LEVEL SET METHODS AND THEIR APPLICATIONS IN IMA GE
SCIENCE

RICHARD TSAI AND STANLEY OSHER

In this article, we discussthe question"What Level Set Methodscan do for
imagescience". We examinethe scopeof thesetechniquesn imagescience,n
particularin imagesegmentationandintroducesomerelevantlevel settechniques
thatare potentiallyusefulfor this classof applications.We will shav thatimage
sciencedemandsnulti-disciplinaryknowledgeand e xible but still robust meth-
ods. Thatis why the Level Set Method hasbecomea thriving techniquein this
eld.

We bggin by reviewing sometypical PDE basedapplicationgn imageprocess-
ing. In typical PDEmethodsjmagesareassumedo be continuoudunctionssam-
pledonagrid. We will shawv thatthesemethodsall shareacommonfeature which
is the emphasion processinghelevel lines of the underlyingimage. Theimpor
tanceof level lineshasbeenknown for sometime. Seee.g.,[2]. Thisfeatureplaces
ourslightly generalde nition of thelevel setmethodfor imagesciencan context.
In sectiontwo, we describehebuilding blocksof atypical level setmethodin the
continuumsetting. Eachimportanttaskthat oneneedso do is formulatedasthe
solutionto certainPDEs.Then,in sectionthree we quickly describehe nite dif-
ferencemethodsdevelopedto constructapproximatesolutionsto thesePDEs. In
sectionfour, we describedhe Chan-\ésesegmentatioralgorithmandtwo new fast
implementatioomethods Finally, in section ve,wedescribesomenew techniques
developedin thelevel setcommunityasour prospectusor thefuture.

1. LEVEL SET METHODS AND IMAGE SCIENCE

Thelevel setmethodfor capturingmoving frontswasintroducedoy Osherand
Sethian72] in 1987.(Two earlierconferencgapersvhich containedsomeof the
key ideas,have recentlycometo light [28],[29]). Overtheyears,the methodhas
provento be a robust numericaldevice for this purposen a diversecollectionof
problems.Onesetof problemdiesin the eld of imagescienceln thisarticle,we
will emphasizenot only whathasbeendonein imagescienceusinglevel settech-
nigues but alsoin otherareaof sciencesn whichthelevel setmethodsareapplied
successfully— theideais to point out therelatedformulationsandsolutionmeth-
odsto the imagesciencecommunities. Thesecommunitiesincludeimage/video
processingcomputervision, andgraphics,Thesearediverse with specialtiesuch
asmedicalimagingandHollywoodtype specialeffects.

Let us begin with a quick examinationof what constitutesa classicallevel set
method:animplicit datarepresentationf a hypersuriice(codimensioril object),
asetof PDEsthatgovernhow thesurfacemoves,andthecorrespondingiumerical
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methoddor implementinghisoncomputersin fact,atypicalapplicationinimage
sciencanayvery well needall thesefeaturesWe will illustratethis pointby some
classicabhpplications.

Theterm“imagescience’(or “imaging science”)is usedhereto denotea wide
rangeof problemsrelatedto digital images. It is generallyreferredto problems
relatedto imageprocessingcomputemgraphicsandcomputetvision. Thetype of
mathematicatechniquesnvolved rangefrom discretemath,linearalgebrastatis-
tics, approximatiortheory to partial differentialequationsguasi-comexity analy-
sisrelatedto solvinginverseproblems,andeven algebraicgeometry Therole of
alevel setmethodfor imageprocessingftenrelateso PDEtechniquesnvolving
oneor moreof thefollowing features0) regardinganimageasafunctionsampled
onagivengrid with thegrid valuescorrespondingo the pixel intensityin suitable
color space 1) regularizationof the solutions,2) representindpoundariesand3)
the numericsdevelopedfor the level setmethods.Particularlyin light of 2), it is
not hardto seekanapplicationof thelevel setmethodfor sgmentation.Thereare,
however, efforts which combinedifferentdisciplinesmentionedabove togetherto
accomplishspecialtasks. For example,Mark Green[47] useda new statistical
approachogethemwith Total Variation(TV) denoising[80], andYvesMeyer [62]
analyzedunction/imageepresentatiofrom a decompositiorthatis motivatedby
the TV denoisingof [80]. We will seesoonthatTV denoisings closelyrelatedto
solvinganinverseproblem.

In alatersectionwe will examinesomeessentiafundamental®f the level set
methodologyWe referthereaderto the original paper{72] andthe new book|[68]
for detailedexpositionof the level setmethod.Also, thereis a setof presentation
slidesavailablefrom the rst authors homepagé.

We write atypical PDE methodas

Lu= IRy
or
u+ Lu=IRuy
wherelL is someoperatorappliedto the givenimage,andR denoteghe regular
ization operator Typically, an image modelis obtainedby devising an enegy
functionalE(u) andsolvingfor a minimizer The Mumford-Shahmultiscalesey-
mentatiormodelis de ned thisway[63], asis TV denoisingwhich canbewrriten
as: 1 7 7
minimumE(y) = 5 (u ug)?dx+ 1 jNujdx;

whereuy is the given noisyimage. In this setup, Lu will bethe EulerLagrange
equationsubjectto the associatedhaturalboundaryconditionswhich is just u
Up) hereandR= N J—mﬁ the cunature of the level curve at eachpoint in this
application.WhenL is notinvertible, or whencertainregularity in theimageu is
required,a regularizationtermwill be added.For example,in the TV deblurring

http://mwwmath.princeton.edu/~ytsai
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of [79],
Lu= K (Ku up);

whereK is acompacintegral operator, ug is thegivenimage,andtherestoredm-
ageis thelimit u(t) ast ! ¥:In usualversionof Total Variationbasedmethods,
theregularizationis de ned as

~ Nu
(1.1) Ru= N iR
thisis theEulerLagrangederivative of the TV termasremarledabore. We remark
thatin mary imageapplicationstheunregularizedenegy functionalis noncowex,
andits globalminimizercorrespondso thetrivial solution.Only somelocal mini-
mizeris needed.

The effects of (1.1) in noiseremaoval can be explained as follows: the level
cunesin theneighborhoodsf noiseontheimagehave high cunatures.Thelevel
curwesof theviscositysolutionto

~ Nu .o .

w= N iR INuj
shrink with the speedof the meancurvature and eventually disappear Conse-
qguently the level curveswith very high curvatures(noise)disappeamuchfaster
thanthosewith relatively lower curvatures,(this wasthe approachakenin [61]).
If thejNuj termis dropped(asit usuallyis) the velocity is alsoinverselyin pro-
portionalto the gradient. This meansrelatvely at edgesdo not disappear The
analysisof motion by curvature and other geometricmotionsare all important
consequencesf viscositysolutiontheory originally devisedfor Hamilton-Jacobi
Equationsrelatedto evolution pastthe singularitiesjncludingthe pinching-of of
level curves. See[20][26], [38, 39, 40, 42].

In the developmentof this type of method,one often qualitatively studiesthe
solutionsof the governing PDEsby investigatingwhat action occurson eachof
the level setsof a given image. In the TV regularizationof [61] for example,
RuUx) actuallydenotegshe meancurvatureof thelevel setof u passinghroughx:
Reference§l4][20][38], for example, providedanalysisfor thistype of PDEs.

Anotherinterestingcategyory of applicationss datainterpolation.In the prob-
lem of inpainting, seee.g. [5] andFigure 1.1, the challengeis to repairimages
with regions of missinginformation. The algorithmsare developedwith strong
motivation on connectinghelevel curvesover the“inpainting domain”in an“ap-
propriateway”. In aratherorthogonalway, the AMLE (Absolutely Minimizing
Lipschitz Extension)algorithm,seee.g. [13], assumes given setof level curves
of animage,and lls in theregionsin betweerthe givenlevel curveswhile trying
to minimizethevariationof the new datagenerated.

In mary applicationsuchasimagesggmentatioror renderingjevel setmethods
areusedto de ne the objectsof interest.For example,a level setfunctionis used
to singleout desiredobjectssuchastheland massof Europe[18]. Thelandmass
is de ned to be the connectedegion wherethe level setfunctionis of onesign
(seeFigure 1.2). Therearemary successfublgorithms. Examplesare[17][75].
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FIGURE 1.1. Image obtained from
http://mountains. ece.umn. edu/~g uil le /in pai nti ng.ht m

In a different,but related,contet, Zhaoet al usesa level setfunctionto interpret
unoganizeddatasets[108],[105].

