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MATHEMATICS OF COMPUTATION, VOLUME 27, NUMBER 124, OCTOBER 1973

Generalized Local Maximum Principles
for Finite-Difference Operators

By Achi Brandt

Abstract. The generalized local maximum principle for a difference operator L, asserts
that if Lyu(x) > 0 then T'u cannot attain its positive maximum at the net-point x. Here T is
a local net-operator such that Tu = u 4 O(h) for any smooth function u. This principle,
with simple forms of T, is proved for some quite general classes of second-order elliptic
operators Ly, whose associated global matrices are not necessarily monotone. It is shown
that these generalized principles can be used for easy derivation of global a priori estimates
to the solutions of elliptic difference equations and to their difference-quotients. Some
examples of parabolic difference equations are also treated.

1. Introduction. The maximum principle is a very useful analytical tool in the
study of second-order elliptic and parabolic differential equations. A simple obser-
vation from differential calculus, this principle essentially states that if a differential
operator L is properly elliptic or parabolic, and if Lu(x) > 0, then the function u
cannot attain a positive local maximum at the point x. This is a local property of L
(valid even for operators with wildly variable coefficients) from which many global
properties easily follow. Given for example an elliptic equation Lu(x) = f(x) in some
domain ©, with the value of u being given on the boundary of Q, one can construct
various related functions ' of some independent variable x’, with related elliptic
operators L’ in some regions @', such that L's/(x’) > 0 for all x’ &€ @', and such that
u' < 0 on the boundary of @'. Then, by the maximum principle, »’ must be negative
throughout Q'. This is a global result which, for x’, @', L’ and «’ suitably chosen, turns
out to yield global estimates either for u itself or for its derivatives and Holder coef-
ficients, up to some suitable order. (Cf. Brandt [8].) The uniqueness and stability
(continuous dependence on data) of solutions can be instantly deduced from such
a priori estimates. Also, a relatively simple proof of the existence of solutions can be
based on the “continuity method” (cf., e.g., Courant and Hilbert [12]), where such a
priori estimates are central, and on the “Perron’s method”, which is again built on the
maximum principle. Thus the entire existence-uniqueness-stability theory can be
developed from the maximum principle in a very elementary way, in which, for
example, integral calculus can be discarded altogether. A clear advantage of this
approach is the relative ease with which equations with variable, even discontinuous,
coefficients are handled.

Even more significant is the role that can be played by the maximum principle in
the theory of discrete (computable) approximations to elliptic and parabolic equations,
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686 ACHI BRANDT

because here various other analytical tools, such as fundamental solutions, oblique
transformations of coordinates, etc., are either unavailable or very inconvenient.

Unfortunately, for finite-difference operators L, the maximum principle is not
always as straightforward as for their continuous counterpart L. The simplest case
here is that of “positive type” operators, i.e., operators of the form

.1 L) = 25 2 byle, Wutx + v,

where x = (x;, =+ , X,), v = (1, **+ , ), v; are integers, & > 0 is the “mesh-size”,
and where the coefficients satisfy

1.2) > b(x,k) = 0 and b,(x,h) <0 forall u > 0.

For such operators L, we have the following local maximum principle, which is
completely analogous to the one mentioned above for L.

LocAL MAXIMUM PRINCIPLE. If L,u(x) > 0, then u(x) is either negative or less than
u(x"), for some neighboring net-point x' = x + vh.

Indeed, by (1.1)-(1.2), the inequality L,u(x) > 0 can be rewritten in the form

1.3) ux) < X wu(x + vh), where , =0 and D w, =<1,
v 0 y=0
showing u(x) to be less than a subaverage of its values at neighboring points.

This discrete maximum principle can be used, like its continuous analog, to estab-
lish existence, uniqueness and stability of the finite-difference solutions. Also, by a
method that goes back to Gerschgorin [15], the maximum principle can be employed
to appraise the rate of convergence, i.e., the order of the L. distance between the
discrete and the continuous solutions. (Cf. Forsythe and Wasow [14, p. 283].) This
method has been refined and extensively used by Collatz [11], Laasonen [16], Bramble
and Hubbard [3], [4], Bramble [1], [2], Bramble, Hubbard and Thomée [6], and many
others. Moreover, from the maximum principle one can derive estimates to difference-
quotients of the discrete solution (cf. [7], [8], [9]), which may then be used to establish
convergence of the finite-difference solutions, yielding an alternative existence proof
for the differential problem.

In all that work, however, only positive-type operators were considered, with some
possible relaxation of condition (1.2) at points x adjacent to boundaries. (With such a
relaxation, the problem is said to be “essentially of positive type”.) It was shown by
Motzkin and Wasow ([17]; cf. also [4]) that any second-order uniformly elliptic
operator has a formal difference approximation which is of positive type. But these
approximations are often inconvenient for actual computations, and many “natural”
difference operators used in practice are not of positive type. For such nonpositive-
type operators the above local maximum principle no longer holds, and the existence-
uniqueness-stability-convergence theory requires a further justification.

Nonpositive-type operators were treated by Bramble and Hubbard [5]. Their
approach was to show (by means of a certain matrix factorization which takes into
account the special form of L, near the boundary, or special boundary data) that when
the local maximum principle fails, a global maximum principle, of the following type,
may still hold.
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GLOBAL MAXIMUM PRINCIPLE. If L,u(x) > O for all points x of a certain discrete
domain Q, , then u attains its maximum on the boundary of Q, .

This property of L, , usually referred to as monotonicity of the associated matrix,
is proved in [5] for three cases:

(i) The nine-point-cross O(h*) finite-difference Laplace operator in a general region.
This case was slightly generalized (inclusion of lower order terms) by Price [18].

(ii) A thirteen-point O(h*°) Laplace operator in a rectangle.

(iii) The “most natural” nine-point O(h”) approximation to the elliptic operator
8°/0x> 4+ 8°/dy® + 3°/3xdy, in a rectangle, with vanishing boundary values.

In each case it is shown that the global maximum principle entails the desired
estimate for the rate of convergence.

This approach, formalized in [10], has some disadvantages. First, it is essentially
limited to operators whose associated matrix (or some “interior”” submatrix)is mono-
tone. This monotonicity, or the global maximum principle, fails in many interesting
cases, such as case (iii) above, when the boundary conditions do not vanish. Moreover,
global maximum principles, unlike the local principles, cannot be used for estimating
difference-quotients of solutions. The global principles are also much more laborious
to derive.

The approach of the present article is therefore different; namely, to show that even
nonpositive-type elliptic difference operators still satisfy the Jocal maximum principle,
in the following generalized sense.

GENERALIZED LOoCAL MAXIMUM PRINCIPLE. If L,u(x) > O, then Tu(x) is either
negative or less than Tu(x"), for some neighboring net-point x'.

T is a simple net-operator which, roughly speaking, tends to the identity operator
as the mesh-size shrinks to zero. For instance, for certain nonpositive-type operators
L, , a suitable T' may have the form

u(x) — aulx + vh)

(1.4) Tu(x) = max O<a=akx) <1,
Irl=1 l—«a
wherev = (v, -+ - ,v,)and |v| = |»| + - -+ + |v.|. The exact value of a(x) depends on

L,(x) and, for constant coefficients operators, « is usually a constant.

In the language of the associated global matrices, one can say that our approach is
to add dependent variables to the problem so that the resulting extended problem can
be represented by a positive-type matrix.

In Section 3, simple two-dimensional elliptic difference operators are studied,
which are not necessarily monotone, but for which there still exist simple generalized
local maximum principles, with T' of the form (1.4). These simple cases serve to
illustrate the efficiency with which generalized principles can replace the ordinary
maximum principles as a tool for deriving all kinds of global a priori estimates. We esti-
mate the solutions as well as their difference-quotients, for both constant-coefficients
and variable-coefficients difference operators. The method is extendable also to
higher-dimensional operators. Case (iii) above, from [5], is a special case here.

In Section 4, the more general class of two-dimensional nine-point-box elliptic
difference operators is considered. By a certain local decomposition of L, we establish
a generalized local maximum principle which holds if and only if L, is elliptic. For
constant-coefficients homogeneous operators, the decomposition has the form

—KLy, = A*A — N,
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where \ is a positive scalar, and A and A* are a certain net operator and its adjoint,
respectively. A is usually of positive type, in which case T' can be taken as

Tu(x) = max{u(x), Au(x)/N, A*u(x)/\}.

If A is not of positive type, then it can itself be decomposed, and the form of T gets
somewhat more complicated. (See Section 4.5.)

The problem of the O(h*) nine-point-cross difference approximation (case (i)
above) is treated in Section 5. Using a generalized local maximum principle, we estab-
lish the global principle for that operator on a general domain. This is a
slight strengthening of the results of Bramble and Hubbard [5] and Price [18],
who established the global principle for mesh-lined regions only. Also, the derivation
here is considerably simpler.

Finally, in Section 6 we consider several simple cases of parabolic difference
operators. Again, generalized local maximum principles are demonstrated and then
employed for some simple a priori estimates.

The remarkable feature of proofs via local maximum principles is their direct and
easy applicability to equations with variable, even discontinuous, coefficients. Such a
principle is usually an easy-to-derive local property that has extensive global impli-
cations. The main drawback, at present, seems to be the lack of generality. We treat in
this paper fairly general classes of two-dimensional operators, but there is no general
theory to tell us what the actual limits of the method are. One may conjecture, for
example, that a generalized local maximum principle can be formulated for any
difference operator which is second-order and elliptic in the sense of Thomée [19].
This, however, is not yet generally proved even for two-dimensional operators. It
poses an interesting algebraic problem, which is probably manageable, because it
deals only with the local form of L, .

Thus, at this point, the method of generalized local maximum principles is not
yet a general theory, but rather a collection of techniques, easily and successfully
applied for many interesting classes of difference operators.

2. Finite-Difference Notation. Let R be a bounded open domain in the (x, y)
plane, with boundary B, its closure denoted by R = R\U B. Let & be a small positive
constant—the “mesh size”. In the usual manner, we impose a square net on the plane,
that is, lines x = ik and lines y = jh, where i and j are integers. The set R, will consist
of all those line intersections that belong to R. The set of point-intersections of these
lines with B will be denoted B, . We further define

Rh = Rh U Bh,
Ri. = R, N{(x, »): (x + 0.k, y + 0,8 € R for all |6;] = k},
B, = Rh/Rh.k-

Clearly, B,,; = B, if Ris a “‘mesh-lined domain”, i.e., if its boundary B is composed
only of segments of mesh lines.

The translation operator T, is defined for points (x, y) in the plane and for
functions u(x, y) by the identities

Taop(x, ¥) = (x + ah, y + Bh), Topu(x, y) = ulx + ah, y + B8h),
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from which it follows that
(21) TapT.,a = T»,sTaﬂ = Ta+7./8+5.

