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Abstract

Imagesdegradedby motionblur can berestored when
several blurredimagesare given,andthedirectionof mo-
tion blur in each image is different.

Given two motion blurred images, best restoration is
obtainedwhenthedirectionsof motionblur in thetwo im-
agesare orthogonal.

Motion blur at different directionsis common,for ex-
ample, in thecaseof smallhand-helddigital camerasdue
to fasthandtremblingandthelight weightof thecamera.

Restoration examplesare given on simulateddata as
well ason imageswith realmotionblur.

1 Intr oduction
Blurred imagescanbe restoredwhentheblur function

is known [1]. Restorationof a singlemotion-blurredim-
agewithout prior knowledgeof theblur function is much
harder. Early deblurring methodstreatedblurs that can
be characterizedby a regular patternof zerosin the fre-
quency domainsuchasuniform motionblur [9]. More re-
centmethodsdealwith a wider rangeof blurs,but require
strongassumptionson the imagemodel. For example,as-
sumingthat theimageis spatiallyisotropic[12], or canbe
modeledasanautoregressiveprocess[7]. A summaryand
analysisof many methodsfor “blind deconvolution” canbe
foundat [5]. In casethat the imagemotionis constantfor
theentireimagingperiod,themotionblur canbe inferred
from motionanalysisandusedfor restoration[11, 10, 2, 6].

Unfortunately, the assumptionof constantmotion dur-
ing theentireimagingprocessdoesnotholdfor many cases
of motionblur. For example,analysisof imagestakenwith
small digital camerasshows that consecutive imagescov-
eringthesamescenehavedifferentmotionblur. In particu-
lar, thedirectionof motionblur is differentfrom oneimage
to anotherdueto tremblingof thehand.

In [8] theimagerestorationalgorithmincludedanesti-

mationof the PSF(Point SpreadFunction)from two im-
ages.However, it assumesa puretranslationbetweenthe
images,and usesthe location of singularitiesin the fre-
quency domainwhicharenotstable.

In this paperwe describehow different images,each
degradedby a motion blur in a differentdirection,canbe
usedto generatea restoredimage. It is assumedthat the
motionblur canbedescribedby a convolution with a one
dimensionalkernel.No knowledgeis necessaryregarding
theactualmotionblur otherthanits directionwhich is pre-
computedeitherby oneof theexisting methods[9, 12], or
usingtheschemeofferedin this paper. Therelative image
displacementscan be imagetranslationsand imagerota-
tions.

2 A Model for Motion Blur
Let � denotetheobservedimage,degradedby a motion

blur with a onedimensionalkernel ���������
	��
�
��	������ at
anangle� . Let � betheoriginal image.We assumethat �
wasdegradedin thefollowing way.
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This assumptionis valid when the motion blur is uni-
form for the entire image. Otherwise,the imagecan be
divided into regionshaving approximatelya constantmo-
tion blur. For a discreteimage � , interpolationis usedto
estimatethegraylevelsatnon-integerlocations.

3 Deblurring in the Spatial Domain
Usingtwo imagesfor deblurringrequiresalignmentbe-

tweenthem. However, accuratealignmentcan be made
only by accountingfor the motion blur asseenin Fig. 1.
Thissectiondescribesthealgorithmfor deblurringtwo im-
agesdegradedby motionblur in thespatialdomain.Both
thealignmentbetweenthe images,andthedeblurringare
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Figure 1. With motion blur the correspon-
dence between images is fuzzy. It can be de-
scribed by the convolution matrix that turns
the left image into the right image.

donesimultaneously. In the first sub-sectionwe assume
thatoneimageis notblurred.In practicewedonotneedto
restorea blurredimagewhenthe original imageis given.
However, we presentthis casesinceit is usedasa basis
for thedeblurringmethoddescribedin the following sub-
section. The last sub-sectiondescribesa methodfor the
recoveryof themotionblur directions.

