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In this article, we discussthe question"What Level Set Methodscan do for
imagescience". We examinethe scopeof thesetechniquesin imagescience,in
particularin imagesegmentation,andintroducesomerelevantlevel settechniques
thatarepotentiallyusefulfor this classof applications.We will show that image
sciencedemandsmulti-disciplinaryknowledgeand�e xible but still robust meth-
ods. That is why the Level SetMethodhasbecomea thriving techniquein this
�eld.

We begin by reviewing sometypical PDEbasedapplicationsin imageprocess-
ing. In typicalPDEmethods,imagesareassumedto becontinuousfunctionssam-
pledonagrid. Wewill show thatthesemethodsall shareacommonfeature,which
is theemphasison processingthelevel linesof theunderlyingimage.Theimpor-
tanceof level lineshasbeenknown for sometime. Seee.g.,[2]. Thisfeatureplaces
ourslightly generalde�nition of thelevel setmethodfor imagesciencein context.
In sectiontwo, we describethebuilding blocksof a typical level setmethodin the
continuumsetting. Eachimportanttaskthatoneneedsto do is formulatedasthe
solutionto certainPDEs.Then,in sectionthree,wequickly describethe�nite dif-
ferencemethodsdevelopedto constructapproximatesolutionsto thesePDEs. In
sectionfour, wedescribedtheChan-Vesesegmentationalgorithmandtwo new fast
implementationmethods.Finally, in section� ve,wedescribesomenew techniques
developedin thelevel setcommunityasourprospectusfor thefuture.

1. LEVEL SET METHODS AND IMAGE SCIENCE

Thelevel setmethodfor capturingmoving frontswasintroducedby Osherand
Sethian[72] in 1987.(Two earlierconferencepaperswhichcontainedsomeof the
key ideas,have recentlycometo light [28],[29]). Over theyears,themethodhas
proven to bea robust numericaldevice for this purposein a diversecollectionof
problems.Onesetof problemslies in the�eld of imagescience.In thisarticle,we
will emphasizenot only whathasbeendonein imagescienceusinglevel settech-
niques,but alsoin otherareaof sciencesin whichthelevel setmethodsareapplied
successfully— theideais to pointout therelatedformulationsandsolutionmeth-
odsto the imagesciencecommunities.Thesecommunitiesincludeimage/video
processing,computervision,andgraphics,Thesearediverse,with specialtiessuch
asmedicalimagingandHollywoodtypespecialeffects.

Let us begin with a quick examinationof what constitutesa classicallevel set
method:animplicit datarepresentationof a hypersurface(codimension1 object),
asetof PDEsthatgovernhow thesurfacemoves,andthecorrespondingnumerical
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methodsfor implementingthisoncomputers.In fact,atypicalapplicationin image
sciencemayverywell needall thesefeatures.Wewill illustratethispointby some
classicalapplications.

Theterm“imagescience”(or “imaging science”)is usedhereto denotea wide
rangeof problemsrelatedto digital images. It is generallyreferredto problems
relatedto imageprocessing,computergraphics,andcomputervision. Thetypeof
mathematicaltechniquesinvolvedrangefrom discretemath,linearalgebra,statis-
tics,approximationtheory, to partialdifferentialequations,quasi-convexity analy-
sis relatedto solving inverseproblems,andevenalgebraicgeometry. Therole of
a level setmethodfor imageprocessingoftenrelatesto PDEtechniquesinvolving
oneor moreof thefollowing features:0) regardinganimageasafunctionsampled
onagivengrid with thegrid valuescorrespondingto thepixel intensityin suitable
color space,1) regularizationof thesolutions,2) representingboundaries,and3)
thenumericsdevelopedfor the level setmethods.Particularly in light of 2), it is
nothardto seekanapplicationof thelevel setmethodfor segmentation.Thereare,
however, efforts which combinedifferentdisciplinesmentionedabove togetherto
accomplishspecialtasks. For example,Mark Green[47] useda new statistical
approachtogetherwith Total Variation(TV) denoising[80], andYvesMeyer [62]
analyzedfunction/imagerepresentationfrom adecompositionthatis motivatedby
theTV denoisingof [80]. Wewill seesoonthatTV denoisingis closelyrelatedto
solvinganinverseproblem.

In a latersection,we will examinesomeessentialfundamentalsof thelevel set
methodology. Wereferthereaderto theoriginalpaper[72] andthenew book[68]
for detailedexpositionof thelevel setmethod.Also, thereis a setof presentation
slidesavailablefrom the�rst author's homepage1.

Wewrite a typical PDEmethodas

Lu = l Ru;

or
ut + Lu = l Ru;

whereL is someoperatorappliedto the given image,andR denotesthe regular-
ization operator. Typically, an imagemodel is obtainedby devising an energy
functionalE(u) andsolvingfor a minimizer. TheMumford-Shahmultiscaleseg-
mentationmodelis de�ned thisway [63], asis TV denoisingwhichcanbewrriten
as:

minimumuE(u) =
1
2

Z
(u� u0)2dx+ l

Z
jÑujdx;

whereu0 is thegiven noisy image. In this setup, Lu will be the Euler-Lagrange
equationsubjectto the associatednaturalboundaryconditionswhich is just u �
u0) hereand R = Ñ � Ñu

jÑuj , the curvatureof the level curve at eachpoint in this
application.WhenL is not invertible,or whencertainregularity in the imageu is
required,a regularizationterm will beadded.For example,in theTV deblurring

1http://www.math.princeton.edu/~ytsai
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of [79],
Lu = K � (Ku� u0);

whereK is acompactintegraloperator, u0 is thegivenimage,andtherestoredim-
ageis thelimit u(t) ast � ! ¥ : In usualversionof TotalVariationbasedmethods,
theregularizationis de�ned as

(1.1) Ru=
�

Ñ �
Ñu

jÑuj

�

thisis theEuler-Lagrangederivativeof theTV termasremarkedabove. Weremark
thatin many imageapplications,theunregularizedenergy functionalis nonconvex,
andits globalminimizercorrespondsto thetrivial solution.Only somelocalmini-
mizeris needed.

The effects of (1.1) in noiseremoval can be explainedas follows: the level
curvesin theneighborhoodsof noiseon theimagehave highcurvatures.Thelevel
curvesof theviscositysolutionto

ut =
�

Ñ �
Ñu
jÑuj

�
jÑuj

shrink with the speedof the meancurvatureand eventually disappear. Conse-
quently, the level curveswith very high curvatures(noise)disappearmuchfaster
thanthosewith relatively lower curvatures,(this wastheapproachtaken in [61]).
If the jÑuj term is dropped(asit usuallyis) the velocity is alsoinverselyin pro-
portionalto the gradient. This meansrelatively �at edgesdo not disappear. The
analysisof motion by curvatureand other geometricmotionsare all important
consequencesof viscositysolutiontheory, originally devisedfor Hamilton-Jacobi
Equations,relatedto evolution pastthesingularities,includingthepinching-off of
level curves.See[20][26], [38, 39, 40, 42].

In the developmentof this type of method,oneoften qualitatively studiesthe
solutionsof the governingPDEsby investigatingwhat actionoccurson eachof
the level setsof a given image. In the TV regularizationof [61] for example,
Ru(x) actuallydenotesthemeancurvatureof the level setof u passingthroughx:
References[14][20][38], for example,providedanalysisfor this typeof PDEs.

Anotherinterestingcategory of applicationsis datainterpolation. In theprob-
lem of inpainting,seee.g. [5] andFigure1.1, the challengeis to repair images
with regionsof missinginformation. The algorithmsaredevelopedwith strong
motivationon connectingthelevel curvesover the“inpaintingdomain”in an“ap-
propriateway”. In a ratherorthogonalway, the AMLE (AbsolutelyMinimizing
LipschitzExtension)algorithm,seee.g. [13], assumesa givensetof level curves
of animage,and�lls in theregionsin betweenthegivenlevel curveswhile trying
to minimizethevariationof thenew datagenerated.

In many applicationssuchasimagesegmentationor rendering,level setmethods
areusedto de�ne theobjectsof interest.For example,a level setfunctionis used
to singleout desiredobjectssuchasthelandmassof Europe[18]. Thelandmass
is de�ned to be the connectedregion wherethe level set function is of onesign
(seeFigure1.2). Therearemany successfulalgorithms. Examplesare[17][75].
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FIGURE 1.1. Image obtained from
http://mountains. ece .umn. edu /~g uil le /in pai nti ng.ht m

In a different,but related,context, Zhaoet al usesa level setfunction to interpret
unorganizeddatasets[108],[105].

