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\Navier-Stokes equations |

It is widely believed that all the information about turbulence is contained in the

Navier-Stokes equations for a viscous, incompressible, homogenous flow

i

g—?—yﬁu—l—(u'vu) = | — Vp,
V-u= 07
w(z,0) = up(x).

/\\

\

We will consider the above equations in dimension 2, equipped with periodic bound-
ary conditions in = [0, L]?. The velocity u(x,t) is a periodic function in each

direction with period L. It satisfies for every ¢

/Q w(w, £)dz = 0.
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\Functional form of the NSE |

It is common to consider the Navier-Stokes equations in the form:

d
d—?JrVAquB(u,u):f, u € H, (1)

where the phase space H is defined as

H:={uecL*(Q)?*: V- -u=0, /Qu(x)da: = 0}.

The scalar product in H is taken to be

(u,v) = /Qu(a:) -v(x)dx,

u| = (u, u)/? = ( /Q u(z) -u(:z:)dx) "
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‘The Stokes operator A|

Denote by PP — the Helmholtz-Leray projection from L?(2)? onto H.

The linear operator A = P(—A\) is positive definite and self-adjoint. It's eigenval-

ues are of the form

9\ 2
(%) k-k, keZ?\ {0}
We denote by 0 < Ay = (2%)2 < A < )\y < .... These eigenvalues arranged in

an increasing order and counted according to their multiplicities.

Let wp, Wy, ws, ... denote the corresponding normalized (jw;| = 1, for j =

0,1,2,...) eigenvectors.
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‘The bilinear operator B|

The bilinear operator B is defined as
B(u,v) =P((u-V)v),

where P is the Helmholtz-Leray projection from L?(2)? onto H.
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‘The powers of the Stokes operator A|

For every o € R we define the powers A“ of A by its action on the eigenvectors

{w; }}?io

A%w; = Ajw;, for j=0,1,2,....

For every o € R the operator A is bounded from the space D(A®) to H, where

DAY ={ue H : Z)\?O‘(u,wj)Q < oo}

j=0

We set V' = D(A'/?) and the norm on V' is

2

full = 1424 = ([ 3 57uta) ;iju(sc))m = (vt wy?) "
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\Fourier transform in Hl

Given the periodic boundary conditions, we may express an element in H as a

Fourier series
u(x) = E ﬂkemok'x,
keZ?

where
27

L

Moreover, it follows from the definition of H that g = 0, and ’&,k = U_. Moreover,

ko = A/ =

the incompressibility condition implies & - @, = 0.

We associate to each Fourier mode ;. the corresponding wavenumber /@0|/<:\. The

characteristic length scale of 1 will be denoted by [}, = #k’
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\Projectors |

For £ > 0 we define the projection of u € H onto the low modes by
Pku _ Z ’&k/GikOk/w.
kolk'| <k
The complementary projector is denoted (). = I — P.

For convenience we will define the components of w € H by a range in wavenum-

bers
uk k= (Py — Py)u,

for 0 < k < k', with the convention that ug . = ufor 0 < k < k.
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\The forcing |

Throughout this talk we will assume that the forcing f acts only on the finite number

of modes in the range of wavenumbers [k, k|. Namely,

f _ Z fkeikok-x.

E<kolk|<k

Note that this is equivalent to

Pef =0, Qrf =0.
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\Solution operators and the global attractor |

Let us consider the family of solution operators {S(%) }+>( that associates, to each
u™ € H, the “semi-flow” u(t) = S(t)u' attime ¢ > 0. From the global existence
and uniqueness of the solutions of the two-dimensional NSE we can deduce that the

family of solution operators possesses a semigroup property

S(t)oS(s)=S(t+s), foral t,s>0.

The global attractor for the family {.5(¢) }+>( is defined by

A=()5(t)B,

t>0

where B is a bounded absorbing set, namely S(¢)B C B, for allt > 0. Equivalently,

A is the largest bounded, compact, invariant set

S(t)A= A, foral t>0.
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\I\/Iaking sense of the time averages |

Definition 1. A generalized limit is any linear functional, denoted
Limyp_., defined on the space B([0,c0)) of all bounded real-valued functions on

0, 00) and satisfying
1. Limp_o g(T) > 0, forevery g € B(]0,00)) with g(s) > 0, for all s > 0.