3.1 Deblurring an ImageUsing the Original Image
Let � and � betwo input images.� is a motion-blurred

imageobtainedfrom � asfollows:
(i) �DC is a warpedversionof �

� C ���E	����F���/���10�GE�A��	����7	��H0=I5���E	������ (1)

(ii) � is adegradationof �DC by amotionblur with kernel �
anddirection � , � �J� C � �.�K�
It can be shown [4] that the desired displacement�LGE���E	����*	MI5���E	������ betweenimages� and � C minimizesthe
following errorfunctionin theregionof analysisN .O�P
P �QGE	�IR�S� 'TVUXW Y7Z$[X\ �QGD� U 0=IR� Y 03�
]^�^_X	 (2)

wherethepartialderivationsareasfollows:

� U �a`cb` U 	d� Y �a`
b` Y 	�
]e� `
b` ] ���gfh�DCi�J�gf � � �.� %,� � (3)

We assumethat themotionblur operationis invertible,
andcanbeapproximatedby a convolution with a discrete
kerneldenotedas� %,� . In practice,aonedimensionalvec-
tor with 16 to 32 elementswasfound to be sufficient for
deblurring.

2-D parametrictransformationsareusedasanapproxi-
mationfor the imagemotion. This approximationis valid
whenthedifferencesin deptharesmall relative to thedis-
tancesfromthecamera.Sincethedirection � of themotion
blur is pre-computed,theresultingminimizationequations

arelinear, andminimizationis performedover thedeblur-
ring kernel( � %&� ) andtheimagedisplacementparameters.
We usedoneof the following modelsfor imagedisplace-
ment:

1. Translation: 2 motion parameters,GE���E	������kj ,I5�A��	��5�l�nm . In order to minimize
O<PcP �LG�	�IR� , its

derivativeswith respectto j and m aresetto zero.This
yieldstwo linearequationsfor eachimagepoint in theo 0hp unknowns:

o
is thesizeof thedeblurringker-

nel, andthe two additionalparametersrepresentsthe
translation.

2. Translation & Rotation: This model of motion is
describedby thefollowing equations.

G;����	����F�q�:476r8c��s;�/f3t
�u�gfv8�>V?��AsE�u�<0=j
I5�A��	����F�l8�>@?��AsE�u�w0l�:476r8c��s;�/f3t
�u��0=m

for small rotations we use the approximations4
6r8���sE�gxyt and 8�>V?E��sE�gxzs , to obtain linear equa-
tionswith 3 parameters.G;����	������ljFf{s&� , I5�A��	������m901s&� . For eachimagepointwegetthreelinearequa-
tionswith

o 0=| unknowns.

3. Morecomplicatedmodelsfor imagedisplacementcan
beused,e.g.anAffine motion or anHomography.

Thecomputationframework is basedonmultiresolution
and iterations,using a Gaussianpyramid, similar to the
framework describedin [3], with somemaindifferences:} Thedeblurringkernelis computedaswell asthemo-

tion parameters.} Thenumberof parametersvariesthroughoutthe dif-
ferent levels of the pyramid, sincethe deblurringof
upperlevels of the Gaussianpyramid can be repre-
sentedby smallerkernels.} Different kernels, related by a convolution with a
shifted delta-impulseare equivalent in the above
framework. Therefore,the motion componentparal-
lel to the motion-blurdirectioncannot converge. In
orderto handlethisvariant,theiterationsarerepeated
until convergenceonly in themotioncomponentper-
pendicularto thedirectionof themotionblur.

3.2 Deblurring Two Blurr ed Images
Let � � and� _ betwo imagesdegradedby motionblur in

differentdirections.Thefollowing stepsaredonein order
to restoretheoriginal image.

1. Theblur directionsarecalculatedasdescribedin the
next sub-section,or alternatively, usingoneof theex-
istingmethods(for example[9, 12]).



2. Deblur � � using the methodof 3.1, the known di-
rection of blur, and using � _ as the original image.
Thedeblurringis donewith a onedimensionalkernel
at the samedirectionasthe directionof motionblur.
Call thedeblurredimage� T � Z� .

3. Deblur � _ using � T � Z� as the original image, giving� T � Z_ .

4. Repeatsteps2 and3, alwaysusingthe latestversion
of � TV~@Z� and � TV~VZ_ , until convergence.

The principle ensuringthe convergenceof the images
to the original imageis that 1-D blurs in differentdirec-
tions are independent,with the exception of degenerate
cases.Two imageshaving motion blur in differentdirec-
tions preserve the information of the original image. A
moretheoreticalapproachtowardsthe convergenceprop-
ertiesis givenin thenext section.

