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Abstract

Consider the problem of producing random graphs (as inputs for some graph algo-
rithm) when the order of the graphs N is huge, say N = 2". While the canonical ran-
dom graphs G(N, p) are too expensive to sample and to store, we construct efficiently
computable random-looking graphs that faithfully emulate G(V, p) graphs w.r.t. arbitrary
first-order (FO) properties. FO properties are graph properties that can be expressed by
a formula ¢ where variables stand for vertices and the only relations are equality and ad-
jacency (e.g. having an isolated vertex is a FO property: 32Vy(—~EDGE(z,y))). Random
graphs are known to exhibit remarkable structure w.r.t. FO properties, as indicated by the
famed 0/1-law: for a variety of choices of p = p(NN), any fixed FO property ¢ holds for
G(N,p) with probability tending either to 0 or to 1 as N grows to infinity.

We show that similar 0/1-laws are satisfied by G(N, p) even w.r.t. sequences of for-

mulas {¢y } with bounded quantifier depth, depth(¢y) < D* = li‘;g(gjjg) but no longer
w.r.t. depth-2D* properties. We then efficiently emulate G(N, p) by constructing graphs
that satisfy similar ©(D*)-0/1-laws. We provide both probabilistic constructions (that
exhibit other random-looking qualities such as k-wise independence and computational
indistinguishability from G(N, p)), and deterministic constructions (producing a single
random-looking graph per each graph size). Finally, we show that no efficiently com-
putable graphs can simultaneously capture all poly(log(N))-depth properties of random
graphs, not even under much weaker notions of resemblance than satisfying appropriate
0/1-laws.
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1 Introduction

We deal with (cheap) random-looking graph-distributions that resemble some desired
(yet prohibitively expensive) truly random distribution. Throughout, graphs are as-
sumed to be huge, so efficient algorithms run in poly(n) bounded resources, whereas
the number of vertices is, say, N = 2". Huge graphs like that are not represented ex-
plicitly, but rather by an efficient procedure that evaluates edge-queries using a succinct
representation (a seed) of the graph. Such random looking distributions are sampled
by randomly picking the seed.

We attempt to capture a large class of properties of the canonical truly random
graphs G(N,p) where N vertices are fixed and the edges are independently picked
each with probability p = p(/N). A prominent class of properties is that of first-order
(FO) properties, namely those that can be expressed by a formula ¢ in the canonical
language where variables stand for vertices and the only relations are equality and
adjacency (e.g containing a triangle is a FO property of quantifier depth 3 written as
dr3y3z(EDGE(z,y)) )\ (EDGE(z, z)) A(EDGE(y, 2))). Random graphs are known to
exhibit remarkable structure w.r.t. FO properties, namely the famed 0/1-law: any fixed
FO property ¢ holds for G(N, p) with probability tending either to O or to 1 as N grows
to infinity. Thus one can view this work as dealing with graphs that look random to
distinguishers that are expressible as FO properties.

We demonstrate that for sufficiently large &, any exact k-wise independent graphs
(defined below) preserve the 0/1-law of random graphs (this is not true for almost
k-wise independent graphs). We also provide a construction of computationally pseu-
dorandom graphs that satisfy this 0/1-law (in general, computational pseudorandom-
ness does not imply preserving such properties). Finally, for each graph size a sin-
gle efficiently computable ‘random-looking’ graph is provided that preserves the FO
properties of random graphs. Those results can be extended to FO properties of quan-

tifier depth up to @(li)ogg((ljyg) ). On the other hand, it is shown that no efficiently com-

putable graphs can simultaneously capture all poly(log(/N))-depth properties of ran-
dom graphs, not even under much weaker notions of resemblance than satisfying ap-
propriate 0/1-laws.

1.1 Background on Random-Looking Graphs

We survey several characterizations for the notion of a ‘random-looking” graph.

Combinatorial pseudorandom graphs. This term refers here to a collection of def-
initions that consider a single graph Gy per each size N and intend to capture the
edge distribution of G(N, p) by requiring that any induced subgraph of G has den-
sity &~ p. One variant is Thomason’s jumbledness [27], where for each vertex set U,
le(U) = p("}")| < @|U| should hold (here ¢(U) counts the internal edges of U). It



is well known that « = O(y/pN) is the best-possible accuracy-parameter and it is
achieved by G(N, p). A weaker (yet highly influential) definition is quasirandomness,
which requires only that VU|e(U) — p(|g|) | < o(N?). Several efficient constructions
of quasirandom (and jumbled) graphs were provided in last decades, and they are
known to exhibit some prominent properties of G(N, p) graphs, leading to a variety
combinatorial applications (see a survey by Krivelevich and Sudakov [20]).

k(N)-wise independent graphs.  These graphs (first considered in [16, 21]) are a nat-
ural relaxation of G(N,p) where again each edge appears w.p. p = p(N), but it is
only required that the distribution of any fixed k(/N) potential edges should be mu-
tually independent. Efficient constructions of n°-wise independent graphs are known
for any fixed c and a wide variety of densities p(/N'). These constructions immediately
follow from efficient constructions for k(V)-wise independent bits due to Joffe [19],
and Alon, Babai and Itai [1] - the appearance of each potential edge is simply decided
by a single random bit (that has probability of success p(IN)).

Computationally pseudorandom graphs. These are defined [16, 21] as graphs which
are computationally indistinguishable from random graphs in the sense of Goldreich,
Goldwasser and Micali [15]. Namely, no poly(n)-time distinguishing algorithm that
performs edge-queries of its choice can tell apart a pseudorandom graph from a ran-
dom G(N,p) graph. Again, computationally pseudorandom graphs are immediately
given from efficient constructions of Boolean pseudorandom functions, PRF (where
the value of the function on each specific input decides a specific edge). Such PRF are
known to exist iff one-way functions (OWF) exist [15][18]. Thus, whenever computa-
tional pseudorandomness is mentioned, the existence of OWF is assumed.

Graphs that preserve specific combinatorial properties of random graphs. Random
graphs are known to exhibit a remarkable combinatorial structure (see Bollobas’ book
[6]). For instance, consider G(N, %) which is the uniform distribution on all /N-vertices
graphs. Then for some s(N) = (2 — o(1)) log(NN), it holds that with overwhelming
probability G(N, 1) is:

1. Hamiltonian and thus connected, and contains a perfect matching.

2. Has clique number and independence number precisely s(/V) £ 1.

N

3. Has chromatic number precisely m(l +0(1)).

4. Has connectivity number precisely 1 N (1 & o(1)).

5. Has maximal and minimal degree precisely 1 N (1 = o(1)).



At least some of these properties are met by poly(log(N))-wise independent graphs,
and by combinatorial pseudorandom graphs. However, it can be shown that com-
putational pseudorandomness does not imply such combinatorial properties. Indeed,
[16][21] show specific computationally pseudorandom graphs that boldly defy prop-
erties 1-5 above. Conversely, [16][21] provide efficient constructions of graphs which
are simultaneously: computationally pseudorandom (w.r.t. G(N, %)), almost n°-wise
independent, preserve properties 1-3 above, and approximate properties 4 and 5.