Many of theabove methodsrely on thevariationallevel setcalculussimilar to
that of [107] to formulatethe energies whoseminimizersare interpretedas the
solutionto theproblems,andthesolutionsarelevel setfunctions. In general,the
energiesarevariantsof thesurfaceintegral

Z

W
F(f ;u)df jÑf jdx;

andthevolumeintegral Z

W
G(f ;u)H(� f )dx;

see[107] for detailsandde�nitions. We shall returnto this in a later sectionon
imagesegmentation.

Wenoticethatin someof theabove applications,level setfunctionsareusedto
separatethedomaininto differentregions.Theinterfacesseparatingthoseregions
arede�ned asthezerosof thelevel setfunction.ThePDEsthatgovernthemotion
of the interfacecanbederived from a variationalprinciple. In many othercases,
the interfacemotionaregovernedby well known physics.In fact, in theoriginal
level setpaper[72], a level set function is usedto distinguishburnt andunburnt
regions in �ame propagationproblems. Fedkiw andcollaboratorsusedlevel set
methodsto simulatediversephysicalphenomenasuchassplashingwater, �ame
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FIGURE 1.2. Landmassof Europefoundusingactive contours.

propagation,anddetonationwaves. Whenthe resultsarerenderedon thescreen,
they becomevery effective andrealisticrenderingof naturalphenomenasuitable
for specialeffectsin movie productions.Thereadercan�nd adetaileddescription
andreferencesin [69]. Figure1.3providestwo of suchsimulations.

Hence, wewill de�ne a “le vel setmethod”for an image asa methodthat ana-
lyzesandmanipulatesthelevel setsof a givencontinuousfunctionthat wecall an
image.

Finally, thereis a collectionof level setnumerics,consistingof mostlynumer-
ics for generalHamilton-JacobiEquationsandcompressibleand incompressible
Fluid Dynamics.Thesemethodsarenot limited only to thepurelevel setformu-
lations.They canalsobeusedto solve otherPDEbasedimagemodels.Thebasic
numericsstartedin [72, 73], andgeneralizationshave beencarefullydocumented
in [68]. Somenew onescanbefoundin [34][56][81][98][100][101]. Additionally,
wementioned[96], whichaddressestheissueof regularization.

Ideasoriginating in this type of numerics,e.g. ENO interpolation[49], have
beenusedto develop wavelet basedmethodswhich minimize ringing, or Gibbs'
phenomenaat edges[19].

2. LEVEL SET METHOD IN A NUTSHELL

A signi�cant numberof problemsin sciencereduceto thestudyof theevolution
of curves,whichareusuallytheboundariesbetweendifferentmedia.Thesecurves
(or interfaces)move accordingto their own geometriesor the laws of physicsas-
sociatedwith theproblem.They breakup, merge,or disappearduring thecourse
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FIGURE 1.3. Imageobtainedfrom http://www.cs.stanf ord .ed u/~ fe dki w

of time evolution. Thesearetheevery daychallengesof mostof theconventional
methods.Thelevel setmethod[72], however, handlesthesetopologicalchangesin
thecurves“with no emotionalinvolvement”.Sinceits �rst introduction,therehas
developedapowerful level setcalculususedto solveagreatvarietyof problemsin
�uid dynamics,materialssciences,computervision,computergraphics,to namea
few topics. We refer to [68] for an extensive expositionof the level setcalculus.
Seealso[45] for relatedtheoreticalexposition.

Typically, onecanwrite a generallevel setalgorithmin threestepsenumerated
below:

(1) Initialize/reinitialize f at t = tn.
(2) Construct/approximateH(t;x; f ;Df ;D2f ). (Occasionallyhigher deriva-

tivesalsoappearfor whichviscositysolutiontheorydoesnotapply).
(3) Evolve

f t + H(t;x; f ;Df ;D2f ) = 0;

for t = tn + Dt.

For imageapplications,f above can either be the imageitself (e.g. deblurring
applications)or anextra functionthatis usedto processthegivenimage(e.g.seg-
mentationapplications).

Wewill discussthekey componentsof thethreestepsin thefollowing sections.
Moreprecisely, we will follow a conventionalapproachof describingthelevel set
methodandstartour expositionfor Step2. Step1 andStep3 is typically imple-
mentedby suitablenumericalmethodsthatwill bereviewedin thenext section.
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2.1. Basicformulation. For simplicity, wediscusstheconventionallevel setfor-
mulationin two dimensions.The interfacesrepresentedby a level setfunction is
thusalsoreferredto asacurve. However, themethodologypresentedin thissection
canbenaturallyextendedto any numberof spacedimensions.There,theinterface
thatis representedis generallycalledahypersurface(in threedimensions,it is sim-
ply calledasurface).Wewill usethewordsinterfaceandcurves,interchageably.

In the level setmethod,thecurvesareimplicitly de�ned asthezerosof a Lip-
schitzcontinuousfunction f . This is to saythat f (x;y) 2 R2 : f (x;y) = 0g corre-
spondsto the locationof the embeddedcurve. SeeFigures2.1, 2.2, and2.3 for
someexamples. If we associatea continuousvelocity �eld v whoserestriction
ontothecurve representthevelocity of thecurve, thenat leastlocally in time, the
evolutioncanbedescribeastheCauchyproblem

f t + v � Ñf = 0; f (x;0) = f 0(x);

wheref 0 embedsthe initial positionof thecurve. To derive this, let us look at a
parameterizedcurve g(s;t) andassumethat ¶g=¶t is the known dynamicsof this
curve. If we require that g(s;t) be the zero of the function f for all time, i.e.
f (g(s;t);t) = 0 for all t � 0, thenat leastformally, thefollowing equation

f t +
¶g
¶t

� Ñf (g;t) = 0

is satis�edalongg. Extending¶g=¶t continuouslyto thewholedomainwill create
suchavelocity �eld.

In general,the velocity v canbe a function of positionx andsomeotherge-
ometricalquantitiesof the curve or otherphysicalquantitiesthat comewith the
problem.Theequationcanbewrittenusingthenormalvelocity:

(2.1) vn = v �
Ñu
jÑuj

; f t + vnjÑf j = 0:

Wenotethattheseequationsareusuallyfully nonlinear�rst orderHamilton-Jacobi
or secondorderdegenerateparabolicequations,andwith suitablerestrictions,the
theoryof viscositysolutions[25] canbe appliedto guaranteewell-posednessof
theCauchyproblem.

Correspondingto the viscositysolutiontheory, therearea setof simple�nite
differencemethodsto constructapproximationsolutions.We refer the interested
readersto [41, 45].

Finally, in thelevel setformulation,thesurfaceintegral of function f alongthe
zerolevel setis de�ned via thesurfaceintegral

Z

Rd
f (x)d(f )jÑf jdx:

If f � 1, this integralyeildsthearclengthfor curvesin two dimensions,andsurface
areainthreedimensions.Volumeintegralsarede�ned as

Z

Rd
f (x)H(f )jÑf jdx;
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FIGURE 2.1. A circleembeddedby differentcontinuousfunctions.
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whereH(x) = 1 for x � 0 andH(x) = 0 for x < 0. We refer thediscussionon the
relatedcomputationalissuesto [33].

2.2. Reshapingthe level set function. In many situations,the level setfunction
will develop steepor �at gradientsleadingto problemsin numericalapproxima-
tions. It is thenneededto reshapethe level set function to a moreuseful form,
whilekeepingthezero locationunchanged. Oneway to do this is to performwhat
is called distancereinitialization [94] by evolving the following PDE to steady
state:

(2.2) f t + sgn(f 0)( jÑf j � 1) = 0; f (x; t = 0) = f 0(x):

Here f 0 denotesthe level set function we have beforethe reintialization. If we
evolve thesolutionto steadystateover the computationaldomain,the solutionf
becomesthesigneddistancefunctionto theinterfacef f 0 = 0g. Onecanunderstand
themechanismof thisapproachfrom thefollowing scenario:in theregionin which
f 0 ispositive,f t < 0wheneverjÑf j > 1; therefore,thevalueof f will decrease,and
consequently, jÑf j will becomecloserto 1. Notice that f t � 0 wherever f 0 � 0,
sincesgn(0) = 0. See�gure 2.4.
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FIGURE 2.2. Morecomplicatedcurvesandtheirembeddinglevel
setfunctions.
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Anotherequivalentapproachis to solve theeikonalequation

jÑf j = 1

with theboundaryconditionf = 0 on f f 0 = 0g. A commonnumericalapproach,
e.g. [76] is to run distancereinitialization(2.4)with a high orderaccuratemethod
for a shortamountof time, so that in a thin tubearoundf f 0 = 0g f is now the
distancefunction.Then�x thevaluesof f in this tubeasboundaryconditions,and
usefastsweepingor fastmarchingmethodsto solve the eikonal equations.We
shalldiscussthesweepingmethodin thenext section.