Many of the abore methodsrely on the variationallevel setcalculussimilar to
that of [107] to formulatethe enegies whoseminimizersare interpretedas the
solutionto the problemsandthe solutionsarelevel setfunctions. In generalthe

enegiesarevariantsof the surfaceintegral
z

F(f;u)dfjNf jdx;

w
andthevolumeintegral 7
G(f;uH( f)dx;

w

see[107] for detailsandde nitions. We shall returnto this in a later sectionon
imagesegmentation.

We noticethatin someof the above applications|evel setfunctionsareusedto
separatehe domaininto differentregions. Theinterfacesseparatinghoseregions
arede ned asthe zerosof thelevel setfunction. The PDEsthatgovernthe motion
of the interfacecanbe derived from a variationalprinciple. In mary othercases,
the interfacemotion aregovernedby well known physics. In fact,in the original
level setpaper[72], alevel setfunctionis usedto distinguishburnt and unburnt
regionsin ame propagatiorproblems. Fedkiw and collaboratorsusedlevel set
methodsto simulatediversephysicalphenomenauchas splashingwater ame
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FIGURE 1.2. Landmassof Europefoundusingactive contours.

propagationanddetonationwaves. Whenthe resultsarerenderecn the screen,
they becomevery effective andrealisticrenderingof naturalphenomenauitable
for specialeffectsin movie productionsThereadercan nd adetaileddescription
andreferencedn [69]. Figurel.3providestwo of suchsimulations.

Hence wewill de ne a “le vel setmethod” for an image as a methodthat ana-
lyzesand manipulateghelevel setsof a givencontinuougunctionthat we call an
image.

Finally, thereis a collectionof level setnumericsconsistingof mostly numer
ics for generalHamilton-JacobEquationsand compressiblendincompressible
Fluid Dynamics. Thesemethodsare not limited only to the purelevel setformu-
lations. They canalsobe usedto solve otherPDE basedmagemodels.The basic
numericsstartedin [72, 73], andgeneralization®iase beencarefullydocumented
in [68]. Somenew onescanbefoundin [34][56][81][98][100][101]. Additionally,
we mentioned96], which addressetheissueof regularization.

Ideasoriginatingin this type of numerics,e.g. ENO interpolation[49], have
beenusedto develop wavelet basedmethodswhich minimize ringing, or Gibbs'
phenomenatedged19].

2. LEVEL SET METHOD IN A NUTSHELL

A signi cant numberof problemsn scienceeduceto the studyof theevolution
of curves,which areusuallythe boundariebetweerdifferentmedia. Thesecurves
(or interfaces)move accordingto their own geometrier the laws of physicsas-
sociatedwith the problem. They breakup, meige, or disappeaduring the course
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FIGURE 1.3. Imageobtainedrom http://www.cs.stanf ord .ed u/~ fe dki w

of time evolution. Thesearethe every day challenge®f mostof the corventional
methodsThelevel setmethod[72], however, handlegshesetopologicalchangesn
the curves*with no emotionalinvolvement”.Sinceits rst introduction,therehas
developeda powerful level setcalculususedto solve agreatvarietyof problemsn
uid dynamicsmaterialssciencesgomputervision,computergraphicsio namea
few topics. We referto [68] for an extensve expositionof the level setcalculus.
Seealso[45] for relatedtheoreticakxposition.

Typically, onecanwrite a generalevel setalgorithmin threestepsenumerated
below:

(1) Initialize/reinitialzef att = t".

(2) Construct/approximatel (t;x;f;Df ;D?f). (Occasionallyhigher deriva-
tivesalsoappearor which viscositysolutiontheorydoesnot apply).

(3) Evolve

fo+ H(t;x f;Df ;D?f) = 0;
fort = t,+ Dt.

For imageapplications,f above can either be the imageitself (e.g. deblurring
applicationspr anextrafunctionthatis usedto processhegivenimage(e.g.se-
mentationapplications).

Wewill discusghekey componentsf thethreestepsin thefollowing sections.
More preciselywe will follow a corventionalapproactof describingthelevel set
methodandstartour expositionfor Step2. Stepl and Step3 is typically imple-
mentedoy suitablenumericalmethodghatwill bereviewedin thenext section.
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2.1. Basicformulation. For simplicity, we discusghe conventionallevel setfor-

mulationin two dimensions.Theinterfacesrepresentethy a level setfunctionis
thusalsoreferredio asacurve. However, themethodologyresentedh thissection
canbenaturallyextendedo ary numberof spacedimensionsThere theinterface
thatis representet generallycalleda hypersuréce(in threedimensionsit is sim-
ply calledasuriace).We will usethewordsinterfaceandcurwes,interchageably

In the level setmethod the curvesareimplicitly de ned asthe zerosof a Lip-

schitzcontinuousiunctionf . Thisis to saythatf (x;y) 2 R?: f(x;y) = 0g corre-
spondsto the locationof the embeddecturve. SeeFigures2.1, 2.2, and?2.3 for
someexamples. If we associatea continuousvelocity eld v whoserestriction
ontothe curve representhevelocity of the cune, thenat leastlocally in time, the
evolution canbedescribeasthe Cauchyproblem

fo+v Nf = 0; f(x;0) = fo(x);

wheref o embedgheinitial positionof the curve. To derie this, let uslook at a
parameterizedurve g(s;t) andassumehat fg=1it is the knowvn dynamicsof this
cune. If we requirethat g(s;t) be the zero of the functionf for all time, i.e.
f(g(st);t) = Oforallt O, thenatleastformally, thefollowing equation
fi+ %tg Nf(gt)=0

is satis edalongg Extending{g=Tt continuouslyto thewholedomainwill create
suchavelocity eld.

In general,the velocity v canbe a function of positionx and someotherge-
ometricalquantitiesof the curve or other physicalquantitiesthat comewith the
problem.Theequationcanbe written usingthe normalvelocity:

Nu e
(2.1) Vh=V jNuj;ft+ VpjNfj = 0:

We notethattheseequationsareusuallyfully nonlinearrst orderHamilton-Jacobi
or secondorderdegeneratgarabolicequationsandwith suitablerestrictionsthe
theory of viscosity solutions[25] canbe appliedto guaranteavell-posednessf
the Cauchyproblem.

Correspondingo the viscosity solutiontheory thereare a setof simple nite
differencemethodsto constructapproximationsolutions. We refer the interested
readergo [41, 45].

Finally, in the level setformulation,the surfaceintegral of function f alongthe

zerolevel setis de ned via the surfaceintegral
z

f(x)d(f )jNf jdx:
Rd

If f 1,thisintegralyeildsthearclengthfor curvesin two dimensionsandsurface

areainthreedimensionsVolumeintegralsarede ned as
z

f(x)H (F)jNf jdx;
Rd
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FIGURE 2.1. A circleembeddedby differentcontinuoudunctions.
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whereH(x) = 1forx 0OandH(x) = 0for x< 0. We referthediscussioronthe
relatedcomputationalssuego [33].

2.2. Reshapingthe level setfunction. In mary situationsthe level setfunction
will develop steepor at gradientdeadingto problemsin numericalapproxima-
tions. It is thenneededo reshapehe level setfunctionto a more usefulform,
while keepingthe zeo locationunthanged. Oneway to do this is to performwhat
is called distancereinitialization [94] by evolving the following PDE to steady
state:

(2.2) fe+sgrfo)(jNfj 1)=0; f(xt = 0)=fo(X:

Heref o denoteshe level setfunction we have beforethe reintialization. If we
evolve the solutionto steadystateover the computationablomain,the solutionf
becomeshesigneddistancdunctionto theinterfacef f o = 0g. Onecanunderstand
themechanisnof thisapproachrom thefollowing scenarioin theregionin which

f oispositive,fy < OwheneerjNfj> 1;thereforethevalueoff will decreaseand
consequent|yjNf j will becomecloserto 1. Noticethatf, 0 wheraverfy 0,
sincesgn(0) = 0. Seegure 2.4,
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FIGURE 2.2. More complicateccurvesandtheirembeddindevel
setfunctions.
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Anotherequialentapproachs to solve the eikonalequation
jNfj=1

with theboundaryconditionf = 0onff = 0g. A commonnumericalapproach,
e.g.[76] is to run distancereinitialization(2.4) with a high orderaccuratenethod
for a shortamountof time, so thatin a thin tubearoundff o= Og f is now the
distancdunction. Then x thevaluesof f in thistubeasboundaryconditionsand
usefastsweepingor fastmarchingmethodsto solve the eikonal equations. We
shalldiscusghe sweepingnethodin the next section.