The following notation will be used for finite-difference operators, with obvious
analogy to the corresponding differential operators:

8; = (T — Too)/h, 8; = (Too — T-10)/h,
= (T — To)/h, 9, = (Too — To-1)/h,
8, = 33; + 987) = (Tro — T-10)/(2h), 9, = 3@, + 8,) = (Tax — To-1)/(2h),
0, = 0107 = (Tho — 2Too + T_10)/H’, 8y, = 0:0; = (Toy — 2Too + To_)/ 1,

<D
<
|

8;, = 3029, + 9:9,), 9., = 3879, + 9.9;),
9y = 505, + 02) = (T — Tiey — Tony + T-10)/(4h%),
Ay = 0, + 0,y
We shall also use the following fourth-order approximations:
8 = (T_30 — 8T-10 + 8T1o — Ts0)/(12h),
0,Y = (Toy — 8To—y + 8To, — Toy)/(12h),
Y = (—T_s + 16T_10 — 30Tee + 16T1o — Tso)/(12H),
8y = (—To_y + 16To_; — 30T + 16T — Top)/(1247).
3. Simple Illustrations for Elliptic Equations. To illustrate the idea of general-

ized local maximum principles, and a variety of their applications, let us first consider
the simple difference operator with constant coefficients

B.1) Ly = ad,, + 2b9,, + cd,, (@>0,¢>0,[b| = ac/(a+0)),

which is, of course, consistent with a second-order elliptic differential operator.
Introducing the auxiliary net-operators

(3.2) A=T_0°____£_1_0 A*=-M where a=.lb_|
’ 1—a ° 1l -« ’ 2’
3.3) T¢(P) = max{¢(P), A¢(P), A*¢(P)},

we can immediately state the following local principle:
PROPOSITION 3.1. If L,u(P) > 0, then T'u does not attain its maximum at the point P.
Proof. Suppose, for definiteness, that b = 0. Using the ad hoc notation

u;; = uw(T;;P), A = Au(T;;P),
A¥; = A*w(T;;P), T;; = Tw(T,;P),
we can rearrange the inequality L,u(P) > O into any one of the following forms:

2c— b
2

1 b )
Ugy < 2—(;_4‘—0—) {a(ulo + u_y0) + 5 (uyy + u_iy) + (A3k1 + AO—I)J s
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1

Ao < 2(a + o)1 — a)

{(a — 2a(a + Nuyo + au_yo + = (uu + u_,y) + — b (A3k1 + AO—I)} B

1
Ad < 2(a + o)1 — @)

{(a - Za(a + Nu_1o + auo + 3 (”11 + uio) + ““—'__' (Am + Ao 1)}
In each of these inequalities, the right-hand side is seen to be a weighted average (i.e.,

the coefficients are positive and their sum is 1) of quantities like u;; , A;; and A}*
where each of these quantities is dominated by

i

T = maX{Pw, Ty, Tous Ty Toia Po—l}-

Hence we have ug, < T, Age < T, A < T, and therefore also Ty, < T. Q.E.D.

In case b < 0, we replace u;;, u_,—; , Agf and A,_, in the above inequalities by
Uiy, U_y, Aoy and AX ., respectively.

Note that the requirement on |b| in (3.1) is designed to ensure nonnegativity of the
coefficient a — 2a(a + ¢) in the above inequalities.

Remark 3.1. If ¢(P) is defined only for points P of some restricted domain, and if
b £ 0, then T'¢p(P) is not well defined for boundary points P where ¢(T,P) or ¢(T-,,P)
are not defined. On the other hand, the above proof shows that Ag and A,_, should be
introduced only when L,u(P) is well defined. We therefore modify (3.3) and will
generally use the definition
(3.3 To(P) = ¢(P), if either ¢(T_1,P) or ¢(T,,P) are undefined,

= max{¢(P), A¢(P), A*¢(P)}, otherwise.

Proposition 3.1 and its proof remain valid, because L,u(P) is assumed to be defined,
and hence, by (3.3'), we still have Af < Ty, < Tand A, £ Ty_, £ T. Other modi-
fications of (3.3) are also possible.

3.1. Global Estimates. Observe now that for b = 0 we have I'¢ = ¢, and the above
proposition reproduces the classical maximum principle. For b £ 0, however, L, is
not of positive type and a classical local maximum principle does not exist. Never-
theless, the generalized-local principle of Proposition 3.1 can serve equally well in
deriving global a priori estimates. As an easy example consider

PROPOSITION 3.2. Let R be the mesh-lined rectangle R = {(x, y): |x| < %, |y| = p},
where %/h and y/h are integers. Assume Lyu = —1in R, and |u| < i on the boundary
B,, where | = 0 and ii are constants. Then
1 2c + |b]
% G =i + —_—

Proof. Writing v = u — ¢ where ¥(x, y) = (5° — y))I/2¢c, with [ > 1, we clearly
have L,v = L,u + I > 0, and hence, by Proposition 3.1, T'v must attain its maximum
at a point (x,, ¥o) € B,. In case x| = %, we have (cf. Remark 3.1) Tv(x,, y,) =
v(x,, ¥o) < #. For |x,| < % we must have |y,| = p and hence, for some |x; — x| = A,

3.9 ulx, y) = + i ((x, ) € Rw).
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v(xo, o) — (X1, yo) _ uXo, ¥o) = at(x1,30) 1+ a _
1l —«a 1 -« “1l—-a

Thus, in either case, v(x, ¥) < To(x, y) £ Tov(xo, ¥o) = (1 + a)ii/(1 — «), which, upon
writing « from (3.2) and letting / — 1, yields (3.4). Q.E.D.

COROLLARY 3.1. If L,u = 0 in the rectangle R, and u = 0 on the boundary B,, then
u £ 0 everywhere in R,.

This corollary, for a = 2b = ¢ = 1, is the maximum theorem proved by Bramble
and Hubbard [5, Section VI]. Tracing through the last proof one can see that on the
vertical boundaries {|x| = %, |[y] < y}, it is enough to assume in the corollary that
u = 0 (instead of u = 0). By symmetry, the same conclusion holds in the case where u
is nonpositive on the horizontal boundaries {|x| < %, |y = p} and vanishes on the
rest of the boundary. In a third case, where u vanishes on all boundaries except for
the corners, the same conclusion is drawn provided u(x, y) < 0 at the two corners
where bxy > 0, while u(x, y) = 0 at the two other corners.* Regarding more general
problems as superpositions of these three cases, we get the following strengthening of
the corollary:

PROPOSITION 3.3. If L,u = 0 in the above rectangle R,, and if bxyu(x, y) < 0 at the
corners of R and u < 0 on the rest of its boundary, then u < 0 throughout R,.

The use of the generalized local maximum principle is in no way confined to
rectangular regions. With a little more effort we can establish, for example, the more
general

PROPOSITION 3.4. Let R be a general mesh-lined domain contained in the strip
{(x, ) Y] < 5. Assume

To(xo, o) =

3.5) |Lyu(P)| = 1 (P € Ry,
(3.6) u@)| = a (@ E B, = B,).
Then
b2 + 402 ) J72 -
(3.7 WP £ G it ey L P E R

Proof. Take any I > I. Introduce again the “comparison function” ¥(x, y) =
I(3* — y*)/2c and consider the difference v = u — . By (3.5) we have L,o(P) > 0 for
all P € R,, and hence, by Proposition 3.1, T'v must attain its maximum at a point
Q, € B,; that s, for every P € R, we have

Tu(P) — Y(P) = Tw(P) = Tv(@)) = Tu(Q))

u@) —ou@) _ _a
1 —«a =1 -

+ —2— |u@nl,
a 1l —a
where Q] € B, ,. Similarly, replacing u by —u, we get, for some @ € B, .,

* To see this, e.g., for b > 0, one has to slightly modify the definition (3.3") at some points,
putting
Tu(P) = max(u(P), A*u(P)) for P = (x(x — h), 9),
Tu(P) = max(u(P), Au(P)) for P = (&(x — h), —7),

and, for convenience, T'u(+=(x, —y)) = 0. Observe then that the proof of Proposition 3.1 still applies
for all P € R;, while Tu(Q) < 0 for all Q € B;.
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i a
1-—a+1—a

L(—u(P)) — Y(P) = @) (P E R,

which, together with the previous inequality, gives

1
3.8) Tl u(P) £ T— & + 7= w@")] + ¥(P),

where Q' is either Q] or Q} and |T'| u = max{Tu, I'(—u)} = max{|u|, |Au|, |A*u|}.
From this definition of |T| it follows that |T'| #(Q") = |w(Q") — au(Q)|/(1 — «) for
some Q & B,, and hence, by (3.6),

1 a

@) = |T| u(@) +

(3.9) a.

1l —« 1 —a

This, together with (3.8), gives
14+

1 -«

(3.10) [T| u(P) = 4+ a [T u(@") + ¥(P) (P € R).
Using this inequality for P = Q" we get an estimate for |T'| #(Q") which, when plugged
back into (3.10), completes the proof.

3.2. Estimates of Difference-Quotients. Local maximum principles can be used, in a
direct and elementary way, not only for estimating the magnitude of elliptic equations
solutions, but also for estimating their difference-quotients (or derivatives, in the
continuous case). Cf. Brandt [7], [8], [9]. We shall show here, again through simple
examples, that the same can be accomplished with generalized local maximum prin-
ciples. The first example here corresponds to the one in the introduction to [8]. As in
that paper, the method can be vastly extended to produce various types of interior
estimates, such as Schauder estimates, Holder continuity of solutions to equations
with discontinuous coefficients, etc. The second example here will be of a uniform
(up-to-the-boundary) estimate.

PROPOSITION 3.5. Let R be a general domain whose boundary has distance d + 2h
from O (the origin). Let L, now be defined by

L, = ad,, + 2b3,, + c+7v)9,, (@>0,c>0,v>0,]|b <ac/la+c+7),

where a, b, ¢, v are constant. Assume

[Lu(P)| =1 (P E R,

|u(P)| = @ (P € R).
Then
atct+QR + b)), d;
11 < — .
(3.11) |8,u(0)| = (2 — b)) i+ 671

Proof. Our approach is to view the difference
a(x, y,2) = 3luCx, y +2) — ulx, y — 2)]

as a function of the three variables (x, y, z), defined on the domain

Y

X z d
- < = . . s = 0 < _}.
n o n e integers; |x|, |v] < 3 <z=

R, = {(x, Y, 2)
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Introducing the three-variable discrete elliptic operator
Ly = ad.. + 2bd., + cd,, + v0..,
we observe that
|LaiCx, y,2)| = % |Lax, y +2) — Lux, y —2)| £ I, (%, 9,2) € R,.
Hence, using any ‘“‘comparison function” of the form

—————“+C+7+—1)(4z_z2)+ A+ ¥+ (> D,

Y(x, y,z) = (A Y 2/\3

it follows that
(3.12) Ly — )= La+1>0.