Weremark�rst thatfor mostapplications,thereinitializationis only neededfor
a neighborhoodaroundthe zerolevel set,andthe diameterof this neighborhood
dependson the disctretizationof the partial derivatives in the PDE.This implies
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FIGURE 2.3. Two closedcurvesthatareimplictly embeddedby
a singlelevel setfunctionde�ned on thegrid.
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FIGURE 2.4. reinitialization

that only a few time stepsin t areneeded.Next we note that it is importantto
solve (2.2) usinga high orderdiscretizationmethod. Otherwise,the locationof
theoriginal interfacewill beperturbednoticeablyby thenumericaldiffusion. Fi-
nally, reinitializationglobally in thecomputationaldomainwill preventnew zero
contoursfrom appearing.Thus,oneneedsto becarefulif emergenceof new level
contoursis of interest. In many imagesegmentationtasks,this is important,and
weshallcommenton this in a latersection.

2.3. Extendingquantitiesoff thenormalsof the interface. In many models,one
canonly derive the interfacevelocity vn in equation(2.1)alongG. It is necessary
to createacontinuousvelocity �eld de�ned on thewholedomainWor at leastin a
tubular neighborhoodof Gwhoserestrictionon Gagreeswith theknown interface
velocity. Onecommonway to obtainsuchavelocity �eld is to solve thefollowing
boundaryvalueproblem:
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FIGURE 2.5. Quantitiesareextendedoff thezerolevel setin the
normaldirections.

(2.3) Ñw� Ñf = 0; with wjG = vn;

or equivalently, to solve for thesteadystateof thetime dependentequation:

(2.4) wt + sgn(f )Ñw� Ñf = 0;

with any initial dataw0 whoserestrictiononGmatchesvn.
The interpretationof this approachis that vn will be propagatedasa constant

alongthecharacteristicsof thePDE(2.3),emanatingfrom G, parallelto thesurface
normals.See�gure 2.5. Fastsweeping[56, 98, 100, 106] or fastmarching[102,
82] canbeusedto solve the�rst equationwhile ahigherorderaccurateHamilton-
Jacobisolver canbeusedfor thesecond[73]. In thenext section,we will brie�y
describesomepopulardiscretizations.

2.4. Tracking quantities de�ned on the fronts using level set method. So far
we have describedthebasiclevel setmethodthat enablesus to move curvesand
surfacesnormalto themselvesby theprescribedvelocities.We have concentrated
on describinghow the physicallocationof the curves andsurfaceschanges.In
many applications,including imageprocessingandcomputervision, we needto
trackquantitiesthat arede�ned on thesurfaces.In this section,we review some
techniquesfor doingthis.

Let f̃ : G7! X denotesthequantityde�ned on G, thezerolevel setof f , and f̃
satis�es

(2.5) f̃t + QG f̃ = 0; f̃ (x;t = 0) = f̃0(x);

whereQG denotesthedifferentialoperatoron G. This equationdetermineshow f̃
is changingon G. Let f : U � Rd 7! X be a function de�ned in a neighborhood
U of G, and f jG � f̃ . HereRd is the ambientspaceof G; i.e. f : Rd 7! R, and
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G= f x : f (x) = 0g. In a typical level setmethod,insteadof solving(2.5) directly
onG, onesolvesthecorrespondingPDEin Rd :

ft + Qf = 0;

so that therestrictionof f (t) to Gmatcheswith f̃ (t) for t � 0. At this point, it is
naturalto askwhatQ is, giventheQG? In many applications,theform of Q is the
centerof thestudy, andit mightbemoreconvenientto trackanalternativequantity,
g in orderto obtainan equationthat is easierto solve. Seethe recentpaper[54]
for suchan example. In the next paragraph,we discussanotherexampleof this
situation.

Assumethatwe areinterestedin somequantitiesde�ned andparameterizedon
the surfaces,and we needto know how thesequantitiesredistribute during the
evolution of thesurfaces.In [48], OsherandHarabetianintroduceda methodfor
doing this. Let f denotethe level setfunction that embedthesurfaceof interest.
Theideais to introduceanauxiliary functiony suchthat(f ;y ) formsacoordinate
systemnearthezerolevel setof f :

Let the family of closedcurvesG(s;t) = (x(s;t);y(s;t)) be parameterizedby s
andt: Wewantto evolve for example,G(s;0) to timet, by thelevel setfunctions:

f (x(s;t);y(s;t);t) � 0; y (x(s;t);y(s;t);t) � s:

However, y is not a singlevaluedfunctionover a closedcurve if it is de�ned this
way. Theauthorsthenproposedto evolve theJacobian

J = det
�

j x j y
y x y y

�

insteadof y to circumventthisproblem.J hasto benonzerosothatwecanexpress
(xs;ys) by (� f y; f x)=J: Thus,in orderto trackthetangentialmotionweevolve

Jt + Ñ� (Jv) = 0

in additionto
f t + v � Ñf = 0:

Finally, webrie�y describethesystematicapproachthatwaspioneeredin Cheng's
thesis[21], andlateron in [7] for solvingPDE's on surfacesfor imageprocessing
purpose.A similar approachwasadoptedby [109] to studysurfactantson inter-
facesthatmove in time. For simplicity, weassumethezerolevel setto be�x edin
time.

ConsiderthesurfacegradientQG = ÑG thatmapsscalarfunctionsde�ned on G
to thetangentbundleof G. Thekey notionis to replaceÑG by asuitableprojection
of thegradientoperatorÑ in Rd. Thecorrespondingprojectionoperatoris a linear
operatorde�ned by:

Pv = I �
v
 v
jvj2

;

or equivalently, asamatrix,Pv canbewrittenas

(Pv) i j = di; j �
viv j

jvj2
;
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wherev is a vectorin Rd, anddi j is theKronecker deltafunction.For x 2 G; andv
thenormalof Gatx; Pv projectsvectorsontothetangentplaneof Gatx.

RecallthatG= f f = 0g; andÑf is parallelto thenormalof G. It canbeproved
thatÑG andPÑf Ñ areequivalentonG. Thus,for scalarfunctionsf ,

ÑGf = PÑf Ñ f ;

andfor vector�elds F,
ÑG� F = PÑf Ñ� F:

Let usillustratethisapproachwith afew examples.Consideracontinuousfunction
f̃ de�ned on G, a surfacein R3; anda given vector�eld v de�ned in the tangent
bundleof G. If thezerosof f̃ embedsthecurve of interest(call it C) on G, thenby
solving

f̃t + v� ÑG f̃ = 0;

one obtainsthe evolution of the curve constrainedon the surface. Correspond-
ingly, theextensionf of f̃ in R3 is anotherlevel setfunction,whosezerolevel set
intersectswith thatof f onC, andthecorrespondingPDEin R3 is

ft + v� PÑf f = 0;

or, by propertyof Pv,
ft + PÑf v� f = 0:

To performdistancereinitializationon f̃ , onecanevolve

ft + sgn( f0)( jPÑf Ñ f j � 1) = 0:

As an example,total variation diminishing �o w of an imageu, de�ned on a
surfaceG, takestheform

E(u) =
Z

R3
jPÑf Ñujd(f )jÑf jdx;

andthecorrespondinggradientdescentequationbecomes

ut = PÑf Ñ�
�

PÑf Ñu
jPÑf Ñuj

�
;

wherethe right handsidecorrespondsto thegeodesiccurvature,andcanalsobe
writtenas

Ñ �
�

PÑf Ñu
jPÑf Ñuj

jÑf j
�

1
jÑf j

:

2.5. Limitations of the Level Set Methods. The original idea in the level set
methodis to usethe sign of a given function to separatethe given domaininto
two disjoint regions,andusethecontinuityof the level setfunctionnearits zero
to de�ne theboundaryof thesedisjoint regions. Onerealizesthat it canbe more
complicatedto extendthis ideato handlenon-simplecurves,andmultiple phases.
An equallyimportantissueis to solvetheproblemathandin obtainingareasonable
quality without excessive complexity. We refer the readersto [87][103][107] for
level setmethodsfor multiple phases,[11], [66] for highercodimensionsand[86]
for opencurves,and[76][93, 92] for localization.Wealsoreferto [34] for ahybrid
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particlelevel setmethodthat is designedto lessenthe numericaldiffusion effect
for someclassof problems.

3. NUMERICS FOR CONSERVATION LAWS AND HAMILTON-JACOBI

EQUATIONS

Thenumericalsolutionof conservationlawshasbeenanactive �eld of research
for quitesometime. In particular, UCLA researchershavebeenmajorcontributors
to the�eld. The�nite differencemethodscommonlyusedin thelevel setmethods
(in particular, thoserelatedto Hamilton-Jacobiequations)aredevelopedunderthe
generalphilosophyof theGodunov procedureandthenonlinearENO reconstruc-
tion techniquesfor avoidingoscillationsin calculations.As aresult,upwindingand
ENO interpolationsbecometheindispensablepartsof thealgorithmsdocumented
here.

