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We'veseen Cayley graphs of groups how they expand

in the Abelian case It is known that youcannothave

expanders w boundeddegree thisway

Today we meet a beautiful different group theoretic construction

based on a group its subgroups

G a group
A B C subgroups

AB Bc AC subgroups

AB group generated by A B Wi Wn ke1N wieAuB

WarmupiAbeliangroupy
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The group G is covered by coatsofeachsubgroup

AB

t.itFIfI
Our graph will be made of these coats connecting if theyintersect

AB AC BC
every point in G
is contained in exactlyI
one setofeachcolor
makes atrianglei

ii

s i
every triangle corresponds
to an intersection needsproof

Symmetry every painolycosets have thesame size intersection
intersecting

every edge is in thesame of triangles

vertices 2 dim slices
edges 1 dim bars row or cot or shaft
triangles o dim points

Graph complete 3 partite graph
degreeof each vertexis 2in edges n2 triangles

notbounded degree



The non Abelian Case

To get betterdegree bounds wewant the coats tobe small
wrtgroupsize

wewill see a large infiteeven group generatedby 3 tiny
finite abeliangroups

How can abeliangroups generate a non abelian group

A fl aer
p go.tn ae

g3Bb see

c fl cer

Iain A CorB or C is abelian

Calc

Claim A OB Eid
what happens if wemultiply ac A and beB
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If so thisgroup is not abelian

Det The group AB is called the Heisenberggroup

Claim i d
a Hi L c.is i

proof c is immediate

it L Il Eaten
similarly

i iii iii iii
similarly BC CA are copies ofsamegroup butplaced differently

t Hiiit liiilliiit.tiai.it
CA

IAI of
1ABI Eofof aft

claim G span A B C Wi wie KEN wieDUBUC

is infinite
dgis

Proof to

viii iii l



Instead ofworking in an infinite setup we restrict

ourself to the rig of dy d polys with tructation

ftp.gltli dgdff.gct
a associative commutative I

I G l qd IABl Et lat f
is OG

withd is

whatmpkxok.ee
Cover G with coatsd AB of BC ofGA
For each typewe have a color anda Vertex toeach coset
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GAB 00 0gCA

040 0
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O O O
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G AB BC CA

cosets coset cosets

Place an edge if GAB D gBC
We needto understand the intersections of the assets



Claim i ABABC Bj Ben Cj AAB A me
ii Bnc lid

4,164
iii An Bcs id

Prost Bonnet f Af B

claim it GA ng'D t
then IgAng'D1 1

if GAB h g BC 44
then g AB f g Bc g B

Pnd if xYE GA A g B
then 3 LEA st Xe gA

ga y ga galataL
similarly 3 peB sit xs yp
but xp c AAB id so X y
IgA ng131 1

3 mult on left by beB leaves us inside
c if hi hi gAB then

913C

AB

4,1ha e B
Gh st hheh Bc



Iain if gAB n g Be t d
9213C A 93CA to

SAB n of CA to
then gAB n gzBC A 93CA f

andhas size

gC vs g AB
checkthat AB AC id indeed

if gX gigc GABngC
yeABAC Eid

intersections in faraway cosets behave
like in the identity asset

Conclusion There is a l l mapping between

byconstruction vertices Cosetsof AB Bc CA

IIY edges cosets of p B C

ifeng.esfEawisefriayles assets of Eid i.e elementsofG

We have a 2 dim complex 1101 11 12



s t 1 611 1Glad 16434 161cal

3 1 7 is
d D

1 141 161

The link structure
hevertex cosetof

linkof x GAB
Nbrs A cosetof A wehave 1 hbrin theassetsof CAinAB

Y cosetof B BCinAB

so locally fromthepointof view of thepictureisthis

HBlBl I l

il'ii i iei

n n
Be CA
edges got

To understand the linksweonly need tounderstand the

Heisenberg group whose size is finite ft
fact A Sfg



We can use Garland's method asperthethinof Oppenhe
to prove that the 1 skeleton too expands Forthis all we
need is to establish

connectedness

The groupaction on X i K
gu

gn
Ourgroup G span A B C acts on the complex bymalt

mapping simplices to simplices and paths to paths
if v c S then W C w S
xa9 Ifj x x9j

1 WAB
w

y o_O fCA

choose some weGG'dand lookat XM wX

1 Bc M w BC 1 BC because WE C C BC

1 CA Ns w CA 1 CA

A AB w AB t l AB since ABLESid
find the stabilizer of a vertex an edge

Question WABD t.CA since AB OCA 3 a

WAB n WEA a wa
elWAB h CA



Claim The complex is gallery connected i.e thereis
a D D D walk betweenanypainof D's

Proofs enough to show that leg is connectedtogeG
write g w Wk where WiC AUB UC
we have just seen that 1 is connected toWf

enough to see that wz wk is connectedto 1
andShiftall by w

to find i w w wz hk
wefind 1 wz wie
andthen multpathby wa

wegot an wy wz Wk IN


