LIE ALGEBRAS: HOMEWORK 8
DUE: 1 JUNE 2010

Let E be a Euclidean space, and let A be a root system in £ with Weyl group W.

(1) Let E’ be a subspace of E. If a reflection o) (A € E) leave E’ invariant, prove that
either A € ' or B/ C Py.

(2) In Table 1, show that the order of o,05 in W is (respectively) 2, 3, 4, 6 when § = &,
S (or B, I (or 21, & (or 21). Note that 0,04 = rotation through 26.

(3) Show by example that o — 3 may be a root («, 5 € A) even when («, 5) < 0.

(4) Let a, 5 € A span a subspace E’ of E.
(a) Prove that £’ N A is a root system in E'.
(b) Prove that A N (Za + Zf) is a root system in F'.
(c) Is it necessarily true that these two root systems coincide?

(5) Let A’ be a nonempty subset of A such that A’ = —A’ and such that o, € A/,

a+ 4 € A implies that o + 5 € A’. Prove that A’ is a root system in the subspace
of F that it spans.
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