In whatfollows, we will �rst describetheGodunov procedurein thecontext of
solvingconservation laws andHamilton-Jacobiequations.We will alsodescribe
theENOinterpolationandcomparethedifferencesbetweenits usagein conserva-
tion lawsschemesandin Hamilton-Jacobisolvers.Wereferthedetailsto thebook
of OsherandFedkiw[68] andtheextensive referencestherein.

Let usintroducesomenotationsthatweshallusein thissection.Let f n
i; j denote

thevalueof xi; j = (x0 + iDx;y0 + jDy) 2 Wat time tn = t0 + Dt. We shallassume
thatDx = Dy.

De�nition 3.1. (Finite differenceoperators)Giventhevaluesof u on thegrid we
�rst de�ne theforwardandbackwarddifferenceoperators:

D�
x ui; j := �

ui� 1; j � ui; j

Dx
;

and

D�
y ui; j := �

ui; j � 1 � ui; j

Dy
:

alsothecentraldifferenceoperators:

D0
xui; j :=

ui+ 1; j � ui� 1; j

2Dx
;

and

D0
yui; j :=

ui; j+ 1 � ui; j � 1

2Dy
:

3.1. The Godunov procedure. TheGodunov procedure[46] developedfor con-
servation laws startedby looking at grid valuesascell averagesof thesolutionat
time tn: We then“build” a piecewiseconstantfunctionwhosevaluein eachcell is
thecell average.We solve theRiemannproblemat cell boundaries“exactly” for
anappropriatetimestepDt. Thisinvolvesfollowing thecharacteristicsandmaking
surethat the Rankine-Hugoniotandentropy conditionsaresatis�ed. Finally, we
averagethefunctionat t = tn + Dt in eachcell, andrepeattheabove steps.
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In the context of certainconventional Hamilton-Jacobiequations,piecewise
constantcell averagesarereplacedby a piecewise linear function that is contin-
uousat the cell boundaries,and point valuesare updated. This is describedin
[4].

In high orderschemes,cell averagesarereplacedby moreaccuratenonoscilla-
tory reconstructionon thefunctionsor the �ux es. We performthis reconstruction
by ENO/WENOmethods.

3.2. ENO/WENO interpolation. We wantto approximatethevalueof thefunc-
tion f in theinterval Ii := [xi� 1

2
;xi+ 1

2
]; usingthegivenvalues(or averagedvalues)

of f onthegrid nodesxi andits neighbors.Twocommonlyusedmethodsto getak-
th orderapproximationof f in I i arespectralinterpolationthatis basedon Fourier
expansionsand �x ed order polynomial interpolation. Both approachesproduce
oscillationsnearthe jumps in the function values. We will not commenton the
Fourierbasedmethodssincethethey arenotparticularlyusefulin thisconnection.
Conventionalpolynomialinterpolationsusuallyusethe functionvalueson all the
grid pointswithin a certain�x ed distancefrom xi ; regardlessof the smoothness
of the interpolatedfunction. ENO interpolation,on the otherhand,is a nonlin-
earprocedurethatis built on a “progression”of Newton's divideddifferences.By
“progression”,we meanthat theprocedurestartsby building a linear reconstruc-
tion of f in Ii usingeither f (xi ) and f (xi� 1) or f (xi ) and f (xi+ 1); dependingon
which pair of valueswill give a smootherreconstruction.Supposethereconstruc-
tion from f (xi) and f (xi� 1) is selected,we thencarryout thereconstructionusing
thevaluesof f oneitherxi� 2; xi� 1; xi or xi� 1;xi ;xi+ 1: Thisprocedureis iteratedun-
til thedesiredorderof approximationis achieved.Newton's interpolationis natural
in this framework, sinceonecanincrementallycomputethedivideddifferencesfor
interpolation. In addition,we canusethe valuesof the divided differencesasan
indicatorof the smoothnessof the functionsin the intervals formedby the grid
pointsthatareconsideredasstencil.

For conservative schemesapproximatingconservation laws, this ENO recon-
structionis performedon the�ux function f or thecell averagesū by �rst recon-
structingtheintegralof thesolutionu. For Hamilton-Jacobiequations,weperform
theENO reconstructionon thesolutionu:

In theENO reconstructionprocedure,only oneof thek candidatestencils(grid
pointsusedfor the constructionof the scheme)covering 2k � 1 cells is actually
used. If the function is smoothin the neighborhoodof this 2k � 1 cells, we can
actually get a (2k � 1)-th order approximation,if we useall thesegrid values.
This is theideabehindtheWENO reconstruction.In short,WENOreconstruction
usesa convex linearcombinationof all thepotentialstencils.Theweightsin the
combinationaredeterminedso that theWENO reconstructionprocedurebehaves
like ENO neardiscontinuities.As a result,WENO methodusesmallerstencils
to achieve thesameorderof accuracy asENO in smoothregions. Currently, our
choiceof schemeis the5thorderWENO.Fordetails,wereferto theoriginalpapers
[32, 49, 52, 59, 84,85], andthereview articles[83]. Recently, ShuandBalsara[3]
developedevenhigherorderWENOreconstructions.
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Therearesuccessfuladaptationsof this ENO idea/philosophyto otherframe-
works. See[16, 19] for ENO wavelet decompositionsfor imageprocessing,and
[24] for anapplicationof theENOphilosophyin DiscontinuousGalerkinmethods.

3.3. Numerics for equationswith Hamiltonians H(x;u; p) nondecreasingin u.
We repeatherethat any discussionof thenumericalschemescannotbe detached
from thesolutiontheoryof theequationsin questions.This is especiallyimportant
for nonlinearequations,sincein general,discontinuitiesin the functionvaluesor
in thederivativesdevelopin �nite time. Weareusuallyseekingaparticulartypeof
weaksolution.

In 1983, Crandalland Lions introducedviscosity solution theory for a class
of Hamilton-JacobiEquationsrequiringLipschitz continuousinitial dataandfor
which theHamiltoniansH(x;u; p) is Lipschitzcontinuousandnon-decreasingin
u: Later in [25] in 1984,they proved theconvergenceto theviscositysolutionof
monotone,consistentschemesfor Hamilton-JacobiEquationswith H independent
of x andu: Souganidis[89] extendedtheresultsto includevariablecoef�cients. Os-
herandSethiancontributedto thenumericsof Hamilton-JacobiEquationin their
level setpaperin 1988[72]. This line of work waslatergeneralizedandcompleted
in thepaperby OsherandShu[73] in 1993,in which theauthorsprovideda fam-
ily of numericalHamiltoniansin analogousto theENO schemesfor conservation
laws. WENOschemesusingthenumericalHamiltoniansdescribedin [73] werein-
troducedin [52]. Themethodof linesusingTVD Runge-Kuttatime discretization
is used[84]. We�rst discretizethespatialderivativesandcomputetheappropriate
approximationto theHamiltonians,

Ĥ(p� ; p+ ;q� ;q+ );

with p� ; q� representingtheleft/right approximationsof thederivatives,obtained
from ENO/WENOreconstructionof thesolution. They arehigherorderversions
of theforwardandbackwarddivideddifferencesof thegrid functions:

p� � D�
x ui; j := �

ui� 1; j � ui; j

Dx
;

and

q� � D�
y ui; j := �

ui; j � 1 � ui; j

Dy
:

3.4. TheLax-Friedrichs schemesfor the level setequation. Following themeth-
odsoriginally conceived for HJ equationsf t + H(Df ) = 0 in [73], seealso[72],
andsuppressingthedependenceof H on x andy; we usetheLocal Lax-Friedrichs
(LLF) �ux

ĤLLF(p+ ; p� ;q+ ;q� ) = H(
p+ + p�

2
;
q+ + q�

2
)

�
1
2

ax(p+ ; p� )( p+ � p� ) �
1
2

ay(q+ ;q� )(q+ � q� );



LEVEL SET METHODS AND THEIR APPLICATIONS IN IMAGE SCIENCE 17

for theapproximationof H: In theabove scheme,

ax(p+ ; p� ) = max
p2I(( p+ ;p� );C� q� D

jHf x(p;q)j;

ay(q+ ;q� ) = max
q2I((q+ ;q� );A� p� B

jHf y(p;q)j;

I (a;b) = [min(a;b);max(a;b)];
andp� ; q� aretheforwardandbackwardapproximationsof f x andf y respectively.