Our work. While the constructions of [16][21] are tailor-made to preserve a small
number of prescribed prominent properties, the current work deals with capturing
arbitrary FO properties of random graphs. The strength of these FO properties is
incomparable w.r.t. the properties studied in [16][21]. To present our results we al-
ways have some order-function N : N — N at the background, which decided
the number of vertices N = N(n) per each n. Invariably, n*() < N < 2rely(n),
where the first < makes the production of G(V,p) graphs non-trivial, and the sec-
ond < enables efficient constructions. We let p = p(N) = p(N(n)),D = D(N) =
D(N(n)),k = k(N) = k(N(n)), and denote sequences of distributions on N-vertex
graphs by G = {Gn} = {Gnw)}nen. Sequences of FO formulas are denoted by

® = {on} = {On@m Inen.

1.2 Preserving First-Order Properties of Random Graphs

First-order properties are graph properties that can be expressed in FO canonical lan-
guage, where the variables stand for vertices and the only relations are equality and
adjacency. For instance, having an isolated vertex can be written as 3xVy—EDGE(z, y);
see Section 2 for definitions.

From the FO lens, random graphs exhibit a remarkable structure (see Spencer’s
[23] for an excellent survey). The following 0/1-law is known to hold for G(NV, p):
every FO property ¢ holds with probability tending either to O or to 1 as the size of
the graph grows to infinity. The case where p is constant is due to Fagin [12] and
independently to Glebskii, Kogan, Liagonkii and Talanov [14]. The other known case
where p(N) = N~ for an irrational « is due to Shelah and Spenser [26].

Can one efficiently construct random-looking graphs that resemble G(N,p) and
satisfy this 0/1-law? The answer is positive, but we shall actually consider graphs that
meet a much stronger requirement.

Generalized 0/1-Laws. Rather than fixing a single FO formula, we shall consider se-
quences of formulas ® = {¢y}. Such a sequence can specify much richer properties
than a single formula. For instance, containing a clique of size f(/N) can be expressed
by the sequence where ¢y = Jx1...3z () iy ((zi # ;) NEDGE(z;, 7)), and the



quantifier depth is depth(¢n) = f(IV) (quantifier depths are formally defined in Sec-
tion 2). We will mainly consider the quantifier depth of ¢y, rather than the entire
length of ¢n; this choice of complexity measure will be well-motivated by the dis-
cussed results.

We will define the D(V)-0/1-law as a natural generalization of the basic 0/1-law.
Roughly speaking, it means that for any sequence ® = {¢y} with quantifier depth
depth(¢n) < D(N) it holds that limy_.., Pr[Gy E ¢n] € {0,1} . The precise
definition, which addresses some technicalities, is given in Section 2.

Equivalence. Let G' = {G}/} and G? = {G%} be two sequences of distributions over
graphs. We wish to formalize the notion of G! preserving the FO properties of G2 (of
special interest is the case where QJQV = G(N,p)). Having a 0/1-law hold for both gt

N—oo

and G? may not suffice as it might be the case that Pr[GY = ¢n] — 1, whereas

Pr[G2 = ¢n] "=3° 0. Therefore the following definition is introduced: G' and G?
are said to be weakly D(N)-equivalent, if for any sequence ¢ with quantifier depth

depth(dy) < D(N), it holds that lim(Pr[GL |= én] — Pr[G% = én]) =3° 0. Note

that weak equivalence enables to discuss the resemblance of G L'and G2, even when the
N—oo

0/1-law no longer holds (say when Pr[G%, = ¢n] —> 1/3 for both j = 1,2).

Weak equivalence is used only to pronounce our impossibility results, while our
positive results relate to the significantly more powerful notion of strong D (/N )-equivalence
(equivalence for short). Strong equivalence means that as we (independently) sample
one graph from G}, and another from G%;, then the chance that these 2 graphs disagree
on even a single depth D(N) formula is vanishing. Note that (strong) equivalence
between any G! and G? implies the D(N)-0/1-law for both G! and G?. Yet, we usually
redundantly stress meeting the 0/1-law, even when strong equivalence is achieved.

1.3 Our Results

Maximal 0/1-laws for random graphs. We start by establishing the maximal depth for
which 0/1-laws hold for random graphs. For some D* = %, the following
holds: For any density p = p(N),! G(NV, p) satisfies the D*-0/1-law, whereas for a

large variety of densities, the 20D*-0/1-law is strongly violated.

Probabilistic constructions. For D* as above, we show that arbitrary k-wise inde-
pendent graphs satisfy the D*-0/1-law and are D*-equivalent to G(V,p) whenever
k > (D*)2. Thus, k-wise independent graphs provide the best possible emulation
of random graphs w.r.t. FO properties: indeed, even G(V, p) graphs cannot achieve

!"Throughout this subsection we assume that p = p(N) < % Otherwise each term p(N) concerning quantifier
depths should be replaced by min{p(N),1 — p(N)}).



2D*-equivalence to themselves (because 0/1-laws no longer hold for such depths).
Assuming that one-way functions exist, it is easy to efficiently achieve computational
indistinguishability from G(N, p) simultaneously with k-wise independence (and op-
timal equivalence). This is done by combining known constructions of pseudorandom
graphs and k-wise independent graphs.

Deterministic construction (Paley graphs). We show that for every n and p there exists
a single efficiently computable Paley graph of size N = 2°(") and edge density p’ =
p £ €, which is D(N)-equivalent to G(N, p’). Here D(N) depends on ¢; for example,

for any ¢(N) > ©(1/log(N)) we can obtain D(N) > @(log)lgog N)) For the special

case p = % the edge density is exactly p and D(N) ~ log( ) which is optimal up to a
factor of 4 + o(1). Paley graphs were already known to mamtaln quite a few qualities
of random graphs, and in particular, our techniques are a (non-trivial) generalization
of Graham and Spencer’s analysis for the directed version of Paley graphs with p = %
[17]. Our positive results regarding both probabilistic and deterministic constructions
rely on powerful sufficient conditions for 0/1-laws due to Fagin [12] and Spencer [23].

Impossibility results. While the above positive results are nearly optimal (w.r.t. strong-
equivalence), one may still desire to achieve weak equivalence to random graphs,
when D(N) is too large for D(N)-0/1-laws to hold. In this context we obtain the
following impossibility result: any efficiently constructed graphs G = {Gy} with
seed length m = m(N) are never even weakly D(NV)-equivalent to G(NN, ) for some
D(N) = ©(y/m + log(N)). Separating formulas that have not only small depth
but also small poly(m,log(N)) total length are also provided. Analogous results can
be obtained for a wide range of densities p. These results rule out the possibility of
efficiently producing graphs that simultaneously capture all poly(log(N))-depth prop-
erties of random graphs, under any reasonable notion of resemblance.

1.4 Comparing Alternative Notions of Pseudorandomness

We now compare all aforementioned notions of pseudorandomness: poly(log(N))-
wise independence, computational pseudorandomness, optimal O (/p/N )-jumbledness

and optimal FO-equivalence (strong @(l(l)c;g(ljy;)) equivalence to G(N, p)). We will also

mention (the relaxed notion of) almost k-wise independence, a.k.a. (k, €)-wise inde-

pendence. Whereas k-wise independence means that the joint distribution of any &

potential edges is identical to corresponding distribution D induced by G(N, p); then

almost k-wise independence only requires to achieve statistical distance ¢ = o(1)

from D. Interestingly, while no notion implies all the others, a single construction

can simultaneously capture all four. All of the following arguments apply to arbitrary
n“® < N < 2P and 1/poly(log(N)) < p < 1.




