a similar character formula based on
earlier work of J. Brundan [3] so that we have refrained from including this case.

4.5. The Poincaré polynomials in the gI case Let k be the degree of atypicality of
A+ p.Fori =0,...,k — 1, the polynomials K (z+1) ) (z) were computed in [39] (see also
[35, Corollary 3.8]). We will recall the dlagrammatlc interpretation (which was provided by
Serganova in one of her wonderful talks in Rehovot) in Definition 4.5.3.

Let g := gl(m|n). We identify a weight A € Am|n with diag(1).
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4.5.1. Arc diagrams. Take a weightv € A$|n~ Denote by diag(v) the weight diagram
of v + p. The arc diagram Arc(v) consists of the arcs arc(a; a’), where a < a’ and diag(v) has

x and o at the position a and a’, respectively. These arcs satisfy the following properties:

 each symbol x is connected by an arc to exactly one symbol o;
 each symbol o is connected to at most one symbol x;
¢ the arcs do not intersect;

* each symbol o situated under an arc is connected to a symbol x.

The arc diagram Arc(v) is unique and can be constructed in the following way: we pass
from right to left through the weight diagram and connect each of the finitely many crosses x
with the next empty symbol to the right by an arc (ignoring core symbols).

4.5.2. Example. We have the following arc diagram for xxoXxooxXxooooXo:

N —
X X o X
1 0 1

N
© 0o X X o o o o x o
2 3 4 5 6 7 8 9 10 11 12

4.5.3. Definition. For a weight diagram /', we denote by f; the weight diagram ob-
tained from f by interchanging the symbols at the positions v and a.

LetA,v e A%n be such that diag(1) = diag(v)%. We say that A is obtained from v by
a move if diag(v) has x at the position a, o at the position u and u lies under the arc originated
at a, that is Arc(v) contains arc(a;a’) witha < u < a’. For such a move, we define the weight
as the number of arcs in Arc(v) which are “strictly above™ u (for instance, if u = a’, then the
move has zero weight).

Observe that if A can be obtained from v by a move as above, then such a move is
unique. In this case, we set b'(v; 1) := u. Note that diag(1) has x at the u-th position; we set
b(v;A) :=1i + 1, where i is the number of the symbols x with the coordinates less than u in
diag(1).

We will consider only the case of stable A, so the symbols x in diag(A) precede the core
symbols. If A is obtained from v by a move, then v is stable. A move is called a non-tail move
if b(v; ) > tail(1).

4.5.4. Example. Take v with diag(v) = 0 xxx and with the following arc diagram for

0 xXxXxo:
0
O X X X O @] O O
o 1 2 3 4 5 6 17
There are 6 weights A1, ..., A¢ which can be obtained from v; in all cases, b(v; 1) = 3.

For instance, A; with diag(A;) = 1 xx X can be obtained from v by a move of weight 2 with
b'(v; A1) = 4. Similarly, A, with diag(A2) = 1 xxox can be obtained from v by a move of
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weight 1 with »’(v; A1) = 5. Another example is A3 with diag(A3) = 0 xoxx can be obtained
from v by a move of weight 1 with b'(v; 1) = 4.

From the weight A,, we can obtain p with diag(t) = 1 xoxXx by a move of weight 0
with b’ (A2 ) = 4and b(Ay; ) = 2.

Among the above examples, only the first move is a tail move.

4.5.5. Let A be a stable weight and k := at(A + p). Fori = 1,..., k, the results of [39]
(see also [35, Corollary 3.10 (b)]) give

KA y=1,

p@ pli—1
A, s
Kp(i),p(i—l)(z) =z forpu # A,

if A is obtained from p by a move of weight s and b(u; A) = i. In all other cases,

A
Kp(i),p(i—l) (z) =0.

Moreover, K g:{’;‘(k)(z) = 0, (see [24, Lemma 5], a “Typical Lemma”).

4.5.6. Lemma. Tuke a stable weight A € A;In' Assume that A is obtained from v by
a move of weight w.

(i) Then v is stable, core(A) = core(v) and
A>v, A= v)l—(w+ 1) € 2Z, tail(v) < b(v; 7).
(i1) If the move is a non-tail move, then

[Allgr > [[V]|gr, tail(A) < tail(v).

Proof. The first assertion immediately follows from the formula diag(A) = diag(v)% for
a < u. Consider the case of a non-tail move, i.e. b(v; 1) > tail(1).

Since A, v are stable, their diagrams start from the subdiagrams X ... x containing, re-
spectively, tail(1) and tail(v) symbols x. Let A and A, be the coordinates of symbols X in
these subdiagrams (one has A(A) = {u + i };ﬂ(()'l)_l, where 1, is the minimal coordinate of
the non-empty symbol in diag(A)). The inequality b(v; A1) > tail(1) means that u > max A}.
This gives Ay C A, and implies (ii). D

4.6. Graph Dg4. Let Dy be a graph with the set of vertices enumerated by A%n. We
identify the weight A with diag(1). We join f, g by the edge f — g if core(f) = core(g) and
howl(g) is obtained from howl( /) by a non-tail move described in Section 4.5.

Recall that f — g implies that howl(g) is obtained from howl( /) by moving x from
a position a to an empty position ¥ > a. We mark each edge by the corresponding u.

4.6.1. Subgraphs Dg . Clearly, if A and v lie in the same connected component of Dy,
then y,; = x,. Denote by Dé the full subgraph with the vertices A such that y, = y.If y has
atypicality s, then the map f + howl( /) gives an isomorphism of Dé and D gf( sls)’

If atA <1, then the corresponding vertex is isolated. It is not hard to see that Dé is
connected if y has atypicality greater than 1.
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4.6.2. Corollary. The following statements hold.

(1) Let v be a predecessor of A. Then diag(A) is obtained from diag(v) by moving some
symbols X to the right. In particular, core(A) = core(v), A > v and

howl(4) > howl(v), (Al > [[vIl.  [Allgr > [Vller:  @howi(R) € Showi(v)-

(ii) Any vertex in Dg has a finite number of predecessors.

Proof. Let v be a predecessor of A. Then diag(A) is obtained from diag(v) by moving
several symbols x to the right; this gives A > v and ||A|| > ||v]|; the rest of the formulas in (i)
follow from Lemma 4.5.6. By above, for (ii), it is enough to consider the case g = gl(s|s) and
core(A) = @. By Lemma 4.5.6, the predecessors of A in Dy lie in the following set:

{ve Af | core(v) = 0, ||V||gr < |M||gr, Ay C Ay},

sls

where A), A, are as in the proof of Lemma 4.5.6. In particular, the coordinates of all non-
empty symbols in diag(v) lie between uy —s and uy — s + ||A||gr, where u is the minimal
coordinate of the non-empty symbol in diag(A). This gives (ii). i

4.6.3. We call a path in Dy increasing and decreasing if the marks strictly increase and
decrease, respectively, along the path.

4.6.4. Example. If ) is a Kostant weight, then &, = e*. For gl(n|n), the adjoint rep-
resentation Ad has a three step Loewy filtration

C
Ad = [ TI(L(er — 50))
C

The middle term with highest weight A = ¢; — §, corresponds to the diagram

—n XX ...XO0X;
——
n—1 times

this diagram is connected to the Kostant weights

—NXX...X, —n—1xx...X,
~———— —_———
n times n times

the corresponding weights 0 and u = Y7 (8; — &;). This gives
chL(ey —8,) = &g—5, — 1 —e!, schL(er —8,) = 88_1_8” + 1+ e”.
Notice that sdim(Ad) = 0; hence sdim L(g1 — §,) = 2.
4.6.5. Examples. For gl(1|1), the graph Dq does not have edges. For gl(2]2), the

vertices A with core(A) # @ are isolated; the vertices with core(A) = @ form a connected
component D{° of the following form:

\{ 3
3 4 5
OxxX = 0xox = 0 xoox — 0 xo00X ...
N\ 4

4 5 6
1 XX = 1xXox — 1 Xoox — 1 xXoo00X...
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The left column corresponds to the Kostant weights (|[A]|gr = 0); the next column to the A’s
with ||A||¢gr = 1 and so on.

4.6.6. Proposition. The following statements hold.
(1) Each vertex is connected to a Kostant weight by an increasing path.

(i1) The Kostant weights are the sources of the graph Dy.

Proof. For (i), take fo with || follgr # 0, and let u be the coordinate of the rightmost
symbol x (which is not in the tail since f is not a Kostant weight) and let ¢ be maximal
such that @ <u and f(a) =o. Set fi = (f)%. Then f = (f1)4, and f is obtained from
/1 by a non-tail move with b’'(f1, f) = u. If || fillgr # 0, we construct f> by the same rule.
Continuing this process, we obtain an increasing path

fr—= fre1 == N

with || fi+1llgr < || fillgr: thus, for some r, one has || f; || = 0. This gives (i). Now (ii) follows
from (i) and the inequality ||A||gr > ||v]|g if v is a predecessor of A. m]

4.7. Character formula for gl (m|n). Take g = gl(m|n) with a distinguished base X.
For i, A € A%n, denote by £~ (u, A) the set of decreasing paths from p to A and by di’“ the
number of increasing paths from y to A in the graph Dg. Set

df/l,M = (_])"l"—"li” Z (_l)lengthP‘
PepP>(u,A)

A, 7howl(A),howl(w) o
By above, dZ" = dZ and di’u = dliowl(l),howl(u,)'

4.7.1. Let AL be the set of stable weights in AX. In the next section, we will prove the
following formulas for A € A%:

€x= ), dj ,chL(p),
WEAX

chL(A) = Z (_1)||A||—|Iu||d£,//«8w
HEAL

(4.4)

Notice that, by Corollary 4.6.2, the right-hand sides of the above formulas have finite
number of non-zero summands.