3.3 Recovery of Motion Blur Dir ections
Mostexistingmethodscopewith theproblemof recov-

eringthemotionblur directionseitherby assuminga con-
stantvelocityduringtheentireimagingprocess,or assum-
ing certainpropertiesof the imagemodel or of the mo-
tion blur operator. For example,assumingthat the image
is spatiallyisotropic[12] or that the motionblur kernelis
uniform[9]. Ouraimis to recoverthedirectionsof themo-
tion blur usinginformationfrom two images,while avoid-
ing theconstantvelocityassumption.
Eachiteration of the algorithm describedin the previous
sub-sectionsdeblurrestheoriginal image. An error in the
estimationof the directionof the motion blur reducesthe
deblurringeffect. In theextremecase,usingthedirection
of themotionblur of thesecondimageasanestimatorfor
themotionblur directionof thefirst onewill causetheop-
positeeffect, i.e, will blur the imagewith themotionblur
kernelof thesecondimage.Onecanusethis phenomenon
to recover the motion blur directionby enumeratingover
the anglesof the motion blur. For eachangle,a singleit-
erationof themethoddescribedin thefirst sub-sectioncan
beapplied,andtheanglewhichgivesthestrongestdeblur-
ring effect is theangleof themotionblur.
We proposeto usethisstrategy with two exceptions:} It is preferredto work on the lower resolutionlevels

of the Gaussianpyramidsof the images. The accu-
racy achievedin thisway is highenoughto obtainthe
directionof the motion blur, andthe computationis
faster.} Thesharpnessof therecoveredimageasafunctionof
the estimateddirection is approximatelymonotonic.
Thus,partialsearchcanbeused.

4 Frequency-DomainAlgorithm
4.1 Dir ectMotion-Blur Reconstruction

In this sectionwe prove theconvergenceof thedeblur-
ring algorithm in the frequency domain. This algorithm
is equivalentto the spatialdomainalgorithmdescribedin
theprevioussection.For simplicity, we dealonly with the
caseof two input imagesin which thetwo directionsof the
motionblur areperpendicular, andthemotionbetweenthe
two imagesis a puretranslation.

In thiscase,thetwo inputimages� � and� _ areobserved
by two systemsmodeledas:� � ��� � ��� (4)� _ ��� _ ��� (5)

Where� � and � _ areimagesdegradedby horizontaland
vertical motion blur respectively. The displacementbe-
tweenthetwo imagesis alreadyexpressedby theconvolu-
tions,which representboth themotionblur andtheimage
displacement.

Let � be the DiscreteFourier Transform(DFT) of the
original image � . Let ��� and � _ betheDFT of the input
images� � and � _ respectively, andlet �=� and � _ be the
DFT of the motion-blurkernels ��� and � _ respectively.
Relations4 and 5 areequivalentto:

� � ��� � - � (6)

� _ ��� _ - � (7)

All theFourierTransformsdescribedin this sectionare
two-dimensional.However, sinceeachmotionblur kernel
( ��� or � _ ) is one-dimensionalby definition, it hasa uni-
form frequency responsealongthedirectionperpendicular
to the directionof the kernel. In otherwords, � � is uni-
form alongthe � coordinate,and � _ is uniform alongthe� coordinate.

Themethoddescribedin Sect.3 findsanhorizontalblur
kernel � that minimizesthe � _ -norm error function �V� � � ���f � _ �@� _ . Sinceminimizing the � _ -normerror functionin
thespatialandfrequency domainsareequivalent,we wish
to find a horizontalblur kernel � whoseFourier transform�

minimizestheerrorfunction

�@� � - ����fK� _ �V� _ (8)

Since
�

is uniformalongthe � coordinate,wewill refer
to it asa one-dimensionalvector, i.e:

� �A�^�.� � �A�M	$��� for
all t����=�!� , where � and � standfor the � and � co-
ordinatesrespectively. For eachcolumnwe minimize the
expression �

'� ) � � � ���^� - � � ���d	����;fv� _ �A�d	����
� _ (9)



When �
�
� ) � � � � ���d	����
� _1���� thisminimumis achievedfor:

� �A�u��� �
�
� ) � � _ �A�d	���� -��� � ���d	�����

�
� ) � � ���R���d	������ _ (10)

With �� denotingthecomplex conjugateof
�

. Thisblur is
a weightedaverageof the � ]A� row in � _ , which minimizes
its � _ distanceto therespectiverow in � � . Thereconstruc-
tion of thesecondimageusingthefirst oneis symmetrical
up to changesin the � and � directions.