Computational pseudorandomness and k-wise independence are incomparable by
the following elementary facts. Any k-wise independent graphs provided using the
standard construction via polynomials of degree k, are easily distinguished from ran-
dom graphs using only k£ + 1 edge queries. On the other hand, any computable graphs
with seed length m (and in particular any computationally pseudorandom graphs) are
statistically far from all (k, ¢)-wise independent graphs whenever k& > ]%.

Next, since jumbledness, quasirandomness and FO-equivalence may hold even for
a single graph per size, they cannot guarantee neither (k, €)-wise independence nor
computational pseudorandomness. In the other direction, for random looking distribu-
tions {Gy } to achieve jumbledness (or quasirandomness) it means that as we sample a
single graph (G independently from each distribution G, than with probability 1 the
sequence {G } should be jumbled (or quasirandom).

One of the main results in [2] shows that log(/N)-wise independence guarantees
optimal jumbledness whenever p > @(%). In contrast, computational pseudo-
randomness (and almost k-wise independence) fail to imply jumbledness because
by [16, 21] whenever p > "j&) then huge cliques can be forced into the resulting
graphs while retaining computational pseudorandomness (and almost k-wise indepen-
dence). Yet, (the much weaker) quasirandomness condition is implied by computa-
tional pseudorandomness. The latter implication holds because having the ‘correct’
(pN)4(1 4 o(1)) number of labeled 4-cycles is (surprisingly) equivalent to quasir-
andomness (by Chung, Graham and Wilson [9]), and this 4-cycles condition readily
follows from computational pseudorandomness as long as p > 1/poly(n).

Next, computational pseudorandomness, optimal jumbledness and almost k-wise in-
dependence all fail to imply even depth-2 equivalence to G(N, p). Indeed, isolated
vertices can be forced into the graphs while preserving any of these random looking
criteria. In the other direction, optimal FO-equivalence does not guarantee quasir-
andomness either. For instance, one can partition the vertex set into 2 equal size
sets V1, V5, s.t. the edges connecting these sets form a random bipartite graph with
density p while the subgraphs induced by V; and by V5 are random GG (%, p(1+ A))
and G(5, p(1 — A)) graphs, respectively. These graphs are clearly not quasirandom
whenever A is constant, whereas their optimal FO-equivalence follows analogously to
Theorems 2 and 3.

Finally, we show that w <

log?(N)
‘ ‘ log”(1/p(N)) ) ™ _
equivalence. It is well known that k-wise independence can be easily strengthen to
maintain computational pseudorandomness as well - resulting in a single construction

that simultaneously meets all four criteria of random-lookingness.

>—wise independence guarantees optimal FO-



2 Preliminaries

2.1 First Order Logic on Graphs

Formally, the alphabet of FO (first-order) logic on graphs is made of:

€ LY 69 ¢

1. Infinitely many variable symbols such as ‘z’,‘y’,‘z" .

2. The binary relation symbols ‘=" and ‘EDGE’.

3. The quantifier symbols V* and ‘3, the connective symbols ‘=, \/*, ‘/\’, and
the signs ‘(" and °)’.

A FO formula is a formula written in graphs’ FO logic. A FO property is a graph
property that can be expressed by a FO formula where the variables z, y, z stand for
vertices, ‘=" stands for equality and ‘EDGE’ stands for adjacency.

The quantifier depth depth(¢) of a formula ¢ is defined inductively:

1. For atomic expressions, depth(z = y) = depth(EDGE(z,y)) = 0.
2. depth(~0) = depth((9)) = depth(0).

3. depth(6\/ ) = depth(¢ \v) = max{ depth(g), depth(1))}

4. depth(3wd) = depth(Vre) = depth(¢) + 1.

For instance, the property of being either an empty graph or containing a triangle
is a FO property that can be expressed by the following formula of quantifier depth
3:(YuVv—EDGE(u,v)) \/ (3z3y3z (EDGE(zx,y)) /\ (EDGE(z, z)) A (EDGE(y, 2)).

2.2 Asymptotics

Throughout, let some NV : N — N decide the number of vertices N = N(n) per each
n. Our results are most interesting when ned) < N < 2rol(n) byt actually, given the
dependency of the parameters p, D, k on N, then most claims hold for any N == oo

(say, when N = n and the graphs are not huge). To emphasize this fact we typically
use the notation p(N),D(N),k(N){Gn},{on}-

2.3 Distributions on Huge Graphs

Definition 1 (distributions on huge graphs) Ler ¢ : N — N be a poly(n)-bounded
length function. Distributions on huge graphs with vertex sets {Vy, }nen, Vi, € {0, 1}
are a sequence of distributions G = {Gn} = {Gn(n) }nen, Where each Gy is taken over
the set of simple, labeled undirected graphs over V.



For our probabilistic constructions the vertex sets are often V,, = {0, 1}". For our
deterministic constructions the distributions Gy are degenerate (i.e., have support of
size 1), and possibly V,, C {0, 1}4(™.

Definition 2 (efficiently constructible distributions on huge graphs) Let /¢, /(5 : N —
N be poly(n)-bounded length functions. Distributions on huge graphs G = {Gy}
with vertex sets {Vy, ynen, Vi € {0,120 are efficiently constructible if the following
holds.

o Efficient Indexing: the support of each Gy can be indexed as {Gs}se{o,l}h(”) (the
string s is the index of the graph G).

o Efficient Evaluation: there exists a deterministic polynomial-time evaluation al-
gorithm E s.t. for any index s € {0,1}2™, and for any vertex pair {u,v} € V,,
it holds that E (s, u,v) = 1 when the edge {u,v} appears in G, and E(s,u,v) =
0 otherwise.

e Identity of Distributions: the graphs-distribution induced by F(s,-,-) when s is
uniformly taken from {0, 1} is identical to Gy.

Definition 3 (K-wise independent graphs) Letp : N — (0,1), and k : N — R*.
Distributions on huge graphs G = {Gn} are (p(N), k(N))-wise independent if in Gy
every potential edge appears w.p. p(N), and the distribution of any k(N) potential
edges is mutually independent.

Computational indistinguishability. Computational indistinguishability between dis-
tributions on huge graphs is defined exactly like (standard) computational indistin-
guishability between distributions over functions, with function evaluation replaced
by graph edge queries (For more details consult [16, 21]).

2.4 New Definitions: Generalized 0/1-Laws and Equivalence

We suggest the D(N)-0/1-law as a natural generalization of the basic 0/1-law. For
the current discussion, let’s consider the specific case where G = {Gy } yeny and @ =
{én} Nen (We return to the more general case G = {Gn(n) }nen and @ = {dn(n) fnen
in the formal definition). As a naive first candidate, consider the following definition:
distributions on huge graphs G satisfy the D(NV)-0/1-law if for any sequence ¢ with
quantifier depth depth(¢n) < D(N) it holds that

lim PriGy = on] € {0,1}. (1)

However, this definition is never satisfiable: given any sequence @ satisfying condition
(1), consider the sequence W obtained from ® by negating all formulas for even NV (for



odd N formulas are kept intact). Clearly, ¥ has the same quantifier depth as ®, but
condition (1) no longer holds for W. Because of this, the definition is weakened by
requiring (instead of the above) that for each sequence satisfying depth(¢pyn) < D(N)
there should exist a similar sequence &' = {¢/\ } s.t. ¢y € {édn, 70N}, and

Jim PriGy b= op] = 1. )

Unfortunately, with this weakened definition D(N)-0/1-laws no longer imply the basic
0/1-law. For instance, if Gy is (almost surely) the empty graph for even N, and the
complete graph for odd NV, then the basic 0/1-law no longer holds although condition
(2) is satisfied. Our following final definition contains a specific condition (item 2)
solely designed to guarantee that the basic 0/1-law is implied by D(N)-0/1-laws.