4.7.2. For a non-stable weight A, we introduce &) by the first formula in (4.4), i.e.
(4.5) €= Y dj,chL(p).
WEAX

If A is stable and u is not stable, then a’i H =0 (by Corollary 4.6.2). Therefore, the second
formula in (4.4) can be rewritten as

(4.6) chL(A) = Z (_I)IIAII—IIMIIdiaME;M _ Z (_I)IIAII—IIMIIdi,MSM
HeAX ,U«EArJZIn
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if A is stable. By (4.4), the matrices

_ A,
(di’v) = (dkiowl(k),howl(v)) and ((_I)HA" "M”d< M)

are mutually inverse. Using (4.5), we deduce (4.6) foreach A € A}

mn-
4.7.3. We retain notation of Section A.3.1. Fix a central character y and denote by

FinX the full subcategory of Fin of the modules with the central character y. We will consider

translation functors T)X , for special cases when these functors are equivalence of categories

and V' is either the standard representation or its dual. These functors can be described as
follows.

Recall that, for a weight diagram f, we denote by (f)%*! the diagram f” obtained
from f by interchanging the symbols in the positions a@ and a + 1. We denote by 7, 441 the
corresponding operations on A,%,m and on the central characters: T, 4+1(v) = v’ such that
diag(v') = Taq+1(diag(v)) and Ty q41(0) = 1’ such that core(y') = Ta,a+1(core(3)).

For V = Vg, V{, the translation functor

. ~ . !
TXVX/: FinX = FinX

is an equivalence of categories if y' = T, 4+1(x) for some a and exactly one of the positions

a,a + 1in core(y) is empty (so for A € AX, exactly one of the positions a,a + 1 in diag(}) is

occupied by a core symbol and 7, 4+ 1 interchanges this core symbol with o or x, respectively).
One has

Ty (L)) = L(Taa+1(2).
Note that howl(A) = howl(7y 4+1(A)). By a slight abuse of notation, we denote such functor
by Taa+1-

4.7.4. Lemma. For A" := T, 4+1(A), one has
RePE) = Oy 4 (RePEy),
where Oy y': Ry, — Ry is the ring homomorphism corresponding to Ty g1 (Section A.3.1).
Proof. Foreach u € AX, set ' := Ty q+1(1). By (4.5),

Ref&; = Z d; , Re” ch L(j).
weAx

Using Section A.3.1, we get

Oy (RePEy) = Y dj  RePch L(i).
HEAX

Since howl(u') = howl(u), one has d; L= d;, s SO

ReP&;, = Z dy, yRePch L(i') = Z d ,RePch L(u)
weAx weAx

as required. |
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4.8. Another form of the character formula. In the osp-case, we retain the notation
of Proposition 4.3 and set

KW(V) = KW(V + P, Stai](v)), ](V) = jtail(v)-

For the gl-case, we will introduce KW (v) in Section 6.1.4 and set j(v) := tail(v)!.

4.8.1. Corollary. We have

di:“
J

RePchL()A) = Z (=)A=l "

MGA;?"‘_HI’I

KW (w).

Proof. Combining Proposition 4.3 and Section 4.4, we obtain the assertion for the osp-
case. For the gl-case, we combine (4.6), Lemma 4.7.4 and Corollary 6.5 (ii). D

4.8.2. Remark. Setting KW(L(v)) := j(v)~! KW(v), we obtain formula (1.3).

4.8.3. Remark. The graph Dy is an oriented graph; this graph does not have multi-
edges for the gl-case and for the osp-case with ¢ = 1,2; for ¢ = 0, the graph has double edges.

4.9. Highest weights of L with respect to different bases. Fix any base by compatible
with ITg (i.e. AT(Z) N Ag = AT (I1p)) and denote the Weyl vector by /. For a simple finite-
dimensional module L, denote by hwt L the “p-twisted highest weight of L” i.e.

hwts L = v + p,

where v is the highest weight of L with respect to s.If B e T is isotropic and rg is the
corresponding odd reflection, then

hwts L if (hwts L|B) # 0,

hwt, 5 L =
" {hwtf; L + B otherwise.

Using this procedure, one can compute hwts L(A) recursively. The character formula in Corol-
lary 4.8.1 allows to give the following formula for hwts L(4) forr(A) = 1, 2.

4.9.1. Corollary. Consider the partial order S on §* given by v S wif v — u € NX.
View KW(A) as an element of R¥.

(1) In the osp-case with t(A) = 1,2, the weight hwts L(A) is a unique maximal element in
supp KW (L) with respect to the partial order >.

(i) In the osp-case with t(A) = 0, the same holds if 8, £ em € .

(iii) In the gl-case, A + p is a unique maximal element in supp KW (L) with respect to the
partial order >.

Proof.  Assertions (i), (ii) follow by induction on ||A||g if we combine Corollary 4.8.1
with (4.3). Similarly, (iii) follows by induction on ||A| ¢ from Corollary 4.8.1 and the fact that
di’“ # 0 implies u < A. O
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5. Proof of formulas (4.4)

The proof of (4.4) follows the plan explained in [20, Section 3]. In Sections 5.1, 5.2
below, we recall the main constructions of [20].

5.1. Marked graphs. Consider a directed graph (V, E), where V' and E are at most
countable, where the set of edges E is equipped by two functions: b: E — Z and a function k
from E to a commutative ring.

We say that t: V' — N and : V' — Z define an N-grading and a Z-grading, respectively,
on this graph if, for each edge v % 1, one has t(v) < t(A).

5.1.1. For a path

el e es
P:=vi— v, —>v3— - — V541,

we define
N
length(P) :=s, «(P):= l_[ Kk(e;).
i=1
We call the path P decreasing and increasing if

b(e1) > bex) > -+ > bes) and b(er) < --- < b(ey),

respectively. We consider a path P = v (with one vertex and zero edges) as a decreasing/
increasing path of zero length with x(P) = 1.

5.1.2. Deeﬁniti(zn. We call two functions b,b’: E — 7 decreasingly equivalent if, for
each path vy heN vy 2 v3, one has

b(e1) > b(er) <— b/(el) > b/(ez).

5.1.3. Observe that two decreasingly equivalent graphs have the same set of decreasing
paths.

5.1.4. We denote the set of decreasing and increasing paths from v to A by £~ (v, 1)
and P =(v, L), respectively.

Let (V, E) be a Z-graded graph with a finite number of edges between any two vertices.
Notice that, in this case, the number of paths between any two vertices is finite.

We introduce the square matrices A= (k) = (af,v))quV and A~ (k) = (ai,v)A»VGV by

Gu= Y KB agi= o 3 ()P,
PeP>(v,A) PeP<(v,A)

Since the graph is Z-graded, these matrices are lower-triangular with a; 3= af 5 = 1. The
following lemma is proven in [20, Section 3.4] (the proof is similar to one in [24, Theorem 4]).

5.1.5. Lemma. Let (V, E) be a Z-graded graph with a finite number of edges between
any two vertices. Assume that b: E — 7. satisfies the following property:

(BB) for each path v; SN Vo 2, v3, one has b(ey) # b(ez).
Then A~ (k) - A~(k) = A~(k) - A7 (k) = 1d.
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5.2. Graphs r S)t( and T S)t( . We take g := gl(m|n) and fix a central character y. We
define I'Y and its subgraph I'Y similarly to [20].

5.2.1. Graph r s)t( . Let fﬁf be a graph with the set of vertices V' := Aft and the follow-
ing edges: if
KA(’;“; i—1) # Sy.a
p®.p ’
(where §,, 5 is the Kronecker symbol), we join v,A by the edge of the form v 5 X with
b(e) = i. The graph I'Y is obtained from ﬁ){ by removing the edges of the form v > A with
b(e) < tail(1). For the core-free case, AX = AX, and we denote the resulting graphs by ['x
and T'X, respectively.
We denote by P~ (v, 1) the set of decreasing paths from v to A in the graph I'%.
By Section 4.5.5, if v % Lisan edge in f‘s)f and in T, then A is obtained from v by
a move and a non-tail move, respectively, of weight s, and for i := b(A;v) = b(e), one has
Ké(’il;,p(i—l) =z

In particular, f’s)t( does not have multi-edges and is Z-graded with respect to ||A]|.

5.2.2. Take A € AX withv # A. By Lemma 4.5.6 (i) and Section 4.5.5,

A, —
CRY Kp(i‘;’p(i—l)(_l) = (—1)"'1” Ivii-+1
if f‘ff contains an edge v — A with b(e) = i and
A,
Kp(,;lj’p(,;_l) =0

otherwise (in particular, if v is not dominant). By Lemma 4.5.6 (ii), the graph FS)E is N-graded
with respect to ||A| ¢ and satisfies the following condition:

(Tail) for each edge v 5 Ain 'Y, one has tail(v) < b(e).