Weremark rst thatfor mostapplicationsthereinitializationis only neededor
a neighborhoodaroundthe zerolevel set,andthe diameterof this neighborhood
dependon the disctretizationof the partial derivativesin the PDE. This implies
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FIGURE 2.3. Two closedcurwesthatareimplictly embeddedy

that only a few time stepsin t are needed.Next we notethatit is importantto
solwe (2.2) using a high order discretizationmethod. Otherwise the location of
the original interfacewill be perturbednoticeablyby the numericaldiffusion. Fi-
nally, reinitializationglobally in the computationatlomainwill preventnew zero
contoursfrom appearing Thus,oneneeddo be carefulif emegenceof new level
contoursis of interest. In mary imagesementationtasks,this is important,and
we shallcommenbn thisin alatersection.

2.3. Extending quantities off the normals of the interface. In mary modelspne
canonly derive the interfacevelocity vy, in equation(2.1) alongG. It is necessary
to createa continuousvelocity eld de ned onthewholedomainWor atleastin a
tubular neighborhooaf Gwhoserestrictionon Gagreeswith theknown interface
velocity. Onecommonway to obtainsuchavelocity eld is to solve thefollowing
boundaryalueproblem:
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FIGURE 2.5. Quantitiesareextendedoff the zerolevel setin the
normaldirections.

(2.3) Nw Nf = 0; with Wjg= Vp;
or equivalently to solve for the steadystateof thetime dependene¢quation:
(2.4) w; + sgr(f)Nw Nf = 0;

with ary initial datawy whoserestrictionon G matchesy,.

The interpretationof this approachs thatv, will be propagatedisa constant
alongthecharacteristicef thePDE(2.3),emanatingrom G, parallelto thesurface
normals.See gure 2.5. Fastsweeping56, 98, 100, 10§ or fastmarching[102,
82] canbeusedto solve the rst equationwhile a higherorderaccurateHamilton-
Jacobisolver canbe usedfor the second73]. In the next section,we will brie y
describesomepopulardiscretizations.

2.4. Tracking quantities de ned on the fronts using level setmethod. Sofar
we have describedhe basiclevel setmethodthat enablesusto move curvesand
surfacesnormalto themselesby the prescribedselocities. We have concentrated
on describinghow the physicallocation of the curves and surfaceschanges.In
mary applications,ncluding imageprocessingand computervision, we needto
track quantitiesthat arede ned on the surfaces. In this section,we review some
techniquedor doingthis.

Let f : G7! X denoteghe quantityde ned on G, the zerolevel setof f, and f
satis es

(2.5) fi+ Qsf = 0; f(xt=0)= fo(x);
whereQg denoteghe differentialoperatoron G. This equationdetermineiow f

is changingon G. Let f : U RY 7! X be afunctionde ned in a neighborhood
U of G and fjg f. HereRY is the ambientspaceof G i.e. f : R4 7! R, and
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G= fx:f(x) = Og. In atypical level setmethod,insteadof solving (2.5) directly
on G, onesolvesthe corresponding®DEin RY :

fi+ Qf = 0

sothattherestrictionof f(t) to Gmatcheswith f(t) fort 0. At this point, it is
naturalto askwhatQ is, giventhe Qg? In mary applicationstheform of Q is the
centerof thestudy andit mightbemorecorvenientto trackanalternatve quantity
g in orderto obtainan equationthatis easierto solve. Seethe recentpaper[54]
for suchan example. In the next paragraphwe discussanotherexampleof this
situation.

Assumethatwe areinterestedn somequantitiesde ned andparameterizedn
the surfaces,and we needto knowv how thesequantitiesredistritute during the
evolution of the surfaces.In [48], OsherandHarabetiarintroduceda methodfor
doingthis. Letf denotethe level setfunctionthatembedthe suriaceof interest.
Theideais to introduceanauxiliary functiony suchthat(f ;y) formsacoordinate
systemnearthezerolevel setof f :

Let the family of closedcunes@(s;t) = (x(s;t);y(s;t)) be parameterizethy s
andt: We wantto evolve for example,(s; 0) to timet, by thelevel setfunctions:

f(x(st);y(st);t) 0 y(x(st);y(st);t) s

However, y is nota singlevaluedfunctionover a closedcune if it is de ned this
way. Theauthorghenproposedo evolve the Jacobian

J=det Jx 1y
Yx Yy
insteadof y to circumwentthisproblem.J hasto benonzercsothatwe canexpress
(Xs;¥s) by ( fy;fx)=J: Thus,in orderto trackthetangentiamotionwe evolve

J+N (v =0

in additionto
fi+v Nf = O:

Finally, webrie y describehesystemati@pproachhatwaspioneeredn Chengs
thesis[21], andlateronin [7] for solvingPDE's on surfacesfor imageprocessing
purpose.A similar approachwasadoptedby [109 to study surfactantson inter-
facesthatmove in time. For simplicity, we assumehe zerolevel setto be x edin
time.

Considerthe surfacegradientQg = Ng thatmapsscalarfunctionsde ned on G
to thetangenbundleof G. Thekey notionis to replaceN g by asuitableprojection
of thegradientoperatoN in RY. Thecorrespondingrojectionoperatoiis alinear
operatorde ned by:

vV Vv
P=1 —;
' e
or equivalently asamatrix, P, canbewrittenas
ViVj
(Pij = diyj
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wherev is avectorin RY, andd;; is the Kronecler deltafunction. For x 2 G; andv
thenormalof Gatx; P, projectsvectorsontothetangenfplaneof Gatx.

RecallthatG= ff = 0g; andNf is parallelto thenormalof G. It canbe proved
thatNg andPg; N areequivalenton G. Thus,for scalarfunctionsf,

NGf = Py Nf,
andfor vector elds F,

Ng F= PN F:
Letusillustratethisapproactwith afew examples.Consideracontinuoudunction
f de ned on G, asurfacein~R3; anda givenvector eld v de ned in the tangent
bundleof G. If thezerosof f embedghecurwe of interest(call it C) on G, thenby
solving N N

fi+ v Ngf = 0;
one obtainsthe evolution of the curve constrainedn the surface. Correspond-
ingly, theextensionf of f in R is anotherevel setfunction,whosezerolevel set
intersectswith thatof f onC, andthecorresponding®DEin R? is

fi+v Prsf=0;
or, by propertyof P,,

fi+ Pyev f= 0
To performdistancereinitializationon f, onecanevolve

fe+ sgr(fo)(iPurNfj 1) = 0:

As an example,total variation diminishing o w of animageu, de ned on a

surfaceG, takestheform .

E(u) = RBJ'PNfNUJ'd(f)J'NfJ'dX;
andthe correspondingradientdescentquatiorbecomes
Pxi Nu
iPrr Nuj
wherethe right handside correspondso the geodesicurnvature,andcanalsobe
written as

= Py N

~ PNf Nu S 1

NPy MR
2.5. Limitations of the Level Set Methods. The original ideain the level set
methodis to usethe sign of a given function to separatehe given domaininto
two disjoint regions, and usethe continuity of the level setfunction nearits zero
to de ne the boundaryof thesedisjoint regions. Onerealizesthatit canbe more
complicatedo extendthis ideato handlenon-simplecurves,andmultiple phases.
An equallyimportantissueis to solve theproblemathandin obtainingareasonable
quality without excessie complity. We referthe readergo [87][103][107] for
level setmethoddor multiple phases|11], [66] for highercodimensionand[86]
for opencurves,and[76][93, 92] for localization.We alsoreferto [34] for ahybrid
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particlelevel setmethodthatis designedo lessenthe numericaldiffusion effect
for someclassof problems.

