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the compact case the non compact case

In the non compact case we consider complex smooth (admissible) representations of algebraic reductive

Fourier Senes Spherical HarmoniCS (e.g. GL,, O, Sp,) groups over local fields (e.g. R, Qp).
H, Gelfand Pairs
A pair of groups (G © H) is called a Gelfand pair if for any irreducible (admissible) representation o of G
H, " dim Hom,, (p.C)-dim Hom,, (5,C)<1.

For most pairs, this implies that
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dim Hom,, (p,C) <1.
H:’GO Gelfand—KazhdHan Distributional Criterion
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Let o be an involutive anti-automorphism of G and
assume o(H)=H.

$220./0 Suppose that (&) =¢ for all bi H- invariant distributions

L'(s") =@ Span(z,) fgh g one
"o L(SH=@H, Then (G, H) s a Gelfand pair.

In(D=e H, = Spa”rll(Y;) An analogous criterion works for strong Gelfand pairs
_ima . .
@)y, =e" 1, are irreducible = = Analysis:
. Rep. theory: .
representationsof O, i . [asbre_| S e € = o)
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R Gelfand Pairs / ﬂ

-~ A pair of compact topological groups G > H is called a Gelfand pair if the following Geometry: Geometry:
b \I eql{walem conditions hold: 3 o that preserves closed | <—=| 3 o that preserves
F ® L°(G/ H)decomposes to direct sum of distinct irreducible representations of G. H double cosets H double cosets
- « for any irreducible representation o of G, dim p" <1
« for any irreducible representation © of G, dim Hom(p|,,,C)<1 ReSU |tS
© the algebra of bi-H-invariant functions on G, C(H \G/ H) is commutative w.r.t. § §
Pair p-adic case real case Pair p-adic case real case
convolution. (GL,(E),GLn(F)) Flicker (GLu+1.GL,) | Aizenbud- | Aizenbud-Gourevitch
(GLyyk; GLy x GLi) [ Jacquet-Rallis Aizenbud- Gourevitch- Sun-Zhu
H (On+k: On % Op) over C Gourevitch 7S F),0(V)) | Rallis-
Strong Gelfand Pairs (G PR SO0 | schifimamn | Sunzha
A pair of compact topological groups (G > H) is called a strong Gelfand pair if the following equivalent conditions (GLon, Spon) Heumos Ratlis Aizenbud-Sayag
hold: (GLaw, { (;’) jl’ \) | Jacquet-Rallis | Aizenbud-Gourevitch-Jacquet
© the pair(Gx H > AH)is a Gelfand pair. E I -
© for any irreducible representations 0 of Gand z of H, dim Hom(p,,,7) <1. Xam p €
« the algebra of Ad(H) - invariant functions onG is commutative w.r.t. convolution. Any FX" invariant distribution on the plain F* is invariant
with respect to the flip o.
Gelfand Trle This example implies that (GL,, GL,) is a strong Gelfand pair.
Let o be an involutive anti-automorphism of G (i.e.c(g,g8,) = 0(g,)o(g,) and o* = 1d) and assume o(H)=H. More generally,
Lo . . : . Any distribution on GL, which is invariant w.r.t.
= -H - X LH g . " o gl L
Suppose that a(.f). f for all bi-H-invariant functl(l)nsf e C(H\G/H). Then (G,H) is a Gelfand pair. conjugation by GL_ is |nvar:‘ant W.rL transposition.
An analogous criterion works for strong Gelfand pairs. This implies that (GL,..; GL,) is a strong Gelfand pair. o(x,y) = (3,%) Ax, y) = (x, Ily)
Alaebra " Analysis™: Ceometry: Tools to Work with Invariant Distributions
Repi the;{)ry: C(H\G JH) is 3 antljn\'olutlon o 3 anti-involution o
Ypdimp® <1 el st. f=o(f) that preserves
— vf e C(H\G/H) H double cosets Integration of distributions — Frobenius Descent Geometric Invariant Theory
Luna Slice Theorem
. . . . X
Classical Examples Classical Applications - —
U ~
Pair Anti-inv olulli«m ] Gelfand-Zeitlin basis: f G \\
(G x G,AG) (g.h) — (h=,97") 5 .
(O(n + ), 0(n) x O)) (S,,S,.1) is a strong Gelfand pair > Z-Ga
(U(n+k),U(n) x U(k)) grg7! basis for irreducible representations of S,. The same /5\
(GL(n,R).O(n)) g for O(n,R) and U(n,R). o . o
(G, G7), where 1 Classification of representations: S(X)=5(X,)
G - Lie group, 6- involution, g—0(g~ . .
a0 islcompact i g (GL(n,R),O(n,R)) is a Gelfand pair > Fourier transform — uncertainty principle
(G, K), where the irreducible representations of GL(n,R) which
(' - is a reductive group, Cartan anti-involution have an O(n,R) - invariant vector are the same as D — modules
K - maximal compact subgroup characters of the algebra /{/ — Weil representation
C(O(n,R)\GL(n,R)/O(n,R)).
Representations of SL,
The same for the pair (GL(n, C),U(n)). F(o,) =1

Wave front set

Symmetric Pairs

We call the property (2) regularity. We conjecture that all symmetric pairs are regular. This will imply the

> Apair (G > H) is called a symmetric pair if H =G for some involution 6. conjecture that every good symmetric pair is a Gelfand pair.

> We de\note o(g)=6(g™").

Question: What symmetric pairs are Gelfand pairs?

N o i p-adic case by real case by
> We call a symmetric pair (G,H,0) good if o preserves all closed H double cosets. G G.AG) Aizenbud-Gourevitch
Any connected symmetric pair over C is good. (GLn Flicker
. . o . (GLusk, GLy x GLyY) TacquetRallis Aizenbud-
Conjecture: Any good symmetric pair is a Gelfand pair. (On4r. O % O) | Aizenbud-Gourevitch Gourevitch
Conjecture: Any symmetric pair over C is a Gelfand pair. (GL,0,)
Heumos - Rallis Aizenbud-Sayag

How to check that a symmetric pair is a Gelfand pair?

1. Prove that it is good

) Aizenbud ased «

(Es, 5016) work of Seki
(Fy. Sps x SLs)
3. Compute all the "descendants" of the pair and prove (2) for them. (G3, SLy x SLa)

2. Prove that any H-invariant distribution on g°is o -invariant provided that this holds outside the cone of
nilpotent elements.
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