This condition implies the following important property: a decreasing path P in f‘s)f lies in T'X
if and only if the last edge of P lies in this graph. Using this property, (4.1) and (5.1), we

obtain, for A € Af and pu € A%,

(5.2) Ké:]‘;A (_1) — (_1)"M|—"M|| Z (_l)length(P)
PeP>(v,A)

(see [20, Section 3.5] for details). For Ké’g(—l), one has a similar formula in terms of the
decreasing paths in T'Y.

5.2.3. Let E be the set of edges in I'X. We introduce b": E — Z by
b (S 2):=b' ).

One readily sees that b and b’ are decreasingly equivalent. We denote by JP;1 the number of
paths from v to A in TX which are increasing with respect to b’.
Moreover, b’ satisfies property (BB). Using Lemma 5.1.5, we conclude that, for a stable
weight A, one has
chL(}) = Z (_I)IMII—IIMIIdi,Mé»M’

MEA$In

where di’“ is the cardinality of &7, .
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5.2.4. Notice that I'X coincides with the “stable part” (the full subgraph corresponding
to the stable vertices) of the component Dé and that b" corresponds to the marking in this
graph. This completes the proof of (4.4).

5.3. Examples. Consider the core-free case: ¢ = gl(r|r) and y; = yo.
5.3.1. Caser = 1. Inthiscase, §; = ch L(}) = ¢*.

5.3.2. Caser = 2. Set ,31 = g1 — 02, ,32 =gy —01.

The weights A € A;FIZ with y; = yo are of the form

s(B1+ B2) +ip1 forse€Z,i € Zso;

we denote such weight by (s;i). The diagram of (s;i) has symbols x at the positions s and
s +i 4 1.0nehas ||(s;i)|r =i and tail(s; i) = 1 + §;o.

The graph Dy is described in Examples 4.6.5. The decreasing paths are the paths of
length at most 1; combining (4.2) and (5.2), we obtain

ch L(s;0) ifi =0,
Es;i =4qchL(s;1)+chL(s;0)+chL(s—1;0) ifi =1,
chL(s;i)+chL(s;i—1) ifi > 1.

For j > 0, a vertex (s; j ) can be reached by increasing paths from vertices (s;i) for0 <i < j
and from a vertex (s — 1;0); in both cases, the path is unique; this gives

J
ch L(s: j) = (=1)/ &—1:0 + (=1)/ 7 D &gy,
i=0

J
schL(s:j) =610+ Y &5
i=0

5.4. Comparison with other character formulas. For the gl(2|2)-case, a weight (s, 1)
is a Kostant weight only if i = 0; thus the Kac—Wakimoto character formula does not hold for
L(s;i) with i # 0. By [12], the restriction of any L(s,i) for i > 0 is a sum of four simple
glp-modules, so the character of L(s,i) is a sum over four Weyl character formula terms
for gly. Any gl(2|2)-module is always partially disconnected (PDC) in the sense of [9]. For
PDC weights, the authors establish the following character formula:

ePR-chL(A) =

(1) 0N =271s, LO0)1
)
[ges, (1 +e7F)

where we refer to [9] for the definitions. The number ¢, is two for (s,0) and one for (s, i),
i > 0. However, already for gl(3]3), there are simple modules which are not PDC.

The Su—Zhang formula [46] expresses the character in terms of KW(A, S), where S is
chosen to be maximal (the cardinality of S is equal to the atypicality of L), whereas we take S
with cardinality equal to tail(L).
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6. Euler characters for gl (m|n)

In this section, we define tail(1) and the AT which appeared in (iv) in Section 1.2 for
the gl(m|n)-case. In addition, in Corollary 6.5, we deduce property (i) of Section 1.2. In this
section, g := gl(m|n).

6.1. Theset A} Recall that wt(diag(A)) = A + p; see Section 3.3.3.

m|n-

6.1.1. We denote by AT the set of diagrams with the following properties:

e at most one position contains more than one of the symbols >, <, x and, if such a position
exists, it contains x' for i > 1 with no symbols x which precede this position;

¢ the symbol o appears between two leftmost positions containing X.

For instance, AT contains <o>x2>o0x and all weight diagrams with atypicality at most

one; AT does not contain x>x, xx, x2x and xx2. We denote by Ajmn the subset of the
diagrams corresponding to gl(m|n) (containing m symbols > and n symbols <, where X is
counted as > and as <). We identify A, with its image wt(AT) in A,%m.

We will use a natural one-to-one correspondence A — AT between Aj,;|n and AT, Tt is
more convenient to describe the inverse map, which can be done as follows. Take a diagram
fTe A;r,,\n and the weight AT := wt(fT). We construct a “usual weight diagram” f by the
following procedure: if £ has a position containing x! for i > 1, we move i — 1 symbols x
from this position to the i — 1 first non-occupied positions to the left, for instance,

6.1) fT = o>0<>0x3>0x0 > 0>x<>Xxx>0x0 =! f.

Taking A € A,J{”n such that diag(1) = f, we obtain a one-to-one correspondence A > AT

between A;b . and A:,,|n. For example, for gl(2|4), we have

|n
f = diag(0) = —2xx<<, fT = Dox’<<, of = —83 — 2684;

note that 07 is the Weyl vector for (¢6)?6%> = & L(0); see Corollary 6.1.3 below.
If A is a stable weight with tail(A) < 1, then AT = A + p.

6.1.2. Foradiagram fT e AT, consider the leftmost position containing the symbol x;
by above, this position contains x?, and we set i := tail( f T);if fT does not contain x, we set
tail(f 1) = 0.

If A is a stable weight, then we have tail(1) = tail( ' T); see the above example. For each
A e AF . we set tail(1) := tail(fT). For example, tail(A) = 3 if diag(1) = f asin (6.1).

mln>

6.1.3. Corollary. The following statements hold:
() if A is a stable weight, then AT = A + py, (see Proposition 4.3 for notation);
(ii) one has tail(A) = tail(howl(1));
(iii) A is a Kostant weight if and only if tail(A) is equal to the atypicality of A.

6.1.4. Take fT e AT and set s := tail(f), AT := wt(fT). Our goal is to describe an
iso-set S+ of cardinality s which is orthogonal to AT. If s = 0, then S;+ = @. If 5 # 0, let yo
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be the leftmost position in £ which contains x; then fT(yo) = x* and we have
ATlei) = (AT|8J~)—y0 fori=p+1,...,p+sandj=qg+1,...,9+s.

We set
Srti=Aepti — 8q+i}f=1a Yftoi= 8P (£8)58" 5T MTI TP,

Notice that S ¢+ C X ¢+,
For example, for f = xx>>, we have fT = ox
lying in ¥ te2(£8)2. For f asin (6.1), we have

2> > with SfT = {83 —81,€a —82}

Sft = {e3— 82,84 — 83,65 — 84} and X st = §&%(£8)38e?;

see Section 6.2 below for the additional examples.
For A € A, with f := diag(1), we set Syt := Syt and KW(A) := KW(AT, Sy1).

6.1.5. Example (Stable weight 1). LetA € A be astable weight with f := diag(}).

mn
In this case, the weight diagram of AT starts from x*, so pg = m and ¢ = 0. Therefore,

Sat =Aem—s+i —6iYi—1, Tt =ZLw)

(where X (y) is introduced in Proposition 4.3). Observe that X, is obtained from ¥ by odd
reflections with respect to the roots of g, ; these reflections do not change the highest weight
of L, so the highest weight of L with respect to X7 is A. It is easy to see that AT = 1 + pz.
Using Proposition 4.3, we get

sIRePE; = KW(L) = (-DHIBEIKwWQT, S)).

6.1.6. Remark. Using Section 4.9, it is not hard to show that the weight AT is always
the p-twisted highest weight of L(A) with respect to X 7.

6.1.7. Remark. In the osp-case, the weight AT = A 4 p has a “vertical tail” (diag(})
has x% in the zero position); in the gl-case, diag(4) has a “horizontal tail” and the diagram of

AT has a “vertical tail” of the same size.

6.2. Examples. In the examples below, we will use the notation Sf_, L(f)for&, ,L(4)
with diag(A) = f.

6.2.1. Consider the gl(3]3)-module L(oxxoox). Formula (1.3) gives

ch L(OXXOOX) = Eoxxoox — Boxxoxo + Eoxxxoo — 28 xxx000s

1

RePEoxxoox = 5 KW(oonooX; {82 —81;83 — 82})» Eooxzoox = 8(88)287
1

Repgoxxoxo = 5 KW(OOXZOXO; {82 - 51;33 - 82})’ z:oo><2oxo = 8(85)287
1

Repgoxxxoo = 8 KW(OOOX3OO; {81 - 81; &2 — 52; &3 — 83})’ Eooox3oo = (88)3v

1
Re'ogxxxooo = g KW(O°X3OOO§ {81 - 81; &y — 82; &3 — 53})’ z:oox3ooo = (88)3-
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6.2.2. Consider the gl(5|4)-module L := L(>ox<Xx>00X).
One has howl(>ox<x>o00x) = oxXxoox. Formula (1.3) gives

ChL = 8>OX<X>00X - 8>0X<X>0X + 8>0X<X>X - 2'éb>XX<X>9
P 1 2 . 2
Re 8>ox<x>oo>< = —KW(>OO<X >OOX,{82+1' _81+i}i=1)’

2
Yo oo<x2>00x = 882(88)288,

1
RePE-ox<x>ox = E KW(>°°<X2>°X; {eati — Sl—i-i}[z:l),

2>oo<x2>o>< = 882(88)258,

1
RePEsoxax>x = EKW(>OO<O>X33{81' _81+i}1‘3=1)a

3o oo<omx3 = 8(88)382,

1
RePExxxax> = 5 KW(>O<X3>, {e14i — 81—}—1’}?:1)»

Yo ooxis = e(e8)e.

