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Abstract

Given a functionf : X → Σ, its `-wise direct prod-
uct is the functionF = f ` : X` → Σ` defined by:
F (x1, . . . , x`) = (f(x1), . . . , f(x`)). We are interested
in the local testability of the direct product encoding
(mappingf 7→ f `). Namely, given an arbitrary func-
tion F : X` → Σ`, we wish to determine how close it
is to f ` for somef : X → Σ, by making two random
queries intoF . In this work we analyze the case of low
acceptance probability of the test. We show that even if
the test passes with small probability,ε > 0, alreadyF
must have a non-trivial structure and in particular must
agree with somef ` on nearlyε of the domain. Moreover,
we give a structural characterization of all functionsF
on which the test passes with probabilityε.

Our results can be viewed as a combinatorial analog
of the low error ‘low degree test’, that is used in PCP
constructions.

1. Introduction

Given a functionf : X → Σ, its `-wise direct prod-
uct is the functionF = f ` : X` → Σ` defined by

F (x1, . . . , x`) = (f(x1), . . . , f(x`)).

We think of|X| as being very large compared toΣ, ` (for
concreteness one may keep in mindX = [n] andΣ =
{0, 1}), and view the mappingf 7→ f ` as an encoding
of f . In this paper we study the testability of the direct
product encoding. Namely, given an arbitrary function
F : X` → Σ`, we wish to determine how close it is tof `

for somef : X → Σ, by making the smallest possible
number of random queries intoF , namely two.

This question has first been studied by Goldreich and
Safra [5], who showed that this encoding is testable with
a constant number of queries. A very simple two query

test for this encoding was analyzed in [3], where it was
shown that if the test succeeds with probability1 − δ,
thenF agrees with somef ` on at least1 − O(δ) of the
domain. This pretty much pinpoints functionsF that
pass the test withhighprobability.

In this paper we ask the following question: Which
are the functionsF that pass the test with an arbitrary
probabilityε? We answer this question for all values of
ε ≥ `−Ω(1).

One motivation for this question comes from Proba-
bilistically Checkable Proofs (PCPs). It is easy to con-
struct PCPs with small soundness error1 just by using
sequential repetition. However, this increases the num-
ber of queries made to the proof. In order to reduce the
number of queries the prooff can be replaced by its
direct product encodingF = f `. However, one must
be able to test that the encoded proofF does not cheat,
i.e., thatF is ‘faithful’ to some underlyingf . Moreover,
since we are interested in small error, our test must be
such that if it passes with probability≥ ε, then we can
already conclude thatF is sufficiently close tof ` for
somef .

Thus our results are analogous to the small-error
analysis of the low degree test [10, 1]; and the direct
product encoding can be viewed as a combinatorial al-
ternative to the low degree encoding used in small-error
PCP constructions. Presumably, one could incorporate
this encoding in PCP constructions, but the details are
beyond the scope of the current work.

The so-called low-error (or low-acceptance-
probability) regime is often more difficult to analyze.
One reason is the non-uniqueness of the solution:
Clearly F can be a hybrid of1/ε different legal
codewords and still pass the test with probabilityε.
Thus, this is called the list-decoding regime since
one can, at best, guarantee that success of the test

1The soundness error is the probability that the verifier accepts
when it should reject.



implies existence of a list of codewords that have non-
trivial agreement with the received word (F in our case).

Let us now formally describe the testT and state our
main theorem. Given a functionF : X` → Σ`, the test
T has a parameterm which we fix to bem = `c for
some constantc = 19/75, and is as follows:

1. Choosex ∈ X` uniformly at random.

2. Choose a random setI ⊂ [`], |I| = m, and choose
a randomx′ ∈ X` conditioned onx′i = xi for all
i ∈ I.

3. Accept iff F (x)I = F (x′)I .

This test makes two queries intoF , at x and atx′.
If F = f ` for some functionf then clearly the test
succeeds with probability one. In fact, even ifF =
f1 × f2 × · · · × f` for an `-tuple ~f = (f1, . . . , f`) of
possibly distinct functionsfi : X → Σ (in the sense that
F (x1, . . . , x`) = (f1(x1), . . . , f`(x`))) T still accepts
with probability one. Our first theorem states that ifT
passes with probabilityε then it is explained by close-
ness ofF to f1 × · · · × f` on someεO(1) fraction of the
domain.

Theorem 1.1 Let F : X → Σ`. If T acceptsF with
probability ε, then there exists a tuple~f = (f1, . . . , f`)
of functionsfi : X → Σ such that forΩ(ε5) fraction of
the tuplesx ∈ X:

Pr
i∈[`]

[F (x)i = fi(xi)] ≥ 1−O(`−Ω(1))

Let us make a couple of comments about the above the-
orem.

• The theorem concludes that on many of the tuples
x, F (x) ≈ ~f(x) rather thanF (x) = ~f(x). This
weaker conclusion is inherent, as can be seen by
takingF = f ` and then changing eachF (x) arbi-
trarily in fewer thaǹ /m coordinates. Such a func-
tion F will pass the test with high probability, yet
is only close tof ` in the above sense.

• A second apparent weakness of this theorem is the
fractionΩ(ε5) of tuples that support~f which fails
to fully explain theε success probability ofT . Our
second result is a stronger theorem (Theorem 1.3
below) that addresses this issue, and we turn to it
shortly.

First, however, let us return to the question of testing
whetherF is close to thè-th powerf ` of a single func-
tion f : X → Σ (rather than tof1 × f2 × · · · × f`). For
this we must consider the modified testT ′, which is the
same asT except that the last step is now:

3′. Chooses : [`] → [`] to be a random permutation
on [`]. Denote bys(x′) ∈ X` the vector defined
by s(x′)i = x′s(i). ReadF (x) andF (s(x′)) and

accept iff for everyi ∈ I F (x)i = s−1(F (s(x′)))i.

