Generalized Functions Exercise 5

Shai Keidar

1. G is a locally compact abelian group. For an abelian group H and a
function f : H — C we define

shi(f)(x) == f(z = h)
For a measure n on G and g € G we define
(shgn)(A) :=n(g + A)

(a)
Lemma. [, fd(shyn) = [, shyfdn for any measurable f and n €

pe(G).

Proof. Let A C G be a Borel set, and look at the indicator function
14.

/GlA d(shgn) = shyn(A) =n(g+ A) = /GngrA dn = /Gshg(lA) dn

So the claim is true for indicator functions. By linearity it is true for
simple functions. Since simple functions are dense in the measur-
able functions, and | o d(shgn) and /. o dn are continuous, the claim
follows. [

Let 1 € u.(G), g € G and x € GV.

F(shgn)(x) = fayd@hs}n) = fG shgX dn
= [ X(=g)x dn = x(9)F(n)(x)
(b) Let n € u.(G) and x,7 € G”.
Flxm(r) = [oTd(xn) = JoTxdn
=F()(TX) = shy(F(n)) (1)
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2. Let F be a non-archemedian field. Let f ® h € S(V) ® Haar(V) =

S(V,Haar(V')). We wish to show that

F(foh) : V¥ — C
x = [, fxdh

is smooth and compactly supported.

f € S(V), so it is smooth, i.e. locally constant. For each x € supp(f)
let H, be a compact open subgroup of V s.t. f|y+Hy is constant (it
exists because compact-open subgroups are a basis for the topology at
the origin). Since supp(f) is compact and supp(f) € U(y + Hy), f =
Yool B,, for some finitely many y;. Therefore we may assume that
f = 1,4 for some compact open subgroup of V' and some y € V. Now
the Fourier transform is of the form

F(foh) : VV

1

= f+Hth
Let x € V.

/ X dh(x) = /H X(@ + ) dhz + ) = x(~y) /H X dh(z)

So we may assume y = 0.

Let J C S* be an open interval containing 1 and not containing any half
circle. Look at the open subset U = U(H,J) = {x € VY| x(H) C J}.
Let x € U. Then X‘ g H—= S1 is a homomorphism, and thus its image
is a subgroup of S'. Since its image lies in a small interval it must be
the trivial subgroup and hence U = {x € V| x(H) = 1} and thus it is
also compact.

Let n € VY, then nU is an open neighborhood of 1. Let x € U, then
F(enm = [ axdn= [ qdn=7(s o nm)
H H

ie. .F(f@h)‘nU = F(f®h)(n) is constant, so F(f®h) is locally constant,
i.e. smooth.

In order to prove that it is compactly supported we will use the following
lemma:

Lemma. Let G be a comapct group, i a non-trivial Haar measure on G
and x a non-trivial character of G. Then

/Xdu:O
G
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Proof. Since y is non-trivial, there exists a g € G s.t. x(g) # 1.

/GXdM:/G}(d(Sth):/GSthdM:/GX(—g)XdM:X(—Q)/GXdM

and thus | o X dp =0 as required. ]

Now, let x € VV sit. F(f ® h)(x) # 0. H is a compact group, h|H is
a Haar measure on H and X| 1 a character of H, and by the lemma,
since F(f @ h)x = [, Xdh # 0, X|H is the trivial character (and hence
X’H =1),ie. xeU.

Therefore {x € VY| F(f®@h)(x) # 0} C U. Since U is closed supp(f) =
{x e VV|IF(f®h)(x) #0} C U. Since U is compact and supp(f) is
closed, supp(f) is compact.

. We identify V'V with the linear space of distributions, i.e. continuous
homomorphisms & : V — R/Z by £ + 7€,

Claim. Let a € Haar(VY), f € Haar(V) and g € C*(VY) s.t. g(0) =0,
then

Proof. Choose a basis e1,...,e, for VV. Thus we may write for & =
> e g(§) = >0 €g;(€) where g;(§) = [ 519 (t€). Using this
basis a = cd&; - - - d&,,.

