LIE ALGEBRAS: HOMEWORK 9
DUE: 8 JUNE 2010

Let E be a Euclidean space, and let A be a root system in E with Weyl group W. Let II
be a base for A.

(1)

(2)

(3)

If 0 € W can be written as a product of n simple reflections, prove that n has the
same parity as (o), (the length of o).

Define a function sn : W — {41} by sn(c) = (—1)®). Prove that sn is a homomor-
phism.

Prove that the intersection of “positive” open half-spaces associated with any basis
x1,...,x, of Eis non-empty. (Hint: Let y; be the projection of x; on the orthogonal
complement of the subspace spanned by all basis vectors except x;, and consider
z =Y r;y; when all r; > 0.)

Prove that there is a unique element o in W sending A* to A~. Prove that any
reduced expression for o must involve all o, with a € II. Discuss (o).

Let IT = {ay,...,a,.} be a base for A. Let

A= Xr: kiozi
i=1

with k; € Z and all k; > 0 or all k; < 0. Prove that either A is a multiple (possibly
zero) of a root, or else there exists ¢ € W such that o(\) = Y., ¢;oy with some
¢; > 0 and some ¢; < 0. (Sketch of proof: If A is not a multiple of any root, then the
hyperplane P, orthogonal to A is not included in Uyea P,. Take p € Py — Ugea Py
Then find 0 € W for which all (a;,o(p)) > 0. It follows that

r

0=(\p)=(o(N),0(n) =) eilas,o(u).

i=1
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