Clearly ifF = f ` then the test accepts always. We prove
via reduction from the main theorem that,

Theorem 1.2 Let F : X → Σ`. If T ′ acceptsF with
probability ε , then there exists a functionf : X → Σ
such that forΩ(ε6) fraction of the tuplesx ∈ X it holds:

Pr
i∈[`]

[F (x)i = f(xi)] ≥ 1−O(`−Ω(1))

The proof of this theorem encounters unexpected com-
plications (see Section 4), and it is unclear whether these
can be avoided. As previously mentioned, our stronger
“structural characterization” below improves this theo-
rem in that the agreement ofF with f ` goes fromεO(1)

to ε(1 − o(1)). We remark that bothT and T ′ were
essentially considered in [3] modulo a slight technical
difference, where their high-acceptance-probability be-
havior was analyzed.

1.1 The Structural Characterization

Our next result is stronger in that it characterizes (up
to lower order terms) functionsF on whichT ′ accepts
with probability ε. Consider the following “generic”
construction of a functionF on whichT ′ accepts with
probability ε. Choose functionsf1, . . . , ft : X → Σ.
For each function, fix a setSi ⊆ X of tuples and set
F (x) approximately equal tofi(x) for all x ∈ Si. Out-
side∪Si fix F randomly. Assuming first (for simplicity)
that thefi’s are far from each other (hence theSi’s are
roughly disjoint), it is easy to check that∑

i

Pr[x,x′ ∈ Si] ≥ ε =⇒ Pr[T ′ acceptsF ] ≥ ε.

(neglecting an additivè−Ω(1) term).
Our structural characterization can be viewed as an

“inverse theorem” in that for any givenF it finds func-
tions fi and supportsSi ⊆ X such that essentially the
only wayT ′ will accept on a pairx,x′, is if they both
belong toSi for somei,∑

i

Pr[x,x′ ∈ Si] ≥ ε ⇐= Pr[T ′ acceptsF ] ≥ ε.

(again, neglecting an additivè−Ω(1) term).
We also show that at least onefi must agree withF

on at leastε(1 − o(1)) of the domain. This is proven
using the eigenvalues of the transition matrix ofT ′. The
precise statement of our theorem is subtle, essentially



since the functionsfi need not be far apart and this, in
turn, causes the setsSi to possibly intersect. An infor-
mal version is as follows (the precise statement appears
as Theorem 5.1):

Theorem 1.3 (Structural Theorem - Informal) Let
F : X` → Σ` be a function on whichT ′ accepts
with probability ε > 0. There is a list of functions
f1, . . . , ft : X → Σ and ani such thatF agrees with
(fi)` on at leastε(1 − o(1)) of X. Moreover, ifT ′

accepts onx,x′ then with probability1 − `−Ω(1), (i)
F (x) andF (x′) agree withfi for some1 ≤ i ≤ t; (ii)
For each i such thatF (x) agrees withfi also F (x′)
agrees withfi.

In the above, agreement is taken to be agreement on
1− `−Ω(1) fraction of the coordinates.

One consequence of this result is that ifT ′ accepts on
x,x′ then we canapproximately locally decodeF back
to fi. The theorem guarantees that conditioned onT ′

accepting onx,x′, then almost surely there is somei
such that for almost allj: the j-th coordinate ofF (x)
equalsfi(xj). Let us make a couple of remarks:

• This is related to the issue of locally list decoding
the direct product encoding, which was studied in
two relatively recent works [6, 7]. In that setting,
F is already guaranteed to agree withf ` on anε
fraction of the domain, and the goal is to generate
(uniformly) a list of circuits that have oracle access
to F , one of which computesf on almost all in-
puts. Our theorem complements this result in that
it removes the need for the assumption aboutF be-
ing ε-close tof ` (rather, we can test whether this
holds). Moreover, both testing and decoding can be
performed “in one shot” while making the smallest
possible number of queries (i.e. two). In addition,
it seems that Theorem 1.3 can also be used to give
similar local decoding results, but we did not work
out the details. We add that [7] were able to ex-
tend their results to derandomized direct products,
and it would be extremely interesting to similarly
derandomize our testing results.

• By readingd � ` coordinates ofF (x) we can ob-
tain several values offi and ensure that (whp over
the possibled-tuplesXd) nearly all of thed values
are consistent with a singlefi while still making
only two queries intoF . Such “consistent read-
ing” behavior is known for low degree tests (see
[10, 1, 2]) and is the key to composing PCPs while
maintaining small error. We are not aware of any
other encoding that shares this property.

1.2 Parallel Repetition

One of the most celebrated results pertaining to the
direct product encoding is the parallel repetition theo-
rem of Raz [9]. Without getting into the details let us
mention that our test can be viewed as an`-fold repeti-
tion of a single-coordinate ‘equality’ test. Parallel rep-
etition theorems could possibly bound the success of a
repeated test but would not provide anystructural infor-
mationabout functions that pass with “non-negligible”
probability.

Even so, one may hope to benefit from the proof tech-
niques. Raz’s techniques do not seem to help our setting,
in particular since they are “too strong”: they guarantee
an upper bound that is exponentially small in`, in con-
trast to the fact that the success probability ofT is mean-
ingful only if it is much larger, at least1/` (see Section 6
for an appropriate example).

Nevertheless, an earlier proof of a (weaker) parallel
repetition theorem due to Feige and Kilian [4] turns out
to provide the key to our proof. We elaborate on this
shortly.