To this inequality we can apply a local maximum principle in the same way as in
Proposition 3.1. Indeed, if we define

o(x, y,2z) — agplx + h, y,2)

A§Cx, 9,2) = >
s Vs —_ - ha )
Ab(x, v, z) = o(x, v, z) 1a_¢(;c y z)’

T'¢(P) = max{¢(P), A¢(P), A*¢(P)}, if this is well defined,

= ¢(P), otherwise,

where « = |b|/2c, and if, for example, b = 0, then the inequality L,¢(x, , z) > 0 can
be rearranged into the form

Qc —ba+c+v)

c

Ad(x, y, z)

2c —

L A%, v + b D) + AdCe, v — h, )]

< aplx — h,y,2) +
+ 206+ oy + b D) oG~y — b))

+ [a—cé(a+c+7)]¢(x+h,y,Z)+'y[¢(x,y,z+h)+¢(x,y,z— h)]

which shows A¢(x, y, z) to be less than a weighted average of ¢, A¢ and A*¢ at neigh-
boring points. Two similar rearrangements show A*¢(x, y, z) and ¢(x, y, z) also to be
less than weighted averages of ¢, A¢ and A*¢ at neighboring points and hence T'¢
cannot attain its maximum at (x, y, z). In particular, taking ¢ = @ — ¢, we see from
(3.12) that T'¢ must attain its maximum on the boundary of R,. But on that boundary
T'¢ is seen to be nonpositive, once the constant A is chosen large enough, e.g.,

_91+4a_
4= 1ot

Thus T'¢ must be nonpositive throughout R, which implies # < y. Similarly, one can
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show —# < ¢, and hence |#| < ¢ throughout R,, or

L luCe, y +2) — ulx, y — 2)|

L (‘—iz - zz> + %l‘-l-—aﬁ[xz +y 4+ + atety (gz - zZ)]~
2y \3 d1l —a v 3
For x = y = 0, z = hand [ — 1, this last inequality yields (3.11). Q.E.D.

The estimate (3.11) is an interior estimate; it breaks down when the distance to the
boundary (d) shrinks to zero. To obtain uniform estimates, through the use of the
maximum principle, one should proceed in two steps.

The first step is to obtain “from the boundary” estimates. By this we mean estimates
of differences (or difference-quotients) with “legs” on the boundary; for example, an
estimate of
(3.13) sup sup [u(P) — u(@)|/|P — 0|,

QEBH PERp

I\

where [P — Q| designates the distance between P and Q. Such an estimate can be
easily obtained as a usual application of the maximum principle, by choosing, for each
boundary point Q, a comparison function (y) that coincides with » at Q. For instance,
if in Proposition 3.2 the boundary values vanish (Z = 0), then (3.4) can be written as

ulx, y) — u(x’, ) <

3.13
(3.13a) 57—

N CEE N8
which is actually a “from-the-boundary” estimate.

From that type of estimates the uniform estimates are then obtained. The technique
at this second step is generally the same as with interior estimates; namely, the max-
imum principle is applied to a suitable elliptic difference operator (L,) on a higher-
dimensional domain (R,). For example, we shall prove

PROPOSITION 3.6. Let R be any mesh-lined domain such that

Sup{.VI — Y2l (x9 yl) E R, (x$ J’2) E R} é d’

and let L, be defined as in Proposition 3.5. Assume

|Lhu(P)| =1 (P € Ry,

and
(3.14) [u(P) — w(@)|/|P — Q| = m (P E R, O € By).
T hen
2t20p| 4
(3.15) |0,u(P)| = % — |b| m —+ 4y l (P &€ Ry).

Proof. fi, L,, a, A, A* and T are defined as in the previous proof, so that again we
have |L,4| < Tand the same local maximum principle, namely, that, for an arbitrary
function ¢, T'¢ cannot attain its maximum at a point where L,¢ is positive. As our
higher-dimensional domain we take here

B B

Ry = {(x, Y, z): are integers,z > 0, (x, y +2) € Ry, (x,y — 2) € R,,}-

NS

%
SN
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For comparison function, we select

Y(x, y,z) = lltia mz + % (gz — 22> ,

which is easily seen to satisfy L,(# — ¢) > 0in R, and I'(&i — ¢) < 0 on its boundary
dR. (Indeed, if (x, y, z) € 9R,, then either z = 0 and hence T'd = ¢ = 0, or (x, y + 2)
or (x,y — z) € B,, in which case T'i(x, y, z) can be estimated by (3.14) and Tdi(x, y, z)
= Ux, » 2) will easily follow.) Thus, by the maximum principle, T'(# — ¢) < 0
throughout R,, implying 4 < . Similarly, —# < ¢ and hence |4| < ¢, which in-
volves (3.15). Q.E.D.

Combining Propositions 3.6 and 3.2 (cf. (3.13a)) one can get

COROLLARY 3.2. Let R be a mesh-lined rectangle as in Proposition 3.2 and let L,
be defined as in Proposition 3.5. If |L,u| < lin R, and u vanishes on B,, then

L X + 2 |p| ; { } 5l

3.3. Variable Coefficients. One of the main advantages of the maximum principle as
an analytical tool is that it is a simple local property from which global properties can
be directly derived, with essentially no extra complications for the case of nonconstant
coefficients.

Suppose for instance that a, b and ¢ in (3.1) are nonconstant functions. Then
a = |b|/(2¢) is also a variable function. We can still introduce T' as (3.3), but with
(3.2) taking here the form

o(x, y) — ap(x + h, y)

Agp(x, y) = max
a=a(z,y+h) 1 -«

A*$(x, y) = max ¢(x, y) — adlx — h, y)
a=a(z,y+h) 1 —

(Each max is of course extended only over those values of @ = a(x, y == /) which are
well defined.) It is then easily observed that Proposition 3.1, together with its proof,
remains valid, provided only that the previous requirement |b| < ac/(a + ¢) is
rewritten here as

lbGx, v + B [bGx, y — h)|} «__atry)
cx,y+h)’ celx,y —h) alx, y) + clx, y)

(The only point to note in the proof is that a, b, ¢ now stand for a(x, ), b(x, y) and
c(x, ), respectively, while « should be interpreted as a(x, ¥y 4 A) in the inequality for
Ago and as a(x, y — h) in the inequality for Ag.)

With similar straightforward modifications (e.g., min c¢(x, y) replacing ¢ in the
expressions for the comparison functions ), the global estimates, such as Propositions
3.2, 3.3 and 3.4, together with their proofs, can also be extended to the variable-
coefficients case. Their new forms will be as follows:

PROPOSITION 3.2’. Let R be the mesh-lined rectangle R = {(x, y): |x| £ %, |y| £ 7},
where %/h, y/h are integers. Assume ad,,u + 2bd,,u + cd,,u = —1 in R,, where
a > 0, ¢ > 0 and (3.16) is satisfied in R,. Assume further that \u| < i on the boundary
B,. Then

(3.16) max {
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1 . - =2 2N - 20(59 "7) + b(f, 77)
.1 9 é ~ B - l ‘
(.17) u(x, 7) 2[1E|<n:3;llrv:|<f:(:(E "7)] S ¥+ uIEl<:n;lar,lx=ﬂ—h 2c(&, n) — b&, )

PROPOSITION 3.3’. Assume, in addition to (3.16), that a > 0 and

ax{lb(x + hp) b — b, y)I} < e, )
ax + h,y) ’ alx — h, y) a(x, y) + c(x, »)

If ad,u + 2b3,,u + cd,,u = 0 in the above rectangle R,, and if

X y -
b(x——h,y——h)xyu(x,y)§0, or |x| = %, |y| = 7,
x| ] for |x| Iyl

u(x, y) = 0, otherwise on By,

then u < 0 throughout R,
PROPOSITION 3.4’. Let R be a general mesh-lined domain contained by the strip
{(x, ): |y| £ p}. Assuming (3.16) and a > 0, if

|a(P)d..u(P) + 2b(P)d,,u(P) + c(P)d,,u(P)| = 1 (P € Ry,
|”(Q)| = (Q € B, = By,),
then, for all P & R,, we have

4’ + |bb'| 2cc’ — c'b r_g
< 7 /] i
WP = 27 =2 ol + 561 T %/ = 216l + 55| minc '

where b = b(x,, 1), ¢ = c(x1, 1), b = b(xs, ¥5), ¢ = c(x,, ¥2), and (x1, y,) and (xz, y5)
are some two points in B, 5 such that |x, — x,| < h, |y, — ya| < 2h.

In estimating difference-quotients, the modifications from constant to variable
coefficients are less straightforward. For example, in estimating first-order difference-
quotients, the auxiliary elliptic operator L, should be taken as 4-dimensional, acting on
the differences 4(x, y, &, 7) = 3ulx + & y + n) — u(x — £ y — 7)), and should
contain mixed terms like 9,;, 9., 9,:, 9,,. Such terms can take care of the variability
in the coefficients from (x + £,y + n) to (x — & ¥ — 7). Generally, proofs for interior
estimates should be modelled after the methods presented in Brandt [8]. For uniform
estimates, one should combine those methods with “from-the-boundary” estimates,
such as (3.17), @ = 0.

3.4. More General Operators. There is no difficulty in using the methods of this
section in more general situations. For instance, it is easy to observe that adding to L,
lower-order terms (9, + s9, + ¢) will not significantly change any of the above
proofs (with the same I's), provided rh, sh and gh® are so small that the coefficients
of the weighted averages remain nonnegative. Also, higher-dimensional L, can be
treated in a similar fashion, provided that its nonpositive-type terms (such as b9.,)
are suitably bounded. Thus, under restrictions similar to, but generally different from
(3.16), generalized maximum principles can be introduced to wide classes of elliptic
difference operators.

The trouble is, however, that (3.16) is still too restrictive. It can be relaxed; for
example, in the constant-coefficients case, it may be replaced by the weaker condition

(3.18) b’ < d’/(a + o).
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One can check this upon taking & = (¢ — ¢)/|b|, where ¢ = (b* + ¢*)'/?, and observ-
ing that Proposition 3.1 remains valid. The only changes in its proof are in the three
rearrangements of the inequality L,u(P) > 0, which will now be the following (for
b > 0)

1 -
Ugo < ?.(a—-l-c—) {a(uyo + u_10) + A},

1
< a + 2¢ — aa)(1 — o)

1

AOO

{al — Ao + [@ — aa + 2¢ — aa)lu,, + R},

A% < e T 2o —amd — o 190 — @ADL + (2 — aQa + 2¢ — ad)luw + A,
where
B= 200 an + ) R A+ A,

But (3.18) is again too restrictive, because it is stronger than the ellipticity condition
b® < ac. General elliptic operators will be considered in the next section, by using
more complex decompositions of L,.

4. General Nine-Point (‘‘Box”) Elliptic Difference Equations. In this section,
maximum principles will be described for general nine-point (“box’’) difference
approximations to second-order elliptic operators,

9’ 9’ 9* <] d
L_aax2+2bax6y+cay2+r6x+s6y_q

“4.0)
(a@a>0,b<ac,q= 0).

4.1. Decomposition, Ellipticity and Local Maximum Principle. We start with general
nine-point homogeneous operators with constant coefficients, namely

(4.1a) L, = ad,, + b%9;, + b 3,, + cd,, @ +b =266 20),

where a, b*, b™, c are real constants. More explicitly,

L, = ;15 {A(TIO + T_10) + C(Toy + To-1) + % (T + T-1-)
(4.1b)

— L T+ Ty — @4+ 20+ b — b‘)Too} ,

where A = a4+ b7 /2 —b"/2,C = ¢ + b /2 — b* /2. The “classical” maximum
principle (cf., e.g., Forsythe and Wasow [14]) holds for this difference operator if (and
only if) it is of positive type; that is, if in (4.1b) the coefficients of all T';;, except for
Too, are nonnegative. In all other cases, we would like to construct generalized max-
imum principles. For this end the following decomposition theorem will be instrumental.