3. NUMERICS FOR CONSERVATION LAWS AND HAMILTON-JACOBI
EQUATIONS

Thenumericalsolutionof conserationlaws hasbeenanactive eld of research
for quitesometime. In particular UCLA researchersave beenmajorcontritutors
tothe eld. The nite differencemethodscommonlyusedin thelevel setmethods
(in particular thoserelatedto Hamilton-Jacobequationsaredevelopedunderthe
generalphilosophyof the Godunw procedureandthe nonlinearENO reconstruc-
tiontechniquedor avoiding oscillationsin calculations As aresult,upwindingand
ENO interpolationdbecomeheindispensablg@artsof the algorithmsdocumented
here.

In whatfollows, we will rst describehe Godunw procedurédn the contet of
solving conseration laws and Hamilton-Jacobequations.We will alsodescribe
the ENOinterpolationandcomparehe differencedetweerits usagen consera-
tion laws schemesndin Hamilton-Jacobsolvers. We referthedetailsto thebook
of OsherandFedkiw[68] andthe extensve referencesherein.

Let usintroducesomenotationsthatwe shallusein this section.Letf {!; denote
thevalueof x;;; = (xo+ iDx;yo + jDy) 2 Wattimet, = to+ Dt. We shallassume
thatDx = Dy.

De nition 3.1. (Finite differenceoperators)Giventhe valuesof u on the grid we
rst de ne theforwardandbackward differenceoperators:

o Ugj o Uij
DX U|’J = DX ’
and
Uil 1 Ui
Dyu = L ——1 o h
alsothe centraldifferenceoperators:
Ui+ 1:j Ui 1]
Dy;.j = — 21 =1
Xl 2Dx
and
u._. u._.
0y, . .— —hj+1  Hijj 1,

3.1. The Godunov procedure. The Godunw procedurg46] developedfor con-
senation laws startedby looking at grid valuesascell averagef the solutionat
timet,: Wethen“build” a piecavise constanfunctionwhosevaluein eachcell is
the cell average.We solwe the Riemannproblemat cell boundariesexactly” for
anappropriatgime stepDt. Thisinvolvesfollowing thecharacteristicandmaking
surethatthe Rankine-Hugonioandentrogy conditionsaresatis ed. Finally, we
averagethefunctionatt = t, + Dt in eachcell, andrepeatheabove steps.
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In the context of certain corventional Hamilton-Jacobiequations,piecevise
constantcell averagesarereplacedby a piecevise linear functionthatis contin-
uousat the cell boundariesand point valuesare updated. This is describedn
[4].

In high orderschemescell averagesarereplacedby moreaccuratenonoscilla-
tory reconstructioron the functionsor the ux es. We performthis reconstruction
by ENO/WENOmethods.

3.2. ENO/WENO interpolation. We wantto approximatehe valueof thefunc-
tion f in theintenal |; := [x; %;><i+%]; usingthe givenvalues(or averagedvalues)
of f onthegrid nodesx; andits neighbors Two commonlyusedmethodgo getak-
th orderapproximatiorof f in I; arespectrainterpolationthatis basedon Fourier
expansionsand x ed order polynomial interpolation. Both approachegroduce
oscillationsnearthe jumpsin the function values. We will not commenton the
Fourierbasedmethodssincethethey arenotparticularlyusefulin this connection.
Cornventionalpolynomialinterpolationsusuallyusethe function valueson all the
grid pointswithin a certain x ed distancefrom x;; regardlessof the smoothness
of the interpolatedfunction. ENO interpolation,on the other hand,is a nonlin-
earprocedurdhatis built ona“progression’of Newton's divided differencesBy
“progression” we meanthatthe procedurestartsby building a linearreconstruc-
tion of f in I; usingeither f(x) and f(x; 1) or f(x) and f(x+1); dependingon
which pair of valueswill give a smoothereconstructionSupposehereconstruc-
tion from f(x) and f(x 1) is selectedye thencarryoutthereconstructiorusing
thevaluesof f oneitherx; 2; X% 1;% OrX 1;%;X«+1: Thisproceduras iteratedun-
til thedesiredorderof approximatiors achiezed. Newton'sinterpolationis natural
in this frameawork, sinceonecanincrementallycomputethedivideddifferencedgor
interpolation. In addition,we canusethe valuesof the divided differencesasan
indicator of the smoothnes®f the functionsin the intenals formed by the grid
pointsthatareconsideredsstencil.

For conserative schemesapproximatingconseration laws, this ENO recon-
structionis performedon the ux function f or the cell averagesu by rst recon-
structingtheintegral of thesolutionu. For Hamilton-Jacobequationsye perform
the ENO reconstructioron the solutionu:

In the ENO reconstructiorprocedurepnly oneof thek candidatestencils(grid
pointsusedfor the constructionof the scheme)covering2k 1 cellsis actually
used. If the functionis smoothin the neighborhoodf this 2k 1 cells, we can
actuallygeta (2k 1)-th order approximation,if we useall thesegrid values.
Thisis theideabehindthe WENO reconstructionln short, WENO reconstruction
usesa corvex linearcombinationof all the potentialstencils. The weightsin the
combinationaredeterminedso thatthe WENO reconstructiorprocedurebehaes
like ENO neardiscontinuities. As a result, WENO methoduse smallerstencils
to achieve the sameorderof accurag asENO in smoothregions. Currently our
choiceof schemes the5thorderWENO. For details we referto theoriginalpapers
[32, 49, 52, 59, 84,85], andthereview articles[83]. Recently ShuandBalsarg3]
developedevenhigherorderWENO reconstructions.
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Thereare successfuhdaptation®of this ENO idea/philosophyto otherframe-
works. See[16, 19] for ENO wavelet decompositiongor imageprocessingand
[24] for anapplicationof the ENO philosophyin DiscontinuousGalerkinmethods.

3.3. Numerics for equationswith Hamiltonians H(X; u; p) nondecreasingin u.
We repeatherethatary discussiorof the numericalschemegannotbe detached
from thesolutiontheoryof theequationsn questionsThisis especiallyimportant
for nonlinearequationssincein generaldiscontinuitiesn the function valuesor
in thederwvativesdevelopin nite time. We areusuallyseekinga particulartype of
weaksolution.

In 1983, Crandalland Lions introducedviscosity solution theory for a class
of Hamilton-JacobEquationsrequiring Lipschitz continuousinitial dataandfor
which the HamiltoniansH (x; u; p) is Lipschitz continuousandnon-deceasingin
u: Laterin [25] in 1984,they proved the corvergenceto the viscosity solution of
monotonegconsistenschemegor Hamilton-JacobEquationswith H independent
of xandu: Souganidi$89] extendedheresultsto includevariablecoefcients. Os-
herand Sethiancontritutedto the numericsof Hamilton-JacobEquationin their
level setpaperin 1988[73. Thisline of work waslatergeneralize&ndcompleted
in the paperby OsherandShu[73] in 1993,in which theauthorsprovided a fam-
ily of numericalHamiltoniansin analogougo the ENO schemedor conseration
laws. WENO schemesisingthenumericaHamiltoniansdescribedn [73] werein-
troducedn [52]. Themethodof linesusingTVD Runge-Kuttatime discretization
is used[84]. We rst discretizethe spatialderivativesandcomputetheappropriate
approximatiorto the Hamiltonians,

H(p ;p+:d ;0 );
with p ; q representingheleft/right approximation®f the derivatives,obtained

from ENO/WENOreconstructiorof the solution. They arehigherorderversions
of theforwardandbackward divided differencef the grid functions:

U o1 Ui
p DX u|y] = : JDX L) 1]

and
U 1 Uisj
q Dy Ui:j = %

3.4. The Lax-Friedrichs schemedor the level setequation. Followingthemeth-
odsoriginally conceved for HJ equationd { + H(Df) = 0in [73], seealso[72],
andsuppressinghedependencef H on x andy; we usethe Local Lax-Friedrichs
(LLF) ux

pr+p .q++q)
2 2

1., 4. " 1 ¥, + .
Sa(pip )Pt p) an(q a4 )a" g );

RMF(p™;p ia™iq ) = H(
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for theapproximatiorof H: In theabove scheme,

aX(p';p )= max iH:, (p; 9)j;
(I LI SN . (P; D]
a¥(q';q ) = max jHt, (p; )j;
(a;a9) AL o o) t,(P; Q)]

I(a;b) = [min(a; b); max(a; b)];
andp ;q aretheforwardandbackwardapproximationsff , andf y respectiely.