1.3 Our Proof

The analysis of [3] in the high-acceptance-probability
setting proceeds by defining amajority functionf based
onF , by taking for eachx the most popular value among
all tuplesx containingx. It is shown that ifT acceptsF
with high enough (say99%) probability thenF ≈ f `. In
our low-acceptance-probability setting such an approach
cannot succeed, as can be seen by the following exam-
ple: For eachx letF (x) be(0, . . . , 0) with probability 1

2
and(1, . . . , 1) with probability 1

2 . ThenT accepts with
probability 1

2 while the majority functionf is a random
function, and surelyF is far fromf `. Observe however,
that this does not contradict our theorem asF is indeed
close to two direct product functions:0` and1`.

Locally testing a code in the list-decoding regime has
been studied in the literature, for example in the low-
error low degree test of [1, 10]. The low degree polyno-
mial codes have a high relative distance which is crucial
for the low-degree test analyses. Indeed, we were set
back by the observation that a combinatorial analysis a
la Raz-Safra will not work here2.

The key to our proof comes from the work of Feige
and Kilian [4] in their analysis of parallel repetition
games. They study parallel repetition of so-called
miss/match games, and prove a structural dichotomy
lemma which easily adapts to our setting. Essentially the

2There are functionsF that pass our test whp, but exhibit many
“non-transitive triangles”: triplesx,y, z ∈ X such thatT accepts
x,y andx, z but rejectsy, z.



lemma says the following: every functionF : X` → Σ`

either causes our testT to reject whp, or there are
manyexponentially-small setsE ⊂ X` on whichF ≈
f1,E×· · ·×f`,E (however possibly eachE has a distinct
~fE = (f1,E , . . . , f`,E)).

This lemma leverages noticeable success of the test
to deduce a certain structure forF . However, deduc-
ing structure on tiny (exponentially small) subsetsE is
not very useful unless, and this is the key point, these
subsets can be glued together in a meaningful way. The
main technical work in the proof of Theorem 1.1 goes to
showing how to go from local to global agreement and
to stitch the tinyE’s together into one big set that agrees
with a single direct product. We first show that some
noticeable fraction of pairsE,E′ intersect non-trivially.
Then we deduce that such an intersection implies that
~fE ≈ ~fE′ . Finally we find a “popular” setE that agrees
with sufficiently many of theE′’s and proceed to prove
that the functionfE agrees withF non-trivially on at
least anεO(1) fraction ofX`.

We then extend this theorem in two ways to Theo-
rems 1.2 and 1.3. The proofs of both of these theorems
encounter unexpected complications on which we elab-
orate in the corresponding Sections 4 and 5.

Organization of the Paper Section 2 contains basic
definitions and lemmas. Sections 3, 4, and 5 contain
the proofs of Theorems 1.1, 1.2, and 1.3. We conclude
with a discussion of the tightness of the parameters in
Section 6.

2 Preliminaries

There is a certain amount of freedom in choosing the
parameters, and we have not made an attempt to opti-
mize them. We require that|X| > `3. Also through-
out the paper always2`−1/75 < ε < 1/48 (we re-
quire ` to be large enough for this to be non-void). We
fix the remaining parameters as follows:ρ = `−1/75,
η = `−7/75, m = `19/75.

2.1 General Definitions, Notations, and
Tools

DenoteX = X`. An element inX is called aǹ -
tuple or a tuple and is usually denoted byx,x′,y etc. .
The i-th coordinate of a tuplex is denoted byxi ∈ X.
For ak ∈ [`], the notion of ak-block is important in our
proof:

Definition 2.1 A k-block b is a pair (y,~ι) where~ι =
(i1, . . . , ik) is a list of indices in increasing orderi1 <
i2 < · · · < ik andy ∈ Xk.

We use the lettersb, b′ to denotek-blocks, and unless
stated otherwise we assume thatb = (y,~ι), b′ = (y′,~ι′).
For a pair of blocksb, b′ we use the notationb ∩ b′ = ∅
if ~ι ∩ ~ι′ = ∅. The union of disjoint blocks is defined in
the natural way: The set of indices is the concatenation
of the indices in the original blocks in correct order, and
the values ofy, y′ are concatenated appropriately.

For a tuplex ∈ X and a set of indices~ι =
(i1, . . . , ik), we denotexb = x~ι = (xi1 , . . . , xik

). We
say that a tuplex contains a blockb and denoteb ⊂ x if
x~ι = y. For ak-block b, denote byXb = {x | x~ι = y}
and similarlyXb,b′ = {x | x~ι = y,x~ι′ = y′}.

In particular for a 1-block (x, i), X(x,i) =
{x | xi = x}. For x ∈ Xb andF : X → Σ` we de-

fineF (x)b
def
= F (x)~ι.

The following lemma shows that for a Boolean func-
tion on X the expectation remains roughly the same
when restricting to a randomXb. It is used several times
in the course of our proof, and is similar to a lemma in
[4]. The proof for the precise statement can be found in
[8]:

Lemma 2.2 Let X be a set andn > 1 an integer, and
denoteX = Xn. Letf : X → {0, 1} with expectation
µ = Ex∈X[f(x)]. For (x, i) ∈ X × [n], denoteµ̃x,i =
Ex∈X(x,i) [f(x)]. Then,

1. Pr(x,i)[|µ− µ̃x,i| ≥ 1/ 3
√

n] ≤ 1/ 3
√

n

2. E(x,i)[(µ̃x,i)2]− µ2 ≤ µ
n

3. For 1 ≤ r < n and anr-block b = (y,~ι) de-
note µ̃b = Ex∈Xb

[f(x)]. Then,Prb[|µ − µ̃b| ≥
r/ 3
√

n− r] ≤ r/ 3
√

n− r.

