Topics in the Local Theory of Normed Spaces

Lecture 9

1 Gaussian process and Slepian’s lemma

Let X be an n-dimensional subspace of L, (€2, u), where Q = {1,...,m}. Our goal will be to

find a sequence of signs {e;}/; such that for every x = (z1,...,x,,) the expression
m
sup Z €|z’ pu(2)
zeX, |lz[|<1 i=1

will be "very small” as a function of ™. It’s enough for us to show that in average this
quantity behaves nicely, meaning

m

> el P (i)

=1

E. sup
zeX, [|=]I<1

< d(n,m),

where d(n,m) is "very small”. Our first step will be to pass from signs ¢ = £1 to standard

gaussian variables.

Claim 1.1. Let {g;}™, be independent identically distributed normal random variables. Then

2
S \/j sup gz‘xz| /L
™ zeX, ||z||<1 Z

Proof. First of all we use the fact that the distribution of g; is the same as the distribution of

m

> el P (i)

i=1

E. sup
zeX, [lzf<1

|gile;, where P(e; = 1) = P(¢; = —1) = § and g1,. .., gm, €1, . . . , &, are independent. Hence,

sup izl (i sup gil€il s |Ppe(i
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where the inequality is the result of the convexity of the supremum function and Jensen’s
inequality.

Definition 1.2. A Gaussian process {Gi}ier is a collection of random variables indexed
by some finite or infinite set T' such that every finite linear combination of it ) a;Gy; is
normally distributed.

A Gaussian vector is a finite sequence (X1, ..., Xy) of random variables such that any linear
combination of them Y a; X; is normally distributed.

A Gaussian vector centered at zero is just a Gaussian vector satisfying EX; = 0 for all i.

Claim 1.3. X = (Xy,..., X)) is a Gaussian vector centered at zero if and only if there
exists a k independent distributed N(0,1) random variables G = (G1,...,Gy) and a matrix
T = (ti)F =, satisfying

X =TG,

or in other words X; = Zk ti;G; foralli=1,... k.

j=1 %,

Remark: Clearly, linear combination of random variable of the form X; = Z?thijgj is
Gaussian with mean 0.

In the opposite direction, consider Xi,..., X) € Lo(Q,P), where || X|1,p) = (E|X[*)"2
The dimension of the subspace span{X;,..., Xy} is < k and g;-s are members of the or-

thonormal basis of that space.

Consider the covariance matrix of Xq,..., X, I' = (%j)fij:l, where v;; = EX;X;. Then

using the last claim we have

k

k k
Yuv = E(ZtUJg])(Ztvlgl) = Ztujtvl]E(gjgl) = Ztujtvj = (TT*)uv
j=1 =1

al Jj=1

What is the density function of X = (X3,..., X})? Suppose, that T' (and T') is regular
(equivalently dim span{X1,..., Xz} = k). Then, for every set A € RF

1
PXcA)=PGeT'A)= —— _ —<wu>/2 0, —
(XA =PE T )= / .
1 1 —<T Y, T w>/2
— v, v d —
(2m)F/2 det(T) /Ae !

_ —<I~lyw>/2
~ (2m)*2 det(T)12 /Ae Fao,



where we used the fact that < T v, T7'v >=< (T*)"'T v, v >=< I'"lv,v >. Hence we
showed, that the density of X is

1 1 -1
fx() = fr(v) = CILE det(F)1/2€_<F /2 (1.1)

Next, we will compute the characteristic function of X. Let £ € R¥. Then

~ , 1 1 , 1
_ 1<€E,X> _ i<€u> —<Ilow>/2
J(§) = Ee = 2m)¥2 (det )12 /R © e dv

In the case of X being a vector of independent standard normally distributed variables
(I'=1)
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Making the change of variables v = T'u and using the result for I' = I we get

1 / ei<£,Tu>e—|u\2du _ e—\T*§\2/2 — o <TT*E>/2 _ —<T§£>/2
Rk

fA(f)ZW

Lemma 1.4. (Slepian’s lemma) Let X = (X1,...,Xy) andY = (Y1, ..., Yy) be two Gaussian

vectors centered at zero. Assume

1. EX2 = EY?.

2. EX;X,; <EY}Y, for all i # j.
Then for allt € R
P(max X; > t) > P(maxY; > ¢)
and in particlar

E(max X;) > E(max V).

Proof. Without loss of generality assume that X and Y are independent. For every 0 < © <
1 define
Xo = OX + (1 — 012y,

and for every 1 < i < k define

Xo, = OX,; + (1 — 0%y,

3



Clearly, Xg is also a gaussian vector. Let I'y and I'y be the covariance matrices of X and

Y. Then the covariance matrix of Xg is
To(i,j) = EXe,Xe, = E(OX; + (1 — ©2)%Y)(0X; + (1 — ©62)%Y;) =
= O°Tx(i,j) + (1 - Oy (i, j).

Hence,

e =0Ty + (1 -0y

Denote by fo = fro the density function of Xg. Fix t1,...,%; € R and consider P(©) =

P(X@l S tl,. o ’X9k S tk)i
t1 tr

In order to prove the lemma, it is enough to show that P/(©) < 0 for all 0 < © < 1. So

we have to evaluate

P'(0 / /Zaf@ d%”)dul...duk.

e (i, 7)

First of all by definition of g (7, j) and by the second condition of the Lemma
d’Y@ (Za .])
e
fori%janddyi—g’j):()jf@‘:j.

= 2@(’7)((7'7]) - '7Y<7'7]>) < 07

Suppose, i # j. Then
On the other hand
Pfo(v) 0 / g e o <IEE> 2
RE

ov;0v; — Ov;

0
—_ /Rk &5 e—z<§ v> 7<I‘§ 5>/2d§ _ a’yJ;G(i j)

Substituting we get

t1 te 92
P/(@) = Z/ Tt . 61];@8(12) 2@(7X(Z7.]) - fYY(iaj))dvl .- -dvk -

i#j T
t1 tr
:Z/ / fo(vi, ... tiy .oty 0k)20(yx (4, 7) — v (4, 5))dvs . . . duy,
i#j VT >



where the integration is over (k — 2) variables (v;)i_, ;; ;- This is clearly < 0. Which means
that
PO)=PY1 <ty,...,Y, <tp) 2 P(Xy <ty,..., X} < tp) = P(1).

This is even stronger statement than we need to prove

P(max X; > t) > P(maxY; > t).

To prove the second part of the lemma, we approximate X;s and Y;s by the random
variables bounded from below by some M. Hence, X; — M and Y; — M are positive random

variable and the second statement of the lemma follows
E(maxX;, — M) = / P(mazX; >t+ M) > / P(mazxY; >t + M) = E(maxY; — M).
0 0
]

Lemma 1.4 has the following geometrical meaning. Consider in R¥ two families of balls

{B(z;,7:)}_, and {B(y;, ;) }\_,. If for every i # j, ||; — zjll2 > |lyi — yjl|2 then according

va(Yoteon) < v

to Lemma 1.4
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