6.3. Tail conjecture. Consider the set of p-twisted highest weights of L := L(A),
Hwt(L) := {hwtyss L | where ¥’ is a base of A}.

For each v € Apyn, let diag(v) be the weight diagram of v constructed by the same
rules as in Section 3.3 (even though v is not always in Ar%ln); consider the leftmost position
containing the symbol X, and let tail’(v) be the number of X in this position. In particular, for
v e AT, tail' (v) is the size of the “vertical tail” of the diagram.

6.3.1. Conjecture. tail(A) = max,epgwy(z (1)) tail (v).

6.3.2. Remark (The osp-case). For the osp-case, we define tail’(v) to be the number
of x in the zero position.

6.4. Translation functors and KW(4). Retain notation of Section 4.7.
Lemma. Take A € Apy|y. Let a € Z be such that exactly one of the positions a,a + 1

in core(A) is empty.

(i) (Ta,a-l-l()t))T = Ta,a-l—l()ﬂ-)-

(ii) For ¥' = Taat1(x2). one has O . (KW(R)) = KW(Ta.a+1(2).

Proof. For (i), note that (Ta,a+1(f))T = Ta,a_H(fT) except for the case a = yo(f)
and f(a 4+ 1) = o;in the latter case, the positions a, a + 1 in core( f') are empty. Combining (i)
and the formula (A%)T = (A7), we reduce (ii) to the case when A = AT (i.e. A € AT). We set
S := S,. We will consider the case when

core(A)(a) = >, core(A)(a+1)=o0

(other cases are similar). In this case, V = V.



Gorelik and Heidersdorf, Character formulas 33

Using the formula P, (KW(A)) = KW(A) and W -invariance of ch V', we get

A A
v . ) ' e _ , echV
s <ol () = )

which allows to rewrite (ii) in the following form:

e*chV

Recall that S = {ep4; — dg+;};—_, for s := tail() and some p, q. Set
A= {y e{alL, U8, | (. S) = 0}

and S; := S \{ep+i —6g4iyfori =1,...,5. Using

m n
chV = Zeei +Ze‘g/,
j=1

i=1

we get

eA chV el'}’y s eA+8p+i
J = J J
W(nﬂes(l +e_ﬁ)) Z W(nﬁes(l +€_’9)) i Z W(Hﬂesi(l +e_/3))

yeA i=1

N
= > KWR+y:8) + > KWQA + p4i: ).
yeA i=1

Using (A.1), we obtain

A
etchV
PX/(JW( — )): E KWA +9,5) + E KW@ + v, Si),

HﬁeS(1+e ,B) y€B y€By

where B := {y € A | core(A + y) = Ty a+1(core(A))} and
Bo :={ep+i | i = 1,...,s such that core(A + &;) = Ty q+1(core(A))}.

Denote by f the weight diagram of A. Recall f(a) = > and f(a + 1) = x/ for some i.
Since A € AT, f has a “vertical tail” at the position y := yo(f) (so j = 1 if a + 1 # y).
Since f(a) = >, there exists a unique k such that (A, &) = a. Note that

core(A + &;) = Ty q+1(core(R))

implies i = k and core(A + §;) = core(A) implies (A,8;) = —a — 1. Note that g € A, so
By = 0. We get

p (J ( e*chV ))
\wW ]—[ﬂes(l_i_e—ﬁ)

KW + &, S) ifa+1=y,
B KW(A + ¢, S) + Zi:(l,S,~)=—a—1 KW(A +§;,S) otherwise.
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If f(a + 1) = o, then we have (A,8;) # —a — 1 foralli and A + ¢ = T, 4+1(A) with
Sitep = Sithus KW(A + e, §) = KW (T, 4+1(1)), and this gives (6.2).

Consider the case f(a + 1) = x witha + 1 # y. By Lemma A.4.4 (ii), it follows that
KW(A 4+ ¢, S) =0 (since (A + e, 651 — ) = (S, 651 —€r) =0). Asa + 1 # y, there
is a unique i such that (A,8;) = —a — 1. One has A + 6; = Ty q+1(A) and S 45 = S, so
(6.2) holds.

In the remaining case, a + 1 = y. Then f(a + 1) = x® and k = p + s + 1. Note that
A+éeg,ei)=a—+1lifandonlyifi =p+1,...,p+s+1and (A +¢,6;) = —a—1if
andonlyifi =g+ 1,...,9 + 5. Set

s+1 K
= (a+ 1)(2811-{-1' _qu-i-i)-

i=1 i=1
Let

be the group of permutations of €5 11,...,&p4+5+1 and of §541,...,084+s. Notice that A + &5
is W) -invariant. Choosing any set of representatives in W/ W,,, we have

KW + ¢, 5) =J e —J Ater !
TR Mys(+eh) wiw, | e W, Mo h))

Comparing the denominator identities for gl(s + 1|s) with respect to the bases (¢6)°e and
e(e6)%, we get

] 1 ] e~ 2pes' B
WM(HﬁeS(l + 6_’3)) B WM(HﬁES/(l +e—ﬂ))’

where S’ := {ep+1+i — 84+i}7_,. This gives

; ( e)H—sk ) ] (e)H'b‘k ] ( e Z/jes/ﬂ ))
w =Jw/w, w,
Hﬂes(1+€_ﬂ) / K H Hﬂesl(l‘i‘e_ﬂ)

eV
=7 ,
v (H,aey(l + e_ﬂ))

where A" := A + e — D _geg/ B One readily sees that A’ = T4 441(A) and S” = Sj/. This
completes the proof. m)

6.5. Corollary. The following statements hold.

() LetT: FinX = F inX be a composition of the translation functors T)Z 5/ Which are equiv-
alence of categories, and let ® y y': Ry, — Ry be the corresponding composed map. If
T(L(A—p)) = L(X — p), then © ,,(KW(1)) = KW(L).

(ii) Foreach A € A$|n, one has tail(A)!Re” &, = KW(Q).
6.5.1. Denote by K(1) the Kac module of the highest weight A. Take A’ as in Corol-
lary 6.5 (i). From [39, Theorem 5.1], it follows that 7 (K (1)) = K(A'). This gives the following
formula:
O,y (Re’K(A —p)) = K(A' — p)

which will be used later (this formula can be also proven as Lemma 6.4 (ii)).
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7. Euler supercharacters and the Duflo-Serganova functor

Let Sch(g) be the ring of supercharacters of g. Recall that DSy induces for any x a homo-
morphism Sch(g) — Sch(g,) which depends only on the rank of x. We denote this homomor-
phism by ds;, where j is the rank of x. We always assume that j > 0 (dso = Id).

In this section, g stands for gl(m|n) or osp(M |N).

7.1. Euler supercharacters. Recall that 7 is the involution of Z[A,»] given by
m(e?) = (-1)PPet;
we extend this involution to the ring of fractions of Z[A;|»]. Recall that
schL(A) = (=)W (ch L(1)).

+
Foreach v € Ay, set

&, 1= (-)PWx(8,).

Using the character formulas and Remark 3.5.1, we obtain the following formulas.

7.1.1. Corollary. For A € Ajn'ln, one has
- — A, _
sch L(A) = Z (—1)P A=)+ 1AlI=lull g ,ng
//LEAJ;M

where di’”’ is the number of increasing paths from i to A i’zl Dy.
If A is stable and t # 2, then sch L(A) = ZMeAﬁ d<’”8;.

The main result of this section is the following theorem, which will be proven in Sec-
tion 7.3 below.

7.2. Theorem. Tuke A € Ay, If tail(R) < j, then ds;(€]) = 0. If tail(A) > j, ler
Ae Nt jln—j be such that diag(1") is obtained from diag(A) by the removal the first j
leftmost symbols x (and keeping the sign if diag(A’) requires the sign). Then
&y if tail(A) > J,
&y if tail(Ad) = j, g = osp(2m + 1|2n),
&7 if @il(h) = j, g = osp(2/[2n),
sch K(1') if tail(A) = j, g = gl(m|n),
where K(A') is the Kac g'-module with the even highest weight vector of weight A’
For osp(2m|2n) withm > j = tail(1), one has
8;/ UC(A/)U =\,
Ex + 800 Q)T #N.

dsx(éb;) =

dsx(g,x_) = {

7.2.1. Remark. For a typical module N, one has DS, (N) = 0 foreach x # 0.If L(1)
is typical, then Re® ch L(A) = KW(A + p, @) and
sch L()&) — 8; — (T[(R))_l Z (_1)17(/‘+p_U)(A+P)) sgnw - eU)(A-i-P).
wew
By above, dsx(&;) = 0 (since DSx(L(4)) = 0). In particular, dsx(§;) = 0if A ¢ A%n.
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7.2.2. Weight A’. If tail(1) > j for osp or tail(A) > j for gl, then
tail(A") = tail(A) — j
and A — A’ corresponds to the “tail-cutting”: for example, for osp(13|12) with
diag(l) = (+)x*><x,

we have diag(1’) = (4+)x?><x for j = 2 and diag(1’) = o><x for j = 4; for the ql(4|4)-
case with j = 2, we have

diag(1) = >xx<xx>o0..., fT = >o00<ox*>0...,

diag(1’) = >oo<xx>o0..., (f) =>oc0<ox?®>0....