3.5. Curvatures. In mary applicationsthe curvatureterm

- Nf . Nu

N = orN ——

JNIf] JNu;j

for the level setfunctionf or theimagefunction u appearsas a regularization.
This termis approximatedy nite differencingcenteredat eachgrid point. For
cornvenience,let (nﬁj;niy;j) denotethe valuesof Nu=jNuje at the grid point Xij s
and Nu5jNuje is a smoothapproximationof Nu=jNuj (This avoids the issueof
singularityatjNuj andis betterfor numericalcomputations)The cunaturek;;; is
approximatedy

X X \ Yy
e _ Mir=2j MW oa=j . Mijr12 My 12,
k=, +
i) Dx Dy ’
and
o . . D, U;;j .
b=z h 24+ DO 2 ’
(Dx Ui;j)2+ DY(Sc bi;j)2 + €2
ne — N Dy Ui;j .
W= T, 2 2+ 2
DAS u;;j)2+ (Dy ui;j)?+ €2
where J ‘y J ‘y
_ YL i . — 95j 17 Y
Ui = ———%: andS, yp.j = —4———=
Sc Ui 2 S i) 2

aretheaveragingoperatorsn thex andy directionande> 0 is quitesmall.

3.6. Time discretization. From the previous subsectionswe know how to dis-
cretizethetermsinvolving spatialderivatives. Whatremaings to discretizen time
in orderto evolve the systemj.e. we needto solve thefollowing ODE system:

q ~
ﬂfi;j = H(@f{ 1;jifin+1;j;fﬂj; .nj 11 ﬂj+1);
whereH is the numericalapproximatiorof H(x;f ; Df ; D2f). For example,if we
uselocal Lax-Friedrichsfor H(f ; f y); andforward Eulerfor time, we endup hav-
ing:
(3.1) flt=f0 DH"T(qy; DIFR; DY)

Typically, we use3rd order TVD Runge-Kitta schemeof [84], or the fourth
orderschemeof [90] to evolve the system,sincehigher orderaccurag canbe
achiezedwhile usinglargertime steps.To keepthis descriptiorself-containedywe
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describethe 3rd order TVD RK schemebelov: we wish to advanceu; = rhqu)
fromtptotos 1.

(1) up = u"+ Dt rhgu");

(2) up= 3u"+ Zup+ Dt rhy(uy);

(3) Une1= UM+ up+ 2Dt rhe(up):
3.7. Algorithms for constructing the distance function. In the following sub-
sectionswe review someof the solutionmethodgor the eikonal equation:

iNuj = r(xy); uig=0:

WepresentafastGauss-Seiddypeiterationmethodwhichutilizesamonotoneup-

wind Godunw ux for the Hamiltonian.We shav numericallythatthis algorithm
canbeapplieddirectly to equationf the abore typewith variablecoefcients.

3.8. Solving eikonal equations. In geometricabptics[57], theeikonal equation

(3.2) | f2+f2=r(xy)
is derivedfrom theleadingtermin anasymptoticsxpansion
dw(t(xy) 1) g A (% y;t)(iw) i
j=0
of thewave equation:
W (X Y)(Wx+ Wy) = O;

wherer(x;y) = 15c(x;y)j; isthefunctionof slovness.Thelevel setsof thesolution
f canbethusbeinterpretedasthe rst arrival time of thewave front thatis initially
G It canalsobeinterpretedasthe“distance”functionto G

We rst restrictourattentionto thecasein whichr = 1: Let Gbeaclosedsubset
of R It canbe shavn easilythatthe distancefunctionde ned by

d(x) = dist(x; G = mzigjx pi; Xx= (xy) 2 R?
p
is theviscositysolutionto equation(3.2) with the boundarycondition
f(xy)=0for(xy) 2 G

Rouy and Tourin [78] proved the corvemgenceto the viscosity solution of an
iterative methodsolving equation(3.2) with the Godun@ numericalHamiltonian
approximatingjNf jj. The Godune numericalHamiltonianfunction canbe writ-
tenin thefollowing simpleform for this eikonal equation:

(3.3) Ho(p ;p+;9 ;0:)= maxp’;p,g?+ maxq’;q. o?

wherep = D*fij;q = Dyfi;j;andx+ = maxx;0); x = min(x;0): Thetask
is thento solve

HG =1
onthegrid.
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Osher[65] providedalink to time dependeneikonal equationby proving that
thet-level setof f (x;y) is thezerolevel setof theviscositysolutionof theevolution
equatiorattimet

ytt+jNyj=0
with appropriateinitial conditions. In fact, the sameis true for a very general
classof Hamilton-Jacobequationgsee[65]). As a consequencegnecantry to
solvethetime-dependergquatiorby thelevel setformulation[72] with high order
approximation®n the partial derivatives[73[52]. CrandallandLions proved that
thediscretesolutionobtainedwith a consistentmonotoneHamiltoniancornverges
to thedesiredviscositysolution[25].

Tsitsiklis[102] combinedheapsortwith avariantof theclassicaDijkstraalgo-
rithm to solve the steadystateequationof the moregeneraproblem

iNfj = r(x):
Thiswaslaterredervedin [82] and[50]. It hasbecomenown asthefastmarching
methodwhosecompleity is O(Nlog(N)), whereN is the numberof grid points.
OsherandHelmsen[7) have extendedhefastmarchingtype methodto someavhat

more generalHamilton-Jacobiequations. Sincethe fast marchingmethodis by
now well known, we will notgive detailshereon its implementatiorin this paper

3.9. The sweepingidea. Danielssori27] proposecanalgorithmto computeEu-

clideandistanceto a subsetof grid pointson a two dimensionalgrid by visiting

eachgrid nodein someprede nedorders.In [9], BouéandDupuissuggesa sim-

ilar “sweeping”approacho solve the steadystateequatiornwhich, by experience,
resultsin a O(N) algorithmfor the problemat hand. This “sweeping”approach
hasrecentlybeenusedin [98] and[108] to computethe distancefunctionto an

arbitrarydatasetin computewision. In [106], it wasproventhatthefastsweeping
algorithmachieres a reasonabl@ccurag in a (small) nite numberof iterations
independenbf grid size. Usingthis “sweeping”approachthe compleity of the
algorithmsdropsfrom O(NlogN) in the fastmarchingto O(N); andthe imple-

mentationof the algorithmsbecomes bit easierthanthefastmarchingmethodin

thatno heapsortis needed.

This sweepingdeais bestillustratedby solvingthe eikonalequationin [0; 1] :

ju = 1; u(0) = u(1) = O:

Letuy = u(x) bethegrid valuesandxg = 0; x, = 1. We thensolve thediscretized

nonlinearsystem
q
(3.4) maxmaxD u;;0)Z;min(D+u;;02) = 1; Up=u, =0

by our sweepingapproachLet usbegin by sweepingrom 1to 1; i.e. we update
u fromi = Oincreasingoi = n. Thisis “equivalent” to following the character
isticsemanatingrom xo: Let ui(l) denotethegrid valuesafterthis sweep.We then
have
uD = i=n; ifi<n
! I=ni=n
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In the secondsweepwe updateu; from i = n decreasingdo 0; usingui(l): During
this sweep,we follow the characteristicemanatingrom x,. The useof (3.4)is
essentialsinceit determinesvhat happensvhentwo characteristicerosseach
other It is thennot hardto seethatafterthe secondsweep,

i=n; if i n=2
(n i)=n otherwise
Thus,to updateu,, oneonly usestheimmediateneighboringgrid valuesanddoes
not needthe heapsortdatastructure.More importantly the algorithmfollows the
characteristicsvith certaindirectionssimultaneouslyin a parallelway, insteadof
a sequentialvay asin the fastmarchingmethod. The Godune ux is essential
in thealgorithm,sinceit determinesvhatneighboringgrid valuesshouldbe used
to updateu on a given grid nodeo. At leastin the examplespresentedwe only
needto solve a simplequadraticequationandrun somesimpleteststo determine
the valueto be updated.This simpleprocedurds performedin eachsweep,and
solutionis obtainedafterafew sweeps.

