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Abstract

Imagesdegradedby motionblur can berestoed when
several blurredimagesare given,andthe directionof mo-
tion blur in eadh image is different.

Giventwo motion blurred images, bestresto@tion is
obtainedwhenthe directionsof motionblur in thetwo im-
agesare orthogonal.

Motion blur at different directionsis common for ex-
ample in the caseof smallhand-helddigital cameasdue
to fasthandtremblingandthelight weightof the camea.

Restoation examplesare given on simulateddata as
well asonimageswith real motionblur.

1 Intr oduction

Blurred imagescanbe restoredvhenthe blur function
is known [1]. Restoratiorof a single motion-blurredim-
agewithout prior knowledgeof the blur functionis much
harder Early deblurring methodstreatedblurs that can
be characterizedy a regular patternof zerosin the fre-
guengy domainsuchasuniform motionblur [9]. More re-
centmethodsdealwith awider rangeof blurs, but require
strongassumption®n theimagemodel. For example,as-
sumingthattheimageis spatiallyisotropic[12], or canbe
modeledasanautorgressie procesg7]. A summaryand
analysisof mary methoddor “blind decomwvolution” canbe
foundat[5]. In casethattheimagemotionis constantor
the entireimagingperiod,the motion blur canbeinferred
from motionanalysisandusedfor restoratiori11, 10, 2, 6].

Unfortunately the assumptiorof constantmotion dur-
ing theentireimagingprocessloesnotholdfor mary cases
of motionblur. For example analysisof imagegakenwith
small digital camerashaws that consecutie imagescov-
eringthesamescenéhave differentmotionblur. In particu-
lar, thedirectionof motionblur is differentfrom oneimage
to anotherdueto tremblingof the hand.

In [8] theimagerestoratioralgorithmincludedan esti-

mationof the PSF(Point SpreadFunction)from two im-
ages.However, it assumes puretranslationbetweenthe
images,and usesthe location of singularitiesin the fre-
gueny domainwhich arenotstable.

In this paperwe describehow differentimages,each
degradedby a motion blur in a differentdirection,canbe
usedto generatea restoredimage. It is assumedhat the
motion blur canbe describedy a corvolution with aone
dimensionakernel. No knowledgeis necessaryegarding
theactualmotionblur otherthanits directionwhichis pre-
computeckeitherby oneof the existing methodq9, 12], or
usingthe schemeofferedin this paper Therelativeimage
displacementgan be imagetranslationsand imagerota-
tions.

2 A Model for Motion Blur

Let g denotetheobsenedimage,degradedoy a motion
blur with a onedimensionakernelm = (my, ..., mg) at
ananglea. Let f betheoriginalimage.We assumehat f
wasdegradedn thefollowing way.

g@y)=fim <
K—-1
= Z my, - f(z + kecos(a),y + ksin(a))
k=0

This assumptioris valid whenthe motion blur is uni-
form for the entireimage. Otherwise,the imagecan be
dividedinto regionshaving approximatelya constantmo-
tion blur. For adiscreteimage f, interpolationis usedto
estimatehegraylevelsat non-integerlocations.

3 Deblurring in the Spatial Domain

Usingtwo imagedor deblurringrequiresalignmentbe-
tweenthem. However, accuratealignmentcan be made
only by accountingfor the motion blur asseenin Fig. 1.
Thissectiondescribeshealgorithmfor deblurringtwo im-
agesdegradedby motion blur in the spatialdomain. Both
the alignmentbetweernthe images,andthe deblurringare
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Figure 1. With motion blur the correspon-
dence between images is fuzzy. It can be de-
scribed by the convolution matrix that turns
the left image into the right image.

donesimultaneously In the first sub-sectionve assume
thatoneimageis notblurred.In practicewe donotneedto

restorea blurredimagewhenthe original imageis given.

However, we presentthis casesinceit is usedasa basis
for the deblurringmethoddescribedn the following sub-

section. The last sub-sectiordescribesa methodfor the

recovery of themotionblur directions.

3.1 Deblurring anImage Usingthe Original Image
Let f andg betwo inputimages.g is a motion-blurred

imageobtainedrom f asfollows:

(i) f' is awarpedversionof f

f'(z,y) = fl@+p(z,y),y + q(z,y)) @)

(i) g is adegradatiorof f’ by amotionblur with kernelm
anddirectiong,

g=f *m.
It can be showvn [4] that the desired displacement

(p(z,v),q(z,y)) betweerimagesf and f' minimizesthe
following errorfunctionin theregion of analysisR.

Err(pg)= Y. Wf+afy+f)% (@

(z,y)ER

wherethe partialderivationsareasfollows:

fz = %a fy = g_';a
fi=F=f—-f=f—-gxm™.