7.2.3. Remark. Let j be the rank of x. We take x € ) _ pes; 8B and identify g, with
a subalgebra of g as in [13,22]. In the osp-case, A’ = Alp,; for gl, this holds if A is stable.

7.2.4. Remark. In the osp-case, the “tail-cutting” is “reversible” (we can reconstruct
the tail if our dog is still alive): diag(A) is obtained by adding j symbols x to the zero posi-
tion in the diagram of diag(A’). Therefore, ds; (€;) =ds;(€,) # Oimplies A = v. (The same
holds for the gl-case if tail(A) > j.)

This gives the following corollary.
7.2.5. Corollary. In the osp-case, {&; | tail(A) < j} is a basis of the kernel of ds;.

7.2.6. Remark. Take A € A} . which is assumed to be stable for the gl-case. Using

mn>
the notation of Section 4.2, we introduce

e)H—p

[aeapay: (1 +€%)

Note that &) = & (1) Take A € Ajn‘m, which is assumed to be stable in the gl-case and
retain notation of Theorem 7.2. If tail(1) > j for osp or tail(A) > j for gl, then one has

S)T/Jaﬂ(k)_j = &;. In the gl-case with tail(1) = j, one has 8;,’0 = sch K(1).

611 = R1e? JW( ) 65, = (-1)P D6,

7.2.77. Let y be a central character of atypicality j = rankx. Let v be the weight of
gx with the diagram equal to the diagram of y. This means that, for each A € A,",;m with
XA = X, one has v = Al (the diagram of v is obtained from the diagram of A by removing
all symbols x). Note that v is a typical weight, so & = sch L(v). We put L*°"® = L(v) in the
gl and osp(2m + 1]2n)-case and

core . _ L(v) if v is o-invariant,
L(v)® L(v)° else,
in the osp(2m|2n)-case. The notion of L™ was first introduced in [24], but there, L™ always

equals L(v) and therefore differs from ours in the osp(2m|2n) in case v is not o-invariant.

7.2.8. Extend sdim to a linear function on the Grothendieck ring Chg(g). Clearly, sdim
gives a linear function on Sch(g).
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Corollary. ForA € A} sdim €, = sdim(L(A))*" if A is a Kostant weight and L(A)

m|n’
has the maximal atypicality; sdim &, = 0 for other weights.

Proof.  Since sdim(DS, (N)) = sdim N (see [13,43]), the homomorphism dsy preserves
sdim. Take x of the maximal rank (= min(m, n)). By Theorem 7.2, dsx(€;") = 0 if

tail(howl(1)) = tail(A) < min(m, n).

Hence dsx(€;) # 0 implies that tail(howl(4)) = min(m, n), which means that A is a Kostant
weight and L(A) has the maximal atypicality. Now let A be a Kostant weight, and L(A) has
the maximal atypicality. The algebra gy is either a Lie algebra (gl},,,—,|, 92(n—n)> 92(m—n)>
SP2n_om OF 08p(1|2(n —m)) and L is a gx-module with sch L = &} except for the
case when gx = 05(,—pn) # 0 and sch L = &3 + 8&,)0. ]

7.2.9. Corollary. Take A € A%n. If the rank of x is equal to the atypicality of y,, then

DS, L(}) = HIMII—IMO||+P(k—lo)(Lcore)€Bm(A)’

where m(A) is equal to the number of increasing paths from the Kostant weights to A.

7.3. Proof of Theorem 7.2. Using (2.1), we reduce the assertions to the case j := 1.
Set s := tail(A4).

7.3.1. First, we consider the osp-case and the gl-case with a stable weight A. Take
Bo € S1 (Bo = £(em — 8x) for the osp-case and Bo = &5, — &1 for gl(m|n)). We take x € gg,.
Set g’ := DSx(g). By [13] (and [40]), we can identify g" with a subalgebra of g such that ) N g’
is a Cartan subalgebra of g’ and a base X’ for A(g’) satisfies

(7.1) AT =AYE) [ B [ [ B] Jie + Bo |« € B}
for some B C A™T. Let p’ and R’ be the Weyl vector and denominator, respectively, for g’ with
respect to X, As in Section A.6, we define

pr(e’) = Cvevlbl,

where ¢, 1= e ™!®8¢) with ¢ = n for the osp-case and ¢ = 1 for the gl-case (Boldg) # 0.
By (7.1), one has
p—p €ZBo. pr(R(1+e M) =FR.

By Section A.6.1, we have
dsx(€7) = (mprn)(€y) = (—1)PP (7 pr)(&y),

which allows to rewrite the required formula as follows: pr(&,) = 0if s = 0 and

12 (D)PDPO piey)
Ey ifs > 1,
&y ifs =1, g =o0sp2m + 1|2n),
&y ifs =1, g = osp(2]2n),
- ch K(1') ifs =1, g = gl(mn),
&y for osp(2m|2n), m >s =1, (A)? = 1/,
Ex + Ene  forosp(2m|2n), m > s =1, (A £ ).
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In the gl-case, take AT as in Section 6.1; in the osp-case, we have AT = A + p. Using Proposi-
tion 4.3, we get

Jspr(€;) = pr(R71e P KW(AT, 85)) = c—p - (R'e?) L pr((1 + e ) KW(AT, 8y)).

For s = 0, formula (A.4) gives pr(&,) = 0 as required. From now on, we assume s > 0.
The pair (AT, Sy) satisfies the assumptions of Proposition A.6.3; using this proposition and
taking into account that, for the gl-case,

R'e” chK(') =KW + 0, 0),

we see that (7.2) holds up to a non-zero scalar @) which can be computed directly. Instead of
performing such computation, we can employ the following reasoning. One has

schDSy(L() = dsx(€7) + Y d2" dsy(E;).
V<A
By above, dsy(&,) is proportional to &, (or to &7 + 8(_‘),)0 for osp(2m|2n)), where
v’ := v|g. By Corollary 4.9.1,
supp(€,7) C v — NX/,

where & is viewed as element of Ry/; see Section A.2. The inequality v < A means that
A —v € N, which implies v’ € A’ — N/ by (7.1). Hence the coefficient of e*’ in dsy (€))
is equal to sdim DSy (L (1)) . Using the same reasoning for the formula

schL(A) =Y d2™Vey,
v/

we conclude the coefficient of e*’ in &7 1s 1. Combining (A, Bg) = 0 and By € X, one read-
ily sees that DSy (L (1)) = C, so sdimDS;(L(A)),, = 1. Hence the coefficients of e in
dsx(€;) and in €, are equal, so a; = 1.

7.3.2. Consider the case when j = 1 and g = gl(m|n). If A is stable, the required
formula is established in Section 7.3.1. Using the fact that DSy commutes with translation
functors, we deduce from the stable case the required formula for the non-stable case taking
into account Corollary 6.5 and Section 6.5.1 for s > 1 and s = 1, respectively. O

7.4. Examples. In the examples below, we will use the notation 8]? L(f)for&, ,L(4)
with diag(A) = f. We will demonstrate the compatibility of the formulas in Theorem 7.2 with
the descriptions of DS (L) given in [21,26].

7.4.1. One has

sch Lgr313)(0) = E5yxqs  ds1(Exxx1) = Exx1 = sch Lgp(212)(0),
sch Lgr43)(0) = Exxx=1, ds1 Exyxxs1 = Exx=1 = sch Lg1312)(0).

7.4.2. Consider the osp(7|6)-module

L = L(+x%0ox).
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Combining the Gruson—Serganova formula and Theorem 7.2, we obtain

sch L = 8—:xzox + 8—x20x + 8—Ixzx + 8:x2>< + 281x3 + 38:x3’
dsi(5h L) = €7 wox + Ewox + Exxcx + ETux + 2672 + 367, = sch L(+x0x),
dsa(sch L) = &5 + &y +286 1 +36°,, dsz(schL) = 3.

The results of [21] give DS (L(+x20x)) = L(4x0x),
DS, (L(+x2%0x)) = DS1(L(4x0x)) = L(4+x) & L(cox)
and DS3(L(+x2%0x)) = C®3. The Gruson—Serganova formula gives
schL(+x) =&, + &, schL(oox)=E&, ., + & + &, +26°,

which establishes the compatibility for ds;.

7.4.3. Consider the g[(2]|2)-module
L(g1 — 82) = L(x0x) = IT Ad(psL(2]2)).

One has
sch L(x0x) = E59x + Exx1 + Exxo-

dsy(sch L(x0x)) = sch K(0x) + & + &,

dsz(sch L(x0x)) =2
and DS1(Ad(psl(2]2)) = Ad(psl(1]1)), DS2(Ad(psL(2]2)) = TIC#®2. This gives

DS (L(x0x) = L(e1 —681) @ L(81 —e1) = L(0x) & L(x0).
Notice that sch L(x0) = &, and
sch L(0x) = &y, = sch K(0x) 4+ &,
since L(0x) == K(0x)/TI(L(x0)).
7.4.4. Consider the gl(3]2)-module L(xo>x) (note that howl(xo>Xx) = Xox; see the

previous example). In all formulas in this example, we assume that the symbol > has the same

coordinate. One has
DS} (L(x0>x)) = T(L(x0>)) & L(>x)

and DS, (L(x0>x)) = ITC®2. Theorem 7.2 gives

sch L(x0>x) = & oy — Exxs — Exxoss
dsi(sch L(xo>x)) =sch K(>x) — &, . — &,
dsz(sch L(oxox)) = —2.