U =

3.10. Generalizedclosestpoint algorithms. In this subsectionwe describean
algorithmthatcanbeappliedfor constructingalevel setimplicit representatiofor
a surfacewhich is de ned explicitly. It canalsobe usedto extendthe interface
velocity to thewhole computationatiomain.

In the spirit of the Steinhof et.al. Dynamic Surface Extension[91], we can
de ne functionsthatmapeachpointin R? to the spaceof (local) representations
of surfaces(herethertareferredas surface elements). We can further de ne the
distanceof a point P anda surfaceelementS

dis(P,S) := r}}ig(P,y):

The 'surfaceelement’' canbe for examplethe tangentplane,the cunature,or a
NURB descriptionof the surface.

Insteadbf propagatinglistancesaluesawayfrom theinterface wepropagatethe
surfaceelemeninformationalong the characteristicsandimposeconditionsthat
enforcethe r starrival propertyof theviscositysolutionof the eikonal equation.
Thechallengéas to computetheexactdistancdrom a givensurfaceelementandto
derive the“upwinding” criteriafor propagatindghe surfaceinformationthroughout
thegrids.

Givena smoothparameterizeduraceS: s |; 7! R3; our algorithmprovides
goodinitial guesdor Newton'siterationson the orthogonalityidentity:

(x S(s;t)) Sss;t)
(x S(s;t)) S(s;t)

whereS(s ;t ) is theclosesipointonthesurfaceto x: Theinitial guessn this case
is simply the closesipoint of the neighbor=of x:

Let W denotethe function that mapseachpoint in spaceto its closestsurface
elemenibn S. We canthenwrite thealgorithmasfollows:

Algorithm: Let u be the distancefunction on the grids, andW be the corre-
spondinggeneralizedtlosestpoint function.

F(s;t;x)= =0



LEVEL SETMETHODS AND THEIR APPLICATIONS IN IMAGE SCIENCE 21

(2) Initialize: give the exactdistanceo u; andthe exactsurfaceelementso W
atgridsnearG Mark themsothey will notbeupdated Mark all othergrid
valuesas¥:

(2) Iteratethrougheachgrid point E with index (i,j,k) in eachsweepinglirec-
tion or accordingo thefastmarchingheapsort.

(3) For eachneighborP of E; computeu™ = dis(E;W(R))

(4) If dist{E;W(R)) < mincu(Ry); setu™ = ¥: Thisis to enforcethe mono-
tonicity of thesolution.

(5) Setu(E) = miny™ = 4™ andW(E) = W(R ):

This procedurecanbe usede.g.,to convert triangulatedsurfacesto implicit sur
faces.

3.11. Further generalizations. Forfurthergeneralizationsf thesweepingnethod
to solve more complicatedHamilton-Jacobequationssuchasthosewhich arise
in computingdistanceon a manifold:

H(ucuw) = awg+ buZ+ 2cuuy = r(xy); fora;b> 0; ab> c?;

and the equationsusing Bellmans formulae, we refer the readersto the recent
paperqd100, 56]. Recently a very simplesweepingalgorithm,basedon the Lax-
Friedrichsschemehasbeenshavn to work in greatgenerality[55].

4. SEGMENTATION ALGORITHMS

Thetaskof imagesegmentationisto nd a collectionof non-overlappingsub-
regions of a givenimage. In medicalimaging, for example,one might want to
sggmentthe tumor or the white matterof a brain from a given MRI image. In
airport screeningponemight wish to segmentcertain“sensitve” shapessuchas
guns.Therearemary otherobviousapplicationsMathematicallygivenanimage
u:W R?orR%7!R*, wewantto nd closedsetsW satisfying

[N \N 0
W= W; and V\fI =0
i=1 i=1
suchthatF (u;W) = 0; whereF is somefunctionalthatde nesthe segmentation

goals.Here,V\fO) denotegheinterior of W: As in theexampleof nding tumors,
typically, N is takento be 2 (sometimes\ = 3), andW; is takento be theregion
correspondingo the tumor, while W, containseverythingelse. It is thennatural
to devise a level setmethodto performthis task,by representingfor example, Wy
astheregionin whichf is non-ngative. A slightly moregeneraktatementvould
beto performsegmentatiorfrom a givensetof imagesu; thatcomefrom different
sources For example,onemight be interestedo segmentstealth ghter jetsfrom
boththe conventionalradarsignalsandalsotheinfraredimages.

Very often, the de nition of whatbelongsto the “desired” regionsdependn
thegrayscaleintensityof thegivenimage,andtheproblemof nding suchregions
is formulatedasa variationalproblem;i.e. the solutionminimizessome“enegy”.
In astandardevel setmethodf is usedto represent?i andfW. Thisis thesetting
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of ourdiscussionln this sectionwe describesomelevel setsggmentatiormethods
basedn thistype of de nition.

4.1. Variational level set method. Assumethat the enegy functional E is an

integral operatoron u over W:
4

E(u;Wp) = \%F(U(X))dx;

andthe non-positve region of f de nesWp; i.e. ff  0g= Wp. The key ideaof
the variationallevel setmethodformulatedin [107] is thatthe above integral can
bewrittenas

z z Z
F(u(x))dx = cw(X)F(u(x))dx = H( f)F(udx;
W R2 R2

whereH istheHEavisidefunction: H(x) = lifx 0andH(x) = Oelsavhere.One
canthentry to nd theminimizerf for thisenegy.

4.2. The Chan-Vesealgorithm. Thisis closelyrelatedto the classicaMumford-
Shahalgorithm[63], but usesa simplelevel setframavork for its implementation.
We presenthe original Chan-\ésesegymentatioralgorithm[18], anddiscussvari-
ousaspect®f this algorithm.

4.2.1. Basicformulation. Theminimizationproblemis:

min E(f;c1;¢05U0);
f2BV(W);c1;622R*

wheretheenegy is de ned as

Z
E(f;cijcoup) = p d(f)jNfjox+
pad z
(4.1) 1 jup cg?H(f)dx+ 1, jup c%(1 H(f))dx
W W

Intuitively, onecaninterpretfrom this enegy thateachsegmentis de ned asthe
subrgions of the imagesover which the averageof the givenimageis “closest”
to theimagevalueitself in Lo-norm. The rst termin the enegy measureshe ar
clengthof the sggmentboundariesThus, minizing this quantityprovidesstability
of thealgorithmaswell aspreventingfractallike boundariesrom appearing.

If one regularizesthe d function and the Heaviside functon by two suitable
smoothfunctionsde andHg, thenformally, the EulerLagrangeequationscanbe
writtenas

. Nf
(4.2) TE=df) WN iR n (U c1)?+ 12U ©)? =0
with naturalboundarycondition
de(f) 1If _

———=0o0n W
iNfj 1n !
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R
_ wHo(X)He(f (x))dx
2 )= 2 o
and .
(4.4) Co(f) = w()(1  He(f (x))) dx

W1 He(f (X)) dx

4.2.2. Discretization. A commonapproactto solve the minimizationproblemis
to performgradientdescenbn theregularizedEulerLagrangesquation(4.2); i.e.
solvingthefollowing time dependenéquatiorto steadystate:

i
Tt

E

(4.5) de(f) WN n li(up c)®+1o(Up c2)°

N
iNfj
Here,weremindthereaderghatcy(f) andc,(f) arede nedin (4.3)and(4.4).

In Chan-\ésealgorithm,the authorsregularizedthe Heaviside function usedin
(4.3)and(4.4):

1 2 z
Hye(2) = = 1+ —arctaf-) ;
2e(2) > D '(e)
andde ne thedeltafunctionasthe derwvative of it:

dae(2) = ng(z):

Equation(4.5)is thendiscretizedoy a semi-implicitschemej.e. to advancefrom
f ,”J tof I”]’ 1 the cunaturetermright handsideof (4.5)is discretizedasdescribed
in the previous sectionusingthevalueof f ', , exceptfor the diagonaftermf;j,
which usesthe implicitly de ned f ,”’J'l The integrals de ning c1(f) and cy(f)
areapproximatedy simpleRiemannsumwith theregularizedHeaviside function
de ned above. f is discretizedby the forward Euler method: (f ,”Tl fi”;j)th.
Thereforethe nal updateformulacanbe conceptuallywrittenas

0= ooy T G i haifl 6o
whereay 0 comesfrom the discretizationof the cunatureterm. If the scheme
is fully explicit, ax = 0 andG would dependnf |n, In the papeytheauthorsused
Dx= Dy= 1;e= 1; andDt = 0:1. Thisimpliesthatthe deltafunctionis really a
regularbump functionthatputsmoreweighton the evolution of the zerolevel set
of f. SeeFigures4.1and4.2 for someresultsof this algorithmappliedto brain
segmentation.

