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1. Orthogonal eigenvectors. Let M be a symmetric matrix, and let 1 and ¢ be vectors so
that

My =pup and Mo =vo.

Prove that if p # v then 1 must be orthogonal to ¢. Note that your proof should exploit the
symmetry of M, as this statement is false otherwise. Q,.S- jeor _ (: )\
M - 0 Z

2. Invariance under permutations.
Let IT be a permutation matrix. That is, there is a permutation 7 : V' — V so that
1 if u=mn(v), and
TH(u,v) = e
0 otherwise.

Prove that if
M = M,

then
(IMTI") (TIyp) = A(Iyp).

That is, permuting the coordinates of the matrix merely permutes the coordinates of the
eigenvectors, and does not change the eigenvalues.

3. Invariance under rotations.
Let Q be an orthogonal matrix. That is, a matrix such that QT Q = I. Prove that if
My = \p,
then
(QMQT) (Q¥) = \(Qy).
4. Similar Matrices.

A matrix M is similar to a matrix B if there is a non-singular matrix X such that
X 'M X = B. Prove that similar matrices have the same eigenvalues.

5. Spectral decomposition.

Let M be a symmetric matrix with eigenvalues Aq,..., A, and let 9,,..., 4, be a corresponding
set of orthonormal column eigenvectors. Let ¥ be the orthogonal matrix whose ith column is ;.
Prove that

'MW = A,
where A is the diagonal matrix with Aj,..., A, on its diagonal. Conclude that
M=wA®" =) Npap; .
ieV

6. Traces.

Recall that the trace of a matrix A, written Tr (A), is the sum of the diagonal entries of A. Prove
that for two matrices A and B,
Tr (AB) =Tr(BA).

Note that the matrices do not need to be square for this to be true. They can be rectangular
matrices of dimensions n x m and m x n.

Use this fact and the previous exercise to prove that
n
Tr(4) =)\,
i=1

where A1,..., A, are the eigenvalues of A. You are probably familiar with this fact about the
trace, or it may have been the definition you were given. This is why I want you to remember
how to prove it.
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