Definition 4 (D(N)-0/1-law) Let G = {Gn} be distributions on huge graphs, and let
D : N — N. The D(N)-0/1-law holds for G if for any sequence of formulas ® = {¢y}
with quantifier depth depth(¢n) < D(N) the following holds:

e There exist a sequence ®' = {¢'\}, such that ¢y € {¢n, ~¢n}, and Pr[Gy =
o] 1
e For any fixed formula ¢ the limit limy_,., Pr[Gn = @] exists.

We next define equivalence between distributions on huge graphs; see Section 1.2
for motivation.

Definition 5 (Weak equivalence) Ler D : N — N, and let G* = {G/}, G* = {G%}
be distributions on huge graphs. Then G' and G? are weakly D(N )-equivalent if for
any sequence of formulas ® = {¢n} with quantifier depth depth(¢n) < D(N) it

holds that im(Pr[GY, = ¢n] — Pr[G2 = on]) =37 0.

Definition 6 (Strong equivalence) Ler D : N — N, and let Dy denote the set of
formulas with depth < D(N). Let G = {GL}, G* = {G%} be distributions on huge
graphs. Then G and G? are (strongly) D(N )-equivalent if for G\, G, independently

sampled from G, g]%,, it holds that Pr[3¢y € Dy (G}V =o A G%\/ - ¢)] N=oe
3 Extension properties and 0/1-laws

We now describe extension properties. Relying on Spencer’s variant of Fagin’s proof
for the basic 0/1-law (cf. [12, 23]), extension properties will be used for establishing
D(N)-0/1-laws and equivalence for both random and k-wise independent graphs.

Definition 7 (Extension properties)



e A single graph G achieves the t-extension property, P, if for all distinct vertices
V1, ..., vy and any bits by, ..., b, there exists an extending vertex u & {vy,...,v;}
s.t. the edge {u,v;} appears in G iff b; = 1.

e Let T : N — N. Distributions on huge graphs G = {Gn} achieve the T'(N)-

N—oo

extension property if Pr[Gy = Ppvy] — 1.

We now state the sufficiency of D(N)-extension to D(NN)-0/1-laws and to D(N)-
equivalence. Although Spencer considers only the case of a single formula (rather then
a sequence of formulas), Theorems 1 and 2 are actually implicit in [23, Sec. 2.5].

Theorem 1 Let G be distributions on huge graphs, and let D : N — N be an arbitrary
increasing function. If G achieves D(N )-extension, then G satisfies the D(N )-0/1-law.

Theorem 2 Let G' and G? be distributions on huge graphs, and let D : N — N be an

arbitrary increasing function. If both G' and G* achieve D(N )-extension, then G' and
G? are D(N)-equivalent.

This motivates studying the maximal extension 7™ achieved by random graphs.

Theorem 3 For arbitrary p : N — (0,1), let p'(N) = min{p(N),1 — p(N)}, and
let T* = %. Then there exist D1, Dy = T*(1 4+ 0(1)) s.t. G(N, p) achieves
D -extension but fails to achieve Dy-extension.

Proof. It turns out that random graphs and k-wise independent ones achieve the same
(asymptotic) maximal extension. As random graphs are in particular k-wise indepen-
dent, it suffices to prove the claim for arbitrary (k(N), p(/V))-wise independent graphs,
with sufficiently large k = k(). We assume w.Lo.g. that p(N) < 3 s0p/(N) = p(N).

Proving the upper-bound. Here we require k(N) > Dy(N). Let k = k(N),d =
D5 (N). Fix arbitrary distinct vertices vy, ..., v, and consider the extension-requirement
that the vertex u should be connected to all v;s. For any u, we have Pr{u is an extend-
ing vertex | = p?. Applying a union bound gives Pr[3 an extending vertex] < Np?
which is < 1/log(N) when d = log[N log(N)]/log(1/p) = T*(1 + o(1)).

Proving the lower-bound. Here we require k(N) > (T%)% Letp’ = p/(N), k =
k(N),r =r(N),d= Di(N) and € = ¢(NN), where

@t log?(N)

7 klog(1/p) )
r def NG

def log(N/T)
= Tog(ifp) @

10



Assume w.l.o.g. that p’ > 1/ VN (otherwise d < 2 and there is nothing to prove).

Note that r = N°W), 50 as required d = (1 — 0(1))1;;%/;) (1 —o0(1))T™.

We first upper-bound the probability that for some fixed distinct vertices vy, ..., Vg
and bits by, ..., by, the graph fails to exhibit an extending vertex u s.t. Vi, EDGE(u, v;) <
(b; = 1). We later conclude with an upper bound over all possible choices of v;s and
b;s. Let U denote the set of all vertices excluding vy, ..., vq. Consider the N —d random

variables { X, },cu, were X,, = 1 iff u is an extending vertex and X, = 0 otherwise.

Thus, no extending vertex exists iff X d:efEueUXu = (. As the edges of the graph are

k-wise independent, then the variables X,, are k-wise independent for k < |k/d].
Let u& Pr[X, = 1]. As k > d, the k-wise independence gives 1 = p°(1 —

p)®, where ¢y, ¢ resp. denote the number of 1s and the number of Os in the vector

1y ey 0d). us, > (p = r/N. Next, since >> then k= (1-o(1))7 an
(b1, ..., bg). Thus, u > (p')? /N. N ince k > d, then k = % and
k log log(N

log(N)

and then use the fact that k-wise in-

|£] = (1-01))25. Now assume w.l.o.g. that € >

log log(N)
log(N)

dependence guarantees k-wise independence whenever k > k). By this assumptlon
we get > log®(N) and k/d < log?(N), so & < p=(1-o)F — N~(1-0)3(6) —
2~ (1—o(1))4elog(N) " To minimize k in the current Theorem we apply Lemma 2 in [2]
which strengthens standard tail-bounds for k-wise independent variables. This Lemma
implies the first following < (the consequent < were justified above):

TR AL I Ve [ YR 1
Pr[X = O] < Q < |/ < | = < 2—(1—0(1))4elog(N)%'
T uN=d)| T |pN| T

. <
On the other hand, the number of possible choices of v;s and b;s is only

(N) 9d < 9N — 9(1+o(1))log(N)d
d —_

(for smaller € we have larger

k, so we prove for the k which gives ¢ =

)

so Pr[X = 0] vanishes when 4¢2> > (1 + Q(1))d. The latter holds by equations 3 and
4 and the Theorem follows. W

Remark 1 Interestingly, by Theorem 3, very sparse graphs and very dense graphs
look the same from the FO perspective. This is formally expressed by the fact that

G(N,p) and G(N,1 — p) have the same extension. For instance, depth log LelN) 1 rop-
erties can not distinguish between Q(N 0.001) and G(N, 0. 999) and depth- 213;5—%(%

properties can not tell apart G(N ) from G(N, 1 —

’ log log(N) )

Is the D(N)-extension property not only a sufficient but also a necessary condition
for D(N)-0/1-laws? While for arbitrary graph-distributions the answer is negative?,

2Consider any distribution where each graph is a union of ©(v/N) disjoint cliques all of sizes ©(v/N). Clearly,
these graphs fail to exhibit even 2-extensions, yet, they can be shown to retain © (v/N)-0/1-laws.
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we now show that for G(/V, p) graphs the maximal extension and the maximal depth
of 0/1-laws are roughly the same.