We notice that for a function f € C°(VV),
F(&ifa)(x) = [y D d(g; fa)(§)
= Cfvv il §Jf(§) d§y -+ - d&,

=c [, f( %iem”g( x)dxy---dx,

= —QLM - ng(g)eM dz, - - - dz,
or Jyv €7 d(5La) ()

= iﬂa—gja)(&)

Thus
(Flg-a),B) =(F( =1 &9 - @), B)
=2 (F (&g ), B)
:izy 1(35 Flgj-a),8)=0



Now we define a morphism Haar(V") — Haar(V)* be

for all @« € Haar(V'V), 8 € Haar(V) and some f € C(VY) s.t. f(0) = 1.
By the lemma this action does not depend on the choice of f so it is well
defined. Since both spaces are one-dimensional, the associated morphism
is an isomorphism.

. Let & € S*(V). Fo:8*(V) — S*(VY,Haar(V")) is the dual of the fourier
transform of Schwartz functions F : S(VY, Haar(V"Y)) — S(V) given by

Fla) @) = | x(@)dat)
for a € S(VV, Haar(V")). Thus

{(Fo(&),a) = (& F(a))
For any o € S(VV, Haar(VV)).

Choose a non-trivial Haar measure 1 € Haar(V') and its dual Haar mea-
sure v € Haar(VV), i.e. (u,v) = 1. We identify each o = f - v €
S(VY,Haar(V"Y)) with f®@v € S(VV) ®@ Haar(V'") (and by the same way
S(V,Haar(V)) = S(V) ® Haar(V"). We also identify

S*(VY, Haar(V)) = S*(VY) ® Haar(VY)* = S*(V") ® Haar(V)
S*(V,Haar(V)) = S*(V) ® Haar(V)* = S*(V) ® Haar(V'")

Now, look at
Fo®l: S*(VV)®Haar(V) — S*(V, Haar(V))®Haar(V) = S*(V)®Haar(V")®@Haar(V)

Look at the trace morphism tr : S*(V) ® Haar(V") ® Haar(V) — S*(V)
given by tr(n ® 0 ® §) = (@, B) - .

Fi: S*(VVY,Haar(VY)) — S*(V) is given by tro (Fo® 1). Write Fo(§) =
Fo(&) @ p for £ € S*(V) and Fy(&) = Fi(§) @ v for £ € S*(VVY). le.
Fo o 85(V) — S*(VV) is defined by (F;(€), g) = (Fealy(€), gu). Now, for



(
(
= (tr(Fo(F5(8) @ ), f)
= (tr(Fo(Fo(§) @ p@v, f)
= (Fo(F5(8). f)
= (Fo(F5(8)), fr)
= (Fo(&), F(fn)
= (Fo(&), F(frm)v)
= (& F(F(frv))
F(F(fuv)(z) = [, X(x) )() (X)
:fvv fv du(y)dv(x)
= [ Ji x+y) du( )dv(x)
= Jyu Jy £ X(y) dp(y)dv(x)

fvvashf () 1(y)dv(x)
= [ Fshafin)(x) dv(x)
= (F(shyfp),v)
= shy f(0) {1, v) = sho f(0) = f(—z) = (fo )7") (2)

Where the equalities in the last row are true by the definition of the
isomorphism Haar(V"Y) = Haar(V')* and by the choice of x and v. Thus

(FiFo(€) fy= (& fo )y = (€ f)
5. V is a one-dimensional vector space over R with a positive structure P.
(a) Remember that
VI={&: V" = RIE(Ap) = [ME(p) VAER 0 e V7
We define a morphism & : V — |V| by

(v), wveP
Eulp) = { f@(”)a vé P

which is a canonical isomorphism.

b}



(b) Remember that for a € Q
VE={: V" = [€(Ap) = [A["€(0) VA €R, 0 € V7}

We define a morphism Ve @ V# — Vetf by £ @ & w— & - &. Tt is
well defined:

(£1&) (M) = E(A)& (M) = [A*& (@) - A& (p) = [A*TP(61%) (p)

and thus it is a canonical isomorphism.