We assumehatthe motion blur operationis invertible,
andcanbe approximatedy a corvolution with a discrete
kerneldenotecasm 1. In practice aonedimensionatec-
tor with 16 to 32 elementswvasfound to be sufiicient for
deblurring.

2-D parametridransformationgreusedasan approxi-
mationfor theimagemotion. This approximations valid
whenthedifferencesn deptharesmallrelative to the dis-
tancedromthecameraSincethedirectiona of themotion
blur is pre-computedthe resultingminimizationequations

arelinear, andminimizationis performedover the deblur
ring kernel(m ') andtheimagedisplacemenparameters.
We usedone of the following modelsfor imagedisplace-
ment:

1. Translation: 2 motion parametersp(z,y) = a,
g(z,y) = b. In orderto minimize Err(p,q), its
derivativeswith respecto a andb aresetto zero. This
yieldstwo linearequationgor eachimagepointin the
K + 2 unknawns: K is thesizeof thedeblurringker
nel, andthe two additionalparametersepresentshe
translation.

2. Translation & Rotation: This model of motion is
describedy thefollowing equations.

p(z,y) = (cos(f) — 1)z —sin(B)y + a
q(2,y) = sin(B)x + (cos(8) — L)y +b

for small rotations we use the approximations
cos(f) ~ 1 andsin(B) = 3, to obtainlinear equa-
tionswith 3 parametersp(z,y) = a— By, q(z,y) =
b+ Bz. Foreachimagepointwe getthreelinearequa-
tionswith K + 3 unknawns.

3. Morecomplicatednodelsfor imagedisplacementan
beusede.g.anAffine motion oranHomography.

Thecomputatiorframavorkis basecbn multiresolution
and iterations, using a Gaussiarnpyramid, similar to the
framework describedn [3], with somemaindifferences:

e Thedeblurringkernelis computedaswell asthe mo-
tion parameters.

e The numberof parametersariesthroughoutthe dif-
ferentlevels of the pyramid, sincethe deblurringof
upperlevels of the Gaussiarpyramid can be repre-
sentecby smallerkernels.

e Different kernels, related by a corvolution with a
shifted delta-impulseare equialent in the above
framawvork. Therefore the motion componenparal-
lel to the motion-blurdirectioncannot corverge. In
orderto handlethis variant,theiterationsarerepeated
until corvergenceonly in the motion componenper
pendicularto the directionof themotionblur.

3.2 Deblurring Two Blurr edImages

Letg; andg, betwoimagesdegradedby motionblurin
differentdirections. Thefollowing stepsaredonein order
to restorethe original image.

1. Theblur directionsare calculatedasdescribedn the
next sub-sectionor alternatvely, usingoneof theex-
isting methodgqfor example[9, 12]).



2. Deblur g; usingthe methodof 3.1, the known di-
rection of blur, and using g» asthe original image.
Thedeblurringis donewith a onedimensionakernel
at the samedirectionasthe direction of motion blur.
Call the deblurredmageg§1) .

3. Deblur g, using ggl) as the original image, giving
(1)
92 -

4. Repeatsteps2 and3, alwaysusingthe latestversion
of ¢ andg{”, until corvergence.

The principle ensuringthe corvergenceof the images
to the original imageis that 1-D blursin differentdirec-
tions are independentwith the exception of degenerate
cases.Two imageshaving motion blur in differentdirec-
tions presere the information of the original image. A
moretheoreticalapproachowardsthe corvergenceprop-
ertiesis givenin the next section.

3.3 Recovery of Motion Blur Dir ections

Most existing methodscopewith the problemof recov-
eringthe motionblur directionseitherby assuminga con-
stantvelocity duringthe entireimagingprocesspr assum-
ing certain propertiesof the image model or of the mo-
tion blur operator For example,assuminghatthe image
is spatiallyisotropic[12] or thatthe motion blur kernelis
uniform[9]. Ouraimis to recoverthedirectionsof themo-
tion blur usinginformationfrom two imageswhile avoid-
ing the constant/elocity assumption.

Eachiteration of the algorithm describedn the previous
sub-sectionsleblurreshe originalimage. An errorin the
estimationof the directionof the motion blur reduceshe
deblurringeffect. In the extremecase usingthe direction
of the motionblur of the secondmageasan estimatorfor
themotionblur directionof thefirst onewill causetheop-
positeeffect, i.e, will blur theimagewith the motion blur
kernelof thesecondmage.Onecanusethis phenomenon
to recover the motion blur directionby enumeratingver
the anglesof the motion blur. For eachangle,a singleit-
erationof themethoddescribedn thefirst sub-sectiortan
beapplied,andthe anglewhich givesthe strongesteblur
ring effectis theangleof themotionblur.