We have the following formulas for the gl (2|1)-modules:
sch L(xo>) = Exo> and schK(>x) =&, + &2

since L(>x) = K(>x)/L(x>).
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7.4.5. Consider the gl(3]|3)-module L(oxxooX); see Section 6.2.1. Using (1.3) and
Theorem 7.2, we obtain

sch L(0xx00X) = &gy xoox T Eoxxoxo T Eoxxxoo T 2Exxx000:
dsy(sch L(oxx00X)) = €5x00x T Ecoxoxo T Ecoxxoo T 2E0xx000:
dsp(sch L(oxxo00x)) = sch K(cooox) + sch K(000x0) + &_o0x00 + 2E00x000
ds3(sch L(oxxo00x)) = 3 sch K(ooooo0) = 3.

On the other hand, the results of [26] give

DS (L(oxxo00x)) = L(coxoox) @ L(oxx000),
DS, (L (oxx00x)) = L(coooox) @ L(coxo000)®?,
DS3(L(oxxo00x)) = C®3.

Let us check that the above formulas are compatible. Using (1.3), we get
sch L(0x%000) = € yo00.  5¢h L(00X00X) = oo + Eooxoxo + 2Exxo00:
which establishes the compatibility for ds;. For the g{(1]1)-modules, we have
sch L(00x000) = &0 000-

Taking R’ and p’ to be the Weyl denominator and the Weyl vector, respectively, for g{(1]1) and
W := wt(ocooox), we get

Jr(R’ep/)(sch K(0000x) + sch K(000%0) + €550x00)

u—2B oM
=] w w—B ¢ -] )
W(e +e +1—e_/3) W(l—e_ﬂ

= (R'e” )€, pox = m(R'e”") sch L(c0000x);

this establishes the compatibility for ds,.

8. Superdimensions and modified superdimensions

We discuss modified nontrivial trace and dimension functions on the thick ideal 7; gen-
erated by the irreducible representations of atypicality k, and how they can be calculated
explicitly by means of the Duflo-Serganova functor. We do this for the osp(m|2n) and the
OSp(m|2n)-case. For the gl-case, see [26].

8.1. The core of a block. Recall that ¥ = Rep(SOSp(m|2n)). Exactly as for gl (m|n)
(see Section 2.1), we have a decomposition

=Fol¥

K[

into two subcategories which are equivalent by the parity shift IT. We use the notation

7= %’(m|2n) = Rep(OSp(m|2n))
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for the finite-dimensional algebraic representations of OSp(m|2n). As for ¥, the category
decomposes ' = F' @ I1F” into two equivalent subcategories.

The irreducible typical module L™ (as defined in Section 7.2.7) attached to a block
of atypicality k in % is both an osp(m — 2k|2n — 2k) and OSp(m — 2k|2n — 2k)-module.
Therefore, the core can be defined in the F'-case as well.

The DS, functor on % induces a functor

DSy: F'(m|2n) — F'(m — 2k|2n — 2k),

where k = rk(x) (see [11] for details).
If the rank of x equals def(osp(m|2n)), we obtain

* gx = o(m —2n|0), m > 2n;
* qx = sp(0]2n — 2m), 2n > m even;
* gx = osp(1|2n — 2m), 2n — m odd.

In the OSp-case, we obtain representations of the groups G, = O(m — 2n), Sp(2n — 2m)
(considered as odd) and OSp(1|2n — 2m).

8.2. Superdimensions. If we apply DSy to an irreducible representation L(A) with
atypicality equal to rk(x), then DS, (L (L)) does not depend on the choice of x. Indeed, the
induced morphism on the supercharacter ring does not depend on x and DSy (L(A)) is semi-
simple. We simply write DSy in this case.

The parity rule of [21] yields

DSy (L(A)) € T 7 (g )

and hence
DS, (L(A)) = 17 Ihowi (M)l (Lcore)éBm(/l)

for the positive integer m(A) defined in Corollary 7.2.9 (the number of increasing paths from A
to the weights with adjacent x’s).

8.2.1. OSp-modules. We first consider g = osp(2m|2n). By [14, Proposition 4.11],
the simple OSp(2m|2n)-modules are either of the form L(A) if A € A%n is o-invariant or
L(A) @ L(A%). Thus the simple OSp(2m|2n)-modules are in one-to-one correspondence with
the unsigned osp(2m|2n)-diagrams. For osp(2m + 1|2n) and any A € A%n, there are two

irreducible OSp(2m + 1]2n)-modules L(A, +) and L(A, —) which restrict to L(1). We will
often simply write Losp(A) for an irreducible representation of OSp. The diagram

F7(G)

\Rfs
DS« F(g)
D,
F'(Gx)
commutes for any x since DSy (L(A)) isin F'(Gy). It follows from this diagram that the multi-

plicity of L in DSy (Losp(A) is the same as for Res(Losp(A)) if the restriction is irreducible
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and is twice the multiplicity of DS(L(A)) if the restriction decomposes into two irreducible
summands.
Since DS is a symmetric monoidal functor, it preserves the superdimension.

8.2.2. Corollary. For L(A) € ¥ of atypicality k,
sdim L(A) = (=)Mo (1) sdim L.
In particular, sdim L(A) # 0 if and only if A is maximal atypical.

8.3. Modified traces. In this section, # means either ¥ or 7’ unless otherwise speci-
fied. If at(L (1)) < n, sdim(L) = 0. However, one can define a modified superdimension for L
as follows. Recall that a thick (tensor) ideal I in F is a subset of objects which is closed under
tensor products with arbitrary objects and closed under direct summands. A trace on [ is by
definition a family of linear functions

t ={ty:Endz (V) — k},
where V' runs over all objects of I such that following two conditions hold.
(1) If U € I and W is an object of ¥, then for any f € Endz (U ® W), we have

twew (f) = twr(f))
for the right trace trg ().
(ii) If U,V € I, then for any morphisms f:V — U and g: U — V, we have

ty(go f)=tu(fog).

For such a trace on I, we define
dim! (X) = rx(idy), X €1,

the modified dimension of (/,¢). For an object J € F,let I J be the thick ideal generated
by J. By Kujawa [33, Theorem 2.3.1], the trace on the ideal I7,, L irreducible, is unique up to
multiplication by an element of C.

8.4. The generalized Kac—Wakimoto conjecture. Let I be the thick ideal generated
by all irreducible representations of atypicality k. The ideal /o coincides with Proj. The follow-
ing theorem was proven for gl(m|n) by Serganova [43] and for osp(m|2n) by Kujawa [33]. We
give a slightly different simplified proof. Moreover, we explain how to compute these modified
superdimensions.

8.4.1. Theorem (Generalized Kac—Wakimoto conjecture). The ideal I admits a non-
trivial modified trace function. For irreducible L(A), the associated dimension function

dim* := dim?k

satisfies dim* L(}) # 0 if and only if the atypicality of L()) is k.

It was shown in [16, Theorem 1.3.1] that if an ideal / carries a modified trace func-
tion, all indecomposable objects in / are ambidextrous in the sense of [16]. Since the I
define an exhaustive filtration of %, the conjecture implies that every simple module in ¥
is ambidextrous.
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8.5. Atraceon Ix. There are two different ways to see that Proj C % carries a nontriv-
ial trace function. It was proven in [17, Theorem 4.8.2] that Proj C F has such a trace function.
This implies that Proj C ¥ has one as well using the restriction rules of Ehrig—Stroppel and
the argument of [33].

Alternatively, it follows from [27] that Proj C %' carries such a trace function. Note that
it is unique up to a scalar: any P € Proj satisfies (P) = Proj. Indeed, (P) C Proj is clear, and
Proj C P follows since Proj is the smallest thick ideal [11]. We denote any normalization of
this trace function by Tr°.

8.5.1. Proposition. The thick ideal I}, C F carries a nontrivial modified trace func-
tion Trk.

Proof. Let L()) € % . Then we have DSy (L)) € F' for all x by [21]. Let X € I}
and f € End(X). Then we define

T (f) = I (DSk (f)).

Then DSy (X) is typical and therefore projective. Since DSy, is a symmetric monoidal functor,
this defines a trace function. We claim that it is nontrivial. For X = L(u), we obtain

DS, (f) € End(H”hOWl(M)H (Lcore)eam()t)).

Since the parity is either even or odd and Tr is nontrivial for any typical module, we compute,
for f € End(X),

Trk(idL) = TTODsk(L)(idDSk(L)) = m(A’)Tr?'[llhowl(,u)HLcore (idypimowll g core) 7 0.

The same proof works for Losp(4). m]

8.5.2. Remark. It can be shown [33] that /j is in fact generated by an arbitrary irre-
ducible representation of atypicality k. Therefore, the above trace is the unique modified trace
up to a scalar.