2. Limp o g(T) = limp_ g(T), for every g € B(]0,00)), whenever the usual

limit exists.
The generalized limit satisfies the following properties

1. liminfy o g(T) < Limp_o g(T) < limsup;_ . g(T), forevery g € B([0,00)).
2. ‘ Limp_, g(T)‘ < limsupy_,.|g(T)| < supzp=o|g(T)], forevery g € B([0, 00)).

3. For f € L>(0,00) and g(T) = (1/T) [, f(t)dt, we have

Limp o g(T + 7) = Limp_,o g(T), foral 7 > 0.
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\ Invariant measures |

Definition 2. A probability measure 1 on [ is called an invariant measure for the
semigroup {S(t) }+>0 if
WE) = u(S(HE),

for all ¢ > 0 and every measurable set /¥ C H.

Let 14 be an arbitrary invariant probability measure on D(A). Then i satisfies

u(A) = 1.
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\Time-average measure |

In the next Theorem, which is the consequence of the Bogolyubov-Krylov theory, we
associate an invariant measure with the time average.
Theorem 1. For every ug € D(A) there exists an invariant probability measure [,

such that

1

Limg. /0 (S (1 )ug)dr — /A D)ty (du),

for all real-valued continuous (with respect to the H-norm) functions ¢ on D(A).
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\Arbitrary Invariant measure |

The next result allows us to infer that any estimate valid for all measures (i, is also

valid for any arbitrary invariant probability measure.

Theorem 2. For any invariant probability measure [t on D(A)

A(AqD(U)MuO(dU))N(dUO):[4®<u0)ﬂ(du0).

Proof. By Birkhoff Ergodic Theorem there exists a function ®*, pi-almost everywhere,

1.

S . -
lim — / O(S(1)ug)dr = @ (up),
— 0 0

and

[ @ @) = [ @)

A
Note, that if 4 is ergodic, then ®* is constant pi-a.e. O
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\Arbitrary Invariant measure |

Proof. (continue)
It follows that for an arbitrary invariant measure p, the usual time-average exists (-

almost everywhere. But the generalized limit coincides with the usual limit whenever

the later exists. Therefore, ®** = ®* y-a.e., where

1 T
©*(ug) = Limy—nc 7 /0 (S (7)) dr-

Hence, ®** is u-measurable, and it follows that

L(LQ)(“)”Uo(d“))u(duO) = /,4 O™ (uo) p(duo) =

:/Acb*(uo)u(duo):/@(Uo)u(duo)-

A
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\Enstrophy flux |

Denote p;. = P,u and ¢, = (J;u. Multiply both sides of the equation (1) by Ap;

ld

5@”2914”2 + v|Api]* = —(B(u,u), Apr) + (f, Ape). (2)

Using the bilinear property of the operator 3, and the fact that u = p; + q; we get

(B(pr + g, vk + i), Apk) = (B(qk, qx), Apx) — (B(pg, pi)s Aqr),

where we have used the following identities valid in dimension two

and
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\Enstrophy flux |

Finally we get

1d
5 2 Pl + v Ap[* = (B(pr, pr), Agi) — (B(gi ), Apr) + (f, Apr) =
where

1
€. (u) = —ﬁ(B(pk,pk),Aqk),

the rates of enstrophy transfer or enstrophy fluxes from low to high wavenumbers, and

_ 1
€. (u) = —ﬁ(B(qk,qk),Apk),

the rates of enstrophy transfer or enstrophy fluxes from high to low wavenumbers, at

wavenumber k.
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\Enstrophy flux |

Following a similar procedure, except multiplying both sides of the equation (1) by
Aqy
1d

§EH%H2 +uAq® = L€ + (f, Agy) = LA (€ — &) + (f, Agy),

where the quantity &;, denotes the net rate of enstrophy transfer (or net enstrophy flux)

at the wavenumber k.

If &. > 0, it means that this net transfer of enstrophy occurs from low to high

wavenumbers.

If €, < 0, the net transfer of enstrophy is directed from high to low wavenumbers.
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‘Energy flux |

Now we can repeat the same procedure, only multiply both sides of the equation (1)

by pr and by gx. We obtain
1d

— ]2
2dt|pk‘ + v||px| er + (f,or),
and
1dl!+|| | = L+ (f, q)-
1Y e
o dt qk qk k 4k

¢z is the net rate of energy transfer (or net energy flux) at wavenumber k defined by
e =€ — € ,

where

ep (u) = —%(B(pk,pk),qk), and ¢ (u) = _%(B(Qka%)apk)-
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\Energy and enstrophy fluxes at high wavenumbers |

Theorem 3. Suppose that k& > k. Then for any invariant probability measure

(€)= 75 (|4Quul?).
and

(o) = 75 (Quull?).

where average is taken with respect to the measure (.
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\Energy and enstrophy fluxes at high wavenumbers |

As an immediate consequence of the Theorem 3 it follows that the direction of the
cascades of both energy and enstrophy is direct — from low to high wavenumbers. More-
over, at the scales smaller than that at which the energy is pumped into the system, the

enstrophy cascade dominates that of the energy.