Theorem 4 Letp : N — (0,1) satisfy 27°V106WN) < p(N) < 1 — 27°V106(N)) Thep
there exists q(N) = (1 £ 0(1))p(N), s.t. G(N, q(N)) defies the 2D*-0/1-law for some

D* = % where ¢'(N') = min{q(N),1 - q(N)}.

Remark 2 The 0/1-law is defied here by formulas of the simplest possible form: while

the strength of FO language is known to stem from alternating between existential and
universal quantifiers, we use separating formulas with only existential quantification.

Proof. Assume w.l.o.g. p(IV) < 1/2. The claim will follow by presenting ¢(N) as

above and a sequence of FO formulas ® = {¢x } with depth(dn) = % s.t.

1/4 < Pr[G(N,q(N)) = ¢n] < 3/4. To make our example more convincing we even
guarantee that there is no limit to {Pr[G(N, ¢(N)) | on]}-

Our formulas ¢y state the existence of cliques of size ~ 2log(IV)

log(1/p(N))

(for p > %, ¢n would state the existence of independent sets of that size). By Bol-

lobas and Erdos[7], there exists S* = S*(N,p(N)) = % s.t. the maximal

clique size of G(V, p) is almost surely either S* or S* + 1. In particular, for ¢y =
Fur..vss A\ ((vi # v;) \ EDGE(v;, v;)), we have Pr[G(N, p) = ¢n] =1 — o(1).
Fix sufficiently large N s.t. Pr[G(N, p) = ¢n] > 3/4, and let

in the graph

def

L(r) = PrG(N,r) =] = ZamePr{G(N,r) |= ¢
= Vaper@(1—r)(3) O,

Here e(() denotes the number of edges in G. Let p = p(N), g = q¢(N), ¢ = ¢'(N),
w = u(N)and ¢ = ¢y. Clearly, I'(-) is continuous in 7, and ¢y is a monotone
property>. Thus, for any choice of 1/4 < p < 3/4 there exists (a unique) ¢ < p s.t.
Pr[G(N, q) = ¢n] = . Thus, G(N, ¢(N)) defies the orois-0/1-law. In particular,
we can choose p s.t. {4(N)} has no limit.

Define 6 = 0(N) by ¢ = p(1 — 6). It suffices to prove that 6 = o(1) and that
1/log(1/p) = (1 £ 0(1))/log(1/q’). Intuitively, the argument for bounding ¢ relies
on the remarkable concentration of the clique-number on either S* or S* + 1: if we
assume towards contradiction that ¢ is constant, then S*(1V, ¢) is smaller by a constant
multiplicative factor from S*(V, p). On the other hand, the maximal clique size of a
G(N, q) graph is almost surely S*(N, ¢) +1 < S*(N, p), which contradict the fact that

PrG(N.q) = ¢] = 1/4.

*Namely, if G |= ¢ and G’ is obtained by adding edges to G, then G’ |= ¢ as well.
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Formally, let Eg v, denote the expected number of S-cliques in G(N, ). Let S* =
S*(N,p). By [T] Eg« n, = N®W 50 Markov’s inequality gives the second < in the
following

1/4 < p=Pr(G(N, q) = ¢] < Eg- g
_ (g) ) = (g) A —s))

S*
2

= Eg- (1 —5)(%) < NOW =065
log(N) 2
_ Ne<1>6_®<5(log<;>> >
2
This implies that ©(log(N)) > § (11‘;?(7))) s00 <O <

tion that | = 20(V15()) then § < 1. Finallyas 0 < 6 < L weget {5 =1+ & <
1426 < e, Consequently, the entire claim follows since

tog (3)°

log(N)

) and by our assump-

log L log £ + log 20
gq _ gp glfég +10L:1+@(—
log(1/p) log(1/p) log(1/p) log(1/p)

Combining Theorems 1, 3, and 4 establishes the maximal depth of random graphs’
0/1-law.

>:1+0(1) |

Theorem 5 Givenp: N — (0, 1), let p’ = min{p, 1 —p}, and let D* = log((/ )) Then
there exist D1, Dy = (1 +0(1))D* s.t. :

1. For any density p, the D1-0/1-law holds for G(N,p) .
2. For infinitely many densities p, the 2D4-0/1-law fails to hold for G(N, p).

4 Random Looking Distributions with Optimal Equivalence

In light of Theorem 5, our aim is to efficiently construct graphs that satisfy O( log(V) )-

log(1/p)
0/1-laws and are @(;}‘;g(l];];) )-equivalent to G(V, p). This aim is met by arbitrary w (%) -

wise independent graphs, due to the fact that these graphs achieve optimal extensions.

Theorem 6 Given p : N — (0,1), let p'(N) = min{p(N),1 — p(N)}. Then for
some D(N) = (1-o(1 ))lgz%/p , and for any k(N) = w (J;%éj\;),)), it holds that all
(p(N), k(N))-wise independent graphs satisfy the D(N)-0/1-law and are D(N )-equivalent

to G(N,p) graphs.
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Proof. Theorem 6 is precisely the lower-bound part of the proof of Theorem 3. W

Recall that for arbitrary p(/N), one can construct (as in [16, 21]), poly(log(N))-
wise independent graphs that are also computationally pseudorandom w.r.t. G(NV, p) .
Combining this with Theorem 6 one can show the following.

Theorem 7 Let ¢ > 0,p : N — (0,1), p’ = min{p, 1 — p}. Then there exists an
explicit efficient construction of distributions on huge graphs G that for some D(N) =

(1— 0(1))% and some p(N) s.t. |p(N) — p(N)| < N3 are:

1. (p(N),log®(N))-wise independent.
2. Satisfy the D(N)-0/1-law and are D(N )-equivalent to G(N,p) .

3. Computationally indistinguishable from G(N, p) if one-way functions exist.

5 A Single Graph Equivalent to Random Graphs

In this section we present a single huge graph (per each order V) that is efficiently con-
structible and resembles G(V, p): the sequence achieves high equivalence to G(N, p)
and has edge density p £+ €. The construction is based on Paley graphs, which are
known to preserve a variety of properties of random graphs (cf. [4]). Our argument
non-trivially generalizes Graham and Spencers’ analysis for (directed) Paley graphs
with density p = 1/2, into (undirected) Paley graphs with various possible densities
p = p(N). To stress the efficiency of our generalized construction we use indexing
by n rather than by N (we write p(n), D(n) instead of p(N), D(N)). We employ the
following generalized definition:

Definition 8 (Paley graph) Let F be a finite field of size N, let M & N such that
2M | (N — 1), and let p € {ﬁ,%,,%} Let Z C {aEF:ale} with
|Z| = pM. Then the Paley graph G 1z = (F, Ex pmp.z) is given by

Erarpz = {{u,v} : wo € F, (u—0) ¥V e 7} (5)

It is readily verified that every node has exactly p(/N — 1) neighbors, and that the
graph is undirected since the exponent in (5) is even.

The rest of this section is structured as follows. First, as a technical aid we define
sets of linear equalities that contain certificates to “x # 0 (mod M )”, and observe that
for certain M these sets can be small. Then, we show that the D(n)-FO properties of
a Paley graph Gz 51, 7 are related to the size of the smallest such certifying set for
M. Next, we show that for appropriate parameters we can efficiently compute edge
queries in G'r »r,, 7. Finally, we describe two concrete sequences of Paley graphs, and
invoke the aforementioned lemmas to derive their efficient computability and D(n)-
FO properties.