Since DS (L) = 0 for any L of atypicality less than k, we obtain, for the modified
superdimension, sdimf (X) := Trk (idy)

8.5.3. Corollary. Let L(A) be a representation of atypicality at most k. Then we have
sdim®(L(1)) # 0 if and only if at (L(L)) = k.

A. Kac-Wakimoto terms and the rings R, Ry

In this section, g is gl(m|n), osp(M|N) or one of the exceptional Lie superalgebras
F(4), G(3), D(2|1,a). We use the standard notation for the roots of go and denote by Iy
a standard set of simple roots. In what follows, we consider only bases X of A which are com-
patible with ITg, that is AT(X)o = A1 (I1p). By [40], all such bases are connected by chains
of odd reflections. In the gl and osp-cases, these bases can be encoded by words consisting of
m letters & and n letters 8.
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A.l. Notation. We denote by W the Weyl group of go. We denote by A the set of roots

of g and set
br.i={1eh* | A —wl e ZAforallw € W},

int *

P(go) :={A € b | A —wA € ZA¢ forallw € W}.

For each non-isotropic root «, let r, € W be the reflection with respect to «. For any
subset Y C W, we denote by Jy the linear operator

P — Z sgn(w)w(P),
wey

where sgn: W — Z, is the standard sign homomorphism (given by sgnr, = —1).

A.1.1. Choice of the Weyl vector. We denote by po a Weyl vector of go which is
an element of h* satisfying rypo = po — @ for each « € TTy. Note that pg is unique if Ag
spans h*, i.e. for g # gl(m|n), osp(2|2n). We choose the Weyl vector p by the rule

1
P = po—p1, P1 =5 Z a.
oteAfr
If B € X is isotropic and X' = rg X, we have p’ := p 4 B. Using [42] (or a short case-by-case
reasoning), we obtain p € h* . We introduce
Ro
Ri (D)

Ry = 1‘[(1_6—“), Ri(Z) := ]‘[ (14e7%), R(Z):=

aeAf aeA (D)
Note that the following term is W -invariant and does not depend on the choice of X:

OTPRY(D) =[] (/P47
aeAT (D)

Hence, for each X’ satisfying A(J)r C AT(XZ), we have
R(¥)e” = ReP, where R := R(Z).

A.2. Rings R and Ry. For a sum of the form ZvEE)* aye’ with a, € Q, we define
the support by the formula

supp(z ave”) ={vebh*|a, #0}

Let Ry be the set consisting of the sums ), ¢y« ave” with a, € Q and such that

supp(Z ave”) C O(vi —NX)

i=1

for some k. Clearly, Ry is a ring. This ring contains ch N and sch N for any N in the BGG-
category .

A.2.1. Denote by R the ring of rational functions of the form P/Q, where P lies in the
group ring Q[H*] and Q is a product of the factors of the form 1 £+ e~ for « € A. Using the
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formula
ldte ¥ =1Fe Y4e2@Fe3e ...

we will view the element P/Q € R as a series Rx; we will call this series the X-expansion
of P/ Q. For instance, R(X’), R(X')~! € R for any base ¥’ and T-expansion of R(X/)~! is
equal to the character of a Verma module of the highest weight 0 (defined with respect to the
base X).

A.2.2. Lemma. For any base ¥/ satisfying AT (2")o = AT (X)o, one has

e” o
JW( ) = Re".
[loeat@nd +e7)

Proof. By above, ePo=P' R{ (') is W -invariant, so

4 /

e’ e’
HaeAI"(E/)(l +e7%) R1(Y)

The Weyl character formula for the trivial go-module gives Iy (¢P°) = Rye”0. Using the above
identity R(X')e”” = ReP, we obtain the required formula. i

_ w(e”)
) — ePo P Ry(Z)

A.3. Projection P,. Let OX be the full subcategory of the category @ corresponding
to a central character y. For N € O, let N* be the projection of N to O y. The character of N X
can be expressed via ch N by the following procedure.

By above, Ry’ contains the terms ch N, Re” ch N for any module N € O. It is well
known that, for N € @X, the X’-expansion of Re? ch N satisfies

supp(Re? ch N) C{u+p | xu = x}-
Introducing a projection Py: Ryr — Ry by Py (X auet) =Y
Re? ch N* = Py (RePchN).

"
i pp=y Ane’s we get

A.3.1. For a finite-dimensional module V, a translation functor TXI{x’: Or - 9Y is
given by TXITX/(N) := (N ® V)X'. By above,

ReP ch(T) /(N)) = ®F /(Re ch N),

where ®)Icl,x’: Ry — Ry is given by
14 )
O,y (Z aue“) = PX/(ch V. PX(Z aue")).

A.4. The terms KW(A, S). We say that a subset S C Aj is an iso-set if S is a basis
of an isotropic subspace of h*, i.e. S is linearly independent and (S|S) = 0.
For A € b} and aniso-set S C Ay satisfying (A|S) = 0, we set
A

e
KW(A,S) =1 .
*:5) W(Hﬂes(1+€_ﬂ))

A.4.1. Remark. For an arbitrary weight A € h*, the group W should be substituted by
the “A-integral” subgroup; see [23, Section 11].
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A.4.2. Note that
KW, ) [T (1 +e*) e S,
aeAT
so KW(A, S) € R. One readily sees that, for the X-expansion of KW (v, ), we have
suppKW(, S) Cc W(v + ZS).

By [31,44], xpu—p = xv—p foreach u € v + ZS. Thus, for P, introduced in Section A.3, we
have

(A.1) Py(KW(A + 0. 8)) = 840, KW(A + . 5).

A4.3. For g = gl(m|n), osp(M|N), one has S = {%e,, & 8, }i_,, where p; # p;,
gi # q; fori # j. We denote the intersection of Z A with the spanof ey, ,...,&p,,04,....,8q,
by h(S)*. Notice that S spans a maximal isotropic subspace in §(.5)*.

A4.4. Lemma. The following statements hold:
1) wKW(A,S) =sgn(w) KW(A,S) = KW(wA, wS);
(i) KW(A, S) = 0 if there exists « € Ag such that («|S) = (@A) = 0;
(iii)) KW —B,S) = KW, (S U{=B}) \{B}) foreach p € S;
(iv) in the osp-case, if (A|H(S)*) =0, then KW(A — B,S) = —KW(A, S) foreach € S.

Proof. (i), (iii) are straightforward and (ii) follows from (i) for w := r,. For (iv), note
that

et —i—e’l_’g
l_[ﬂGS(l +e_ﬂ)

Since B = +¢; £ §; for some 7, j, we have (A|8;) = (S \ {B}|6;) = 0, so (iii) gives

KW, S) + KW(A — 8, S) =JW( ): KWL, S\ {B)).

KW(A; S\{p}) =0
as required. O

A.4.5. Denominator identity. Let S be an iso-set of the cardinality min(m, n) and let
>’ be a base of A containing S (for instance, ¥’ = X for the osp-case and ¥’ corresponding
to (¢§)™8"~™ for n > m). By [19], one has KW(p’, §) = jReP, where j is a certain integer
(j is the order of the “smallest factor” in W, for instance, j = m! for gl(m|n) with m < n).

Consider the case g = gl(s|s) or osp(2s + £|2s). Then we have j = s! for gl(s|s),
j = max(2*7s!, 1) for osp(2s|2s), and j = 25s! for osp(2s + |2s) with t = 1,2. Let X’
be the base corresponding to the word (6)*; this base contains an iso-set {&; — J;}7_,. Note
that wp’ = p’ for any w € Sg x Sy; using Lemma A.4.4 (i), we obtain

JjRe? = KW(p', {&; — 8 }5_)) = (=DKW (o', {&; — 51— )3 )).
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A.5. The term XW3S) - Recall that Ly, (A — po) is finite-dimensional if and only if
A € PTT(g0), where

Pt (go) :={A € P(go) | A —wA € ZsoA™ forallw € W, A # wA}.

The character ring Ch(go) has a basis {ch Lg,(A — p0)} 1 p++(qo)- This allows to extend
dim to the linear map dim: Ch(gg) — Z having dim(ch N) = dim N for any finite-dimensional
module N.

The Weyl character and the Weyl dimension formulas give the following.