We conclude with the following standard bounds.

Lemma 2.3 (Chernoff Bound) Let x1, ..., xn i.i.d
Bernoulli random variables havingPr[xi = 1] = p,
then:Pr[|

∑
xi − pn| > εn] < exp(−ε2n/2).

Lemma 2.4 (Chebyshev Bound)Let X be a random
variable with expectationµ and varianceσ2, then, for
anyc > 0: Pr[|X − µ| > c] < σ2

c2 .

2.2 The Feige-Kilian Dichotomy
Lemma

We now turn to describe the Dichotomy Lemma of
Feige and Kilian which is the basis for our approach.
Without getting into details, in their setting there is a
game of questions and answers that is repeated` times.
Here a question would be an element ofX, and an an-
swer for it would be an element ofΣ. More generally,
given ak-block (which is essentially a tuple of ques-
tions), an answer for it is a tuplea ∈ Σk.



Fix F : X → Σ` for the rest of this section. Let
1 ≤ k < ` and letb = (y,~ι) be ak-block. The following
definitions are quoted from [4].

Definition 2.5 (Live Block) A k-blockb is alive if there
exists an answera ∈ Σk such thatPrx∈Xb

[F (x)b =
a] ≥ ε. Such an answera is called a live answer forb.

Clearly, each blockb can have at most1/ε live answers.

Definition 2.6 Let b be a block anda ∈ Σk, and let
0 ≤ η < 1/2. The pair(x, i) ∈ X × ([`] \ ~ι) is 1 −
η determined by(b, a) if there existsσ ∈ Σ such that
Prx∈Xb,(x,i) [F (x)i = σ | F (x)b = a] ≥ 1− η.

Recall that our goal is to find a direct productg1 ×
· · ·×g` that agrees withF on a noticeable fraction ofX,
for somegi : X → Σ. In the sequel we follow [4] who
use notationg : X × [`] → Σ to group together̀ func-
tionsg(·, i) : X → Σ. Given such ag, we denote by~g :
X → Σ` the function defined by∀x = (x1, . . . , x`) ∈
X, ~g(x)

def
= (g(x1, 1), g(x2, 2), . . . , g(x`, `))

Definition 2.7 (Good Block) A block b is good if b is
alive and for every live answera for it,

Pr
(x,i)∈X×([`]\~ι)

[(x, i) is 1− η determined by(b, a)] > 1−η.

In that casea is called agood answerfor b, and we
denote bygb,a : X×([`]\~ι) → Σ the function assigning
each(x, i) a valueσ that maximizes the probability in
Definition 2.6. gb,a is called the function that is1 − η
determined by(b, a).

For a good blockb = (y,~ι) and good answera the
functiongb,a is only defined on the domainX× ([`]\~ι).
Therefore, we arbitrarily extend eachgb,a to the do-
mainX × [`] demanding onlygb,a(yi, i) = ai for each
(yi, i) ∈ (y,~ι).

For two vectorsv,w ∈ Σ` we write v
1−η
≈ w to

denotePri∈[`][vi = wi] ≥ 1− η.

Claim 2.8 Let b be a good block with good answera.
Then for anyρ > 0,

Pr
x∈Xb

[F (x)
1−ρ
≈ ~gb,a(x) | F (x)b = a] ≥ 1− 2η

ρ

We can now state the Dichotomy Lemma:

Lemma 2.9 (Dichotomy Lemma of [4]) Let F : X →
Σ`, and letε ≥ 2`−1/75, then exactly one of following
cases holds:

1. (Case 1) The probability that a randomk-block is
alive is at mostε.

2. (Case 2) The probability that a random livek-block
is goodis at least1− ε.

Proofs of the two above claims can be found in the full
version of this paper.

2.3 Agreement

The following definitions will be useful.

Definition 2.10 (Agreement) Fix a k-block b. Let the
agreement onb be defined as

Ak(b) = Pr
x,x′∈Xb

[F (x)b = F (x′)b]

and let
Ak = Eb : |b|=k[Ak(b)]

Let k1, k2 be integers such thatk1 + k2 ≤ `. Let b1 be
a k1-block andb2 be ak2-block such thatb1 ∩ b2 = ∅.
Define

Ak1,k2(b1, b2) = Pr
x,x′∈Xb1,b2

[F (x)b1 = F (x′)b1 ]

Observation 2.11 1. Pr[T accepts] = Am

2. Ak1,k2(b1, b2) ≥ Ak1+k2(b1 ∪ b2)

Lemma 2.12 Lets, r > 0 be integers,s+r ≤ `. Fix an
s-blockb1. Then, choosingb2 disjoint fromb1,

Eb2 [As,r(b1, b2)]−As(b1) ≤
r

`− (r + s)
.

Due to space limiting we omit the proof. We remark
that the proof is based on Lemma 2.2, and it can be
found in the full version of this paper.

3 Local to Global

In this subsection we prove our first main result.
Theorem 1.1Let F : X → Σ` be a function that the
testT accepts with probability3ε, (ε ≥ 2`−1/75), then
there exists a functiong : X × [`] → Σ such that, for
ε5/16 fraction of the tuplesx ∈ X it holds:

F (x)i

1−9ρ
≈ ~g(x).

We begin with the following lemma, showing that if
the testT accepts with some probability then most live
blocks are good.

