
Topics in the Local Theory of Normed Spaces

Lecture 9

1 Gaussian process and Slepian’s lemma

Let X be an n-dimensional subspace of Lp(Ω, µ), where Ω = {1, . . . , m}. Our goal will be to

find a sequence of signs {εi}m
i=1 such that for every x = (x1, . . . , xm) the expression

sup
x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

εi|xi|pµ(i)

∣∣∣∣

will be ”very small” as a function of n
m

. It’s enough for us to show that in average this

quantity behaves nicely, meaning

Eε sup
x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

εi|xi|pµ(i)

∣∣∣∣ ≤ δ(n,m),

where δ(n,m) is ”very small”. Our first step will be to pass from signs ε = ±1 to standard

gaussian variables.

Claim 1.1. Let {gi}m
i=1 be independent identically distributed normal random variables. Then

Eε sup
x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

εi|xi|pµ(i)

∣∣∣∣ ≤
√

2

π
· E sup

x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

gi|xi|pµ(i)

∣∣∣∣

Proof. First of all we use the fact that the distribution of gi is the same as the distribution of

|gi|εi, where P(εi = 1) = P(εi = −1) = 1
2

and g1, . . . , gm, ε1, . . . , εm are independent. Hence,

E sup
x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

gi|xi|pµ(i)

∣∣∣∣ = EεEg sup
x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

|gi|εi|xi|pµ(i)

∣∣∣∣ ≥

≥ Eε sup
x∈X, ‖x‖≤1

∣∣∣∣Eg

m∑
i=1

|gi|εi|xi|pµ(i)

∣∣∣∣ =

√
2

π
· Eε sup

x∈X, ‖x‖≤1

∣∣∣∣
m∑

i=1

εi|xi|pµ(i)

∣∣∣∣,
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where the inequality is the result of the convexity of the supremum function and Jensen’s

inequality.

Definition 1.2. A Gaussian process {Gt}t∈T is a collection of random variables indexed

by some finite or infinite set T such that every finite linear combination of it
∑

ajGtj is

normally distributed.

A Gaussian vector is a finite sequence (X1, . . . , Xk) of random variables such that any linear

combination of them
∑

ajXj is normally distributed.

A Gaussian vector centered at zero is just a Gaussian vector satisfying EXi = 0 for all i.

Claim 1.3. X = (X1, . . . , Xk) is a Gaussian vector centered at zero if and only if there

exists a k independent distributed N(0, 1) random variables G = (G1, . . . , Gk) and a matrix

T = (tij)
k
i,j=1 satisfying

X = TG,

or in other words Xi =
∑k

j=1tijGj for all i = 1, . . . , k.

Remark: Clearly, linear combination of random variable of the form Xi =
∑k

j=1tijgj is

Gaussian with mean 0.

In the opposite direction, consider X1, . . . , Xk ∈ L2(Ω,P), where ‖X‖L2(Ω,P) = (E|X|2)1/2.

The dimension of the subspace span{X1, . . . , Xk} is ≤ k and gi-s are members of the or-

thonormal basis of that space.

Consider the covariance matrix of X1, . . . , Xk, Γ = (γij)
k
i,j=1, where γij = EXiXj. Then

using the last claim we have

γuv = E(
k∑

j=1

tujgj)(
k∑

l=1

tvlgl) =
∑

j,l

tujtvlE(gjgl) =
k∑

j=1

tujtvj = (TT ∗)uv.

What is the density function of X = (X1, . . . , Xk)? Suppose, that T (and Γ) is regular

(equivalently dim span{X1, . . . , Xk} = k). Then, for every set A ∈ Rk

P(X ∈ A) = P(G ∈ T−1A) =
1

(2π)k/2

∫

T−1A

e−<u,u>/2du =

=
1

(2π)k/2

1

det(T )

∫

A

e−<T−1v,T−1v>/2dv =

=
1

(2π)k/2

1

det(Γ)1/2

∫

A

e−<Γ−1v,v>/2dv,
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where we used the fact that < T−1v, T−1v >=< (T ∗)−1T−1v, v >=< Γ−1v, v >. Hence we

showed, that the density of X is

fX(v) = fΓ(v) =
1

(2π)k/2

1

det(Γ)1/2
e−<Γ−1v,v>/2. (1.1)

Next, we will compute the characteristic function of X. Let ξ ∈ Rk. Then

f̂(ξ) = Eei<ξ,X> =
1

(2π)k/2

1

(det Γ)1/2

∫

Rk

ei<ξ,v>e−<Γ−1v,v>/2dv

In the case of X being a vector of independent standard normally distributed variables

(Γ = I)

f̂I(ξ) =
1

(2π)k/2

∫

Rk

ei<ξ,v>e−|v|
2

dv =
1

(2π)k/2

k∏
j=1

∫

R
eiξjvj−v2

j /2dvj =

=
1

(2π)k/2

k∏
j=1

∫

R
e−(vj−iξj)

2/2dvj

k∏
j=1

e−ξ2
j /2 = e−|ξ|

2/2.