3.5. Curvatures. In many applications,thecurvatureterm

Ñ�
Ñf
jÑf j

or Ñ �
Ñu

jÑuj

for the level set function f or the imagefunction u appearsas a regularization.
This term is approximatedby �nite differencingcenteredat eachgrid point. For
convenience,let (nx

i; j ;n
y
i; j ) denotethe valuesof Ñu=jÑuje at the grid point xi; j ,

and Ñu=jÑuje is a smoothapproximationof Ñu=jÑuj (This avoids the issueof
singularityat jÑuj andis betterfor numericalcomputations).Thecurvaturek i; j is
approximatedby

ke
i; j :=

nx
i+ 1=2; j � nx

i� 1=2; j

Dx
+

ny
i; j+ 1=2 � ny

i; j � 1=2

Dy
;

and

nx
i� 1=2; j : =

D�
x ui; jq

(D�
x ui; j )2 + D0

y(S
�
x ui; j )2 + e2

;

ne
i; j� 1=2 :=

D�
y ui; j

q
D0

x(S�
y ui; j )2 + (D�

y ui; j )2 + e2
;

where
S�

x ui; j =
ui� 1; j + ui; j

2
; andS�

y ui; j =
ui; j � 1 + ui; j

2
aretheaveragingoperatorsin thex andy directionande> 0 is quitesmall.

3.6. Time discretization. From the previous subsections,we know how to dis-
cretizethetermsinvolving spatialderivatives.Whatremainsis to discretizein time
in orderto evolve thesystem;i.e. weneedto solve thefollowing ODEsystem:

¶
¶t

f i; j = � H̃(f n
i� 1; j ; f

n
i+ 1; j ; f

n
i; j ; f

n
i; j� 1; f n

i; j+ 1);

whereH̃ is thenumericalapproximationof H(x; f ;Df ;D2f ). For example,if we
uselocalLax-Friedrichsfor H(f x; f y); andforwardEulerfor time,weenduphav-
ing:

(3.1) f n+ 1
i; j = f n

i; j � Dt HLLF (xi ;y j ;Dx
+ f n

i; j ;D
x
� f n

i; j ):

Typically, we use3rd orderTVD Runge-Kutta schemeof [84], or the fourth
orderschemesof [90] to evolve the system,sincehigherorderaccuracy canbe
achievedwhile usinglargertimesteps.To keepthisdescriptionself-contained,we



LEVEL SET METHODS AND THEIR APPLICATIONS IN IMAGE SCIENCE 18

describethe 3rd orderTVD RK schemebelow: we wish to advanceut = rhs(u)
from tnto tn+ 1.

(1) u1 = un + Dt � rhs(un);
(2) u2 = 3

4un + 1
4u1 + 1

4Dt � rhs(u1);
(3) un+ 1 = 1

3un + 2
3u2 + 2

3Dt � rhs(u2):

3.7. Algorithms for constructing the distancefunction. In the following sub-
sections,we review someof thesolutionmethodsfor theeikonalequation:

jÑuj = r(x;y); ujG = 0:

WepresentafastGauss-Seideltypeiterationmethodwhichutilizesamonotoneup-
wind Godunov �ux for theHamiltonian.We show numericallythatthis algorithm
canbeapplieddirectly to equationsof theabove typewith variablecoef�cients.

3.8. Solvingeikonal equations. In geometricaloptics[57], theeikonalequation

(3.2)
q

f 2
x + f 2

y = r(x;y)

is derivedfrom theleadingtermin anasymptoticexpansion

eiw(f (x;y)� t)
¥

å
j= 0

A j (x;y;t)( iw) � j

of thewaveequation:

wtt � c2(x;y)(wxx + wyy) = 0;

wherer(x;y) = 1=jc(x;y)j; is thefunctionof slowness.Thelevel setsof thesolution
f canbethusbeinterpretedasthe�rst arrival timeof thewavefront thatis initially
G: It canalsobeinterpretedasthe“distance”functionto G:

We�rst restrictourattentionto thecasein whichr = 1: Let Gbeaclosedsubset
of R2: It canbeshown easilythatthedistancefunctionde�ned by

d(x) = dist (x;G) := min
p2G

jx � pj; x = (x;y) 2 R2;

is theviscositysolutionto equation(3.2)with theboundarycondition

f (x;y) = 0 for (x;y) 2 G:

Rouy and Tourin [78] proved the convergenceto the viscositysolutionof an
iterative methodsolvingequation(3.2)with theGodunov numericalHamiltonian
approximatingjjÑf jj . TheGodunov numericalHamiltonianfunctioncanbewrit-
tenin thefollowing simpleform for thiseikonalequation:

(3.3) HG(p� ; p+ ;q� ;q+ ) =
q

maxf p+
� ; p�

+ g2 + maxf q+
� ;q�

+ g2;

wherep� = Dx
� f i; j ; q� = Dy

� f i; j ; andx+ = max(x;0); x� = � min(x;0): Thetask
is thento solve

HG = 1

on thegrid.
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Osher[65] provideda link to time dependenteikonal equationby proving that
thet-level setof f (x;y) is thezerolevel setof theviscositysolutionof theevolution
equationat timet

y t + jÑy j = 0

with appropriateinitial conditions. In fact, the sameis true for a very general
classof Hamilton-Jacobiequations(see[65]). As a consequence,onecantry to
solvethetime-dependentequationby thelevel setformulation[72] with highorder
approximationson thepartialderivatives[73][52]. CrandallandLions provedthat
thediscretesolutionobtainedwith a consistent,monotoneHamiltonianconverges
to thedesiredviscositysolution[25].

Tsitsiklis [102] combinedheapsortwith avariantof theclassicalDijkstraalgo-
rithm to solve thesteadystateequationof themoregeneralproblem

jÑf j = r(x):

Thiswaslaterrederivedin [82] and[50]. It hasbecomeknown asthefastmarching
methodwhosecomplexity is O(N log(N)) , whereN is thenumberof grid points.
OsherandHelmsen[70] haveextendedthefastmarchingtypemethodto somewhat
moregeneralHamilton-Jacobiequations.Sincethe fastmarchingmethodis by
now well known, wewill notgive detailshereon its implementationin thispaper.

3.9. The sweepingidea. Danielsson[27] proposedanalgorithmto computeEu-
clideandistanceto a subsetof grid pointson a two dimensionalgrid by visiting
eachgrid nodein someprede�nedorders.In [9], BouéandDupuissuggesta sim-
ilar “sweeping”approachto solve thesteadystateequationwhich,by experience,
resultsin a O(N) algorithmfor the problemat hand. This “sweeping”approach
hasrecentlybeenusedin [98] and[108] to computethe distancefunction to an
arbitrarydatasetin computervision. In [106], it wasproventhatthefastsweeping
algorithmachievesa reasonableaccuracy in a (small) �nite numberof iterations
independentof grid size. Using this “sweeping”approach,thecomplexity of the
algorithmsdropsfrom O(N logN) in the fastmarchingto O(N); and the imple-
mentationof thealgorithmsbecomesabit easierthanthefastmarchingmethodin
thatnoheapsortis needed.

This sweepingideais bestillustratedby solvingtheeikonalequationin [0;1] :

juxj = 1; u(0) = u(1) = 0:

Let ui = u(xi ) bethegrid valuesandx0 = 0; xn = 1: We thensolve thediscretized
nonlinearsystem

(3.4)
q

max(max(D� ui ;0)2;min(D+ ui ;0)2) = 1; u0 = un = 0

by oursweepingapproach.Let usbegin by sweepingfrom � 1 to 1; i.e. weupdate
ui from i = 0 increasingto i = n. This is “equivalent” to following thecharacter-
isticsemanatingfrom x0: Let u(1)

i denotethegrid valuesafterthissweep.We then
have

u(1)
i =

�
i=n; if i < n
1=n i = n

:
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In thesecondsweep,we updateui from i = n decreasingto 0; usingu(1)
i : During

this sweep,we follow the characteristicsemanatingfrom xn. The useof (3.4) is
essential,sinceit determineswhat happenswhen two characteristicscrosseach
other. It is thennothardto seethatafterthesecondsweep,

ui =
�

i=n; if i � n=2
(n� i)=n otherwise:

Thus,to updateuo, oneonly usestheimmediateneighboringgrid valuesanddoes
not needtheheapsortdatastructure.More importantly, thealgorithmfollows the
characteristicswith certaindirectionssimultaneously, in a parallelway, insteadof
a sequentialway asin the fastmarchingmethod. The Godunov �ux is essential
in thealgorithm,sinceit determineswhatneighboringgrid valuesshouldbeused
to updateu on a given grid nodeo. At leastin the examplespresented,we only
needto solve a simplequadraticequationandrun somesimpleteststo determine
thevalueto be updated.This simpleprocedureis performedin eachsweep,and
solutionis obtainedaftera few sweeps.