4.2 Iterati veReconstruction
Similarly to thespatial-domainapproach,thealgorithm

canbeenhancedby iteratively updatingthefirst imageus-
ing thesecondoneandvice versa.Eachiterationreduces
the motionblur effect uponthe images,which in turn en-
ablesbetterresultswhenapplyingtheiteration.Theitera-
tive algorithmis derivedfrom Eq. 10, andcanbesumma-
rizedusingthefollowing equations:

� T + Z� ��� � (11)

� T + Z_ ��� _ (12)

� TV�R� � Z� ���d	����F�l� TV�RZ� �A�d	���� � ( �
TV�RZ
_ ���d	d2�� -��� TV�XZ� ���d	M2��� ( � � TV�RZ� �A�M	d2��
� _

(13)

� TV�X� � Z_ �A�d	������l� T@�RZ_ ���d	���� � ( �
TV�R� � Z� ��2D	���� -��� TV�RZ_ �:2,	����� ( � � TV�RZ_ ��2D	����
� _

(14)

4.3 A ConvergenceProof Sketch
It canbeshown thatthetransformationrelatingtheDFT

of theblur kernelsin two consecutivestepsis linear. More-
over, it can be describedby a stochasticmatrix � , with
non-negativeelements:

�����d	$�9��� t� ( � �w�:2,	����
� _ -
�
' � ) �

� �w�A��	����
� _ - � �w�A��	��^�
� _� ( � �w�A��	M2���� _ (15)

Where ���A�d	���� is theelementin the � ]A� columnandthe� ]A� row of A.� is a probability matrix thusdescribinga contraction
mapping.Onecanconclude,that theall-onesvectoris an
eigen-vectorof � with eigen-value1,andthereis novector
with a biggereigen-value.

If �r  � �A��fv¡��.¢J��f�t , thereis no othereigen-vector
with eigen-value1, andwe receive that£ >V¤�X¥�¦ � TV�RZ

_ � £ >V¤�X¥�¦ � � - � T + Z_ ��§t
andequivalently,£ >@¤�X¥<¦ � TV�RZ_  
"$#� £ >@¤�X¥<¦ � TV�RZ

_ - �q�l�

With an exponentialconvergence. The convergenceof� TV�XZ� to � follows immediatelythe convergenceof � TV�RZ_to � .

4.4 Failur epoints

As shown in theprevioussub-section,theconditionfor
convergenceis that �r  � �A��f¨¡9�.¢©�zfªt , where � is the
matrix relatingtheDFT of theblur kernelsin two consec-
utive steps. A simplecasewherethis conditiondoesnot
hold is when �«�¬¡ . This happenswhen the imagein-
cludesonly paralleldiagonallines. In this case,applying
motion blur in the � and � directionsyield the samede-
gradedimages,andthusthereis no informationfor recov-
ery.

5 Examples
We have implementedboth the spatial-domainandthe

frequency-domainmethods,andtestedthemon simulated
andrealcasesof motionblur. Theimageswith realmotion
blur wererestoredin thespatial-domainusinga2-D image
displacementmodeldescribingrotationsandtranslations.
The iterationsdescribedin Sect.3 convergedafter a few
steps.

5.1 Restoration fr om SyntheticBlur

The imagesin Fig. 2(a)-(c)wereobtainedby blurring
the original imageof Fig. 2(d) usinga Gaussian-like mo-
tion blur. The direction of the motion blur is vertical in
Fig. 2(a),horizontalin Fig. 2(b)anddiagonalin Fig. 2(c).
From comparisonof Fig. 2(e) and2(f) it is clear that the
imagesarebetterrecoveredwhenthedirectionsof motion
blur in the two imagesare orthogonal. The frequency-
domainmethodenablesthe recovery of imagesdegraded
by a wide blur kernel,but limits the motion betweenthe
two imagesto puretranslation.