14



Definition 9 (nonzero-certifying set) A set C' C N x Z is nonzero-certifying modulo
M if Z(W)ecy < M and for all x € 7Z:

r#0 (mod M) iff  3Iy,z)eC: yjx=z (modM) (6)

-----

modulo M. Smaller sets can be obtained by the following:
Lemma 1 Let M = ¢{'q5* - - - ¢ for distinct primes q; and e; € N. Then there exists
a set C' which is nonzero-certifying modulo M and |C| =" e;(q: — 1).

Proof sketch. Denote 7, = []},_,,, ¢;", and set C' = {(mq} , m(M/q;)r)},;, where
te{l,....s},ie{0,...,e,—1},re{l,...,qs—1}. Then |C| =37 e —1) <
> i1 (lgg*)(B—1) = (B—1)lg M, and itis readily verified that 3, ..oy = M —1.
To show that (6) indeed holds, show that it holds modulo each ¢;* by considering the
q;-ary representation of z mod ¢;*; then apply the Chinese Remainder Theorem.* W

The next lemma shows that Paley graphs satisfy D(n)-0/1-laws with D(n) that
is related to the size of nonzero-certifying sets. The analysis follows Graham and
Spencer’s proof of the connection between similar Paley graphs (restricted to M = 2)
and tournament problems [17][5]. Recall that for a finite field F, a character xy : F —
C of order M is a multiplicative homomorphism from F* onto the M -th roots of unity,
extended with x(0) = 0; such x exist whenever M | (N — 1). We will invoke Weil’s
theorem:

Theorem 8 (Weil) Let F be a finite field, let N = |F|, and let x be a character of
order M. Let f(x) € Flz]| be a monic polynomial that is not an M-th root of any
polynomial in F|x). Then:

D x(f(w)] < (deg F = 1)VN

ueF

Lemma2 Let G = {Gr oy 2z}, be a sequence of Paley graphs with F = F(n),
M = M(n), p=p(n), Z = Z(n), N = |F(n)| such that N > M“D. Let { = {(n),
and suppose that for every n there exist a set of size { which is nonzero-certifying
modulo M. Then G satisfies the D(n)-0/1-law for D(n) = %(170(1)).

Proof. By Theorem 11, it suffices to show that Gz 5/, satisfies the D(n)-extension
law. Denote d = D(n), ¢ = {(n). Let C' = {(y;, zj)}ﬁzl be nonzero-certifying
modulo M , and let y : F — C be a character of order M.

“Essentially, we are forming a system of linear equations which expresses a special case of the additive analogue
of the Pohlig-Hellman-Silver algorithm [22].
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Let vq,...,v4 € F be arbitrary vertices, and let by, ... by € {0,1}. We wish to
show that there exists an extending vertex u € F \ {vy ..., v4} such that {u,v;} €
Ernpziff b = 1foralli = 1,...,d. Letwy,...,wg € F be chosen arbitrarily
subject to w!™ V'™ € Ziff b; = 1, fori = 1,...d. Then by definition of Ex 1, 7, it
suffices to show that there exists a vertex u ¢ {v; ..., vy} such that (u—uv;) N"D/M =
wEN_l)/ M for all 7. This further reduces to y(u — v;) = x(w;), since in this case
wi = (u—v;)/w; is in Ker, = x (1) so the order of y; divides |Ker, | = (N —1)/M,
whence (u — v;)(N"D/M oy NTDM ) (NZU/ME_

It thus suffices to show that there exists u € F such that X(u —v;) = x(w;) for all
1. Let a be a generator of 7™, and denote:

d ¢ Yj
h(u) = [[hi(w)  where  hy(u) =] (1 - M) i=1,...,d)

=1 j=1 X(w;% OCZ])

Note that h;(u) = 0 iff there exists j € {1,...,£} such that x(u — v;)¥ /x(w}’ a%) =
1. Since x(«) is a generator of the multiplicative group of M-th roots of unity in C,
which has order M, for u # v; we can take discrete logs to base x(«). Then:

hi(u) =0 ifft  Jje{l,.... 0} y;loga ((u—v)/w;) =2z (mod M)

Since C,, is nonzero-certifying modulo M, by considering = = log, () ((u — v;)/w;)
we get that h;(u) = 0iff x =0 (mod M), i.e.,iff x(u—wv;) # x(w;). Our task is thus
reduced to showing the existence of an “extending vertex” u € F \ {vy,...,v4} such
that h(u) # 0.

Denote S = ) . h(u). By the triangle inequality:

|S|<Zh #OHH(H' “_Z)Z) < 3o = @ty Y o

=1 j=1 ueF u€F\{vy,...,vq}

h(u)70 h(u)#0
(7
Thus, if | S| > d2% then there exists an extending vertex. To lower bound |5/, we first
expand the product over i and j. Denote Z = {1,...,d} x {1,...¢}. Then:

s - S —“‘”;Z;) - LY I M

ueF i=1 j=1 uceF ICT ( 1])e[

= ZZPI H X(u — v;) where FP; = H _+]

w;” %
weF ICT (ig)el (i)l x(w;”a®)
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By separating the case I = () and, changing order of summation and using the multi-
plicativity of x, we then obtain:

S = N+Y P Y x(fi(w)  where fr(u)= [ (u—uv)¥
ICT ueF (3,9)el
10
For all I C Z with I # 0, f;(u) has at least one root v; and the multiplicity of any
root v; is at most Z§=1 y; < M by Definition 9, so f;(u) is not an M-th power of any
polynomial in Flu]. Also, deg f; < d(M — 1). Invoking Weil’s theorem, we obtain
for all such I:

Yo x(fi(w)| < (dM -1) = 1) VN

ueF

Then by the triangle inequality,

S|=N=-)"P, >N —2¥%4(M —1)VN

ICT

170

S (i)

ueF

By (7), there remains to show that 2%d > N — 2%d(M — 1)\/N . Indeed:
<N —2dg(M — 1)\/N> —9dg > VN (W - 2‘”dM>

and the latter is greater than O when Ig N > 2(dl +1lgd +1g M), i.e., when d >

lgN—2lgM  lgN—21gN/w(l) _ IgN
g(2+o(1)g)e T S o). MW
Remark 3 Since the choice w, . .., wy € F inthe above proof was arbitrary, we have

actually shown a stronger result: for the same parameters as in Lemma 2, there exists
an edge labeling L : F x F — {1,..., M} of the full graph of size N, such that for
any d vertices vy, . .., vq and labels ay, . . . aq there exists a vertexu € F\{vy,...,vq4}
such that L(u,v;) = a; foralli=1,....,d. 1

Recall that M € N is called B-smooth if no prime divisor of M is larger than B.

Corollary 1 Let G = {Grp 2}, be a sequence of Paley graphs with F = F(n),
M = M(n), p = p(n), Z = Z(n), N = |F(n)| such that N > M*“Y) and M is
B-smooth for B = B(n). Then G satisfies the D(n)-0/1-law for

D(TL) = %(170(1))
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Proof. Let M = ¢i'q5*--- g for distinct primes ¢; < B and ¢; € N. Then by
Lemma 1, there exists a set C' which is nonzero-certifying modulo M and ¢(n) =
ICl =5 qelg—1) <> (Igg*)(B—1) = (B—1)lg M. The claim follows by
Lemma?2. W

We now address the issue of efficient computability. The following lemma shows
that there are sequences of Paley graphs in which edge queries can be computed effi-
ciently, under constraints which will be addressed by the concrete sequences described
later.