3.10. Generalizedclosestpoint algorithms. In this subsection,we describean
algorithmthatcanbeappliedfor constructinga level setimplicit representationfor
a surfacewhich is de�ned explicitly. It canalsobe usedto extendthe interface
velocity to thewholecomputationaldomain.

In the spirit of the Steinhoff et.al. Dynamic SurfaceExtension[91], we can
de�ne functionsthatmapeachpoint in R3 to thespaceof (local) representations
of surfaces(herethertoreferredas surfaceelements).We can further de�ne the
distanceof apointP andasurfaceelementS

dist(P;S) := min
y2S

(P;y):

The 'surfaceelement'canbe for examplethe tangentplane,the curvature,or a
NURB descriptionof thesurface.

Insteadof propagatingdistancevaluesawayfromtheinterface,wepropagatethe
surfaceelementinformationalong thecharacteristicsandimposeconditionsthat
enforce the�r st arrival propertyof theviscositysolutionof theeikonalequation.
Thechallengeis to computetheexactdistancefrom agivensurfaceelementandto
derive the“upwinding” criteriafor propagatingthesurfaceinformationthroughout
thegrids.

Givena smoothparameterizedsurfaceS : Is � It 7! R3; our algorithmprovides
goodinitial guessfor Newton's iterationson theorthogonalityidentity:

F(s� ; t� ;x) =
�

(x � S(s� ; t� )) � Ss(s� ; t� )
(x � S(s� ; t� )) � St(s� ; t� )

�
= 0;

whereS(s� ; t� ) is theclosestpointon thesurfaceto x: Theinitial guessin thiscase
is simply theclosestpointof theneighborsof x:

Let W denotethe function that mapseachpoint in spaceto its closestsurface
elementon S. Wecanthenwrite thealgorithmasfollows:

Algorithm: Let u be the distancefunction on the grids, andW be the corre-
spondinggeneralizedclosestpoint function.
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(1) Initialize: give theexactdistanceto u; andtheexactsurfaceelementstoW
atgridsnearG: Mark themsothey will notbeupdated.Mark all othergrid
valuesas¥ :

(2) Iteratethrougheachgrid pointE with index (i,j,k) in eachsweepingdirec-
tion or accordingto thefastmarchingheapsort.

(3) For eachneighborPl of E; computeutmp
l = dist(E;W(Pl ))

(4) If dist(E;W(Pl )) < mink u(Pk); setutmp
l = ¥ : This is to enforcethemono-

tonicity of thesolution.
(5) Setu(E) = minl u

tmp
l = utmp

l andW(E) = W(Pl ):
This procedurecanbe usede.g., to convert triangulatedsurfacesto implicit sur-
faces.

3.11. Further generalizations. For furthergeneralizationsof thesweepingmethod
to solve morecomplicatedHamilton-Jacobiequations,suchasthosewhich arise
in computingdistanceon amanifold:

H(ux;uy) =
q

au2
x + bu2

y + 2cuxuy = r(x;y); for a;b > 0; ab> c2;

and the equationsusing Bellman's formulae,we refer the readersto the recent
papers[100, 56]. Recently, a very simplesweepingalgorithm,basedon theLax-
Friedrichsscheme,hasbeenshown to work in greatgenerality[55].

4. SEGMENTATION ALGORITHMS

Thetaskof imagesegmentationis to �nd a collectionof non-overlappingsub-
regionsof a given image. In medicalimaging, for example,onemight want to
segmentthe tumor or the white matterof a brain from a given MRI image. In
airport screening,onemight wish to segmentcertain“sensitive” shapes,suchas
guns.Therearemany otherobviousapplications.Mathematically, givenanimage
u : W� R2(or R3)7! R+ , we wantto �nd closedsetsWi satisfying

W=
N[

i= 1

Wi ; and
N\

i= 1

W(0)
i = /0;

suchthatF (u;Wi) = 0; whereF is somefunctionalthatde�nes thesegmentation
goals.Here,W(0)

i denotestheinterior of Wi : As in theexampleof �nding tumors,
typically, N is taken to be2 (sometimesN = 3), andW1 is taken to be theregion
correspondingto the tumor, while W2 containseverythingelse. It is thennatural
to devisea level setmethodto performthis task,by representing,for example,W1
astheregion in which f is non-negative. A slightly moregeneralstatementwould
beto performsegmentationfrom agivensetof imagesu j thatcomefrom different
sources.For example,onemight beinterestedto segmentstealth�ghter jetsfrom
boththeconventionalradarsignalsandalsotheinfraredimages.

Very often, thede�nition of whatbelongsto the “desired” regionsdependson
thegrayscaleintensityof thegivenimage,andtheproblemof �nding suchregions
is formulatedasavariationalproblem;i.e. thesolutionminimizessome“energy”.
In astandardlevel setmethod,f is usedto representWi and¶Wi . This is thesetting
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of ourdiscussion.In thissection,wedescribesomelevel setsegmentationmethods
basedon this typeof de�nition.

4.1. Variational level set method. Assumethat the energy functional E is an
integral operatoron u over W0:

E(u;W0) =
Z

W0

F(u(x))dx;

andthenon-positive region of f de�nes W0; i.e. f f � 0g = W0. The key ideaof
thevariationallevel setmethodformulatedin [107] is that theabove integral can
bewrittenas

Z

W
F(u(x))dx =

Z

R2
cW(x)F(u(x))dx =

Z

R2
H(� f )F(u)dx;

whereH is theHEavisidefunction:H(x) = 1i f x � 0 andH(x) = 0 elsewhere.One
canthentry to �nd theminimizerf for thisenergy.

4.2. The Chan-Vesealgorithm. This is closelyrelatedto theclassicalMumford-
Shahalgorithm[63], but usesasimplelevel setframework for its implementation.
We presenttheoriginal Chan-Vesesegmentationalgorithm[18], anddiscussvari-
ousaspectsof thisalgorithm.

4.2.1. Basicformulation. Theminimizationproblemis:

min
f 2BV(W);c1;c22R+

E(f ;c1;c2;u0);

wheretheenergy is de�ned as

E(f ;c1;c2;u0) = µ
Z

W
d(f )jÑf jdx+

l 1

Z

W
ju0 � c1j2H(f )dx+ l 2

Z

W
ju0 � c2j2(1� H(f ))dx:(4.1)

Intuitively, onecaninterpretfrom this energy thateachsegmentis de�ned asthe
subregionsof the imagesover which the averageof the given imageis “closest”
to theimagevalueitself in L2-norm. The�rst termin theenergy measuresthear-
clengthof thesegmentboundaries.Thus,minizing this quantityprovidesstability
of thealgorithmaswell aspreventingfractallike boundariesfrom appearing.

If one regularizesthe d function and the Heaviside functon by two suitable
smoothfunctionsde andHe, thenformally, the Euler-Lagrangeequationscanbe
writtenas

(4.2) ¶f E = � de(f )
�
µÑ �

Ñf
jÑf j

� n � l 1(u0 � c1)2 + l 2(u0 � c2)2
�

= 0;

with naturalboundarycondition

de(f )
jÑf j

¶f
¶~n

= 0 on ¶W:
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(4.3) c1(f ) =
R

Wu0(x)He(f (x))dx
R

WHe(f (x))dx
;

and

(4.4) c2(f ) =
R

Wu0(x)(1� He(f (x))) dx
R

W(1� He(f (x))) dx
:

4.2.2. Discretization. A commonapproachto solve theminimizationproblemis
to performgradientdescenton theregularizedEuler-Lagrangeequation(4.2); i.e.
solvingthefollowing timedependentequationto steadystate:

¶f
¶t

= � ¶f E

= de(f )
�
µÑ �

Ñf
jÑf j

� n � l 1(u0 � c1)2 + l 2(u0 � c2)2
�

:(4.5)

Here,weremindthereadersthatc1(f ) andc2(f ) arede�ned in (4.3)and(4.4).
In Chan-Vesealgorithm,theauthorsregularizedtheHeavisidefunctionusedin

(4.3)and(4.4):

H2;e(z) =
1
2

�
1+

2
p

arctan(
z
e
)
�

;

andde�ne thedeltafunctionasthederivative of it:

d2;e(z) = H0
2;e(z):

Equation(4.5) is thendiscretizedby a semi-implicitscheme;i.e. to advancefrom
f n

i; j to f n+ 1
i; j , thecurvaturetermright handsideof (4.5) is discretizedasdescribed

in theprevioussectionusingthevalueof f n
i� ; j� , exceptfor thediagonaltermf i; j ,

which usesthe implicitly de�ned f n+ 1
i; j . The integrals de�ning c1(f ) and c2(f )

areapproximatedby simpleRiemannsumwith theregularizedHeavisidefunction
de�ned above. f t is discretizedby the forward Euler method: (f n+ 1

i; j � f n
i; j )=Dt.