Corollary 4. If k& > E, then for any invariant probability measure (,

1

0= (er) = 75 ().
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\Energy and enstrophy fluxes at low wavenumbers |

Theorem 5. Suppose that £ < k. Then for any invariant probability measure

(€)= — (APl

and
1%
(er) = =75 (I Peul]?)

where average is taken with respect to the measure (.
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\Energy and enstrophy fluxes at low wavenumbers |

As an immediate consequence of the Theorem 5 it follows that the direction of the

cascades of both energy and enstrophy is inverse — from high to low wavenumbers.

Corollary 6. If £ < k, and k > kg, then for any invariant probability measure (s,

kz <€k> < <ka> < 0.

B. Levant, Energy and Enstrophy Cascades in the Fully Developed Two-Dimensional Turbulence Page 23



\Kraichnan theory: Empirical assumptions |

The Kraichnan theory of the fully developed turbulence in 2D is based on:

1. At length scales much smaller than those of the enstrophy feeding structures, fully

developed turbulence always looks the same.

2. At the upper range (lowest wavenumbers) of the length scales in (1), eddies break
up into eddies of about half their linear size while traveling a distance comparable to

their linear size.

3. Most of the viscous dissipation of enstrophy takes place at the length scales in (1)

which are much smaller than those in (2).
4. The range in (3) is dominated by viscous effects.

5. At the lower range (highest wavenumbers) of the length scales in (1), no significant

relative movements occur.
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\Kraichnan spectrum for two-dimensional turbulence |

We would like to consider e, — the average energy per unit mass of the eddies of

size [, where i <[ < % In terms of the solutions of the NSE, we have

1
% = 732 <|Ul<:2k’2> :

Another important quantity is the enstrophy dissipation rate
n =75 (|4uP).
The mechanism in the assumption (2) can be expressed in terms of the following
quantities associated with the length scale [ ~ k™1,
e [/, — average velocity of eddies of size [.
e 1, — average time for those eddies to travel the distance /.

e ;. — average enstrophy per unit mass of eddies of linear size /.
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\Kraichnan spectrum for two-dimensional turbulence |

Then,
1/2 [ 1
Up~e/'", tp~ ~ :
k k k U, kei/z
On the other hand,
1
Ek — ﬁ <|A1/2uk,2k]2> ~ k26k.

According to the assumption (2), the enstrophy flux per unit mass per unit time

through wavenumber £,

1
Nk — ﬁ<€k>’

accounts for most of the enstrophy dissipation of the eddies with linear size [ ~ k1

during the characteristic time ¢;. and, hence, should satisfy

3/2
77]<;N—N/€3€k/.
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\Kraichnan spectrum for two-dimensional turbulence |

That gives us

The length scale in the assumption (2) define a wavenumber interval [@Z—, Ez] the so

called inertial range. The cascade of enstrophy mechanism in (2) means that for all

ki <k<k

According to (2) and (3), most of the enstrophy which is fed into the large wavenum-
bers is transferred through the inertial range to be dissipated by the viscosity in the
dissipation range. Therefore, the transfer of enstrophy per unit time to higher modes in

the inertial range should be the same as the enstrophy dissipation rate

Tk ~ 1]
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\Kraichnan spectrum for two-dimensional turbulence |

Combining all the above we conclude that

fork, < k < k..

It is common in physical and engineering literature to assume that in the limit kg — O,
or equivalently, L. — 00, e; could be represented as the integral of some function

S(k) which is called the energy spectrum, over the wavenumbers

2%
ekrv/ S(s)ds.
k

Therefore, in the view of the estimate on ¢ in the inertial range, we obtain
2/3
Ui
S(k) ~ k3 )

which is the famous Kraichnan energy spectrum of the two dimensional turbulence.
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\Two dimensional turbulence cascade |
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Figure 1: Two dimensional turbulence cascade.
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