Lemma 3.1 If the testT accepts a functionF with
probability 3ε, (ε ≥ 2`−1/75), then there existsm/2 ≤
k ≤ m, such that at leastε of thek-blocks are alive, and
at least1− ε of the livek-blocks are good.



Proof: By Lemma 2.9 either Case 1 or Case 2 apply to
F . If Case 1 doesn’t apply, then there must be at leastε
live k-blocks, of which at least1 − ε are good and the
lemma is proven.

It remains to prove that if Case 1 applies toF , then
the testT accepts with probability at most3ε, thereby
contradicting the hypothesis of the lemma.

So assume there are at mostε live k-blocks. Let us
rewrite in which the way the testT selects the tuples
x,x′:

1. Choose a randomk-block b′.

2. Pick a randomm−k-blockb′′, such thatb′′∩b′ = ∅,
and letb = (y,~ι) be them-block that is obtained
from the union ofb′ andb′′.

3. Pick a randomx ∈ Xb.

4. Pick a randomx′ ∈ Xb.

Clearlyb is a randomm-block, and the distribution over
x,x′ is identical to the distribution induced byT . Now
we examine the probability ofT in terms of the agree-
ment.

Pr[T accepts] = Am = EbAm(b)
= Eb′,b′′Am(b′ ∪ b′′)
≤ Eb′,b′′Ak,m−k(b′, b′′)

(1)

Where the first equality and last inequality are obtained
from Observation 2.11. We separate the expectation in
(1) into two parts: the blocksb′ that are alive, and those
who are not.

The live blocks can contribute up toε, since they ap-
pear with probability≤ ε.

It is left to bound the contribution of each of the non
alive blocks: Letb′ be a non-alivek block, then accord-
ing to Lemma 2.12:

Eb′′ [Ak,m−k(b′, b′′)]−Ak[b′] ≤ m− k

`− (m− k)
≤ m

`/2
< ε

Sinceb′ is non alive block, thenAk[b′] < ε, and there-
fore: Eb′′ [Ak,m−k(b′, b′′)] < 2ε.

Altogether the expectation in (1) is bounded by3ε.

From now until the end of the proof, unless stated other-
wise, a block is assumed to be ak-block. Let us define
an indicator variableI(x, b, b′, a, a′) to be equal1 iff
x ∈ Xb,b′ andF (x)b = a andF (x)b′ = a′ anda, a′

are good forb, b′ respectively. Now setI(x, b, b′)
def
=∑

a,a′ I(x, b, b′, a, a′). ClearlyI(x, b, b′) is either zero
or one and it is one exactly if bothF (x)b is a good an-
swer forb andF (x)b′ is a good answer forb′. LetD1

be a distribution on triples(b, b′,x) defined by choosing

two randomk-blocksb, b′ such thatb∩b′ = ∅ and a tuple
x containingb, b′. (We recall that for blocksb = (y,~ι)
andb′ = (y′,~ι′) b∩ b′ = ∅ iff ~ι∩~ι′ = ∅). We first prove
that

Lemma 3.2 E(x,b,b′)∼D1 [I(x, b, b′)] ≥ ε2.

We will then consider a graph whose vertices are the
blocks and whose edges are roughly between pairs
(b, b′) for which Prx[I(x, b, b′)] is large. We will then
choose a blockb∗ that has maximal degree in this graph
and prove thatgb∗,a∗ is the global function we are seek-
ing for an appropriate good answera∗ (recall that the
functiongb,a was defined in Definition 2.7).

Proof: Let us examine another distributionD2 defined
by first choosing a uniform tuplex ∈ X and then choos-
ing two blocksb, b′ ⊂ x independently at random.

We prove Lemma 3.2 in two steps. First we prove
that

E(x,b,b′)∼D2 [I(x, b, b′)] ≥ 3ε2 (2)

and then we argue thatD1,D2 are close enough for our
needs.

Let ax = Prb⊂x[F (x)b is alive forb], and gx =
Prb⊂x[F (x)b is good forb]. Observe that

Ex[(gx)2] = Pr
(b,b′,x)∼D2

[I(x, b, b′)].

We would like to connect the probability thatT ac-
cepts with the expectation ofax. However, the testT
checks consistency on blocks of sizem, while ax refers
to blocks of sizek. Therefore, we consider a new testTk

which acts as follows:

• Choose a randomk block b′.

• Pick a randomm−k blockb′′, such thatb′∩b′′ = ∅,
and letb = b′ ∪ b′′.

• Pickx,x′ ∈ Xb uniformly at random.

• Accept iff F (x)b′ = F (x′)b′ .

Claim 3.3 Pr[Tk accepts] ≥ Pr[T accepts].

Let sx denote the probability ofTk succeeding con-
ditioned on choosingx as the first tuple.sx = ax ·
Pr[Tk succeeds onb,x | x, F (x)b is alive forb] + (1 −
ax)·Pr[Tk succeeds onb,x | x, F (x)b is not alive forb ≤
ax · 1 + (1 − ax) · ε ≤ ax + ε Soax ≥ sx − ε. Now
E[ax] ≥ E[sx] − ε = Pr[Tk succeeds] − ε ≥ 2ε,
and thereforeE[(ax)2] ≥ E[ax]2 ≥ 4ε2. Note that
from Lemma 3.1 we get that:E[gx] ≥ (1 − ε)E[ax],
yielding toE[(gx)2] ≥ (1 − ε)2E[(ax)]2 ≥ 3ε2 So (2)
is established.

Now we have to connect between the distributionsD1

andD2: Define A as the event of selectingb, b′ such that
b ∩ b′ = ∅.