Making the change of variables v = Tu and using the result for Γ = I we get

f̂(ξ) =
1

(2π)k/2

∫

Rk

ei<ξ,Tu>e−|u|
2

du = e−|T
∗ξ|2/2 = e−<TT ∗ξ,ξ>/2 = e−<Γξ,ξ>/2.

Lemma 1.4. (Slepian’s lemma) Let X = (X1, . . . , Xk) and Y = (Y1, . . . , Yk) be two Gaussian

vectors centered at zero. Assume

1. EX2
i = EY 2

i .

2. EXiXj ≤ EYiYj for all i 6= j.

Then for all t ∈ R
P(max Xi > t) ≥ P(max Yi > t)

and in particlar

E(max Xi) ≥ E(max Yi).

Proof. Without loss of generality assume that X and Y are independent. For every 0 < Θ <

1 define

XΘ = ΘX + (1−Θ2)1/2Y,

and for every 1 ≤ i ≤ k define

XΘi
= ΘXi + (1−Θ2)1/2Yi.
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Clearly, XΘ is also a gaussian vector. Let ΓX and ΓY be the covariance matrices of X and

Y . Then the covariance matrix of XΘ is

ΓΘ(i, j) = EXΘi
XΘj

= E(ΘXi + (1−Θ2)1/2Yi)(ΘXj + (1−Θ2)1/2Yj) =

= Θ2ΓX(i, j) + (1−Θ2)ΓY (i, j).

Hence,

ΓΘ = Θ2ΓX + (1−Θ2)ΓY .

Denote by fΘ = fΓΘ
the density function of XΘ. Fix t1, . . . , tk ∈ R and consider P(Θ) =

P(XΘ1 ≤ t1, . . . , XΘk
≤ tk):

P(Θ) =

∫ t1

−∞
. . .

∫ tk

−∞
fΘ(u)du1 . . . duk.

In order to prove the lemma, it is enough to show that P′(Θ) ≤ 0 for all 0 < Θ < 1. So

we have to evaluate

P′(Θ) =

∫ t1

−∞
. . .

∫ tk

−∞

∑
i,j

∂fΘ(u)

∂γΘ(i, j)

dγΘ(i, j)

dΘ
du1 . . . duk.

First of all by definition of γΘ(i, j) and by the second condition of the Lemma

dγΘ(i, j)

dΘ
= 2Θ(γX(i, j)− γY (i, j)) ≤ 0,

for i 6= j and dγΘ(i,j)
dΘ

= 0 if i = j.

Suppose, i 6= j. Then

∂fΘ(u)

∂γΘ(i, j)
=

∂

∂γΘ(i, j)
ck

∫

Rk

e−i<ξ,v>e−<Γξ,ξ>/2dξ = −ck

∫

Rk

e−i<ξ,v>e−<Γξ,ξ>/2ξiξjdξ.

On the other hand

∂2fΘ(v)

∂vi∂vj

=
∂

∂vj

ck

∫

Rk

−iξie
−i<ξ,v>e−<Γξ,ξ>/2dξ =

= ck

∫

Rk

ξiξje
−i<ξ,v>e−<Γξ,ξ>/2dξ =

∂fΘ(u)

∂γΘ(i, j)
.

Substituting we get

P′(Θ) =
∑

i 6=j

∫ t1

−∞
. . .

∫ tk

−∞

∂2fΘ(v)

∂vi∂vj

2Θ(γX(i, j)− γY (i, j))dv1 . . . dvk =

=
∑

i 6=j

∫ t1

−∞
. . .

∫ tk

−∞
fΘ(v1, . . . , ti, . . . , tj, . . . , vk)2Θ(γX(i, j)− γY (i, j))dv1 . . . dvk,
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where the integration is over (k− 2) variables (vl)
k
l=1,l 6=i,j. This is clearly ≤ 0. Which means

that

P(0) = P(Y1 ≤ t1, . . . , Yk ≤ tk) ≥ P(X1 ≤ t1, . . . , Xk ≤ tk) = P(1).

This is even stronger statement than we need to prove

P(max Xi > t) ≥ P(max Yi > t).

To prove the second part of the lemma, we approximate Xis and Yis by the random

variables bounded from below by some M . Hence, Xi −M and Yi −M are positive random

variable and the second statement of the lemma follows

E(maxXi −M) =

∫ ∞

0

P(maxXi > t + M) ≥
∫ ∞

0

P(maxYi > t + M) = E(maxYi −M).

Lemma 1.4 has the following geometrical meaning. Consider in Rk two families of balls

{B(xi, ri)}l
i=1 and {B(yi, ri)}l

i=1. If for every i 6= j, ‖xi − xj‖2 ≥ ‖yi − yj‖2 then according

to Lemma 1.4

V ol

( l⋂
i=1

B(xi, ri)

)
≤ V ol

( l⋂
i=1

B(yi, ri)

)
.
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