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Motivation

Representation Theory of G

m

Harmonic analysis on G w.r.t. the two-sided action of G ×G

⇑

Harmonic analysis on G/H w.r.t. the action of G

m

Study of End(S(G/H))

⇑

Study of Hom(S(G/H1),S(G/H2))

m

Study of S∗((G/H1)× (G/H2))G

⇑
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Motivation

⇑

Study of S∗(X )G

m

Study of S(X )G

m (in many cases)

Study of the image of ΩG : S(X )→ F (X//G)
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Real Life

We want to compare representation theory of G and G′.

Step 1: Smooth transfer –
Comparison of ΩAd(G) : S(G)→ F (G//Ad(G)) and
ΩAd(G′) : S(G′)→ F (G′//Ad(G′)).

Step 2: Comparison of representation theories – Requires
global (adelic) arguments and the trace formula.
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Real Life

We want to compare harmonic analysis on G-spaces and
G′-spaces.

Step 1: Smooth transfer –
Comparison of ΩH1×H2 : S(G)→ F (H1 \ \G//H2) and
ΩH′1×H′2

: S(G)→ F (H ′1 \ \G′//H ′2)

Step 2: Comparison of harmonic analysis – Requires global
(adelic) arguments and the relative trace formula.

We need adelic smooth transfer

m

Local smooth transfer & Fundamental Lemma
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History

Group Case

1970’s GL2 vs. D – Jacquet-Langlands
1980’s GLn(F ) vs. GLn(E) – Arthur-Clozel
1990-2010 Classical groups – Trace formula: Arthur,...;
Smooth transfer & Fundamental Lemma: Waldspurger,
Ngo,...

Relative Case
1990’ Rank 1 groups – Jacquet
2000’ N(F )\GLn(F )/N(F ) vs. N(E)\GLn(E)/U – Trace
formula: Geometric side – Jacquet, Spectral side – Lapid;
Fundamental Lemma: Ngo, Jacquet; Smooth Maching:
p-adic case – Jacquet, Real case – Aizenbud-Gourevitch
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Introduction

Fix a natural number n, a local field F and its quadratic
extension E .

Situation 1
U(F )× U(F ) acts on GLn(F ), where

U is the group of upper unipotent matrices of size n.
The action is given by (u1,u2)(g) = ut

1gu2

Situation 2
U(E) acts on H, where

H is the space of non-degenerate hermitian matrices of
size n.
The action is given by u(g) = ūtgu
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Notation

Fix a natural number n, a local field F and its quadratic
extension E .

M is the space of matrices of size n over F .
N := U(F )× U(F )

Fix an additive character ψ
We define a character θ : N → C× by
θ(x , y) := ψ(

∑n−1
i=1 (xi,i+1 + yi,i+1)).

Denote by T < GLn(F ) the torus.
Define Ω : S(M)→ C∞(T ) by

Ω(Φ)(a) :=

∫
N

Φ(ga)θ(g)dg.

Ω̃(Ψ)(a) := σ(a)Ω(Ψ)(a)

Theorem

Ω̃(S(M)) = Ω̃E (S(ME ))
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Main ingredients

Induction
The implication of the GLn case
Partial Kloosterman integrals.
Fourier transform, Jacquet transform and the inversion
formula
Key lemma
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Partial Kloosterman integrals

Denote by ∆i : M → F the main i-minor.

Oi = {x ∈ M|∆i 6= 0} ⊂ M

Ui :=

{(
Idi ∗
0 Idn−i

)}
< U

Ni = Ui(F )× Ui(F )

Define Ωi : S(Oi) � S(GLi ×Mn−i), by

Ωi(Ψ)(a) :=

∫
Ni

Ψ(ua)θ(u)du

Proposition

S(Oi)

Ω

''Ωi // S(GLi ×Mn−i)
Ω // C∞(T )
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Fourier transform, Jacquet transform and the inversion
formula

Fix B, a quadratic F -form on M given by B(x , y) := TrF (xwyw)

Theorem (Jacquet)

S(M)
F //

eΩ
��

S(M)

eΩ
��

C∞(T )
J // C∞(T )
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Key lemma

Let V := ∪Oi .

Let Z := M − V .

Key Lemma

S(M) = S(V ) + F(S(V )) + S(M)(N,θ)

co-Key Lemma

S∗M(Z )N,θ ∩ F(S∗M(Z )N,θ) = 0

Proof.

Z ′ :=

8>>>><>>>>:

0BBBB@
0 · · · 0 a
... . .

.
. .

.
∗

0 a . .
. ...

a ∗ · · · ∗

1CCCCA
9>>>>=>>>>; ⊂ Z

S∗M(Z )N,θ ⊂ S∗M(Z ′)

S∗M(Z ′) ∩ F(S∗M(Z ′)) = 0
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Difficulties in the Archimedean case

1 Topology on S(M)

⇒ we need infinite procedures. e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures.

e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures. e.g.:
The implication of the GL case,

S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures. e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures. e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle

3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures. e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives

4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Difficulties in the Archimedean case

1 Topology on S(M)⇒ we need infinite procedures. e.g.:
The implication of the GL case,
S(M)⊗ S(GLn) 6= S(M ×GLn)

2 We do not have Bernstein’s localization principle
3 Transversal derivatives
4 Key Lemma < co-Key Lemma

Avraham Aizenbud Smooth Transfer of Kloosterman Integrals



Methods to overcome the difficulties

1 Theory of Schwartz functions, Nuclear Frechet spaces,
Schwartz Kernel theorem, Banach open map theorem,
Dixmier-Malliavin Theorem.

0→ S∗X (Z )→ S∗(X )→ S∗(U)→ 0
grk (S∗X (Z )) = S∗(Z ,Symk (CNX

Z ))
S(X × Y ) = S(X )⊗̂S(Y )
S(
⋃

Ui ) =
∑
S(Ui )

For φ : X → Y we have S(X ) = S(X )φ∗(S(Y ))
2 N is unipotent⇒ no non-trivial irreducible algebraic

representations of N.
3 Tools dual to distributional tools:

Lemma (E. Borel)
Let Z ⊂ X closed subvariety
S(X )/S(X − Z ) = lim

←
(S(X )/S(X − Z ))n

Example

S(R)/S(R×) = C[[t ]]
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Lemma

Let W ⊂ V linear spaces s.t. W + W⊥ . Then

S(V ) = S(V −W ) + F(S(V −W ))

Example

S(R) = S(R×) + F(S(R×))

We need dual of the following lemma

Theorem
Let G act on X ,E and Z ⊂ X closed subvariety s.t.

∀z ∈ Z , k ∈ Z≥0 : (E |∗z ⊗ Symk (NX
z,Gz)⊗∆G,Gz )Gz = 0.

Then
S∗X (Z ,E)G = 0.
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Theorem
Let G act on X ,E and Z ⊂ X closed subvariety s.t.

∀z ∈ Z , k ∈ Z≥0 : (E |z ⊗ Symk (CNX
z,Gz)⊗∆G,Gz )gz = 0.

Then
S(X ,E) = S(X − Z ,E) + S(X ,E)(g).

Example
X = Z and we have a submersion X →W with all fibers -
orbits.
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