Claim 3.4 Fix any values ofb1, b2 andx0 ⊃ b1, b2 then:
PrD1 [x = x0 andb = b1 andb′ = b2] = PrD2 [x =
x0 andb = b1 andb′ = b2|A]

Let us calculate

Pr
D2

[A] =

(
`
k

)
·
(
`−k

k

)(
`
k

)2 ≥ (1−2k/`)k ≥ 1−2k2/`. (3)

Now let us calculatePrD2 [I(x, b, b′) |A] using
Bayes’ rule:

E(x,b,b′)∼D1 [I(x, b, b′)] = Pr
D2

[I(x, b, b′)|A]

=
PrD2 [I(x, b, b′) andA]

PrD2 [A]
≥ Pr

D2
[I(x, b, b′)]− Pr

D2
[A]

Plugging in (2) and (3) we get a lower bound ofε2,
and we are done.

Our next step is to define a graph on the blocks. Re-
call that the number of good answers for any blockb
is at most1/ε, since each good answer is also alive.
Let us choose randomly for each good blockb a good
answerab (and an arbitrary answer for the non-good
blocks). In expectation over these random choices, (and
by Lemma 3.2)

E(x,b,b′)∼D1 [I(x, b, b′, ab, ab′)] ≥
ε2

1/ε2
= ε4. (4)

Therefore let us fix some deterministic choice ofab per
b that attains this expectation.

For blocks b1, b2, such that b1 ∩ b2 = ∅ let
a1 = ab1 , a2 = ab2 and if b1, b2 are good then
let g1 = gb1,a1 , g2 = gb2,a2 . Define b1 ∼ b2 iff
Ex[I(x, b1, b2, a1, a2)] ≥ ε4/2. So by (4) and Markov’s
inequalityPr(b1 ∼ b2) ≥ ε4/2 whereb1, b2 are random
blocks such thatb1 ∩ b2 = ∅ (as implied by the distribu-
tionD1).

We will prove next that almost always ifb1 ∼ b2 then
g1 ≈ g2. Let us recall that sinceb1 is a good block with
good answera1 then by Claim 2.8,

Pr
x∈Xb1

[
F (x)

1−ρ
≈ ~g1(x)

∣∣∣∣ F (x)b1 = a1

]
≥ 1− 2η

ρ
(5)

Suppose we could replaceXb1 by Xb1,b2 , namely, prove
that

Pr
x∈Xb1,b2

[
F (x)

1−ρ
≈ ~g1(x)

∣∣∣∣ F (x)b1 = a1

]
≥ 1− 2η

ρ
.

(6)
The only difference between (5) and (6) is the domain
from whichx is chosen. Similarly suppose this could be
done forb2 andg2. In that case we would be on our way

to showing that in factg1 ≈ g2 essentially sinceb1 ∼ b2

implies that on a non-negligible fraction ofx ∈ Xb1,b2 ,
F (x) agrees both withg1 and withg2.

So how do we convert (5) to (6)? The idea is that for a
randomb2, Xb1,b2 is a random restriction ofXb1 which
cannot change probabilities too much:

Claim 3.5 Fix a good blockb and let g = gb,ab
.

Then for at least 1 − 2k
3√`−k

of the blocks b′,

Prx∈Xb,b′

[
F (x)

1−ρ
≈ ~g(x)

∣∣∣∣ F (x)b = ab

]
≥ 1 −

2
ε ( 2η

ρ + k
3√`−k

) ≥ 1− 6ε5.

We skip the proof due to space limiting.

Constructing a graph on the blocks. We now con-
struct a graph whose vertices are all thek-blocks in
two steps. First, place an edge betweenb1 and b2

iff b1 ∼ b2. Using (3) we know thatPrb1,b2 [b1 ∼
b2] ≥ Prb1,b2:b1∩b2=∅[b1 ∼ b2] − Pr[b1 ∩ b2 6= ∅] ≥
ε4/2 − 2k2/`. Hence the graph is pretty dense. Next,
for each blockb remove (if exist) edges to all blocksb′

which violate Claim 3.5, namely, blocksb′ for which

Prx∈Xb,b′

[
F (x)

1−ρ
≈ ~g(x)

∣∣∣∣ F (x)b = ab

]
< 1 − 6ε5.

These are blocks on which the transition fromXb to
Xb,b′ causes a big change. Claim 3.5 implies that the
fraction of edges removed is at most4k

3√`−k
. The final

graph has edge density at leastε4/2− 2k2/`− 4k
3√`−k

≥
ε4/4.

Concluding the Proof of Theorem 1.1 Let us fix b∗

to be a vertex with maximal degree in this graph, and
g = gb∗,ab∗ will be our global function. The last step in
our proof is to show that

Pr
x

[~g(x)
1−9ρ
≈ F (x)] ≥ ε5/16.

Let b be a neighbor ofb∗ in the graph. We first show that

Pr
(x,i)

[gb,ab
(x, i) = g(x, i)] ≥ 1− 4ρ. (7)

Indeed, by Claim 3.5 we know that

Pr
x∈Xb,b∗

[
F (x)

1−ρ
≈ ~g(x)

∣∣∣∣ F (x)b∗ = a∗
]
≥ 1− 6ε5

and

Pr
x∈Xb,b∗

[
F (x)

1−ρ
≈ ~gb,ab

(x)
∣∣∣∣ F (x)b = ab

]
≥ 1− 6ε5.

On the other hand, sinceb ∼ b∗ we know that
Prx∈Xb,b∗ [F (x)b = ab andF (x)b∗ = ab∗ ] ≥ ε4/2.