A.5.1. Lemma. Take A € P(go). One has
() Jw(e*) = 0ifand only if A ¢ WP (go);
.. A
(i) 5 € Ch(go);
(iii) dim(2e) =[] (Ala)

Rpe”0 aeAf Toola)

Proof. If A ¢ WP (qo), then rqA = A for some a € A(J{, and thus Jy (e*) = 0 and
both sides of (iii) are equal to zero. Now take A € WP T (q¢), thatis A = wv forv e P T (go).
Then Iy (e*) = sgn(w) Jw (¢¥). Using the Weyl character formula, we get

(Roe™) ™" Ty (¢!) = sgn(w)(Roe™) ™" Iy (e”) = sgn(w) ch L(v — po).
which establishes (ii). The Weyl dimension formula gives

dim ( Tw (ei)

Rgero

) = sgn(w) dim L(v — po)

_ (vle) _ (e
=) [ Ty e TG
aEA acw A

One has (—1)He€w™ ATNAD} — son(w); this gives (iii) for A € WP+ (qo). o
A.5.2. Forasubset U C A, we will use the notation
sum(U) := Y B.
BeU
Observe that all weights of a finite-dimensional g-module lie in P(gg). Take A € P(go) + p.
Recall that pg — p = p1 = % > gent @ One has
1

KW(,S) _ JW(e)H-pl HﬂGAi"\S(l + e_ﬂ)) A+p|—sum(U))

-y e
ReP Rgero Rgero
ucah\s

A.5.3. Corollary. Foreach A € P(go), the term %ﬁ;‘g) lies in Ch(go) and

. (KW@Q +p,8)) (A + po —sum(U)|a)
am( )= 2 Gola)

UcA\SaeAf
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Moreover,
KW(QA + p,5)

ReP = anu Ctho(l'L)

with the coefficients given by

My = Z Z sEN(W) 8w (1u+po), A+p0—sum(U) -
UcA\s weW

A.5.4. Example. If ch L is given by the Kac—Wakimoto formula
RePchL = j7LKW(A + p, S),

then

dmL = j~

1 Z 1—[ (X+Po—2ﬂeuﬁla)'

0|
UcA\S aeAf (Poler)

A.5.5. L(A) as a ggo-module. A Verma module M (A) has a filtration with the fac-
tors of the form {Mg,(A —sum(U))}ucat. Notice that if Mg,(A —sum(U)) has a finite-
dimensional quotient, then this quotient is Lg,(A —sum(U)). Hence [L(A) : Lqy(A — )] # 0
implies . = sum(U) for some U C Ai". The multiplicity m.;y := [L(A) : Lgo (A —sum(U))]
can be computed using Corollary A.5.3 as follows:

- A’ P
(A.2) myy = Z(_l)llkll el g A1t Z 7!
a U'CAT\Su

Z Sgn(w)gu)()»—i—po—sum(U)),;/fr +p1—sum(U’)"
weW

For the osp-case, this gives

_ A, -
mpy = 3 (==l gde 5
s U'CAT\S,

Z Sgn(w)8w (A+po—sum(U)),u~+po—sum(U’) -
weW

A.5.6. Remark. A variation of the above reasoning allows to find the graded multiplic-

ities

[L(v)o : Lgo ()] 4+ E[L(V)1 : Lgo(1n)]
using the Gruson—Serganova character formula. In order to do this, we define the graded version
of KW(A, §S) by the following procedure.

Let £ be a formal (even) variable satisfying £2 = 1. We denote by Chg(g) the ring of §-
characters of the finite-dimensional g-modules and view Chg(g) as a subring of R[£]. For
v € ZA, consider the map Z:e” > £PMe¢Y and extend this map to the rational functions
P/Q, where P, Q are polynomials in e” with v € ZA. This allows to define for A € b the
term KW¢ (4, §) by the formula

KWe(A, S) = e*E(e™* KW(A, 5)).
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Note that KW¢ (4, §) and E (R*1) lie in the ring R [£] and can be viewed as elements of R [£].
Taking A € P(go), we have

KWe(l +p,5) I (€ [Tgepr\s (1 + ™)

€ Ch .
E(R)e’ Roero £(80)

The graded multiplicity [% : ch Lg, ()] is given by

Z E#U Z sgn(w)gw(M+PO),X+p0—Sum(U)-
UcAf\s  weW

The Gruson—Serganova formula (1.3) gives the following formula for chg L:

[ A+(1_e—a)
%€ e che L = 3 tbr KW(L)
HaeAT( +8e7?) L’€lrr

(A3)  E(R)ePche L =

(where L = L()A), L’ = L(v) and the sign =+ is given by (—1)1’()”_”)); combining the above
formulas, one obtains an analogue of (A.2) for the graded multiplicity of Lg, (1) in L(A).

A.6. The map pr. Let g be gl(m|n) or osp(M|2n). Fix an odd root ¢ of the form
Bo = £(gp —84). Let e, 1 € h* be a basis of the group algebra C[h*]. Consider a projection
pr: C[H*] — C[H*] given by

pr(e®r) =1, pr(e®a) =™ pr(e?’) = %, pr(e®) = %

for any @ € C and the indices t # p, j # ¢. Note that pr is an algebra homomorphism and
pr(ePo) = —1. We extend pr to the rational functions of the form P/Q, where P, Q € C[h*]
are such that pr(Q) # 0.

Since pr is an algebra homomorphism for each A € h*, one has

(A.4) pr(KW(A, 0)(1 + e~#0)) = 0,

A.6.1. Take a non-zero vector x € gg,. Identify g’ := DS (g) with the subalgebra of g
(recall ¢ = gl(m — 1|n — 1) for g = gl(m|n), g’ = osp(M —2|2n —2) for g = osp(M |2n)).
Recall that §’ = g’ N § is a Cartan subalgebra of g’.

Observe that

A.lb/ _”l(kwq)

pr(ek) =cye forcy :=e

and that the restriction of 7 pr 7 to the supercharacter ring J(g) is equal to dsyx (see [8]).

A.6.2. Set

m n
(Zsi — ZS,-) for osp(2m + 1|2n),

i=1 i=1

=

) N | —

otherwise.

Notice that £|g is equal to the vector & defined for g’; we denote this vector by &’
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We assume that an iso-set S and A € h* satisfy

(A.5) Bo €S C (SmxSn)Bo. (A —EH(S)") =0

and set

S = S\{Bo}, N =2y
By above, pr(e?) = e~ TiAa) oA observe that (Aldg) = 0and (A[84) = —% for nsp(2m|2n)
and osp(2m + 1]2n), respectively.

A.6.3. Proposition. Let S, A be as in (A.5). For ¢ = osp(2m|2n) with m > 1 and
|S| = 1, one has

pr(KW(A, S)(1 + e70)) = KW(L', 9) + KW((X)°, 9).
For other cases
pr(KW(, S)(1 + e7#0)) = ae ™™ A kw (', §7),

where a = |S| for g = osp(2|2n), gl(m|n) and a = 2|S| for osp(2m + 1]2n), osp(2m|2n)
withm,|S| > 1.

Proof. Denote by W’ the Weyl group of g” and notice that W’ = Staby S. Sets := |S|
and ¢ := e~ " (418 One has

pr(KW(A. S)(1 +¢#0)) = > sgn(w)y(w).
wew

where

eWA(1 4 e—Po) )
[Tpes( + e=wh) )

Observe that pr(1 4+ e*) = 0 for « € A is equivalent to o = £f¢. Since pr is an algebra
homomorphism, this gives y(w) = 0 if =8¢ ¢ wS. Therefore,

y(w) = pr(

pr(KW(A, $)(1 + e P0)) = v, +v_,

where

YL = Z sgn(w)y(w).

weW:£BpewsS

Each 8 € S’ can be written as Bo = wgf for wg := re;—, 75,5, Setting wg, := Id,
we have sgn(wg) = 1 and

wgh =X, wgPo=p. wgh=Po. wg(p)=p forp eS\{B Po}.

for each § € S. The operator pr commutes with the action of w’ for w’ € W’. This gives

pr(e” ™t w( pr(e!)
[Mpres (1428 [pres (1 +e#)

Since W’ = Staby Bo, one has {w € W | Bo € WS} = W wg.

y(w'wg) = ) for any w’ € W',
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By Section A.6.2, pr(e*) = ce* . Summarizing, we obtain

A

/ / — €
Y=Y Y sen(w)yw'wg) =cs JW/(Hﬂ/eS/(l i e—ﬂ’))’

BeS weWw’

thatis Y4 = cs KW(A/; S7).

For g = gl(m|n), osp(2|2n), the set WS does not contain —fo, so Y_ = 0; this com-
pletes the proof for these cases.

For the remaining cases ¢ = osp(M |N) with M > 2, the set WS contains —f¢. For
g = osp(2m|2n) with s > 1, we fix 1 := £(g; —§;) € S’; for osp(2m|2n) with m > 1 and
s=1,weseti :=mif p#mandi :=m—1if p =m. We set

Te,Ts, for g = osp(2m + 1|2n),
W— 1= e Ts,Te,Ts, forg=osp(2m|2n), s > 1,
TeiTe,Ts, for g = osp(2m|2n), s = 1.

Notice that w— € W and w—fB¢ = —pBo. Therefore,

{fweW |—BpewS}= ]_[ W'w_wg.
BeS

and thus

Y_ = Z Z sgn(w'w_)y(w'w_wpg).

BeS weW’
For w’ € W', we have

y(w'w_wg) = pr( eV -4 (1 4 e~Po) ) _ _w/pr( et )
¢ Mpes(l +e~wv-F) Mpes (1 +ev-A))

Therefore,

eW—4
Yo = —ssgn(w-) Iy (Pr(l—[ﬂes,(l + e—w—ﬁ)))'

For osp(2m + 1|2n), one has w_S’ = S” and w—_A = A + By, that is pr(e?*—*) = —ce?’.
Therefore, Y_ = ¢s KW(L', §’) as required.
For osp(2m|2n) with s > 1, one has

w-A =4, w8 =(S"U{=B1}H) \{B1}.
Using Lemma A.4.4, we get
Y_ = —sKWQ" S"U{=B1}) \ {B1} = sIKW(Q", §").
For the remaining case osp(2m|2n) withm > 1 and S = {fo}, we have
re. A/

sen(w_) = —1, pr(e¥—*) =e"i",

that is Y_ = KW(rg; A’, @). Since rg; A" = (1), this completes the proof. o
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