PROPOSITION 4.1. Assume that, in the above L,, 0 < ac, 0 < |b| £ max{a, c}.
If (and only if') L, is not of positive type, then it can be uniquely decomposed as follows:

(4.2a) BL, = NTy — A*A,
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where

(4.2b) A = NoToo — MTpo — AN2Tsr — AsTo,
(4.2¢) A* = NoToo — MT-go — AaT-p-1 — AsTo_1,
(4.2d) A=X—M—X—N;, B =b/|b],

and where Ny, \;, N5, \s are nonnegative real numbers.

Proof. Take for example b > 0, and hence b* = 0,5~ = 0, 8 = 1. Using (2.1), the
requirement (4.2) is easily found to be equivalent to the following four nonlinear
equations

AoAp = %b+, MA; = 367,
AOAI - A2>\3 = A, ong - Ale = C.

Denote \;; = A \;. We get the pair of equations Ngy — Aoz = A, A Aoz = b'b7 /4.
Since b*b~ = 0, the only nonnegative solution to this pair of equations is

(442)  Noo = (A H+ 6D+ Al N = 34T+ BTH) — Al
Similarly

(4.4b) Aoy = H(C* + B'B)2 4+ Cl, A = E(C* + bHT) — C.
If 5*b~ > 0 then all \;; > 0, and the X\, themselves are determined by

(4.4¢) o= i/ N2

If 5* = Othen b = 2b > O0and C = ¢ + b > 0, for which case (4.3) has a unique
nonnegative solution (A, = 0). If 5 = 0 then b* = 2b > 0 and AC < 0 (otherwise
either L, is of positive type or 4 < 0 and C < 0, which contradicts the condition
b < max{a, c}; if A < 0, it follows from (4.3) that N\, = 0, Ay = — A4, A3 = C,
Nz = b7/2 and Ny, A,, \; are determined by (4.4c); if C < 0, it follows from (4.3)
that \; = 0, Aoy = 4, \sy = —C, Aoy = b"/2and A, Ny, \, are determined by (4.4c).
Q.E.D. (The ““only if” part of the proposition is straightforward.)

Note that the ellipticity condition 5> < ac nowhere really entered in the above
proposition or proof. Its role will become apparent in the next proposition, which, in
fact, will give a genuine finite-difference interpretation to the ellipticity of L,.

PROPOSITION 4.2. Let L,, defined by (4.1) with a > 0, be not of positive type, and let
it be decomposed by (4.2). Then \ > 0 if and only if b*> < ac.

Proof. From (4.3) we get

4.3)

(4.4d) a= (o — M)A + N),
(4.46) b = )\0%2 + A1>\3,
(4.4f) c = Qo — M)Az + As),

from which it is easily verified that
(4.4g) ac — b2 = )\()\0)\1)\2 + )\0>\17\3 + A0>\2>\3 - A1A2>\3) = AA*, say.

By (4.4d), a > 0 implies A\, > A3, hence oA X\ = N\ N2\, and therefore A, = 0. For
N\ = 0, we must have either A, = \3 = 0or A, = N\3 = Qor A\, = )\, = 0, all
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cases implying L, of positive type (with ac = b® and with arbitrary value of ),
in contradiction to the assumption. Therefore A, > 0. Q.E.D.

For X > 0, the operator A is of positive type. We thus have the interesting result
that ellipticity of L, is equivalent to its either being of positive type or having positive-
type decomposition. This “generalized positive-type” property leads directly to the
following generalized local maximum principle.

PROPOSITION 4.3. Let L,, defined by (4.1), be elliptic, and let Tu be defined by

Tu(Q) = wQ), if L, is of positive type,
max{u(Q), Aw(Q)/\}, otherwise.

If Lyu(P) > 0, then Tu cannot attain its maximum at P,

Remark 4.1. The above definition of I'u is a natural one, in the sense that the
transition from one case to the other is continuous; i.e., when L, tends to a positive-
type operator, Au/\ tends to u. Indeed, it is straightforward from (4.3) that, for L,
tending to an elliptic positive-type operator (4 = 0, C = 0,5 =2 0,b™ = 0, (1b%)° =
b® < ac), we must have \, > +» and \; - 0(i = 1, 2, 3).

Proof. If L, is of positive type, then b* = 0, 5™ £ 0, 4 = 0, C = 0. Rewrite
L,u(P) > 0 in the form

24 + 2Cc + b" — by < Auyo + Au_yo + Cupy + Cuoy
b* bt b~ b~

+ 7 U, + 7 U113 — ”2_ U1 — "2_ U_11

where u,;; = w(T;;P). This shows that u#,, = w(P) is less than a weighted average of
values of u at other points, hence #(P) cannot be the maximal value of u. (This is the
classical argument.)

If L, is not of positive type, we see from Propositions 4.1 and 4.2 that the inequality
L,u(P) > 0 can be rewritten in the form

(4.5a) 7\07\00 < 7\1]\‘—30 + 7\21—3—1 + )\3](0—1 + Augo

where A;; = Aw(T;;P)/\ and where A = \, — A\, — A\, — A; > 0. This shows that
Koo is less than a relevant weighted average and therefore cannot attain the maximum
of T'u. On the other hand, from (4.2b) we see that u,, is a weighted average, namely

(4.5b) Aollgp = )\1uﬂo + >\2uﬂ1 + Nsuor + 7\1~\00a

where a positive weight is being given to Ay, so that u,, also cannot be a maximum of
Tu. Thus Tw(P) = max{uy, Ao} cannot be the maximum of T'u. Q.E.D.

Remark 4.2. In a similar way, we can prove the above proposition with T'u replaced
bu I'*u;

wQ), if L, is of positive type,
= max{u(Q), A*u(Q)/\}, otherwise.
Remark 4.3. Note from the proof that T'u,, is actually bounded by

I*u(Q)

max {ugo, Up1, thor, A-poy A-p_1, Aoo1}.

Similarly, T*u is actually bounded by max{u_gy, U_s_1, to_1, A¥tigo, A¥tigy, A*uiy,}.
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This observation is especially significant for points P adjacent to a boundary because
it shows what kind of boundary values enter into a priori estimates of . For instance
it shows that, if 0 < b < (ac)"’” and L,u > 0, one can estimate  in the rectangle
{(x, p): |x| < %, |y| < p} in terms of maxpep+u(P) and maxpes- Au(P) where

B"'={#»: -y <y=ptYU{kxp): —x<x=x},
B = {(=%»:—7=y<pVY{kx —p: —x = x < %}

(x, y, %, y being, of course, integral multiples of 4).

4.2. Global Estimates and From-the-Boundary Estimates. In this section, we con-
tinue to discuss the operator (4.1), assuming it to be elliptic, but not of positive type.
For simplicity, we assume that the boundary value problem is given on a mesh-lined
domain, so that we do not have to specify different L, near the boundary. (This
restriction is removed in Proposition 4.11 below.) The transition from the local
maximum principle to global estimates is not as straightforward here as with positive-
type operators, where simple use of a comparison function does the job. Straight-
forward use of Proposition 4.3 (with Remark 4.3 used near the boundary !)leads to an
estimate of ||u||r, = maxpeg,|u(P)| in terms of ||L,ul|g,, ||u||s, and || Au|p,.., where
B/ and Bj’ are suitable portions of B,. But in typical (Dirichlet) problems only the
first two of these quantities are known, while Au at the boundary is not known since
it includes interior values of u.

One way to overcome this difficulty could be to modify the discrete formulation of
the Dirichlet boundary condition on B}’, by specifying there Au/\ instead of w.
(There may be boundary points which belong to both B, and B;’; the boundary con-
dition there should be taken differently on different occurrences !) This procedure is not
very satisfactory, however, since it introduces O(%) truncation errors. Another ap-
proach could be to formulate L, differently near the boundary, in such a way that
global maximum-principles are obtained. It is possible to do so (see for example
Section 4.4 below) with only O(4®) truncation errors. However, this entire approach of
formulating the finite-difference equations so as to make their theoretical analysis
easier seems unsatisfactory: One would like to analyze those (computationally
convenient) difference schemes that are actually used in practice.

The following is a simple example that shows how to derive global estimates from
the local maximum principle without reformulating the finite-difference equations.

PROPOSITION 4.4, Let R be a mesh-lined rectangle

= {(x, »): |x| < %, |y| < 7}, where %/h, 3/h are integers.

Assume |Lyu| < lin R, and |u| < ii on the boundary B,, where 1, it are constants. Then,
forall P & R,

A+ — >\)
N’

Remark 4.4. A limiting case of the proposition is that of positive-type L,. In that
case (cf. Remark 4.1), \,/A = land \,;/X = 0(i = 1, 2, 3), so that (4.6) is reduced to

lu(P)| £ 7°I/2¢ + a.

This is a classical, Gerschgorin-type result, which for [ = 0 reproduces the global
maximum principle.

.6) up)| = 5o (y 2t TN ) [t O
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Proof. We can again take b > 0. The comparison function y(x, y) = (2¢)*
(#* — yO)I, where I > [, is such that L,(u — ¥) = L,u + | > 0, and hence, by Prop-
osition 4.3 and Remark 4.2, the maximum of max{\u — ¢), A(u — ¢), A*¥(u — ¢)} is
attained on B,. Similarly, the maximum of

max{\—u — ¢¥), A(—u — ), A¥(—u — ¢)}
is also attained on B,. With no loss of generality, we can assume that the maximum
of these two maxima is | A(=u — ¢)(P,)| where P, = (— X, y,) € B,. [The case where
the maximum is (=u — ¢)(P,) is simpler. The case P, = (x,, — p) is similar.] Thus
4.7) max{[Au(P)|, [Au(P)|, [A*u(P)|} < [Au(Po)| + n (P € Ry),
where

AP’ + 20 + M)k !
» .

p = max AY(Q) — min AY(Q) =
QEBh

QERA

On the other hand,

[Au(Po)| = Nou(—2%, o) — Nu(—%x + h, yo)
(4.8) — Nu(—=% + h, yo + h) — Nu(—%, yo + h)|
Mo + Az + (M + Ao

IIA

where

i = max [u(—=x + h, p)| = |[u(—% + h, §)| (say)

lvlsg
= N |A*u(—=% + h, §) + Nu(—%, §) + (=%, § — h) + Nu(—% + h, § — h)|.
Hence, by (4.7),
4.9 Nt = [Au(Po)| + p 4+ (A + N + s,

From (4.8) and (4.9), an estimate for | Au(P,)| in terms of i and p is eliminated, plugged
back into (4.7) and yields (4.6). Q.E.D.