Putting these three equations together we deduce that on
at least a fractionε4/2− 12ε5 ≥ ε4/4 of Xb,b∗ we have

~g(x)
1−ρ
≈ F (x)

1−ρ
≈ ~gb,ab

(x), so~g(x)
1−2ρ
≈ ~gb,ab

(x). We
now need the following claim.

Claim 3.6 Let g1, g2 : X × [t] → Σ be two func-
tions, and letβ = Pr(x,i)[g1(x, i) 6= g2(x, i)] >
0. The fraction of tuplesx ∈ Xt for which
|Pri[g1(xi, i) 6= g2(xi, i)]− β| ≥ β/2 is at most 4

βt .

We apply Claim 3.6 on the spaceXb,b∗ (which for our
purpose is the same asXt with t = `− 2k). We deduce
that if β = Pr[g(x, i) 6= gb,ab

(x, i)] > 4ρ then the frac-

tion of tuplesx ∈ Xb,b∗ for which~g(x)
1−2ρ
≈ ~gb,ab

(x) is
at most 4

4ρ(`−2k) , and cannot be as large asε4/4. So (7)
is established.

Choose now a random blockb and a randomx ∈
Xb (so clearlyx is uniform in X). b is a neighbor of
b∗ with probability at leastε4/4. Conditioned on that
and based on Claim 2.8, with probability at leastε(1 −
2η
ρ ) > ε/2 x is such thatF (x)b = ab and alsoF (x)

1−ρ
≈

~gb,ab
(x). Again by (7), using Claim 3.6 we know that

the fraction of tuples on which~gb,ab
(x)

1−6ρ

6≈ ~g(x) is
small (< 4

β(`−2k) < ε74). On all other tuples we must

have (by the triangle inequality) thatF (x)
1−7ρ
≈ ~g(x).

Altogether, this holds for at leastε5/16 of the tuplesx ∈
X, and Theorem 1.1 is established.

4 From T to T ′

In this section we discuss Theorem 1.2 that shows
that if F passes the testT ′ then it noticeably agrees not
just with g : X × [`] → Σ but rather withf ` for f :
X → Σ.
Theorem 1.2LetF : X → Σ` be a function that the test
T ′ accepts with probability> 5ε , (ε ≥ 2`−1/93), then
there exists a functionf : X → Σ such that, forΩ(ε8)
fraction of the tuplesx ∈ X it holds:

F (x)i

1−29ρ
≈ ~f(x).

Let s : [`] → [`] be a permutation. For a vectorv we
denotes(v) to be the vector defined by(s(v))i = vs(i).
We partition the spaceX into equivalence classes such
that each class is the set of all permutations of a givenx:

C(x) = {s(x) | s is a permutation}

A function G : X → Σ` is called ‘folded’ if it is
consistent on every equivalence class, i.e. for allx, s:
G(s(x)) = s(G(x)).

The proof goes by reduction fromT to T ′. Namely,
we randomly reduceF to a ‘folded’ functionG. We then
apply Theorem 1.1 onG and get a functiong : X×[`] →
Σ that agrees on a non-negligible part of the domain of
G, and with a little more work we get a functiong :
X → Σ. For eachG we get a (possibly) differentg,
so it is not immediate to deduce thatF too agrees with
g on a non-negligible part of the domain. Instead, we
first show that the only wayF can pass the test with
good probability is if it is already somewhat “folded”.
In other words, on a random equivalence class there are
relatively few different values that are supported by at
leastε fraction of the class. It is then possible to relate
the support ofG to the support ofF and deduce thatF
agrees with~g noticeably.

The proof for this Theorem appears in the full version
of the paper.

5 The Structural Theorem

We have already seen (in Theorem 1.2) that ifT ′ ac-
cepts the functionF with probabilityε, then there exists

a functionf : X → Σ such thatF (x)
1−O(ρ)
≈ ~f(x)

for Ω(ε6) fraction of the tuplesx ∈ X. In this sec-
tion we fully characterize the structure of all functions
F on whichT ′ accepts with probabilityε. Consider the
“generic” example for such a functionF as in Section
1.1. Our structural characterization can be viewed as an
“inverse theorem” in that for any givenF it finds func-
tionsfi and supportsSi ⊆ X (on whichF (x) ≈ ~fi(x))
such that essentially the only wayT ′ will accept on a
pair x,x′, is if they both belong toSi for somei. (ne-
glecting an additivè−Ω(1) term). In fact, we prove a
stronger statement: wheneverT ′ accepts onx,x′ then
(i) there is ani for whichx,x′ ∈ Si and (ii) for all j s.t.
x 6∈ Sj alsox′ 6∈ Sj . This implies the following consis-
tency behavior: if we condition onx ∈ Si for a fixedi,
thenT ′ will whp only accept pairsx,x′ for which also
x′ ∈ Si. Two subtle issues need to be addressed:

1. The number offi’s that agree withF on a non-
negligible fraction ofX can be huge, if we allow
fi’s that are too close to each other. One would
like to “cluster” the similarfi’s and place one rep-
resentative from each cluster in the final list. This
is tricky but possible, as one needs to ensure that
the different clusters are “well separated” so that
wheneverx supports the cluster offi andx′ does
not,T ′ will reject whp.

2. The next subtlety lies with the possible overlap be-
tween theSi’s. Even after clustering has been per-
formed, it may happen thatSi andSj will have a



large intersection. In that case the eventsx,x′ ∈ Si

are not disjoint for differenti’s, and possibly even∑
i Pr[x,x′ ∈ Si] � 1.

A finer statement is obtained by considering all
possible intersections

RJ = (∩j∈JSj) ∩ (∩j 6∈JSj) J ⊆ [t]

noting that theRJ ’s are disjoint. We show that whp
if T ′ accepts on a pairx,x′ then they both belong
to exactly the sameRJ , andJ 6= ∅.