We proposeo usethis strateyy with two exceptions:

e It is preferredto work on the lower resolutionlevels
of the Gaussiarpyramidsof the images. The accu-
ragy achievedin thisway is high enoughto obtainthe
direction of the motion blur, andthe computationis
faster

e Thesharpnessf therecoreredimageasafunctionof
the estimateddirectionis approximatelymonotonic.
Thus,partialsearchcanbeused.

4 Frequency-DomainAlgorithm
4.1 DirectMotion-Blur Reconstruction

In this sectionwe prove the corvergenceof the deblur
ring algorithmin the frequengy domain. This algorithm
is equivalentto the spatialdomainalgorithmdescribedn
the previoussection.For simplicity, we dealonly with the
caseof two inputimagesin which thetwo directionsof the
motionblur areperpendicularandthe motionbetweerthe
two imagess a puretranslation.

In thiscasethetwo inputimagesy; andg, areobsened
by two systemsnodeledas:

g1 =my * f 4)

g2 = my * f )

Whereg; andg, areimagesdegradedby horizontaland
vertical motion blur respectiely. The displacemenbe-
tweenthetwo imagess alreadyexpressedy the corvolu-
tions, which represenboth the motionblur andtheimage
displacement.

Let F' be the DiscreteFourier Transform(DFT) of the
originalimage f. Let G; andG, bethe DFT of theinput
imagesg; andg, respectiely, andlet M; and M, bethe
DFT of the motion-blurkernelsm; andms respectiely.
Relations4 and 5 areequialentto:

Gle1'F (6)
G2:M2'F (7)

All theFourier Transformsdescribedn this sectionare
two-dimensional However, sinceeachmotion blur kernel
(my or ms) is one-dimensionaby definition, it hasa uni-
form frequeng responsalongthedirectionperpendicular
to the directionof the kernel. In otherwords, M; is uni-
form alongthey coordinateand M- is uniform alongthe
x coordinate.

Themethoddescribedn Sect.3 findsanhorizontalblur
kernel h that minimizesthe l-norm error function ||g; *
h — gal|2. Sinceminimizing the l;-normerror functionin
the spatialandfrequeny domainsareequivalent,we wish
to find a horizontalblur kernelh whoseFouriertransform
H minimizestheerrorfunction

[[H-G1— Gl (8)

SinceH is uniformalongthey coordinatewewill refer
to it asa one-dimensionabector i.e: H (i) = H(i,j) for
all1 < j < N, wherei andj standfor thez andy co-
ordinatesrespectiely. For eachcolumnwe minimize the
expression

N
2 HG) G, ) = Galis ) ©)



Whean.V:1 |G1 (i, 5)|? # 0thisminimumis achievedfor:

_ XL Galind) - Galir )
5 |GG )P

With X denotingthe complex conjugateof X. Thisbluris

aweightedaverageof theit* row in Gy, which minimizes
its [, distanceto therespectierow in G;. Thereconstruc-
tion of the secondmageusingthefirst oneis symmetrical
upto changesn thex andy directions.

H(4) (10)

4.2 lterati ve Reconstruction

Similarly to the spatial-domairapproachthealgorithm
canbeenhancedy iteratively updatingthefirst imageus-
ing the secondoneandvice versa. Eachiterationreduces
the motion blur effect uponthe images,which in turn en-
ablesbetterresultswhenapplyingtheiteration. Theitera-
tive algorithmis derivedfrom Eqg. 10, andcanbe summa-
rizedusingthe following equations:

G =g (11)
Gy =G, (12)
Y, G (i, k) - G (i, k)
> GV (6, B2
(13)
> 1GS (&, 5)|2

G\ (i, 5) = G (i, §)

G (6, 5) = GEV G, )

(14)

4.3 A ConvergenceProof Sketch

It canbeshawvn thatthetransformationelatingthe DFT
of theblur kernelsin two consecutie stepss linear More-
over, it canbe describedby a stochasticmatrix A, with
non-neyative elements:

A T 1 (%) [ )]
AC) = = rEr & s rahE - &

WhereA(i, j) is the elementin theit® columnandthe
4t row of A.

A is a probability matrix thus describinga contraction
mapping.Onecanconclude thatthe all-onesvectoris an
eigen-ectorof A with eigen-aluel, andthereis novector
with abiggereigen-alue.

If deg(A — I) > N — 1, thereis no othereigen-\ector
with eigen-waluel, andwe recevethat

lim M{™ = lim 4" M® =T

n—oo n—oe

andequialently,

lim G ¥ lim M{" .F=F

n—o0 n—oo

With an exponential corvergence. The convergenceof

ng) to F follows immediatelythe corvergenceof Gg")
to F.