A different approach, applicable to problems with Holder continuous boundary
data, is the following. First, using the local maximum principle (Proposition 4.3), one
immediately gets an estimate of the form

(4.10) ullzy = CillLuu||r, + Callulls, + Cs||Aul|p,

where the C, depend only on R, and L,. For example, (4.7) is such an estimate, and it
could be derived in the same way for any other mesh-lined domain contained in the
strip {(x, ¥): |¥| £ p}. Then, for any Q &€ Bj’, one can derive, again by Proposition
4.3, an estimate of the type

i J1P) = 4©)|

4.11)
peEr  |P — Q]°

< Cul|Luullws + Csllullz,

where |P — Q| denotes the distance between P and Q, and where 0 < « < 1. Proposi-
tions 4.5 and 4.6 below are examples of such “from-the-boundary” estimates. From
(4.11) one concludes

(4.12) [Aullzno = Nlullzn + 2°(Col|Latt||rs + Cillul|z).



702 ACHI BRANDT

Finally, if 4 is small, namely if C;C;A* < 1, one can substitute (4.12) into (4.10) and
get the desired estimate of ||u||z, in terms of ||L,u||z, and ||u||z,. For A — 0, this
estimate will be identical with a maximum-principle estimate for the continuous
solution. ]
The derivation of (4.11), as well as the values of C,, C; and «, depend not only
on L and R, but also on Q. The following two propositions are basic examples.
PROPOSITION 4.5. Let R be any domain containing the rectangle

R = {(x,y): x| < d,0< y < d} (d/h is an integer),

and such that its boundary B contains the segment B° = {(x, 0): |x| < d}. Let h/d <
2N/ a\,. Suppose that, for all P & R,, |Lu(P)| < I and |u(P) — w(0)| < ii. Suppose
Sfurther that

[u@) — uwO)l/lI0 —O0|* = H (0 € B,

where |Q — O| is the distance from Q to the origin O = (0, 0). Then

lu(P) — u(©0)| _ a+6[b|+ 2 { 2 — A u} &
= max\H, ———— —_—
|P — O|* (1 — a) A d” a(l — a)c
forall P € R,.
Proof. With no loss of generality we can assume that b = 0 and that u(0O) = 0.

Our comparison function will be ¢ = A4r* 4+ Cy®, where r* = x* + y* and where
the constants 4 and C are selected (see below) so that

(4.13)

(4.19) Lay(P) < —1, for P € R},
(4.152) [¥(x, 0)] = H|x|%, for (x, 0) € B,
(4.15b) [¥(P)| = a, for P € B,
(4.15¢) A*Y(P) = QAo — Nii = |A*u|, for P € B; U B;.

Here B' = {(—d,»:0 <y =< d}, B> = {(x,d): |x| £ d} and B* = {(d,y): 0 <
y < d}. From (4.14) we will have L,(u — ¢) > 0, and hence, by Proposition 4.3
(actually by Remark 4.2, with Remark 4.3 applied at points adjacent to B, = \_E B}),
it will follow that (4=u — ¢) is bounded in R} by its values on B; \U B, and by the
values of A*(d=u — )/ on B; \U B}, But these values will be nonpositive by (4.15),
and therefore (=u — ) must be nonpositive in R;. Hence |u| < ¢ in R}, which will
prove the proposition.

To choose 4 and C so that (4.14) and (4.15) are satisfied, we need some simple
inequalities for difference-quotients of r* and y“. First, we claim that, in R},

(4.16a) 3,.r" < 9,0% < ar®? (s = xory),
where 9,,7* = [(r + h)* — 2r* + (r — h)*]/A*. Indeed,
3,r® = [(° + 25k + B> — 2r* + (¥ — 2sh + K)*’)/K = é(r,5), say.

Since sgn d¢/ds = sgn (—s), we clearly get 9,,7" = ¢(r, ) < ¢(r, s) < ¢(r, 0), while
a 3-term Taylor formula shows that ¢(r, 0) < ar® 2, establishing (4.16a). A similar
argument, with s = x =+ y, yields

(4.16b)  2779,,r" = G,uypet™ = (Tier — 2To0 + Toyma)r®/20° < 07",
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Next we note that

(4.16¢) 8,.r* = §(x, ¥) = 800, ») = 9,,0°,
since sgn 9¢/9dx = sgn x. Also, by a 5-term Taylor formula,
(4.16d) 0,,0° £ —a(l —a)p*? £ —a(l — a)p* .

From (4.16a-d) we then get

(4.166) Ia:ural = |az:l:v,z:|:vra - %a::ra - %amlral S -

S 70w

Next, using O(h) Taylor expansions with the assumption #/d < 2N/ a\,, we can
easily see that

(4.16f) A*re Z " ((x,») € B),

(4.16g) A*r® 2 Nd®, A*Y* 20 ((x, y) € B).

Now, from (4.16) it follows that

1%

0, A*y®

v

A
1l —«

Ly = [CC - (a + 6b + c)]awya,

and therefore, by (4.16d), we can satisfy (4.14) by taking

_a+6b+c =
C=U—a A Tal —ax
Then, from (4.16f, g) it follows that (4.15) will be satisfied by taking
M —A @ }
A d*

A= max{H,

Thus, with these values of 4 and C, we have |u(x, y)| £ y¥(x, ), and hence |u(x, y)|/r*
< A + C, for all (x, ) € Rj. This proves (4.13) for P € R]. For P & R}, (4.13)
is trivially satisfied, since |P — O| > d. Q.E.D.

Remark 4.5. The provision h/d < 2N\/a), is not necessary. Without this provision
the first inequality in (4.16f) may be violated, but (4.15¢c) can be satisfied by adding a
term E = Ad*(M\ah/2d — ) to the comparison function ¢, which will introduce an
additional term E/A* < O(h'™%) to the estimate (4.13).

In the above proof we made a clear use of Remark 4.3, owing to which information
concerning A*u(P) was needed only on B*\U B®, but not on B°. If A*y = +A*u
on B° were to be required, it would not be possible to have ¢ = O(r*). In the next
example, dealing with a corner boundary point, the situation is more complicated,
since, whether T' or T'* are used, one cannot escape having to know either Au or A*u
at boundary points near the corner. The only solution is to use both T' and T'*, that is,
a joint use of Proposition 4.3 and Remark 4.2. To display clearly the features of the
situation, we shall avoid other complications by assuming the comparison function ¢
to be given. (But see Remark 4.7.)

PROPOSITION 4.6. Let L, be the elliptic operator (4.1), with 0 < b < (ac)'’’. Let
R be any domain with boundary B such that

RDOR'UR?® and BD B'U B,
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where

—

= {(x,y): —d<x<0,—d<y= —x},
P={(x,y):0<y<d, —ySx<d,

"= {0,)): —d =y S0},

B = {(x,0):0=x = d},

xR
It

>
Il

d being some integral multiple of h. Suppose

(4.17) |Lyu(P)| < —Lyy(P), for P € Ry,
(4.18a) lu(P) — u(0)| £ ¥(P), for P € B,,
(4.18b) [Tu(P) — u(0)| £ T¥(P), for P € By,
(4.18¢) [T*u(P) — u(0)| £ T*Y(P), for P E B,

where O = (0,0), and
B = {(—=d,y): y| £ d} U {x, —d): —d = x £ 0},
B'={(d,y):0=y=d}V {(x,d): |x| £ d}.

Then

(4.19) |u(P) — u(O)| < ¥(P), for P € (R'\U R®),.

Remark 4.6. For points P & R, U R;, we have |P — O| > d and, therefore, an
estimate of the form (4.11) is trivially obtainable. For points P € R, \U R}, the estimate
(4.19) is of the form (4.11), provided ¥(x, y) = O(r*). Such a function ¢, with a suitable
value of a, can be constructed for u with Hoélder-continuous boundary conditions,
because the requirement we impose on y in the vicinity of the origin O involves u
only, whereas T'u and I'*u enter the requirements only at points P bounded away from
O, where the precision of the requirements is not important. For instance, (4.18b)
can be replaced by

(4.18b") (2N — X + 1) maxfu| £ TY(P) (P € By,

which is a stronger requirement but still allows construction (cf. Remark 4.7) of
¥ = O(r°).
Proof. Let ¢(P) = u(P) — u(O) — Y(P). Denote

T'(P)

#(P), if P € B, \J B,
= T¢(P), if P E R, Y B;,
= T*¢(P), if P € R} U B;.

By (4.17), L,¢(P) > 0 for all P &€ R, \J R;, and therefore, by Proposition 4.3 and
Remarks 4.2 and 4.3, I'¢(P) must attain its maximum on the boundary of R' U R?,
ie., on B, U B, U B; U B;. (Remark 4.3 is applied here on R; M R; as well as near
B, U B;)) By (4.18), that maximum is nonnegative, and therefore ¢(P) < 0 throughout
R, U R.. This and a similar result with —u replacing u together imply (4.19). Q.E.D.

Remark 4.7. The actual construction of a comparison function ¢ that satisfies
(4.17)—«(4.18) is straightforward, though cumbersome. First one constructs a continuous
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function ¢ that satisfies the continuous analog of the requirements. This is easy,
because, by a linear transformation, (4.17) is transformed into a requirement on
AY(£, 1), which can be satisfied, together with the transformed boundary require-
ments, by a function ¢ of the form

v = 4E + 1) + A + 9°)*" sin(B0 + v), where tan § = 75/¢.

This function, possibly with slightly larger coefficient 4,, can then be seen to satisfy
(4.17)(4.18), for sufficiently small A.

4.3. Interior and Uniform Estimates of Difference-Quotients. For positive-type
operators, estimates of difference-quotients are obtained in exactly the same way as
for the corresponding continuous, uniformly-elliptic operators. Cf. Brandt [7], [8], [9].
Similar though more laborious methods can be applied to general (not necessarily
positive-type) operators like (4.1), using decompositions of the type (4.2). An example:

PROPOSITION 4.7. Let

A — A*A
2

(4-20) Lh = aazz + b+a:v + b—a;v + cauu = A

+ wo,,

where A, A* and N > 0 are as in (4.2), with nonnegative Ny, Ny, N2, \s, and where 0 <
u < N°/2. Assume

|LuP)| <1, [|[uP)|=a (PER,

where
RD {(x,»): |x| £ d, |y] £ 2d}.
Then
d . 2—A[a+ec A — gl h]a
< £ Lo A2 T 181 A3 AR ed
(4.21) |8,u(0, 0)| = % I+ X [ , 42 X +217

Remark 4.8. The decomposition in (4.20) exists whenever L, is elliptic but not of
positive type, provided b*b~ = 0. Indeed, a sufficiently small x can be chosen so that
the operator L, — ud,, is still elliptic and Propositions 4.1-4.2 can be applied to it.

Proof. As in the proof of Proposition 3.5, we view the difference

G(x, y,z) = glulx, y + 2) — u(x, y — z)]

as a function of the three variables (x, y, z), defined on

R, = {(x, ¥, 2) ’;‘l- , % i are integers; |x|, [y] < 4,0 <z < d} ,

and we introduce the three-dimensional operator

_ N = A%

422) L= ad. + 6705, + 670, + (€ = Wiy + wd = T + wda

for which we have

|Laii(x, y,2)| = % |Lau(x, y +2) — Lu(x, y —2)] < I ((x, y,2) € Ry).

