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1. KAC-MOODY ALGEBRA

An n x n-matrix is called a generalized Cartan matriz if for i, =1,...,n,

® a; =2
OCLijGZSOfOI"Z'#j
oaij:0<:>aji:O.

Let A be a generalized Cartan matrix, and let h be a vector space (over C) with dimension
n + corank(A). Let

I={a,...,a,} CH*
Y ={ay,...,a,} Ch
be linearly independent sets satisfying
(o, ) = ai.
Define g(A) by generators: ey, ..., €., fi,..., fn, b and relations:
lei, £i] = 0ijarf [h, €] = (b, ai)e;
[h, W] =0 [h, fi] = —(h, ) fi.

Let m be the unique maximal ideal which intersects f trivially. Then the Kac-Moody
algebra with Cartan matrix A is defined to be

g(A) == g(4)/m.

2. INTEGRABLE MODULES

For each i = 1,...,n, let 5; be the Lie subalgebra with vector space basis {e;, fi, '}
Then s; is isomorphic to sly, and s; acts on g(A) via the adjoint action.

Lemma 2.1. The generators ey, ..., en, fi1,..., fa satisfy the Serre’s relations (i # j):
(ad ;) "¥ie; =0
((ld fi)l_aij fj =0.

Proof. We prove the second relation. The proof of the first is similar. Fix i,7 € {1,...,n}:
i # 7. Claim: (ad e)((ad fi)'"%if;) =0for k=1,...,n.
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If k # i, then [eg, f;] = 0 implies that
(ad ex)(ad fi)' =" f; = (ad fi)""[fi, [er. ;]
= dj(ad fi)~"I[fi, hy]
= Ojaii(ad fi)" " f;
=0
If £ =14, then
V= Cllad f)"f;)
meZso

is an s;-module with highest vector f; and highest weight —a;;. Indeed, [e;, f;] = 0, [hs, f;] =
—a;; f; and U(s;)v; = V. Hence, (ad e;)((ad f;)'=% f;) = 0 by standard sly-theory.

Let w;; = (ad f;)'~%9 f;. Then we have shown that (ad eg)w;; = 0 for k = 1,...,n. So
I:=U(n_)U(h)w;; is an ideal in g(A) which is contained in n_. Since Nk = 0, we conclude
that / C m and in particular that w;; = 0. 0

Definition 2.2. Let V' be a module for a Lie algebra g. An element x € g is locally nilpotent
on V if for any v € V there exists m € Z, such that x™v = 0.

Lemma 2.3. If {y;}icr C g generate g (as a Lie algebra) and x € g such that for each i € I
there exists N; € Z, so that (ad z)Niy; = 0, then ad x is locally nilpotent on g.

Proof. Use Leibnitz rule (ad 2)[y, 2] = >F (%) [(ad @)%y, (ad )*72] and induction. O

Lemma 2.4. ad e; and ad f; are locally nilpotent on g(A)
Proof. For each i = 1,...,n, the defining relations of g(A) imply that
(ad €;)*h = (ad f;)*h =0
for all h € h. Also,
(ad €;)f; = (ad fi)’e; =0
for j = 1,...,n, and [e;,e;] = 0. We see that by taking 2 = e; or x = f;, the set

{e1, ... en, f1,..., fn, } Ub satisfies the hypothesis of the previous lemma. Therefore, ad e;
and ad f; are locally nilpotent on g(A). d

Definition 2.5. A g(A)-module V is called a weight module if

V=V

HED*

where V, = {v e V | hv = pu(h)v, for all h € h}. If V,, # 0, then p is called a weight.



Definition 2.6. A weight module V is called integrable if ey, ..., e, fi,..., fn are locally
nilpotent on V.

The adjoint module of g(A) is integrable by Lemma 2.4.

Proposition 2.7. If V is an integrable g(A)-module, then for each i =1,...,n, V decom-
poses into a direct sum of finite-dimensional irreducible h-invariant s;-modules.

Proof. For eachv € V, v =">" k,v, where X is a finite subset of h*. The subspace

pneX

U= Z ZC z’kezm(vu)

k,mGZzO pneX

is an h-invariant s;-module. Also, U is finite dimensional, since e; and f; are locally nilpotent
on V. So by Weyl’s theorem, U decomposes into a direct sum of irreducible h-invariant s;-
modules. Hence, each v € V lies in a finite sum of finite-dimensional irreducible h-invariant
s;-submodules.

Using Zorn’s Lemma, one can prove that there exists a maximal h-invariant completely
reducible s;-module V' C V. Suppose that V' # V, and let z € V \ V'. Then by the
previous paragraph there exist finite-dimensional h-invariant irreducible s;-submodules Uj,
j=1,...,N, such that z € @j-v:lUj C V. Since x &€ V', there exists Uy such that U, ¢ V.
Since Uy is an irreducible module, this implies that U, NV’ = 0. Then U, & V' is an
h-invariant completely reducible s;-module, which contradicts the maximality of V. 0

3. THE WEYL GROUP OF g(A)
The Weyl group of g(A) is defined as follows. For each i = 1,...,n and A € h* define
ri(A) =X — (\, o) Yay.

Then 7;(cy;) = —q; since a;i = 2, and H; = {\ € b* | (A, ) = 0} is fixed. So r; defines a
reflection on h*. The Weyl group W for g(A) is the group generated by rq,...,7,.