Forf : X → Σ andγ ∈ (0, 1) we denotesuppγ(f)
def
=

{x ∈ X | F (x)
1−γ
≈ ~f(x)} and say thatx γ-supports

f if x ∈ suppγ(f). Throughout this section we use
the following parameters:ρ0 = 23ρ, δ = ρ8

0 andε0 =
2`−1/75.

Theorem 5.1 (Formal Version of Theorem 1.3)Let
F : X → Σ` be a function that the testT ′ accepts with
probability α > `−1/150. Then there exist functions
f1, . . . , ft : X → Σ (with t < `O(1)) and radii
ρ1, . . . , ρt ∈ [ρ0, 2ρ0] such that the following holds.
Let Sj = suppρj

(fj), and for eachJ ⊆ [t], let

RJ = (∩j∈JSj) ∩ (∩j 6∈JSj). Then

1. 1 ≥
∑

J 6=∅ Prx,x′ [x,x′ ∈
RJ | T ′ accepts onx,x′]
≥ 1−O(ρ0 + ε0)/α = 1− `−Ω(1).

2. SetεJ = |RJ | /|X|. ThenPrx,x′ [x,x′ ∈ RJ ] ≈
(εJ)2, and

∑
J 6=∅(εJ)2 ≥ α(1 − `−Ω(1)). In

particular, there is someJ 6= ∅ for which εJ ≥
α(1− `−Ω(1)).

Let us make a few remarks.

• Item 1 implies that conditioned onT ′ accepting,
the queried inputsx,x′ must whp come from the
support of the same non-empty collection of func-
tions {fj}j∈J . Since both sides of the inequality
are roughly1 this fully explains the success proba-
bility of T ′.

Item 2 further claims that the probability that both
x andx′ are chosen in a setRJ is as if they were
independent samples, and deduces a nearly tight
quantitative lower bound on the possible sizes of
the setsRJ .

• We remark that in the informal version we only
claimed that∑

i

Pr
x,x′

[x,x′ ∈ Si | T ′ accepts onx,x′].

is at least≥ 1−O(ρ0) = 1− `−Ω(1). Since∪Si =
∪RJ this follows from the above. However, it is
possibly weaker as discussed above, and this would
not enable finding anyi for which approximately
|Si| ≥ α |X|.

We now turn to explain the proof of this theorem. We
begin by describing a straightforward way to prove this
theorem and where it fails. Suppose one carries out the
following iterative algorithm. Choose a functiong1 that
is ρ0-supported by the largest fraction of tuples, and let
S1 be the set of tuplesρ0-supporting it. By Theorem 1.2,
S1 consists ofΩ(α6) of the tuples. We can now “erase”
F onS1 (simply by replacingF ’s value on those tuples
by random values) and repeat. IfT ′ accepts the new
F with high enough probability (above some threshold,
sayε0), we findg2 andS2 and continue. Since theSi’s
are essentially disjoint we will halt after at most1/ε6

0

steps. At this time, ifT ′ accepts onx andx′ then each
of them must support somegi (except with small proba-
bility) since the iterative procedure terminated. We now
need to rule out the case wherex supportsg1 and sayx′

does not supportg1 (but supports say,g2).
However, this need not hold. It is possible to have a

large portion of the tuples support exactly one ofg1, g2

while nearly supporting the other one (say the distance
betweenF (x) and~g1(x) is r which falls within the sup-
port threshold, and betweenF (x) and~g2(x) is r + 1
which falls outside the support threshold). Two such tu-
plesx,x′ might easily causeT ′ to accept.

The essence of the problem is that contrary to the
“usual scenario” in locally testing of codes, the direct
product encoding does not have a large enough distance
between distinct legal codewords (f `, g` may be close
for f 6= g).

In our solution we manage to gather the functions
gi into clusters, such that each cluster has a represen-
tative fj and a radiusρ0 ≤ ρj ≤ 2ρ0, and we set
Sj = suppρj

(fj). TheSj ’s enjoy the property that their
boundaries are nearly empty, where the boundary is the
set of tuplesx for which F (x) disagrees with~fj(x) on
u ∈ (ρj`, ρj` + δ`) coordinates. This eliminates the
aforementioned obstacle and allows us to complete the
proof. The proof of the second item relies on the fact
that the transition matrix underlying our test has a large
spectral gap to show thatPr[x,x′ ∈ RJ ] ≈ (εJ)2.

The proof for this theorem appears in the full version
of the paper.

6 Tightness of Parameters

We would like to claim that our main Theorem 5.1
is tight in the sense that with stronger parameters the
theorem does not hold.



Lemma 6.1 There exists a functionF : X → Σ` which
T ′ accepts with probabilityΩ(m/`) and such that for
any f : X → Σ the fraction of tuplesx on which

F (x)
7/8
≈ ~f(x) is at most̀ / |X|.

In particular this implies the following constraints on the
parameters of Theorem 5.1:

• Sincem ≥ 1, (otherwise the testT ′ is meaning-
less), then any variant of Theorem 5.1 does not
hold if ε = O(1/`). In particular, one cannot hope
for an exponentially smallε.

• If m = Θ(`), then Theorem 5.1 cannot hold with
arbitrarily smallε, since the acceptance probability
of T ′ onF is Ω(1) with this choice ofm. We com-
ment that [7] raised the question of whether passing
the consistency test with non-negligible probabil-
ity imply non-negligible correlation with a direct-
product function. This example shows that in their
specific parameter setting (m = `/2) both our test
and their test fail to test such a correlation.

The proof can be found in the full version.
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