Lemma 3 There exists a deterministic algorithm A which, for any F, N, M and p
as in Definition 8, evaluates edge queries in a Paley graph G r ar,, 7 in the following
sense: given an oracle Ox which computes the basic operations in F, and given
an element g € F of order M in F*, there exists Z as in Definition 8 such that
ACF (N, M,p, g,u,v) = 1iff (u,v) € Exrrpz Moreover, if M is B-smooth then A
runs in time poly(log N, B).

Proof. Note that (9) = {a € F:a™ =1}, andset Z = {a € (g) : log,a < pM}.
For u # v, to test whether a = (u — v)V="Y/M fulfills a € Z, it suffices to com-
pute discrete logarithms in the group (g), whose order is B-smooth. This can be done
deterministically in time poly(log N, B, |Cx|) using the Pohlig-Hellman-Silver algo-
rithm [22]. W

We can now proceed to describe two specific efficiently computable huge graphs
based on sequences of Paley graphs. As we have seen, it suffices to find a deterministi-
cally computable sequence of pairs (N, M) such that NV is a prime power, 2M |(N —1),
M 1is highly smooth, and we can deterministically find an efficient representation of the
finite field 7/ = GF(/N) and an element g € F* of order M. Moreover, we wish the
sequence to be dense: for every n € N there should be (N, M) fulfilling M = 29,

Recall the following results about finite fields, from [24] and [25].

Theorem 9 (Shoup) (a) Let q be prime and m € N. Then there exists a deterministic
algorithm that computes an irreducible polynomial 1(X) of degree m in GF(q)[X]
in time poly(q,m). (b) Let 1(X) be any an irreducible polynomial of degree m in
GF(q)[X], and let F = GF(q)[X]/(I(X)). There exists a deterministic algorithm
which, given 1(X), runs in time poly(q, m) and outputs a set of elements in F which
contains at least one generator of F*.

The following is an explicit construction which approximates any desired edge
density p(n) up to an additive term of e(n) < ©(1/n), and achieves D(n) which is
optimal up to a constant. Here, we choose N and M using Euler’s theorem.

Theorem 10 Let p = p(n) € (0,1) and let € = €(n) > co/n for a certain constant
co > 0. Then there exists a deterministically efficiently computable huge graph G =
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{gn}n which satisfies the D(n)-0/1-law for D(n) = 210g(1/6)( —o(1)), and g, has size

2°) and edge density p'(n) such that |p'(n) — p(n)| < e(n).

Proof. Set ¢y = 2lg3. Let N = 3" where n/ = 2" and & = [lg(n/1g3)]. Let
M = 2/1e1/91 Note that 2" < N < 22", and that M < 2's(1/+1 < 2ls(n/2lgd)+1 —
2l8(n/183) </ so M | n'. Since 3 is relatively prime to 2n’, Euler’s theorem yields
392") = 1 (mod 2n’), where ¢(2n') = n’. Hence 2M | (N — 1). We have ¢/2 <
1 <€, and can choose p'(n) € {7, &, ..., =1} such that [p/(n) — p(n)| < 57 < e

By Theorem 9(a), we can deterministically compute an irreducible polynomial of
degree n’ in GF(3)[X] in time poly(n') = poly(n), and can thus efficiently calculate
in the field 7 = GF(3").> To deterministically find an element of order M in time
poly(n), run the algorithm of Theorem 9(b) and, for each output element /3, directly
test whether v = S(V=1/5 has order M by computing the first M powers of . Note
that when [3 generates 7™, -y indeed has order M.

By the above and Lemma 3 there exists a set Z such that G'z 5/, 7 is a Paley graph
whose edge queries can be computed deterministically in time poly(log N) = poly(n).
Then G = {Gr(m) ) (), Z(")}n is a deterministically efficiently computable huge
graph with density p’ = p & €. Since M is 2-smooth, by Corollary 1 G satisfies the
D(n)-0/1-law for D(n) = 8- (1-0(1)) > m(l—o(l)). [ |

21g M
The above allows only e(n) > ©(1/n), which means we cannot meaningfully

approximate graphs with density p < 1/n. To enable better approximation e, and
also to obtain N closer to 2" (albeit at some cost in the extension D(n)), we will
replace Euler’s totient function ¢(-) with Carmichael’s function A(-), which likewise
satisfies that b*() = 1 (mod a) for any relatively prime a, b € N. The benefit is that
A(a) occasionally assumes much smaller values than p(a) (cf. [11]). For square-free
a € N, Ma) = lem{g—1: gprime, g |a}. Forb € N, let n(b) = [, prime, q—1p -
Note that A(r(b)) = b. Then by [3]:

Theorem 11 (Pomerance, Odlyzko) There exists a constant c; > 0 such that for all
sufficiently large A, there exists b < (In A)erinlnlnd gz p(p) > A

Theorem 12 Let p = p(n) € (0,1) and let ¢ > 272" for a constant c5 > 0.
Then there exists a deterministically efficiently computable huge graph G = {g,}»
which satisfies the D(n)-0/1-law for D(n) = n/log(1/e)®Uoslosloe(l/9) and g, has
size 2"1H°W) and edge density p'(n) such that |p'(n) — p(n)| < €(n).

Proof. We first find appropriate N, M. Let B = (In(6/¢))ct!"n(6/9 Then by The-
orem 11, for sufficiently large n there exists b < B such that n(b) > 6/e. We can
deterministically find such b by exhaustive search in time poly(B) < poly(n). Fix any
¢y larger than ¢y. It is readily verified that log(6/€)* ™" < n/v/Inn for sufficiently

® Alternatively replace 5 with 3, and by [13], X 2" _ 925 irreducible in GF (3)[X].
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large n, and since n > In(6/¢) we get B < n/y/Ign and thus b < n/vInn = o(n).
Let n/ be the smallest multiple of b that is larger than n, and let N = 3". Then
om < N < 2n(1+o(1))‘

Let M = Hprime aln(b), ¢>x 4 Where £ is the largest such that M > 1 /€. Note that
M | n(b)and 2 | n(b) but 2 1+ M, so 2M | n(b), and and from the definition of A we get
A2M) | X(n(b)) = b. Thus A\(2M) | n/, and since 3 1 M we get 3** =1 (mod 2M),
i.e., 2M|(N — 1). Also note that all prime factors of M are at most b + 1, so M is
(B + 1)-smooth and M < (B + 1)/e = (1/€)'™Y. Since 17 < € we can choose
p(n)e{L, 2, . ... X1  suchthat [p'(n) — p(n)| < L <e.

Conclude as in Theorem 10, with two differences. First, to test whether v =
BIN=D/M i of order M, use the fact that M is (B + 1)-smooth and square-free: by the
Chinese Remainder, ~ has order M iff v5/7 = 1 (and thus +/¢ has order ¢) for every
prime ¢ | M, and this can be checked in time poly(Blg M) = poly(n). Second, M is

(B + 1)-smooth so we get D(n) = g5i3;(1-0(1) = n/B M. W

6 The Limits of Efficiently Computable Families

We now argue that no efficiently computable family of graphs can achieve even weak
D(N)-equivalence to G(N, 1) once D(N) is an arbitrary polynomial in n.. In fact, any
computable graph-distributions that are efficient in their randomness complexity (but
may still use, say, exponential running time) are distinguished from random graphs.
These results can be generalized to a wide range of densities p.