4.4 Failurepoints

As shawn in the previous sub-sectionthe conditionfor
corvergences thatdeg(A — I) > N — 1, whereA is the
matrix relatingthe DFT of the blur kernelsin two consec-
utive steps. A simple casewherethis condition doesnot
hold is when A = I. This happensvhenthe imagein-
cludesonly paralleldiagonallines. In this case,applying
motion blur in the x andy directionsyield the samede-
gradedmagesandthusthereis no informationfor recov-
ery.

5 Examples

We have implementedboth the spatial-domairandthe
frequeng-domainmethodsandtestedthemon simulated
andrealcase®f motionblur. Theimageswith realmotion
blur wererestoredn thespatial-domairusinga 2-D image
displacementnodeldescribingrotationsandtranslations.
The iterationsdescribedn Sect.3 corvergedafter a few
steps.

5.1 Restorationfrom Synthetic Blur

The imagesin Fig. 2(a)-(c) were obtainedby blurring
the original imageof Fig. 2(d) usinga Gaussian-like mo-
tion blur. The direction of the motion blur is vertical in
Fig. 2(a),horizontalin Fig. 2(b) anddiagonalin Fig. 2(c).
From comparisorof Fig. 2(e) and 2(f) it is clearthatthe
imagesarebetterrecoseredwhenthe directionsof motion
blur in the two imagesare orthogonal. The frequeng-
domainmethodenableghe recovery of imagesdegraded
by a wide blur kernel, but limits the motion betweenthe
two imagesto puretranslation.

5.2 Restoration from Real Motion Blur

The imagesshowvn in Fig. 3 were taken by a camera
moving relativeto aflat poster Themotionblurin Fig. 3(a)
andFig. 3(b) wereobtainedby verticalandhorizontalmo-
tionsrespectrely.

Fig. 3(c) and Fig. 3(d) shawv a clear enhancemenof
eachof the images. Due to the small rotation between
theimages,ary methodassumingonly a puretranslation
would have failedfor this sequence.

Fig. 4 shavs how using different estimationsfor the
angle of the motion blur direction for images3(a) and
Fig. 3(b) affectstheenhancemertf theimages.Thesedi-
agramscanbe usedto recover thedirectionsof the motion
blur from two images. For practicalreasonghe 37¢ level
of the Gaussiamyramid was usedinsteadof the original
images.As canbe seenfrom 4(a)and 4(b), the horizon-
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Figure 3. Restoration from two “real” blurred images, related by a translation and a small rotation.
(a) and (b) are the input images, degraded by horizontal and vertical motion blur respectivel y. (c)
and (d) are the resulting images after the 4t" iteration.

tal andvertical directionsyieldedthe strongesteblurring
effectonthefirst andsecondmagerespectiely.
Fig. 5 shovsafrontal view of ahotelwall. Fig. 5(a)and

Fig. 5(b) weretaken with fastpanandtilt of the camera.

The motion blur inducedfrom the panor tilt canfit our
motion blur model (uniform blur) sincethe focal length
waslarge.

The restoredimage after the 4t" iterationis shavn in
Fig. 5(c). Thedeblurringachievedby applyingour method
is emphasizedby the enlagedFig. 5(d-e-f). Notealsothe
hotel name,blurredin Fig. 5(a), andthe bricks blurredin
Fig.5(b). They arebothsharpein therestoredmage.This
demonstratethe useof combinedinformationfrom both
of theimages.

6 Concluding Remarks

Two imagesof the samescene having motion blur in
differentdirectionsprove to presere large amountof in-
formationof theoriginal scene A simpleandyet effective
methodfor recoveringthis informationis presentedThis
methoddoesnot requirethe knowledgeof the blur kernel,
anddoesnhot assumeary relationbetweenthe imagedis-
placementandthe motionblur.

Recorering the parametersf image displacements
done simultaneouslywith the deblurring of the image,
which enablesan accuratecomputationof the displace-
ment parametersand a betterrestorationof real blurred
images.

This method can be used, for example, for images
blurred due to hand tremble, where most assumptions
abouttherelationsbetweermotionandmotionblur fail.

More investigationsreneededegardinga possibleuse
of morethantwo images.For example,it is logical to as-
sumethat threeimagesof the samescene blurredin di-
rectionsthatarein 60° onefrom anotheycanbe betteren-
hancedogether
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Figure 2. Restoration from simulated motion
blur using the frequenc y-domain approach.
The direction of motion blur is vertical in (a),
horizontal in (b), and diagonal in (c).

(d) The original image.

(e) The image recovered from (a) and (b).

(f) The image recovered from (b) and (c).
Better restoration is obtained when the di-
rections of motion blur are perpendicular .
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Figure 4. The effect of an error in the estima-
tion of motion blur direction on the sharp-
ness of the resulting image.

(@) and (b) are diagrams relating the esti-
mated direction of the motion blur to the
achieved sharpness of the image after one it-
eration of the spatial-domain algorithm. The
input images for both diagrams are shown in
3(a) and Fig. 3(b).



