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Linearity and dictatorship testing have been studied in the past decade both for their combinatorial interest
and connection to complexity theory. These tests distinguish functions which are linear/dictator from those
which are far from being a linear/dictator function. The tests do so by making queries to a function at
certain points and receiving the function’s values at these points. The parameters of interest are the number
of queries a test makes and the completeness and soundness of a test.
n
In this work we deal
P with boolean functions of the form f : {0, 1} → {-1, 1}. We say a function f is
linear if f = (−1) i∈S xi for some subset S ⊆ [n]. A dictator function is simply a linear function where
|S| = 1, i.e., f (x) = (−1)xi for some i. A dictator function is often called a long code, and it is first
used in [3] for the constructions of probabilistic checkable proofs (PCPs), see e.g., [2, 1]. Since then, it
has become standard to design a PCP system as the composition of two verifiers, an outer verifier and an
inner verifier. In such case, a PCP system expects the proof to be written in such a way so that the outer
verifier, typically based on the verifier obtained from Raz’s Parallel Repetition Theorem [17], selects some
tables of the proof according to some distribution and then passes the control to the inner verifier. The inner
verifier, with oracle access to these tables, makes queries into these tables and ensures that the tables are
the encoding of some error-correcting codes and satisfy some joint constraint. The long code encoding is
usually employed in these proof constructions, and the inner verifier simply tests whether a collection of
tables (functions) are long codes satisfying some constraints. Following this paradigm, constructing a PCP
with certain parameters reduces to the problem of designing a long code test with similar parameters.

One question of interest is the tradeoff between the soundness and query complexity of a tester. If a tester
queries the functions at every single value, then trivially the verifier can determine all the functions. One
would like to construct a dictatorship test that has the lowest possible soundness while making as few
queries as possible. One way to measure this tradeoff between the soundness s and the number of queries
q is amortized query complexity, defined as log qs−1 . This investigation, initiated in [25], has since spurred
a long sequence of works [22, 20, 11, 6]. All the testers from these works run many iterations of a single
dictatorship test by reusing queries from previous iterations. The techniques used are Fourier
 analytic, and
1
the best amortized query complexity from this sequence of works has the form 1 + O √q .
The next breakthrough occurs when Samorodnitsky [19] introduces the notion of a relaxed linearity test
along with new ideas from additive combinatorics. In property testing, the goal is to distinguish objects
that are very structured from those that are pseudorandom. In the case of linearity/dictatorship testing, the
structured objects are the linear/dictator functions, and functions that are far from being linear/dictator are
interpreted as pseudorandom. The recent paradigm in additive combinatorics is to find the right framework
of structure and pseudorandomness and analyze combinatorial objects by dividing them into structured and
pseudorandom components, see e.g. [24] for a survey. One success is the notion of Gowers norm [7], which
has been fruitful in attacking many problems in additive combinatorics and computer science. In [19], the
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notion of pseudorandomness for linearity testing is relaxed; instead of designating the functions that are far
from being linear as pseudorandom, the functions having small low degree Gowers norm are considered to
be pseudorandom. By doing so, an optimal tradeoff between soundness and query complexity is obtained
for the problem of relaxed linearity testing. (Here the tradeoff is stronger than the tradeoff for the traditional
problem of linearity testing.)
In a similar fashion, in the PCP literature since [9], the pseudorandom objects in dictatorship tests are not
functions that are far from being a dictator. The pseudorandom functions are typically defined to be either
functions that are far from all “juntas” or functions whose “low-degree influences” are o(1). Both considerations of a dictatorship test are sufficient to compose the test in a PCP construction. In [21], building on the
analysis of the relaxed linearity test in [19], Samorodnitsky and Trevisan construct a dictatorship test (taking the view that functions
 with
 arbitrary small “low-degree influences are pseudorandom) with amortized
log q
query complexity 1 + O q . Furthermore, the test is used as the inner verifier in a conditional PCP construction (based on unique games [12]) with the same parameters. However, their dictatorship test suffers
from an inherent loss of perfect completeness. Ideally one would like testers with one-sided errors. One,
for aesthetic reasons, testers should always accept valid inputs. Two, for some hardness of approximation
applications, in particular coloring problems (see e.g. [10] or [5]), it is important to construct PCP systems
with one-sided errors.
In this paper, we prove the following theorem:
Theorem. For every q ≥ 3, there exists an (adaptive) dictatorship test that makes q queries,
 has complete3)
log q
ness 1, and soundness O(q
;
in
particular
it
has
amortized
query
complexity
1
+
O
.
2q
q
Our tester is a variant of the one given in [21]. Our tester is adaptive in the sense that it makes its queries in
two stages. It first makes roughly log q nonadaptive queries into the function. Based on the values of these
queries, the tester then selects the rest of the query points nonadaptively. Our analysis is based on techniques
developed in [11, 21, 10, 8].
Related Works The problem of linearity testing was first introduced in [4]. The framework of property
testing was formally set up in [18]. The PCP Theorems were first proved in [2, 1]; dictatorship tests first
appeared in the PCP context in [3], and many dictatorship tests and variants appeared throughout the PCP
literature. Dictatorship test was also considered as a standalone property testing in [16]. As mentioned,
designing testers and PCPs focusing on amortized query complexity was first investigated in [25], and a
long sequence of works [22, 20, 11, 6] followed. The first tester/PCP system focusing on this tradeoff while
obtaining perfect completeness was achieved in [10].
The orthogonal question of designing testers or PCPs with as few queries as possible was also considered.
In a highly influential paper [9], Håstad constructed a PCP system making only three queries. Many variants also followed. In particular PCP systems with perfect completeness making three queries were also
achieved in [8, 13]. Similar to our approach, O’Donnell and Wu [14] designed an optimal three bit dictatorship test with perfect completeness, and later the same authors constructed a conditional PCP system [15].
Future Direction Recently, Tamaki and Yoshida in their recent preprint [23] designed a dictatorship test
that makes non-adaptive q queries, has completeness 1, and soundness O(q · 2−q ). However, it is not clear
how to extend either their test or ours to a PCP construction.
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Analogous to the works in [14, 15], it would be interesting to extend these query-efficient dictator tests to
PCPs using Khot’s d-to-1 outer verifier [12]. In particular, we leave the following conjecture as a challenging open problem:
Conjecture. For infinitely many q, there exists a PCP system that makes q queries, has completeness 1, and
soundness poly(q) · 2−q .
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