Therefore,the�nal updateformulacanbeconceptuallywrittenas

f n+ 1
i; j =

1
1+ ak

�
f n

i; j + G(f n
i� 1; j ; f

n
i+ 1; j ; f

n
i; j� 1; f n

i; j+ 1)
�

;

whereak � 0 comesfrom thediscretizationof thecurvatureterm. If thescheme
is fully explicit, ak = 0 andG woulddependon f n

i; j . In thepaper, theauthorsused
Dx = Dy = 1; e= 1; andDt = 0:1. This implies that thedeltafunction is really a
regularbumpfunctionthatputsmoreweighton theevolution of thezerolevel set
of f . SeeFigures4.1 and4.2 for someresultsof this algorithmappliedto brain
segmentation.

Finally, it is alsopossiblebut not advisablein this (unusual)casebecausenew
zerolevel setsarelikely to developspontaneously, seesection1.4.5,to replacethe
d function in front of the curvatureterm jÑf j [61]. The equationthenbecomes
independentof thechoiceof thelevel setfunctionused,i.e. theproblembecomes
morphological[2].
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FIGURE 4.1. Brainsegmentationin 2D.

FIGURE 4.2. Brainsegmentationin 3D.

4.3. Fastone-passsegmentationalgorithms. Recently, GibouandFedkiw[44],
andSongandChan[88], proposedsomefastmethodsthatarebasedon theChan-
Veselevel setsegmentationformulation.Thesealgorithmsarebuilt upon�ipping
the valuesof f at eachgrid point/pixel from positive to negative or vice versa
accordingto a rule R , andcontain4 mainsteps:

(1) Initialize f 0 : W7! f� 1;1g.
(2) Advance:for eachgrid point,setf n+ 1(x) = � f n(x) if R(f n+ 1; f n;x) = 1:
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(3) (Performregularizationif needed.)
(4) Repeatuntil f n+ 1 � f n.

For example,in GibouandFedkiw's algorithm,R(f n+ 1; f n) = 1 if

V(f n) � sign(f n) < 0;

hereV correspondsto the�tting termin theEuler-Lagrangeequation:

V(f n;x) := � l 1(u0 � c1(f n))2 + l 2(u0 � c2(f n))2:

(Note that the caseV = 0 is implicitly de�ned). In this algorithm,Step3 is es-
sentialprovidesregularizationto thesegmentboundaries.Without it, fractal like
boundariesmaydevelop.

In SongandChan's algorithm,thekey observation is thatonly thesignsof the
the level set function matterin the energy functional. This caneasilybeenseen
from the modelde�ned in equation(4.1), in which oneseesthat the energy is a
functionof H(� f ). In thisalgorithm,R(f n+ 1; f n) canbeinterpretedasthelogical
evaluationof thefollowing inequality:

E(f n+ 1;c1;c2;u0) � E(f n;c1;c2;u0):

Hence,thesignof f n(x) is �ipped only if theenergy (4.1) is non-increasing. This
providesstabilityof thealgorithmwhencomparedto GibouandFedkiw's in which
thereis no checkingon theenergy descent,at thecostof somespeedof impleme-
nation.

We remarkthatthereis a closeconnectionbetweenthesetwo “level set” based
methodsto the“G-convergence”basemethods.TheChan-Vesesegmentationmethod
canbeapproximatedby thefollowing variationalproblem:

Ee(u;c1;c2;u0) := µ
Z

ejÑuj2+
1
e
W(u)dx+ l 1

Z
u2(u0 � c1)2+ l 2

Z
(1� u)2(u0 � c2)2dx;

wherew(u) = u2(1 � u)2; and e is a small positive number. Due to the strong
potentiale� 1W(u), u will quickly be attractedto either1 or 0, andconsequently,
the term u2 and(1 � u)2 correspondrespectively to H(f ) and1� H(f ) in (4.1),
andejÑuj2 correspondsto the regularizationof of the lengthof ¶Wi . Essentially,
onecaninterprettheGibou-Fedkiwor Song-Chanalgorithmasperforminga one
stepprojectionto the steadystatethat resultsfrom the stiff potentialW. This is
delineatedin thecurrentwork of EsedogluandTsai[37].

4.4. Segmentationof multiple “phases”. Thereareefforts to generalizethelevel
set methodsfor multiphasecomputation. For example,in [107], eachpartition
Wi is representedby a level set function f i . It is then importantto enforcethe
constraintsthat1) theregionsrepresenteddo not overlap(

T N
i= 1f f i < 0g = /0), and

2) thereare no unclaimedregions; i.e. every point in W belongsto certainWi
(W=

S N
i= 1f f i � 0g). Interestingformulaearederived in thevariationalsettingto

enforcethesetwo conditions.However, this approachmaybeexpensive whenthe
numberof phasesis large.

In [103], theauthorsusethesignof thelevel setfunctionsf j asabinarycoding
for thephases,eachassigneda non-negative integervalue.Supposetherearefour
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phases,Wi, i = ; � � � ;3; and two level set functionsf 0 and f 1 are usedfor their
representation.Onecanthenwrite, for instance,

W0 = f f 0 � 0g
\

f f 1 � 0g;

W1 = f f 0 � 0g
\

f f 1 � 0g;

W2 = f f 0 � 0g
\

f f 1 � 0g;

W3 = f f 0 � 0g
\

f f 1 � 0g:

To full generality, write thephasenumberi in binaryformati = å n� 1
k= 0 ck � 2k, where

ck takeson either0 or 1. Thenoneway of usingf f kgn� 1
k= 0 level set functionsto

representWi is to identify

Wi =
n� 1\

k= 0

f x 2 W: (1� ck) � f k(x) � 0g:

A drawbackof this approachis thepotentialmis-identi�cation of what is sup-
posedto be categorizedas one single phaseto two or more “dif ferent” phases,
sincetheformulationreallycomeswith 2n phaseswith n level setfunctions.In the
Chan-Vesealgorithmfor example,it is possiblethattheimageu hasthesameaver-
agein two differentsegments.Anotherdrawbackis thepossiblemiscalculationof
thearclength/surfaceareaof eachphase,whentwo phaseboundariesareforcedto
collapseinto oneandmaybegivenmoreweightthanothers.Relatedto theabove
drawbacks,animportantbut sofaruntouched(to thebestof ourknowledge)prob-
lem in the level setworld is to determinetheoptimalnumberof phasesin certain
segmentationproblems.

4.5. Discussion.Oneof thesuccessfulfeaturesreportedin [18] is theemergence
of new interior contour. As we mentionedearlier, if one enforcesthe level set
function to be thedistancefunction to the existing interfacesor replacethe delta
functionby jÑf j andcomputeslocally, thentheexistinginterfacesareonly allowed
to mergeor disappear. Theauthorsattributedthepossibilityof new interiorcontour
emergenceto theirparticularchoiceof deltafunctionthathasnon-compactsupport.
Onecommonapproachin gettingaroundthis problemis to initially seedmany
smallcirclesthataredenselydistributedthroughoutthegiven imageandlet them
graduallymergeandevolve to a numberof largercontours.See�gures 1.4.3This
approachseemsto capturethe interior contourpretty well. While the statements
aboutthe nonlocaleffect of the particulardelta function usedin Chan-Veseare
valid, morecarefulstudyis calledfor to comparethedegreeof regularization,and
diameterof theinteriorof any segmentation,to thepossibilityof theemergenceof
new interiorcontour.

We would also like to commentthat the iterative approachadoptedby Chan
andVesecanberegardedasa versionof Gauss-Jacobiiterationsfor thenonlinear
Euler-Lagrangeequation(4.2). This statementcanbesupplementedby looking at
thesameapproachappliedto thelinearequation:

ut = Du:
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FIGURE 4.3. Initialization.

Thecomplexity of bothapproachesis proportionalto N2, thetotal numberof pix-
els. This is veri�ed by the computationsof Songin [36]. We remarkthat it is
possibleto speedup the gradient�o w in the Chan-Vesealgorithmby a splitting
methoddescribedin [43].

Therearemany new (andold) “level setbased”segmentationalgorithmsthat
discardthecontinuityof the level setfunctionandpropose,instead,to modelthe
segmentationproblemasa completelydiscrete,pixel-by-pixel, algorithm. As in
[44] and [88], thesetype of methodstypically appearto be faster, and in some
cases,more �e xible in handlingmultiple phases.This trendsseemto be going
againsttheoriginal spirit andraisond'tre of PDEbasedlevel setmethodsfor im-
ageprocessing— the geometryof the interfaceis approximatedat higherorder
accuracy throughthe assumedcontinuity of the level set function over the grid.
This factresonateswith thecriticismoverphase�eld modelsfor segmentationthat
thereis no accuraterepresentationof theinterface,unlessonere�nes thegrid and
resolves the stiff parametere� 1 (somethingthat is typically impossibleto do for
many imageapplications).