Finally, it is alsopossiblebut not advisablein this (unusual)casebecausaew
zerolevel setsarelikely to develop spontaneoushseesectionl.4.5,to replacethe
d functionin front of the cunaturetermjNfj [61]. The equationthenbecomes
independenof the choiceof thelevel setfunctionused,i.e. the problembecomes

morphological2].
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FIGURE 4.1. Brainsementatiorin 2D.

4.3. Fastone-passsegmentationalgorithms. Recently GibouandFedkiw[44],
andSongandChan[88], proposedsomefastmethodghatarebasednthe Chan-
Veselevel setsggmentationformulation. Thesealgorithmsarebuilt upon ipping
the valuesof f at eachgrid point/pixel from positve to negative or vice versa
accordingo arule R, andcontain4 mainsteps:

(1) Initialize f: W7! f 1;1g.
(2) Advance:for eachgrid point,setf "1(x) = f"(x) if R(f™ %" x) = 1:
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(3) (Performregularizationif needed.)
(4) Repeauntil f™1 N
For example,in GibouandFedkiw's algorithm,R(f ™ 1;f") = 1if
V(") signf") < 0;
hereV correspondso the tting termin the EulerLagrangesquation:
VEMX) = T(uo ca(f)?+ 120w co(f )

(Note thatthe caseV = 0 is implicitly de ned). In this algorithm, Step3 is es-
sentialprovidesregularizationto the sgmentboundaries Without it, fractallike
boundariesnaydevelop.

In SongandChans algorithm,the key obsenrationis thatonly the signsof the
the level setfunction matterin the enegy functional. This caneasilybeenseen
from the modelde ned in equation(4.1), in which one seesthatthe enepy is a
functionof H( f). In thisalgorithm,R (f "*1:f ") canbeinterpretedasthelogical
evaluationof thefollowing inequality:

E(f™ e cu)  E(F™cr;coiuo):

Hence thesignof f "(x) is ipped onlyif theenegy (4.1) is non-inceasing This
providesstability of thealgorithmwhencomparedo GibouandFedkiw'sin which
thereis no checkingon the enegy descentat the costof somespeeddf impleme-
nation.

We remarkthatthereis a closeconnectiorbetweerthesetwo “level set” based
methodsgo the* G-convergence’basemethods TheChan-\ésesggmentatiormethod

canbeapproximatedy thefollowing variationalproblem:
Z Z Z

Ee(U;C1;Co o) i= 1 fNuj2+ %W(u)dx+|1 Wuo c)?+1s (1 w(up ©cp)%dx

wherew(u) = u’(1 u)?; ande is a small positve number Due to the strong
potentiale *W(u), u will quickly be attractedto either1 or 0, andconsequently
thetermu? and(1 u)? correspondespectiely to H(f) and1 H(f) in (4.1),

andejNuj? correspondso the regularizationof of the lengthof TW. Essentially
onecaninterpretthe Gibou-Fedkiwor Song-Charalgorithmasperforminga one

stepprojectionto the steadystatethat resultsfrom the stiff potentialW. This is

delineatedn the currentwork of EsedogliandTsai[37].

4.4. Segmentationof multiple “phases”. Thereareeffortsto generalizéhelevel
set methodsfor multiphasecomputation. For example,in [107], eachpartition
W is representedby a level setfunctionf;. It is thenimportantto enforcethe
constraintghat1) theregionsrepresentedo notoverlap( i'\ilffi < 0g= 0), and
2) theéeare no unclaimedregions; i.e. every pointin W belongsto certain W
(w= "N.ff; 0g). Interestingformulaearederivedin the variationalsettingto
enforcethesetwo conditions.However, this approachmay be expensve whenthe
numberof phasess large.

In [103], theauthorsusethessignof thelevel setfunctionsf ; asabinarycoding
for the phaseseachassigned non-ngatie integervalue. Supposeherearefour
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phasesW, i =; ;3; andtwo level setfunctionsf o andf i are usedfor their
representationrOnecanthenwrite, for instance,

\
Wo=ffg Og ffy Og;
\
W = ffg Og ffq Og;
\
W=ffg 0Og ffy Og;
\
W= ffo Og ffy Og:
To full generalitywrite the phasenumberi in binaryformati = éﬂzéck 2 where
ck takeson eitherO or 1. Thenoneway of usingff kgﬂzé level setfunctionsto
representV is to identify
N1
W= fx2W:(1 c¢) fr(x) Og:
k=0
A drawbackof this approachs the potentialmis-identi cation of whatis sup-
posedto be catgyorized as one single phaseto two or more “different” phases,
sincetheformulationreally comeswith 2" phasesvith n level setfunctions.In the
Chan-\ésealgorithmfor example,it is possiblehattheimageu hasthe sameaver-
agein two differentsegments.Anotherdravbackis the possiblemiscalculatiorof
thearclength/surhceareaof eachphasewhentwo phaseboundariesreforcedto
collapseinto oneandmay be givenmoreweightthanothers.Relatedo theabove
dravbacksanimportantbut sofar untouchedto the bestof our knowledge)prob-

lemin thelevel setworld is to determinethe optimalnumberof phasesn certain
sgmentatiorproblems.

4.5. Discussion. Oneof the successfuleaturegeportedn [18] is theemegence
of new interior contour As we mentionedearlier if one enforcesthe level set
functionto be the distancefunctionto the existing interfacesor replacethe delta
functionby jNf j andcomputegocally, thentheexistinginterfacesareonly allowed
tomegeor disappearTheauthorsattributedthe possibilityof new interior contour
emegenceo theirparticularchoiceof deltafunctionthathasnon-compacsupport.
One commonapproachin gettingaroundthis problemis to initially seedmary
smallcirclesthataredenselydistributedthroughouthe givenimageandlet them
graduallymege andevolve to a numberof larger contours.See gures 1.4.3This
approachlseemgo capturethe interior contourpretty well. While the statements
aboutthe nonlocaleffect of the particulardeltafunction usedin Chan-\éseare
valid, morecarefulstudyis calledfor to comparehe degreeof regularization,and
diameterof theinterior of ary segmentationo the possibility of theemepgenceof
new interior contour

We would alsolike to commentthat the iteratve approachadoptedby Chan
andVesecanberegardedasa versionof Gauss-Jacobierationsfor the nonlinear
EulerLagrangesquation(4.2). This statementanbe supplementedy looking at
thesameapproactappliedto thelinearequation:

u = Du:
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FIGURE 4.3. Initialization.
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The compleity of bothapproachess proportionalto N2, the total numberof pix-
els. Thisis veri ed by the computationsof Songin [36]. We remarkthatit is
possibleto speedup the gradient o w in the Chan-\ésealgorithmby a splitting
methoddescribedn [43].

Therearemary new (andold) “level setbased’segmentationalgorithmsthat
discardthe continuity of the level setfunctionandproposejnstead,to modelthe
sgmentationproblemas a completelydiscrete pixel-by-pixel, algorithm. As in
[44] and[88], thesetype of methodstypically appearto be fastey andin some
casesmore e xible in handlingmultiple phases. This trendsseemto be going
againstthe original spirit andraisond'tre of PDE basedevel setmethodsgfor im-
ageprocessing— the geometryof the interfaceis approximatedat higherorder
accurag throughthe assumedontinuity of the level setfunction over the grid.
Thisfactresonatewvith thecriticism over phaseeld modelsfor sggmentatiorthat
thereis no accurateepresentatioof theinterface,unlessonere nes thegrid and
resolesthe stiff parametee ! (somethingthatis typically impossibleto do for
mary imageapplications).

