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8. LECTURE 8. TATE-SEN THEOREMS.

[ would like to come back and discuss proofs of some
results about the field C' = C.

8.1. Basic results about the field C' = Cy.

Theorem 8.2. 1. Field C is algebraically closed.

2. Let H C Gal(K/K) be a closed subgroup and
L = K the corresponding subfield. Then C* = L -
the closure of the field L in the topology of C.



53

8.3. Galois structure of the field K and its clo-
sure K ... One of the lessons we have seen from the con-
struction of the field Bpg was that a very important role
is played by the field K and its closure K. We will
discuss this in more detail.

Fix a p-adic field K. For every integer m > 0 consider
the group g, € K of roots of 1 of degree p™ and denote
by ;.;:;),,, the subset of primitive roots. We denote by f1,~
the union of the groups g, for all m.

We denote by K, the field extension K,, = K(p,m~
and by K, the union of all these fields.

Proposition 8.3.1. 1. For every m the field exten-
sion K,/ K is Galois and its Galois group is naturally
embedded into the group T,,, = Aut(pi-

2. The Galois group Gal(K./K) is a closed sub-
group of the group D = Aut(u) = Z,".

3. If K = Q, then embeddings in 1 and 2 are

isomorphisms.
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Fix a number m and consider the field K,, ¢ K.
We denote by D,, the Galois group D,, = Gal(K../K,,).
Let T,, be the subspace of elements x € K, such that
tri, (z) = 0.

Claim. We have canonical decomposition K. = K,,®
Ty.. This decomposition is invariant with respect to the
Galois group D,,.

In fact, this decomposition extends to the closure K, =



K,, ® T, and is invariant with respect to the action of the
Galois group H,,.
Theorem 8.4. Fix m > 0.

(i) The Galois group D,, is isomorphic to the group
L.

(ii) We have a canonical decomposition Koo = KB
T invariant with respect to the action of the group D,,

(i1i) Choose a topological generator d € D,,. Con-
sider the operator] = d—1 on K. Then the operator
[ annihilates K,, and is invertible on T .
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