Oneshouldaskthequestionwhetheraccuraterepresentationof thephasebound-
ariesis really neededfor theproblemat hand.Of course,thereareapplicationsin
which geometricalquantitiesof the phaseboundariesplay importantrolesin the
model;e.g. in thedisocclusionapplicationof Nitzberg-Mumford-Shiota[64] and
alsoin theapplicationsrelatedto Euler'sElastica.In thesetypeof applications,the
“conventional” level setapproachcertainlyhastheadvantage.In thecaseswhere
thegeometricalquantitiesarenotof importance,thepiecewiseconstantmodelmay
bequiteuseful.
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Our last commentis on the regularizationterm of the level setbasedsegmen-
tationmethods.Sofar, popularchoiceshave beenthevariantscomingfrom mini-
mizing thelengthof theinterface.In denoising,aswe have seen,this corresponds
to L1 regularizationof the imagegradient. It is possiblethat the featuresto be
segmented,dueto theirorigin, retainspecialorientationsandareanisotropic.This
type of applicationsexist, for example, in materialsciences. In this case,one
shouldlook into the possiblealternatives. We point out that Wulff energy is one
suchpossiblecandidates.There,theregularizationoperatorR is a functionof the
normalof theinterface,i.e. R (~n) = div(g(~n)) . (In thecommonTV regularization,
g(~n) = ~n. Wereferto detailsto [71, 77] and[67].

5. PUSHING THE L IMIT

In this section,we will describerecentwork correspondingto theclassicalap-
plicationsthatwe listedabove. We will seethatthis new work combinesdifferent
ideastogetherto manipulatemorecomplicatedgeometricalobjects.However, the
basicprincipleandspirit remainsunchanged.

Westartwith total variationdenoising.In [62], Meyerexaminedthetotal varia-
tion modelof [80] morecloselyandproposedto decomposeanimage,u0, into two
portions,u0 = u+ v; wherev containsthetextureandnoisepartsof u0 andcanbe
written asthedivergenceof a vector�eld; i.e. v = div g with thenormof v; jjvjj �
de�ned asthe in�mum of L¥ normsof suchvectorsg: Soonafterwards,in [104]
andalso[74], theauthorsproposeda numericalalgorithmof approximatingsuch
a decompositionandcombinedit with othertexturesynthesistechniqueto inpaint
texturedimages[6].

In [11, 22], the authorsprovided a level setframework to representandmove
curvesonimplicit surfacesor in freethreedimensionalspace.Thisframework was
thengeneralizedto processimagesandevenmoregeneralquantitiessuchasvector
�elds thatarede�ned on non�at surfaces[7]. Figure5.1 shows inpaintingover a
sphere.This is oneof the pioneeringworks on morecomplicatedgeometriesin
the level setframework. Generallyspeaking,thekey is to raisethespacedimen-
sionand/orthenumberof level setfunctions. For example,in [107], theauthors
usedmultiple level setsto solveamultiphaseminimalsurfaceproblem.Chan-Vese
furthergeneralizedthe ideaandappliedto imagesegmentations[103]. This was
discussedin theprevioussection.Smereka[86] usedmultiple level setsto de�ne
spiralsandstudytheformationof screw dislocationsin crystalgrowth. Liao et al
[58] usedthisapproachin brainmorphing.Additionally, [87] alsohadaninterest-
ing level setapproachto themultiphasecomputationthatcouldbeusedin image
segmentation.

As a last example,in the framework of [11, 22], a curve is representedasthe
intersectionof two implicit surfaces,andthedifferentialoperatorson surfacesare
approximatedby theprojectionsof therelatedoperatorsin theambientspace.This
wasthengeneralizedto work on evenmorecomplicatedgeometricalobjectscom-
monlyseenin dynamicgeometricaloptics[66]. Thisapproachmakesthemanipu-
lationof evenmorecomplicatedcurvesandsurfacespossible,seeFigure5.2.
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FIGURE 5.1. Theimageontheright is thedenoisedandinpainted
resultfrom theleft.

FIGURE 5.2. This �gures shows somecomplicatedcurveswith
self intersectionsusingtheapproachin [66].

5.1. Computer GraphicsandBeyond. Theproblemof �nding thevisible/invisible
region of a given surfacecon�guration is a fundamentalone. One of the most
straightforwardapplicationsis in surfacerendering.Typically, explicit ray tracing
techniqueshave beenusedto rendera “realistic” projectionof thevisible part of
thegivensurfaceson theimageplane.Not surprisingly, someapplicationsrelated
to theaccumulationonsurfacesof quantitiesthatpropagateasdoeslight alsoneed
visibility information. Examplesincludeetching[1], the formationof hugeice
spikeson thePeruvianAndesMountains[8], andshapefrom shadingmodels[53]
(seeFigure5.3).

We point out herethat in many of the applicationslisted above, the data(i.e.
surfaces)are given implicitly. It is therefore,natural to work directly with the
implicit datawithout convertingto a differentexplicit representation.An interest-
ing level setmethodfor thevisibility problemhasrecentlybeendevelopedby the
authorsandcollaborators[99]. The underlyingbasicalgorithmcanbe regarded
asa multi-level implicit ray tracerthat works with volumetricdata. It hasbeen
appliedsuccessfullyin reconstructingsurfacesfrom multiple imagesof different
views [53]. It can also be applieddirectly to somesurfacerenderers.e.g. the
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FIGURE 5.3. The pictureon the right shows the reconstructed
surfacefrom multiple imageson theright.

FIGURE 5.4. Theblackregionsareinvisible to thepathindicated
by thediamonds.

“non-photo-realistic” rendererof [51]. In thealgorithmde�ned in [99], thebound-
ariesof visible andinvisible regions,bothsilhouetteandswath[30], areimplicitly
representedin the framework of [11, 22], mentionedabove. Figure5.4 shows an
accumulative visibility resultof a pathabove GrandCanyon. Figure5.5 shows a
resultandthesilhouette.

This implicit framework for visibility offersmany otheradvantages.For exam-
ple,thevisibility informationcanbeinterpretedasthesolutionof simple�rst order
PDEsand[99] offers a nearoptimal solutionmethodon thegrid. The dynamics
of thevisibility with respectto moving vantagepoint or dynamicsurfacescanbe
derivedandtrackedimplicitly within thesameframework. Furthermore,usingthe
sameframework andthewell developedlevel setcalculusandnumerics,onecan
startsolvingvariationalproblemsonthevisibility numericallyandef�ciently [97].
Thiswill thenrelateto classical“guardingcameras”or “pursuer-evader”problems
in computationalgeometryandrobotics.
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FIGURE 5.5. The blue surfacebordersthe visible and invisible
regions. Thelight blueandyellow curvesindicatethesilhouettes
andandswaths.

6. CURRENT TRENDS

Currently, higherordernonlinearPDEsareincreasinglyappearingin imagesci-
ence. For example, in imageinpainting of [15][35][60], a fourth order PDE is
derivedfrom regularizingthe level setcurvaturea given image.Figure7.1shows
aninpaintingresultfrom [35].

In computergraphics,Tasdizenet al [95] proposedto performanisotropicdif-
fusionon thenormalsof a given level setsurfacemodel. In general,fourth order
equationsaremuchharderto analyze,sincethey generallydo not have a maxi-
mumprincipleassecondorderparabolicequationsdo. Anotherinterestingpaper
of Burchard[10] discussesthediffusionoperatorsconstrainedin color space.

Thereis alsoa trendof devising extremelyfast(almostone-passanddiscrete)
algorithmsfor imagescienceapplicationsfrom level setPDEmodels.This began
in [44][88].

Multiscalemethodshave beensuccessfullyappliedto severaldifferentapplica-
tions in imagescience.For example,wavelet analysishasbeenquite successful
in imagecompression.Multigrid methodsprovide fastalgorithmsto solve certain
linearequations.FastMultipoleMethodsalsohavebeenusedin imagescience,see
e.g.[12]. Recently, ageneralframework (HMM) for aclassof multiscaleproblems
hasbeenadvocatedby W. E andB. Engquist[31]. An HMM-level setmethodfor
frontpropagationin randommediais introducedby [23]. Theauthorsbelievethata
combinedmultiscale-level setmethodwill beusefulin modelingimagesequences
thatareobtainedfrom highly noisymedia.
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A noisy image to be inpainted. Inpainting via Mumford�Shah�Euler image model

FIGURE 7.1. This is aninpaintingresultof [35].
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