The comparison function will have the form
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a-+c

Y(x, y,z) = i (dz — 2%) + Al[x2 + 427+ — (dz — %) + Agh] ,

where A4,, A4, are constants to be determined later in such a way that ¥ will suitably
dominate # on the boundary of R,. This form of y immediately implies L,y = —1,
so that by writing ¢ = @ — ¢ it follows that

(4.23) Lip(x,9,2) >0  ((x, »,2) € Ry).

We now observe that L, satisfies a generalized maximum principle similar to Proposi-
tion 4.3. Indeed, if we put (for b* = 0, e.g.)

o 1
Ap(x, y,z) = 3 Agp(x, y, 2)

1
= _x {)\0¢(x» Vs Z) - )\l¢(x + hr y»z) - >\2¢(x + h»y + ha Z) - >\3¢(x9 y + h»z)},
and if for any fixed point (x, y, z) € R, we denote

¢iik = ¢(x + ih’ y + jh,Z + kh)r K:’jk = Kd)(x + ih» y + jh,z + kh)r
then it can be seen from (4.22) that (4.23) is equivalent to

~ ~ ~ - AZ _ 2
(4.24) NoAooo < MA_j00 + AgAi10 + ANsho_10 + —)\Jd)ooo + f (@001 + Poo-1).
The definition of A can be rewritten as

(4.25) Noooo = Moo + Aedbrio + Nsdhoro + >\Kooo'

These relations clearly show that both ¢ and A¢ at (x, y, z) are less than weighted
averages of ¢ and A¢ at other points. Thus max {¢, A¢} in R, must be less than its
maximum on the boundary of R,, i.e., on

B, =B \JB\UB\JB \UB\U B,

where

B ={x=—d —d=2y<d0<:z<d},BB={x=d,|y|<d0=z=5 d},
B={-d2x<dy=—-d,0<z<d}, B ={x|<dy=4d,0=:zZ5 d},
B ={lx|£d |y £d,z=0}, B = {|x| £d,|y| £d,z=d}.

Closer examination of (4.24)-(4.25) at net-points adjacent to B, shows (as in Remark
4.5) that ¢ and X¢ in R, must in fact be less than either the maximum of ¢ on B2\J
B; \U B; \U B; or the maximum of A¢ on B. \U B:. Both these maxima can be made
negative by choosing

=)\0+)\1+)\2+)\3_l_7_
>\ dZs

(the term with A4, being designed so that A(x* + y* + 4,h) = Mx® + y°) on B U B?).
Therefore, for these values of 4, and A4,, ¢ must be negative throughout R,. Hence
i(x, y, z) £ ¥(x, y, z) in R,, and in particular

Al A2 = 2d l)\l - )\3[/)\
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1

3,u(0, 0) = 7 (0, Oh)<—¢(00h)§2i +A[ d+A2+h]

a-+tc
I
This implies (4.21). Q.E.D.

The estimate in Proposition 4.7 blows up near the boundary: If d, denotes the
distance |P — Q| from the point of estimate P (conveniently taken above as the
origin) to the nearest boundary point Q, then d < d, and therefore for d, — 0 the
right-hand side of (4.21) grows to infinity. To get uniform estimates, we should have
i in (4.21) proportional to d. Now, for i in the proposition we could actually take

= sup |u(P) — uQ)|, R’ = {P".|P — P'| < 34},
PIER’

where u(Q) is a constant and therefore its subtraction from u cannot affect estimates
of difference-quotients. Furthermore, d in the proposition can be chosen so that
3d = d,, and then any P’ € R’ satisfies |P' — Q| < 3d 4 d, < 6d, and hence

4
(4.26) i< s |u(P) — u@)] S 6d sup LE) = 4O,
I1P'-qQl<6d |P" — 0]
Plugging this into (4.21) gives a uniform estimate for |9 ,u|, as desired, provided we
have a uniform estimate for the difference-quotient in the right-hand side of (4.26):
In that difference-quotient Q is a boundary point, hence its estimate is what we called
a “from-the-boundary” estimate, examples of which were given before (Section 4.2).

We thus see that uniform estimates can be derived by combining interior estimates,
such as (4.21), with from-the-boundary estimates, such as (4.11).

4 4. Variable Coefficients and Lower-Order Terms. So far, we have dealt with the
homogeneous elliptic operator (4.1) with constant coefficients only. We shall see in
this section that essentially the same methods work for operators with variable coeffi-
cients and lower-order terms. Only mild restrictions will be needed on the variability
of the principal coefficients and on the magnitude of the others. The restrictions are
mild in the sense that they disappear in the continuous limit, i.e., they are automatically
satisfied for sufficiently small mesh-sizes.

Let us first consider the operator (4.1) with variable coefficients a, b*, b™, ¢, where,
for simplicity,

4.27) 0< (B +b)2=0b<(a)? b 20,06 0.

Propositions 4.1 (with 8 = 1) and 4.2 still hold, except that now the nonnegative
decomposition coefficients Ny, A;, A5, A; and X are all variable; i.e., at each point the
decomposition is done with different \,’s. Since one can always multiply both sides
of the equation L,u = f by an arbitrary function, we have to normalize L, in some way.
A convenient normalization here is to take A\, = 1, i.e., to replace A, and X by X,/ X,
and )/, respectively. Consequently, we have, for any net-point Q,

(4.28a) A©Q) = Too — M(@Q)T10 — M(@)T1r — Ns(Q)Ton,s
(4.28b) AMQ) =1 — M) — (0 — X(0) < 1.
Introducing the operators

(4.29a) L) = M) — MOY'Tw,  AQ) = Q) — MY,
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(4.29b) Tu(©) = max{u(Q), A(Q)u(©Q)/\©Q)},

we can then state the following generalized local maximum principle.
PrROPOSITION 4.8. Let L, be the difference operator (4.1), satisfying (4.27) and
(4.2), with N, = 1 and with the variability of its coefficients being restricted so that

1‘?()\(2()@—2 O=ars1k=123).

If Lyu(P) > O then Tu (defined by (4.29)) cannot attain its maximum at P.
Proof. By (4.2), ”’L,u(P) > 0 can be rewritten in the form

(4.30) A(Ta0Q) =

3
APu(P) < Z A(PYA(P)u(P;)

N V¢ N s [ A ]
= LTy AP + L NP AP) = s |u(P)
where P, = T_,,P, P, = T_,_,P, P; = T,_,P. By (4.29a) and (4.30), each of the
bracketed operators in the last summation has only nonnegative weights. Hence
A(P)u(P)/A(P) is less than a weighted average of values of I'u at P and at neighboring
points and therefore it is less than max I'u. Furthermore, by (4.29a),

[1 — )\(P)2]U(P) = A(P)H(P) + M(P)u(T10P) + No(P)u(T1 P) + N(P)u(To, P),

which shows that u(P) is a weighted average of A(P)u(P)/A(P) and values of u at
neighboring points, so that u(P) is also less than max f'u. Q.E.D.

Note that (4.30) is a mild restriction. It allows ), to have jumps whose magnitudes
do not depend on 4, so that arbitrary jumps are allowed when 4 — 0. The proposition,
however, is still too restrictive since we assumed b > 0. In contrast, the sign of b can
freely vary in Propositions 3.2, 3.3’ and 3.4’, where the restriction is of the type
(3.16). Thus, to get a more general result we have to combine the technique of Proposi-
tion 4.8 with that of Section 3.3 .One way of doing that is to write L, in the form

(4.31) L= (\> — A*A)/K 4 pAr, No=1, N =5>0,

where A, \, and X\ are as in (4.2), and A, = 9., + 9,, is the discrete Laplacian.
We first have to show that (4.31) is sufficiently general.

PROPOSITION 4.9. If L, is elliptic and of the form (4.1), then, normalized by a
suitable scalar multiplier, L, can be written in the form (4.31).

Proof. 1If L, is not of positive type, then L,(u) = L, — pA, is also not of positive
type, for all u = 0. There clearly exists u, such that, for all 0 £ u < p,, the operator
L,(w) is still elliptic, and therefore can be decomposed as in (4.2) with N = A(w) > 0,
and such that L,(u,) is parabolic, i.e.,, ac — b®> = 0, so that, by Proposition 4.2,
N\ Oaspu ~ u. Thus A’ — 5u is positive for u = 0 and negative for u — u,, and
hence must vanish for some intermediate u. For that value of u, A\;>L, is of the form
(4.31).

If L, is of positive type, then there exists u, = 0is such that L,(u,) is still of positive
type, but L,(w) is not of positive type for p > u,. Clearly, L,(u,) is either elliptic
(a > 0, ac > b®) or parabolic (@ + ¢ = 0, ac = b®). If L,(u,) is elliptic, then there
exists u; > o such that L,(u,) is parabolic, and therefore \*> — 5u is negative for
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u /' m. For u \u po, by Remark 4.1, A\ — « and therefore \*> — 5u > 0. Thus, for
some intermediate w, \* — 5u vanishes and \;%L, is of the form (4.31).

If L,(u,) is parabolic, then, since it is of positive type, it must be proportional to
either 9., or 8,,, or (8% + 9,)(9 + 97), or (9% + 93X 9, + 9); in particular, it may
vanish. In either case, Ly(u,) = N> — A*A, where A is as in (4.2), but with at least
two of {A;, Az, N\s} vanishing and with arbitrary \. For example, if L,(u,) = ad.,.,
then A = \To — M T, Where Aq and A, are any positive numbers satisfying N\, = q,
Xo > A Clearly, we can choose \, so that \> = (A, — \,)® = 5u,, and then \;*L,
is of the form (4.31). Q.E.D.

In the variable-coefficients case, A\;, As, A3, A and u are of course variable too. If
L, is uniformly elliptic, then u is bounded away from zero. For compatibility of the
notation for the two cases 8 = 1 and 8 = —1 (cf. (4.2)), we write in the latter case,
\s and A, instead of A\, and ), respectively. Thus, the elliptic operator L,, including
now lower-order terms too, has, at any net-point Q, the general form

AMQ)Y — AXQ)A©Q)
h2

L.(Q) = + w@A: + r(@)9, + s(@)9, — q(0),

(4.32) AQ) =1-— Z NOT:, MO =1-— ;‘,x;(g), #Q) = N(Q)/5,

T, =Ty, T,=Tn, Ts=Tn, Ts= T_y, T5= T_y,

where either A\, (Q) = M\(Q) = 0 or \(Q) = M(Q) = 0, and where \; = 0, A = 0.
With the auxiliary operators being now defined as

(4-333-) A(Q) = A(Q) - %M(Q)(TIO + To + T_1o + T0—1)9 X(Q) = >\(Q) - 2M(Q),
(4.33b) fu(@) = max{u(Q), AQ)u(©Q)/\©)},

the more general local maximum principle reads as follows:
PROPOSITION 4.10. Let L,, of the form (4.32) be such that

(4.342) M@ — N(Tey D) £ 300Q) (-1 Z2a,vy=1,12i55),
(4.34b) max{3h|r(Q)|, 3k1sQ)|, $h°a(@)} = wQ).