5.2 Restoration fr om RealMotion Blur

The imagesshown in Fig. 3 were taken by a camera
movingrelativeto aflatposter. Themotionblur in Fig.3(a)
andFig. 3(b)wereobtainedby verticalandhorizontalmo-
tionsrespectively.

Fig. 3(c) and Fig. 3(d) show a clear enhancementof
eachof the images. Due to the small rotation between
the images,any methodassumingonly a puretranslation
wouldhave failedfor this sequence.

Fig. 4 shows how using different estimationsfor the
angle of the motion blur direction for images3(a) and
Fig. 3(b) affectstheenhancementof theimages.Thesedi-
agramscanbeusedto recover thedirectionsof themotion
blur from two images.For practicalreasonsthe |X­d® level
of the Gaussianpyramid wasusedinsteadof the original
images.As canbeseenfrom 4(a)and 4(b), thehorizon-
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Figure 3. Restoration from two “real” blurred images, related by a translation and a small rotation.
(a) and (b) are the input images, degraded by horizontal and ver tical motion blur respectivel y. (c)
and (d) are the resulting images after the ¯ ]A� iteration.

tal andverticaldirectionsyieldedthestrongestdeblurring
effecton thefirst andsecondimagerespectively.

Fig.5 showsafrontalview of ahotelwall. Fig. 5(a)and
Fig. 5(b) weretaken with fastpanandtilt of the camera.
The motion blur inducedfrom the pan or tilt can fit our
motion blur model (uniform blur) sincethe focal length
waslarge.

The restoredimageafter the ¯ ]A� iteration is shown in
Fig. 5(c). Thedeblurringachievedby applyingourmethod
is emphasizedby theenlargedFig. 5(d-e-f). Notealsothe
hotelname,blurredin Fig. 5(a),andthe bricksblurredin
Fig.5(b). They arebothsharperin therestoredimage.This
demonstratesthe useof combinedinformationfrom both
of theimages.

6 Concluding Remarks
Two imagesof the samescene,having motion blur in

differentdirectionsprove to preserve large amountof in-
formationof theoriginal scene.A simpleandyeteffective
methodfor recoveringthis informationis presented.This
methoddoesnot requiretheknowledgeof theblur kernel,
anddoesnot assumeany relationbetweenthe imagedis-
placementandthemotionblur.

Recovering the parametersof image displacementis
done simultaneouslywith the deblurring of the image,
which enablesan accuratecomputationof the displace-
ment parameters,and a betterrestorationof real blurred
images.

This method can be used, for example, for images
blurred due to hand tremble, where most assumptions
abouttherelationsbetweenmotionandmotionblur fail.

More investigationsareneededregardingapossibleuse
of morethantwo images.For example,it is logical to as-
sumethat threeimagesof the samescene,blurred in di-
rectionsthatarein °X� + onefrom another, canbebetteren-
hancedtogether.
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Figure 5. An example of recovering two out-door s blurred images. (a) and (b) were degraded by
horizontal and ver tical motion blur due to the fast panning and tilting of the hand. (c) is the resulting
image after the ¯ ]A� iteration. (d)-(f) sho w a zoom view of (a)-(c) respectivel y.
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Figure 2. Restoration from sim ulated motion
blur using the frequenc y-domain appr oach.
The direction of motion blur is ver tical in (a),
horizontal in (b), and diagonal in (c).
(d) The original image.
(e) The image recovered from (a) and (b).
(f) The image recovered from (b) and (c).
Better restoration is obtained when the di-
rections of motion blur are perpendicular .
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Figure 4. The effect of an error in the estima-
tion of motion blur direction on the sharp-
ness of the resulting image.
(a) and (b) are diagrams relating the esti-
mated direction of the motion blur to the
achieved sharpness of the image after one it-
eration of the spatial-domain algorithm. The
input images for both diagrams are sho wn in
3(a) and Fig. 3(b).