Oneshouldaskthequestiorwhetheraccurateepresentationf thephaséound-
ariesis really neededor the problemat hand.Of course thereareapplicationsn
which geometricalguantitiesof the phaseboundariegplay importantrolesin the
model;e.g. in thedisocclusiorapplicationof Nitzbeig-Mumford-Shiotg64] and
alsoin theapplicationgelatedto Euler's Elastica.ln thesetypeof applicationsthe
“conventional” level setapproackcertainlyhasthe advantage.In the casesvhere
thegeometricafjuantitiesarenotof importancethepiecaviseconstantmodelmay
be quiteuseful.
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Our lastcommentis on the regularizationterm of the level setbasedsegmen-
tationmethods.Sofar, popularchoiceshave beenthe variantscomingfrom mini-
mizing thelengthof theinterface.In denoising aswe have seenthis corresponds
to L, regularizationof the imagegradient. It is possiblethat the featuresto be
sggmenteddueto their origin, retainspecialorientationsandareanisotropic.This
type of applicationsexist, for example,in materialsciences. In this case,one
shouldlook into the possiblealternatves. We point out that Wulff enegy is one
suchpossiblecandidatesThere theregularizationoperatorR is a functionof the
normalof theinterface,i.e. R(r) = div(gA)). (In thecommonTV regularization,
on) = A. We referto detailsto [71, 77] and[67].

5. PUSHING THE LIMIT

In this section,we will describerecentwork correspondingo the classicalap-
plicationsthatwe listedabove. We will seethatthis new work combinedifferent
ideastogetherto manipulatemorecomplicatedyeometricabbjects.However, the
basicprincipleandspirit remainsunchanged.

We startwith total variationdenoising.In [62], Meyer examinedthetotal varia-
tion modelof [80] morecloselyandproposedo decomposanimage,ug, into two
portions,up = u+ v, wherev containsthe texture andnoisepartsof up andcanbe
written asthe divergenceof a vector eld; i.e. v= div g with thenormof v; jjvjj
de ned asthein mum of L¥ normsof suchvectorsg: Soonafterwards,in [104]
andalso[74], the authorsproposech numericalalgorithmof approximatingsuch
adecompositiorandcombinedit with othertexture synthesigechniqueo inpaint
texturedimaged6].

In [11, 22], the authorsprovided a level setframewvork to represenand move
curvesonimplicit surfacesor in freethreedimensionabpace Thisframevork was
thengeneralizedo processmagesandevenmoregenerafuantitiessuchasvector
elds thatarede ned on non at surfaces[7]. Figure5.1 shavs inpaintingover a
sphere. This is one of the pioneeringworks on more complicatedgeometriesn
the level setframevork. Generallyspeakingthekey is to raisethe spacedimen-
sion and/orthe numberof level setfunctions. For example,in [107], the authors
usedmultiple level setsto solve amultiphaseminimal surfaceproblem.Chan-\ése
further generalizedhe ideaandappliedto imagesegmentationg103]. This was
discussedn the previous section. Smerekd86] usedmultiple level setsto de ne
spiralsandstudythe formationof screv dislocationsn crystalgrowth. Liao etal
[58] usedthis approactin brainmorphing.Additionally, [87] alsohadaninterest-
ing level setapproacho the multiphasecomputatiorthat could be usedin image
segmentation.

As alastexample,in the framework of [11, 22], a curve is represente@sthe
intersectiorof two implicit surfacesandthe differentialoperatoron surfacesare
approximatedby theprojectionsof therelatedoperatorsn theambientspace This
wasthengeneralizedo work on evenmorecomplicatecyeometricabbjectscom-
monly seenin dynamicgeometricabptics[66]. This approachmakesthe manipu-
lation of evenmorecomplicateccurvesandsurfacespossible seeFigure5.2.
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FIGURE 5.1. Theimageontherightis thedenoisedandinpainted
resultfrom theleft.

FIGURE 5.2. This gures shavs somecomplicatedcurveswith
selfintersectionsisingtheapproachn [66].

5.1. Computer Graphicsand Beyond. Theproblemof nding thevisible/irvisible
region of a given surface con guration is a fundamentalbne. One of the most
straightforvard applicationss in surfacerendering.Typically, explicit ray tracing
techniqueshave beenusedto rendera “realistic” projectionof the visible part of
thegivensuriaceson theimageplane.Not surprisingly someapplicationgelated
to theaccumulatioron surfacesof quantitieghatpropagatesdoeslight alsoneed
visibility information. Examplesinclude etching[1], the formation of hugeice
spikeson the PeruvianAndesMountaing[8], andshapdrom shadingmodels[53]
(seeFigure5.3).

We point out herethatin mary of the applicationdisted above, the data(i.e.
surfaces)are given implicitly. It is therefore,naturalto work directly with the
implicit datawithout corverting to a differentexplicit representationAn interest-
ing level setmethodfor thevisibility problemhasrecentlybeendevelopedby the
authorsand collaboratorg99]. The underlyingbasicalgorithm canbe regarded
asa multi-level implicit ray tracerthat works with volumetricdata. It hasbeen
appliedsuccessfullyin reconstructingurfacesfrom multiple imagesof different
views [53]. It canalsobe applieddirectly to somesurfacerenderers.e.g. the
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FIGURE 5.3. The pictureon the right shavs the reconstructed
surfacefrom multiple imageson theright.

FIGURE 5.4. Theblackregionsareinvisible to the pathindicated
by thediamonds.

“non-photo-realistit rendereof [51]. In thealgorithmde nedin [99], thebound-
ariesof visible andinvisible regions,bothsilhouetteandswath[30], areimplicitly
representeih the framework of [11, 22], mentionedabore. Figure5.4 shawvs an
accumulatie visibility resultof a pathabose GrandCaryon. Figure5.5 shavs a
resultandthesilhouette.

Thisimplicit framework for visibility offers mary otheradvantagesFor exam-
ple,thevisibility informationcanbeinterpretedasthe solutionof simple rst order
PDEsand[99] offers a nearoptimal solutionmethodon the grid. The dynamics
of the visibility with respecto moving vantagepoint or dynamicsuriacescanbe
derivedandtrackedimplicitly within the sameframewvork. Furthermoreysingthe
sameframeavork andthe well developedlevel setcalculusandnumerics,onecan
startsolvingvariationalproblemsonthevisibility numericallyandef ciently [97].
Thiswill thenrelateto classical'lguardingcameras®dr “pursuerevader” problems
in computationageometryandrobotics.
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FIGURE 5.5. The blue surface bordersthe visible andinvisible
regions. Thelight blueandyellow curesindicatethe silhouettes
andandswaths.

6. CURRENT TRENDS

Currently higherordernonlinearPDEsareincreasinglyappearingn imagesci-
ence. For example,in imageinpainting of [15][35][60], a fourth order PDE is
derivedfrom regularizingthe level setcurvaturea givenimage. Figure 7.1 shavs
aninpaintingresultfrom [35].

In computergraphics,Tasdizeret al [95] proposedo performanisotropicdif-
fusionon the normalsof a given level setsurfacemodel. In generalfourth order
equationsare much harderto analyze,sincethey generallydo not have a maxi-
mum principle assecondorderparabolicequationgdo. Anotherinterestingpaper
of Burchard[10] discusseshediffusionoperatorsonstrainedn color space.

Thereis alsoa trendof devising extremelyfast(almostone-pasanddiscrete)
algorithmsfor imagescienceapplicationdrom level setPDE models.This began
in [44][88].

Multiscalemethodshave beensuccessfullyappliedto several differentapplica-
tionsin imagescience. For example,wavelet analysishasbeenquite successful
in imagecompressionMultigrid methodsprovide fastalgorithmsto solve certain
linearequationsFastMultipole Methodsalsohave beenusedn imagesciencesee
e.g.[12]. Recentlyageneraframevork (HMM) for aclassof multiscaleproblems
hasbeenadwcatedby W. E andB. Engquist{31]. An HMM-level setmethodfor
front propagationn randommediais introducedy [23]. Theauthordelievethata
combinedmultiscale-leel setmethodwill be usefulin modelingimagesequences
thatareobtainedfrom highly noisymedia.
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A noisy image to be inpainted. Inpainting via Mumford Shah Euler image model

FIGURE 7.1. Thisis aninpaintingresultof [35].
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