If Lyu(P) > 0 and q(P) = 0, then {'u(defined by (4.33)) cannot attain a positive maximum
at P.
Proof. Using (4.32)(4.33) we rewrite the inequality L,u(P) > 0 in the form

5 2
APuP) < L NPREPIUP) + 3 wart(TerP),

= e
where T,P; = P, and w,, are coefficients that can be explicitly computed in terms of
M(P.). Conditions (4.34) are tailored so that w,, are all nonnegative, and hence
A(P)u(P)/A\(P) is less than a weighted subaverage (the sum of the averaging coeffi-
cients being less than 1 when g(P) > 0) of I'u at P and at neighboring points. There-
fore, if max T'u is positive, A(P)u(P)/\(P) must be less than this maximum. Further-
more, by (4.33a),

u(P) = [A + E NT + "g (Tvo+ Tor + T-1o + T0—1)]u(P)y
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which shows that u(P) is a weighted average of A(P)u(P)/A(P) and values of u at
neighboring points, and therefore u(P) must also be less than max ['u. Thus f'u(P) <
max ['u. QE.D.

Remark 4.9. Conditions (4.34) could be somewhat relaxed. All we actually need is
nonnegativity of the weights w,, in the proof, and (4.34) is only one simple way of
guaranteeing that. In particular, one would like to change the analysis in the vicinity
of boundaries. For instance, if

(4.35) aLy,(P) = A, + rd, + s9,, lra] < 1, sk < 1, 2> 0

and if L,u(P) > 0, then it can easily be seen that A(P) = 5'/*T,,, w(P) = 1, and hence
A(P)u(P)/A\(P) and u(P) are both less than weighted averages of u(T),P), w(To.P),
(T -1oP) and w(T,_,). Using this remark for P near boundaries, we immediately deduce
the following global maximum principle.

PROPOSITION 4.11. Let R be any bounded domain. Let L, be of the form (4.32)
satisfying q = 0 and (4.34) in R, ,, of the form (4.35) in R, /R, . and of positive type
in R,/R, ;. Assume L,u(P) > O for all P € R,, and u(P,) = 0 for some P, & B,. Then
the maximum of u must be attained on the boundary B,.

Proaf. For Q € R, ., we define T'u(Q) by (4.33). For Q € B, ., we set I'u(Q) = u(Q).
By Proposition 4.10, T'u cannot attain its maximum at a point P € R, ,. By Remark
4.9, the maximum cannot be achieved in R,,,/R, .. max ['u is clearly unattainable
in R,/R; 1, where T'u = uand L, is of positive type. Thus, max 'u must be attained at
some P, € B,. Hence, for all P € R,, w(P) < Tw(P) < TwP,) = w(P,). QE.D.

Restrictions (4.34) are mild. If the approximated operator L (cf. (4.0)) is uniformly
elliptic with uniformly continuous coefficients, and if L, is constructed in some con-
sistent way (i.e., it is consistent with L and the ratio b* /b~ is fixed throughout the
region, or changes continuously), then (4.34) is automatically satisfied for sufficiently
small A. Moreover, the coefficients of L need not be even continuous. If L is only
uniformly elliptic with bounded coefficients, and if the coefficient of L, (with fixed
b*/b7) are defined as integral averages of the coefficient of L over a fixed number of
mesh cells, then again (4.34) is automatically satisfied for sufficiently small 4. The
smallness of A, as well as the fixed number of mesh cells over which each of the inte-
grations is to be performed, depend only on the uniform-ellipticity constant and the
bound on the coefficients.

The other conditions required in Proposition 4.11 can also be met in simple ways.
For instance, one can replace the original equation in R,/R, . by the usual (five-
point) Laplacian. Then one has also to change the definition of L, in R, ;/R, . s0O
that the transition from L, to the Laplacian will be gradual, satisfying (4.34a). The
number k here is finite, depending only on the constant of uniform-ellipticity. There-
fore, as pointed out by Bramble and Hubbard [4], despite the O(1) local truncation
error in R./R,.,, the overall accuracy is still O(h*). We thus have a way of defining
O(h®) nine-point difference approximations L,, to any two-dimensional second-order
uniformly-elliptic differential operator L, such that the global principle is preserved.
This is an improvement over Bramble and Hubbard [4], since they had to use approxi-
mations which are not nine-point “box” formulas, containing in fact net-points at
distances up to mh apart (m is finite, depending on the uniform-ellipticity constant),
and such approximations are clearly inconvenient from the computational point
of view.
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In fact, as in Section 4.2, it is not necessary to modify L, near the boundary.
Although the global maximum principle would not necessarily hold, one can still
derive essentially the same a priori estimates. The entire theory for “essentially posi-
tive-type” Dirichlet problems [6] can be generalized to operators satisfying (4.34).

4.5. Deeper Decomposition. So far, we have confined our discussion to elliptic
difference operators whose principal part is of the form (4.1), where the restriction
b*b~ = 0 has been imposed. This restriction is quite natural; it requires both contri-
butions to the approximation of b3”/dxdy to have the same sign as b. Moreover, it
can be easily shown that if b* — b~ were taken too large, namely if b* —
b~ = (a + ¢)/2, then L, would not be elliptic in the sense of Thomée [19] and there-
fore would not possibly have a generalized maximum principle. It is interesting,
however, to see what happens to the maximum principle in the opposite case, i.e.,
when b~ — b" becomes large (and the condition b*b~ = 0 is thus violated). In this
case, L, is still second-order elliptic, and should have a generalized maximum prin-
ciple.

Indeed, if 5~ — b" > 0, and no matter how big it is, the decomposition (4.2) still
holds, with \; as given in (4.4), except that, when b*b~ < 0, ), turns out negative,
since \,3 and Ay, in (4.4a, b) are both negative. We can still take Ao, N, and A; as non-
negative. Furthermore, since a > 0, it follows from (4.4a) and (4.3) that Ao, > 3b™ =
N\a; and hence A, > \,. Similarly, A, > \,. The case considered is that of b > 0,
therefore (4.4e) gives M\ As > — M), Also, by (4.4d, f), we have N\, > — Ny, A3 > — A,
From (4.4g) we see that when \, = A, + A\, + \; (i.e,, A = 0) then ac — b* = 0,
while from (4.4d, e, f) it follows that when A, (and hence also \) decreases, with A,,
2, A; remaining fixed, then a and ¢ decreases and b increases, so that ac — b® dimin-
ishes. Thus, for A < 0 we would necessarily have ac — b® < 0, i.e., ellipticity entails
A> 0.

Thus, writing X, = — \,, we have here the decomposition A’L, = \*> — A*A,
where

A = XoToo — M Ty + X2T11 — AsTor, A* = NoToo — MT-10 + X2T—1—1 — NsTo-y,
N S>M>X>0,  A>A>N >0,
A=X—MF+X—2>0 A > A

Neither L, nor A are of positive type. A positive-type decomposition is obtained, how-
ever, by further decomposing A. For instance,

MNA = HV — uTy,, MNA*¥ = H¥V* — uT_ |,
where
H = N\To — MTho, H* = N\Too — MT-10,
V = ATo0o — A3To,, V* = XNoToo — NsTo-1,
&= AAs — AA; > 0.

This now leads directly to the following local maximum principle:
PROPOSITION 4.12. Let
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Lh = aazz + b—az—u + b+a:y + camn
whereb™ — b* > 0,b” 4+ b" = 2b > 0,b* < ac,a > 0. And let

Hu(©) Au©Q) _H*Au(Q) }
XO - )\1 ’ A ’ (Ao - )\1))\

If Lyw(P) > 0 then Tu cannot attain its maximum at P.

Proof. Like Proposition 4.3, this one also results from a positive representation of
each member of T'u(P) in terms of such values at P and at neighboring points. Such a
representation is the following:

Tu(Q) = maX{u(Q),

Nooo = Hugo + Nltyo,
NoHugo = NoAugo + NsHugy + puy,y,
NoAugy = H*Augy + N Au_y,,
NoH*Atgy = —Noh*Lytiog + NgH*Auto_y + pAu_y_y + NoNugo,
where u;; = T;;u. Q.E.D.

5. An O(h*) Difference Approximation in a General Domain. In this section
we apply our general technique to an O(h*) finite-difference approximation to the
Dirichlet problem for elliptic equations whose principal part is the Laplacian. We
shall establish both generalized-local and global maximum principles, assuming only
suitable O(A~") boundedness of the lower-order coefficients. The same problem was
treated by Bramble and Hubbard [5] and more fully, but with roughly the same
method, by Price [18]. Their result is only slightly weaker than ours; they established a
global maximum principle (or ‘“monotonicity’’) only for mesh-lined regions, while for
general domains only a priori estimates were derived. The chief advantage of the
present approach is its greater simplicity.

Adopting notation similar to that of the former writers,** we consider the dif-
ferential operator

2 2
G L= Zad g — ) s ) o~ an ) ) 20,
in a general bounded domain R. The set R, of interior grid points (cf. Section 2) is
divided into three disjoint sets R¥*, B¥* and B*, where

R} = {P: P € R;; TP, TooP € R for all |0] < 1},
Rf* = {P: P, T\ 0P, T, P, T-1oP, To_,P € R}},
B¥ = R,/R¥ (which is empty if R is mesh-lined),
B¥* = R}¥/R}*.
The difference approximation to L is defined by***

** They use C;, C;, C;" and R, where we use By, B}, B;" and R}, respectively.

*** Price, unlike Bramble and Hubbard [5] and the present author, divides B;" into two sets,
with different approximations. The higher-order accuracy thus achieved in one direction is quite
redundant, since it is cancelled by the lower accuracy in the other direction.
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Li(P) = 3.2 + 95, — r(P)3 + s(P)3,” — q(P), for P E R}*,
L,(P) = 9,, + 9,, — r(P)d, + s(P)3, — q(P), for P & BF*.

To define L, for P €& B* we assume (along with the former authors) that at each
direction only one of the discrete neighbors of P is on the boundary. More precisely,
if T\oP € B, for some 0 < |\ < 1, then it is assumed that both T'.,P & R, and
T:..oP € R,, where ¢ = — \/|\|. And similarly in the y direction. (This assumption is
automatically satisfied if 4 is small compared to the radius of curvature of C. But
certain regions with acute corners are thus excluded from consideration.) If, for
example, TP € B, for some 0 < \ < 1, we define

_ 1] 1-—=21 22 =N, _3—=1\ 6
a:‘z(P) - h2[ 2+ )\ T20+ 1+)\ T10 )\ T00+>\(1 +>\)(2+A) T—)\O] s
and
1 A 1 — A 1
6:(”)—;[1 +')\‘ T + A Too—)\(l +)\) T—xo] s

which are O(h®) approximations to 4°/8x* and 8/dx, respectively. Similar definitions
are made for the case TP € B,.If T3P € R for all | ] < 1 we put %(P) = 9., and
9*(P) = 9.. Operators 9% and 9* are similarly defined. Then

Ly(P) = 9%(P) + 95,(P) — r(PYOX(P) + s(P)3;(P) — q(P), for P € BY.