Theorem 13 Let G be a computable distribution on huge graphs with seed length
0 < m(N) < L(}). Then G is not even weakly D(N)-equivalent to G(N, %) for some
D(N) =0(y/m(N) + log(N)).

Remark 4 One can insist on providing separating formulas of small poly(m,log(N))
total length (instead of requiring only small quantifier depth). Then the same proof
provides the desired formulas (at the expanse of polynomially increasing the depth).

Remark 5 Efficiently computable graphs are in fact separated by the simplest form
of formulas: whereas the strength of FO language is known to rely on alternating
between existential and universal quantifiers, our minimal-depth separating formulas
use only universal quantification. Similarly, our poly(m,log(N))-length separating
formulas use only a single alternation (from universal to existential quantification).

Remark 6 To separate deterministic constructions from G(N, %), Theorems 13 and 4
provide (entirely different) separating formulas of depth 2D* = (2+0(1)) log(N). The
precise 2 + o(1) term arises in Theorem 13, because the proof actually only requires
to solve () > rlog(N) 4+ w(1). For Theorem 4, the above holds simply because 0/1-
laws no longer hold at depth 2D*, and consequently, even weak-equivalence cannot
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be achieved by a single graph. In particular, note that Paley graphs are strongly sepa-
rated from G (N, %) by depth 2D* formulas, although they meet the strongest possible
criteria of resemblance w.r.t. depth %D* properties.

Proof. We provide a separating condition that holds for G, but rarely holds for G(V, p),
and then translate this condition into FO formulas. Eventually the separating condition
will stem from the succinct representation of efficiently computable graphs that is un-
characteristic for random graphs.

First attempt. Fix N and let m = m(N). Let E be the evaluating algorithm of
G. The most natural separating condition is simply being in the support of G, which
is stated by “there exists a seed s € {0, 1} s.t. Vu, v, it holds that E(s,u,v) = 1 iff
EDGE(u,v)”. To translate this into FO language (were there are no algorithms), we
use the Cook-Levin reduction from Turing machines to Boolean formulas. Thus, the
term “F(-)” is replaced by some formula “y(-)” that satisfies x(s,u,v) = F(s,u,v)
for all inputs s, u, v of appropriate length.

Unfortunately, the terms “x(s,u,v)” and “E(s,u,v)” refer to some specific la-
beling of u, v as strings in {0, 1}°¢™) while the “Vu,v” term stands for arbitrary
unlabeled vertices. The problem is not syntactic since one can encode any 0-bit as
a FO expression that evaluates to FALSE, and any 1-bit as an expression that evalu-
ates to TRUE. Instead, the problem is semantic: algorithms always have log(/V)-bits
names for vertices, and changing these names may entirely switch the output of the
computation. In contrast, in FO language vertices are nameless, so all statements are
closed under graph-isomorphism. This inherent difference rules out the possibility of
expressing (in FO language) statements like “the j’th bit of vertex v is 0”. Conse-
quently, one cannot impose any semantic connection between the vertices in the term
“E(s,u,v)” and the vertices in the term “Vu, v”, so the first attempt fails.

Second attempt. To bypass this, one might seek a separating condition that is
closed under graph-isomorphism. The most natural condition would be being isomor-
phic (instead of identical) to some graph in the support of G. This condition could
be shown to fail as well, but it takes us a long way towards our final (though perhaps
less natural) separating condition: Every “small” subgraph is isomorphic to some sub-
graph of some graph in the support of G. The latter is formally stated as follows, where
r = r(INV) is specified later:

Conndition 1 Every subgraph on r vertices vy, ..., v, is isomorphic to some subgraph
of a graph that is evaluated by x using some seed s € {0,1}™.

We first translate Condition 1 into the expression 1 where u;, Wi denote the
bits of a vertex u; € {0,1}°¢™) and s;...s,, denote the bits of the seed s € {0, 1}™.
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Uy = Vuy,09... 0, Fug, , Uy dsi...8m

ce ullog(N)’ ce 1"'uTlog(N)

/\ EDGE (i, V;) € X(S1+-Sms Wiy Wiy iy WUy ) -

i#]
We next translate ¢,y into FO language. As before x(-) is not in FO language where
there are vertices but no bit-strings. Syntactically, this is solved by encoding each bit b,

by an expression Enc(b;) = EDGE(Z;, T}). Thus, to encode the seed and the r vertices,
exactly ¢ = m + rlog (V) vertex pairs 7;, 7} are needed, so ¢y is re-formulated as:

Q~

=Y ... 0, 3T, .. T
wN 1 q

/\ EDGE(v;, v;) < x(Enc(s), Enc(v;), Enc(v;)).
i#]

We stress that there is no way of expressing (in FO language) the validity of the
encoding, namely, the requirement that indeed EDGE(Z;, 7) = b;. Yet, these encod-
ings will (almost) preserve the meaning of Condition 1, because we never require a
specific encoding to be valid. Instead, we only require the existence of some valid en-
coding, and clearly, as long as the graph is neither empty nor complete, then for each
bit b; a pair of valid encoding vertices Z;, 7 exists. Thus, we define our (almost) final
separating formula ¢ by ¢ = ¥, \/ 7, where  is a fixed formula which states that
the graph is either complete or empty.

These ¢ indeed separate Gy from G(N, 3). First, note that Pr(Gy = ¢n] = 1
because for any (single) graph G in the support of Gy, if the graph is either complete
or empty we are done. Otherwise, each vertex in GG has a valid encoding. Since all the
encodings in ¢y, are valid, then ¢y, has the same meaning as Condition 1 so G |= ¢}

On the other hand, G(V, %) is complete or empty with only vanishing probability.
Hence it suffices to show that wh.p. G(N,1) £ ). Indeed, assume for a fixed
graph G, that G = ¢),. This implies that for any subgraph on r vertices GG, of G the
following holds: there exist strings 5 € {0,1}™, and v; € {0,1}'°¢W) 5 =1, .. rs.t.
when the evaluator E is given all (}) inputs in lexicographic order, then E(5,v;, U;)
is exactly the adjacency string of GG,.. In particular this implies that GG, has small
Kolmogorov complexity KC(G,) < m + rlog(N) + ©(1). Since an r-subgraph of
a random graph hardly ever has KC(G,) < (}) — w(1), then ¢y rarely holds when

2
m+rlog(N) < (5) —w(1), which holds for, say, r = max{2y/m + 1;4log(N) + 2}.
(here the upper-bound on m is used to guarantee that » < N so r is indeed a valid
size of a sub-graph). Thus for some = ©(y/m + log(N)) our ¢ are separating, as
desired.

At this stage, by the efficiency of the Cook-Levin reduction, not only the depth

but also the entire length of ¢, is polynomial in the running time of the evaluator £
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on graphs with log(/N)-bit vertices. Finally, to minimize the quantifier depth of the
separating formulas (at the expanse of exponential blow-up in the length), we replace
the 37,7 .. . 7,7, term by a single disjunction (a single \/) over all 2 possible strings
(ug, .- Uy e U Uy and s...5,,) and then we ‘hard-wire’ these strings
into the x(-) term. To hard-wire a specific string we encode each 0-bit by “v; # v,”,
and encode each 1-bit by “vy = v;”. This results in a separating formula of depth
r = O(y/m + log(N)). The claim follows. H
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