We can now state the global maximum principle. In its proof, a generalized local
maximum principle is actually introduced and employed.
PROPOSITION 5.1. If h is small enough, namely

-1/2
(5.2) h < min{% lr(P)I_‘,‘—: s(P)| ™", [1—72 q(P)] } s
PERp
and if
(5.3) Lu(P) 2 0 (P E R,

then the maximum of u, if positive, is attained on the boundary B,,.
Proof. Let Ty, = Ty, To = Toy, Ts = T, Ty = To_,. Denote P; = T,P. Introduce
auxiliary functions

vi(P) = 2u(P) — fu(P,), for P € R¥,
w:(P) = %u(P) — %u(P;), for P € BF*,
a(P) = max[u(P),v,(P)], if P& R¥*,

1<i=4

= max[u(P),v.(P), wi(P)], if P& Bi*,

1=i=s4
= u(P), if P& B¥\U B,.
We shall show that @ cannot attain a local positive maximum in R, (unless u =

constant).
Indeed, for P € Rj*, inequality (5.3) can be rewritten in the form
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LAk by < (1 = i) + T 22 w(P) + (U shyoa®) + vi(Po)

+ (1 + riyvs(Ps) + vi(P3) + (1 — sh)vy(Ps) + va(Ps)

which shows that v,(P) < a weighted subaverage of v.(P;)’s and u(P,). Therefore if
v,(P) = max @ = 0 (and similarly if v,(P) = max @, k = 2, 3 or 4), we must also have
#(P;) = max i (i = 1, 2, 3, 4). Moreover, if

u(P) = Ivy(P) + *u(P,) = maxa = 0

then, clearly, v,(P) = u(P,) = max i, and the above conclusion again follows. Thus,
if (P) = max i we must have also #(P,) = maxa (i = 1,2,3,4).

For P & Bj* the same conclusion is obtained through the same argument by
rewriting (5.3) in the form

48 12qH° 6 — Trh — 2qh°
B+ L, py g S=Th= 200

+ 2 4+ shu(Py) + 2 + rh)u(Ps) + (2 — sh)u(P,),
and noting that

uP) = Sm(®) + 1 uP), 0Py = B w(p) + & up).

Finally, max # is unattainable also at P & B*%, since there again (5.3) can be
rearranged into a positive type inequality, namely

[3 = A3 ; v @ —)\A)rh 4 A= wsh q;f]u(P)

s 2 wmeen + L2 wr
. [2(2 TSN ;’]um) N [2(2 =070 = :)]u(m)
p SE QRN g gy ST QRS

AL+ M@+ D) w4 )2 + w)

where we assumed (with no loss of generality) that both T_,,P € B, and T,,,P € B,,
forsome 0 < A\, p = 1.

Therefore, if max # = 0, it must be attained at a point 7 & B,. Hence, for any
P € R,, u(P) < i(P) < W(P) = u(P). Q.E.D.

Remark. Restriction (5.2), which is used in guaranteeing that the inequalities in the
proof are of positive-type (i.e., having positive coefficients), could be considerably
relaxed, by a more careful, and cumbersome, definition of the auxiliary functions.

6. Simple Illustrations for Parabolic Equations. Generalized local maximum
principles for several examples of parabolic difference equations will be exhibited in
this section. From these principles, a priori estimates, and hence also stability of the
difference schemes, are derivable. The remarkable feature of the method, besides its
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simplicity, is its direct applicability to equations with variable (even discontinuous, in
both time and space) coefficients.

6.1. Du Fort-Frankel Approximation to Problems in Two Independent Variables.
Consider the general parabolic differential operator in one space dimension

i 9’ d
= —_—— —_— —_— >
6.1) L Fy + a(x, t) e + b(x, 1) o c(x, t) (a>0,c = 0).
Du Fort and Frankel [13] suggest to approximate L by the difference operator

1 a (A a b
L= —<5< Tt 5>T° + (hz + 2h>ﬁ

a _ b\ (L__a__s) -
. <h2 2h)T“‘ Tk m )
where T;u(x, {) = u(x + ih, t + jk). L, approximates L (in the sense that for any
smooth function ¢, L,¢ — L¢ — 0) if, and only if, k = o(#). It is assumed that initial
conditions are supplied (for example, by using other methods) both for 1 = 0 and for
t =k

Several generalized local maximum principles can be formulated for L,. Perhaps
the simplest (but not the best) one is the following:

PROPOSITION 6.1. Let the coefficients in (6.1)6.2) satisfy

(6.2)

(6.3a) (2a — bh)(2d + bh) = (a + ch® — K’ /k)Q2a + éh® + K’ /k),
(6.3b) bh < 2a, b < h/k, b < n/k,

wherea = a(x, t),b = b(x, t),c = c(x, £), @ = a(x — h,t — k), b = b(x — h, t — k),
¢ = c(x — h, t — k). Let auxiliary operators be defined by

(6.4a) A = (B’/k + 2a + ch®)Ty — Qa + bh)T;, X = h’/k + ch® — bh,
(6.4b) Tu(x, t) = max[u(x, t + k), Au(x, £)/N(x, )].

If Lyu(x, t) > 0, then Tu cannot attain a positive maximum at (x, t).
Proof. The given inequality L,u(x, y) > 0 can be rearranged to the form

2a — bh
2d + ¢h’ + K'Jk
where w > 0 by (6.3a), and 2a — bk = 0 by (6.3b). Thus Au(x, )/ u(x, £), which is
less than a weighted subaverage of Au(x — h, t — k) and u(x, ¢t — k), cannot attain
max I'u = 0. Furthermore, u(x, ¢t + k) is a weighted average of Au(x, )/\(x, 7) and
u(x 4 h, 1), and therefore it also cannot attain max Tu = 0. Q.E.D.

Remarks. Restrictions (6.3) can be relaxed by using more sophisticated I'. Even so,
these restrictions are fairly mild. For example, if @, b, ¢, a, + a. and b, + b, are all
bounded, then for 4 and k = o(k) sufficiently small (6.3) is automatically satisfied,
since a — @ = O(h) and ab — @b = O(h).

The stability of L, is an easy consequence of the above proposition. It is contained
in the following a priori estimate for the Cauchy problem, from which convergence
estimates are also deducible.

6.5) Aulx, t) < Au(x — h, t — k) + wu(x, t — k),
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PROPOSITION 6.2. Let L, be defined by (6.2) and satisfy (6.3). Assume i is a constant
such that
(6.7a) ulx,0) < a

Qa — bhu(x — h, k) — Ra + ch® — h /k)u(x 0)
h’/k — bh — ch® =

where a = a(x, k), b = b(x, k), ¢ = c(x, k). Assume also

(6.7b) S (= <x< ),

(6.8) Lux, ) =2 =1 (o <x< ®,k<t<D,
where x/h, t/k and i/k are all integers. Then
(6.9) ux, ) < tl+ i (—o < x< ®, 0=t =0,

Proof. Tt is easy to check that L, = —1 — ¢z £ —1, and hence L,¢ > 0, where
= u — tl. For any fixed ¢, u(x, f) is a bounded function of x, since L, is an explicit
difference operator. Therefore

m, = sup ¢(x, t) and T, = sup TI'e(x, 1)

are finite. Clearly, m, < T,_,. For any fixed > k and preassigned ¢, there exists
a point (x, ) such that Tu(x, £) > T', — e. Applying Proposition 6.1 for the function ¢
at that point (x, 7) and then letting ¢ — 0, we get that T, is either negative or less than
T,_, or less than m,_, £ T',_,. From (6.7), we have m, < i and also m, < #@. From
(6.2) and (6.7), we can see that I', is less than . Thus, ¢(x, 1) < m, < T',_, < 4 for all
k<t=i QED.

6.2. Implicit Approximations to Problems in Three Independent Variables. The
general second-order parabolic operator in two space variables is

62

L—"—-—-l-a -|-2 —l—c 2+r—+s—-—q ®® < ac, a > 0),

where the coefficients a, b, c, r, s, q are functions of x, y and z. Consider the implicit
finite-difference approximations of the form

L, = —9; + ad,, + b*0;, + b9, + ¢d,, + rd, + 59, — g

(6.10)
B+ b =2b,bb 2 0)
where
3d(x, y, 1) = [¢(x, ¥, 1) — ¢(x, v, t — K)I/k
and

9.9(x, y, 1) = [opx + h, y, 1) — ¢(x — h, y, 1)]/2h,

with similar definitions for all other spatial difference quotients (cf. Section 2). We
shall see that essentially the same maximum principles hold for (6.10) as for the cor-
responding elliptic operator.

First it is clear that, as in Proposition 4.9, (6.10) can be decomposed in the form

- )\2 — A*A 2
(6.11) Li(Q) = =0, + ——— +pA, +1rd, +59, —q, n=N/5>0,
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where (cf. (4.32); here, because of the additional term — 97, we cannot make the
normalization A, = 1)

A = NoToo — MTio — NoTiy — NsTon — ANeT—110 — NsT— 10,
A* = NoToo — MT-10 — NoTo1o1 — NaTo1 — NTioy — NsTho,s
A=N—M =X =N — A — A >0, A= M0Q) 20,

T:i¢(x, v, 1) = ¢(x + ih, y + jh, 1),

and where, for any net point Q, either ).“(Q) = M(Q) = 0or M(Q) = N\(Q) = 0. We

also introduce the auxiliary operators A and T,

A©Q) = A©Q) — $w@To + To1 + T-10 + To-),
AQ) = MQ) — 2u(0),

(6.13b) fu©) = max{u(@), AQ)4©Q)/AQ)},

in terms of which we can state the following local maximum principle.
PROPOSITION 6.3. Let L,, of the form (6.11)(6.12), be such that

(6.142)  \i/No = TayQi/A)| S #/3N (-1 =Sa,yS 1,1 Z2iZ5),
(6.14b) [3ar] < w,  [3bs| S w, 3K+ 1/K) S u

If Lyu(P) > 0 and g(P) = 0, then T'u(defined by (6.13)) cannot attain a positive maximum
at P,

(6.12)

(6.13a)

Proof. Dividing the equation through by A3, the situation here is the same as in
Proposition 4.10, with N\, \;, u, r, s and q of that proposition replaced here by \/),,
N/ Nos /NS, /N5y 5/ N, and (g + 1/k)/ N, respectively, and with the additional term
u(x, y, t — k)/Nek. Since this term clearly has a positive weight, the same conclusions
follow, namely that both  and Au/A at P are less than weighted subaverages of their
values at neighboring points, and therefore I'u(P) < max I'v. Q.E.D.

Conditions (6.14) are mild. They are automatically satisfied for sufficiently small %
(k need not be small!) provided L is uniformly parabolic and the coefficients of L,
(with continuous ratio b*/b”) are integral averages of the coefficients of L over a
certain number of mesh cells. This number, and the smallness of 4, depend only on the
uniform parabolicity constant.

From Proposition 6.3 one can deduce global estimates, and sometimes even global
maximum principles, e.g., similar to Proposition 4.11. Using local maximum principles
one can also easily derive estimates for difference quotients, as in Brandt [9].

Local maximum principles obviously imply stability and convergence of the
associated discrete schemes. It is still an open problem whether the converse is generally
true, namely, whether a generalized-local maximum principle can be formulated for
any stable second-order parabolic difference equation.
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