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We shall motivate this lecture with a question which shall be answered later.

Definition 1 (Tensor power). A matrix M ∈ {±1}n×n is called a tensor power if there exists
a vector v ∈ {±1}n such that M = vvt.

Question 2. Is there an algorithm ALG (called tester) and constants q, ε such that when given
a symmetric matrix M ∈ {±1}n×n with 1’s on the diagonal, ALG queries M in q indices and
satisfies:

1. If M is a tensor power, then ALG answers ‘yes’ with probability 1.

2. Otherwise, ALG answers ‘no’ with probability ≥ ε·dist (M, Tensor power ), where dist (M,
Tesnor power ) = min fraction of entries that should be changed in order to obtain a tensor
power.

1 Property Testing

Let P be some subset of AN , where A is some finite set. Such P is called a property. For
example, we could take A to be F2, N = 2n, and P to be the set of linear functions over Fn2 ,
i.e.,

P = {f : Fn2 → F2 | ∀x, y ∈ Fn2 , f(x) + f(y) + f(x+ y) = 0}.

The property P is called (q, ε)-testable if there exists an algorithm ALG that gets f ∈ AN ,
queries f in q-many locations, and satisfies:

1. If f ∈ P , then ALG answers ‘yes’ with probability 1.

2. Otherwise, ALG answers ‘no’ with probability ≥ ε · dist(f, P ).

Such an algorithm is called a (q, ε)-tester for the property P .

Theorem 3. [BLR90] Linear functions are (3, 2/9)-testable.

The above result has been of great use in the construction of locally testable codes, as the
codewords have the property that they are linear and every two vectors in the space are far apart.
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2 Expanders and Property Testing

Now we will see how property testing is related to expanders. We start with the 1-dimensional
case. Let X = (V,E) be a graph. We define the following property which describes connected
components in X.

PV (X) = {f : V → {0, 1} | ∀(u, v) ∈ E, f(u) + f(v) = 0 mod 2}.

Note that X is an ε-expander if:

1. PV (X) = {0,1}, where 0 and 1 are the all zeros and all ones functions.

2.

min
f∈{0,1}V
f 6={0,1}

‖{(u, v) ∈ E | f(u) + f(v) 6= 0 mod 2}‖
dist(A, {0,1})

≥ ε.

This indeed describes expansion since the first condition implies that the graph is connected
and the second condition is equivalent to

min
A⊆V
A 6=V,∅

‖E(A, Ā)‖
min(‖A‖, ‖Ā‖)

≥ ε.

Considering the canonical edge test (i.e., pick a random edge, sum its endpoints and answer
accordingly), the nominator in condition 2 is the probability to pick an edge which violates the
property. Thus, we can say that X is an ε-expander if and only if the property of being a con-
stant function is (2, ε)-testable by the canonical edge test. The property PV (X) then describes
the non-expanding sets of vertices.

We move to the 2-dimensional case. Let X = (V,E, T ) be a 2-dimensional simplicial com-
plex, PV (X) defined as before. We define the non-expanding sets of edges

PE(X) = {f : E → {0, 1} | ∀(e1, e2, e3) ∈ T, f(e1) + f(e2) + f(e3) = 0 mod 2}.

Definition 4 (2-dimensional coboundary expansion). A 2-dimensional simplicial complex X is
an ε-coboundary expander if:

• PV (X) = constant functions & PV (X) is (2, ε)-testable by the canonical edge test.

• PE(X) = ”mandatory ones” & PE(X) is (3, ε)-testable by the canonical triangle test,
where the mandatory non-expanding sets of edges are all the cuts (which are the 1-
coboundaries as defined in previous lecture).

In general, we can redefine coboundary expansion from previous lecture as a property testing
question. Let X be a d-dimensional simplicial complex. We define for any dimension 0 ≤ i ≤
d− 1 the property describing the non-expanding sets (= Zi(X)):

Pi(X) =

{
f : X(i)→ {0, 1}

∣∣∣∣∣ ∀σ ∈ X(i+ 1),
∑
τ⊆σ

|τ |=|σ|−1

f(τ) = 0 mod 2

}
.

Definition 5 (Coboundary expansion). A d-dimensional simplicial complex X is an ε-coboundary
expander if ∀ 0 ≤ i ≤ d− 1:
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1. Pi(X) = Bi(X) (= the mandatory non-expanding sets).

2. Pi(X) is (i+2, ε)-testable by the canonical test (i.e., pick a random (i+1)-face σ ∈ X(i+1),
sum its i-faces and answer accordingly).

In other words, X is an ε-coboundary expander if ∀ 0 ≤ i ≤ d−1, Bi(X) is (i+2, ε)-testable
by the canonical test. (We could omit the requirement that Pi(X) = Bi(X) since if it does not
hold, then there is a function which is not in the property but passes all the tests, hence Bi(X)
is not testable).

Answer to Question 2. Now we can answer the question from the beginning of the lecture
by relating the property of being a tensor power to the property of being a 1-coboundary in
a 2-dimensional complex. For any matrix M ∈ {±1}n×n consider the 2-dimensional complete
complex X = ∆2 and define the function EM : X(1)→ {0, 1} as

EM ((i, j)) =

{
0 if A(i, j) = 1,

1 if A(i, j) = −1.

Note that M is a tensor power if and only if there exists a function VM : X(0)→ {0, 1} such that
∀i, j ∈ X(0), EM ((i, j)) = VM (i)+VM (j) (i.e., EM is derived from a function on the vertices, so
EM ∈ B1(∆2) is a cut). We saw last lecture that ∆2 is an ε-coboundary expander with ε > 1.
By the discussion above, it implies that the property of being a cut in ∆2 is (3, 1)-testable (i.e.,
B1(∆2) is locally testable). It follows that the tensor power property is (3, 1)-testable.

3 Perspective

In property testing the focus is on the property and the question is how well can one test it,
maybe with different sets of test. Our focus is the set of tests. The “thesis” we want to make
here is if the local tests “define” an “expanding complex” then the property defined by the tests
is locally testable.

3.1 Tests define a property

We have seen two examples of possible sets of tests:

1. Assume f : X(i)→ {0, 1}. The F2-test (which is the canonical test described above) is:

∀σ ∈ X(i+ 1),
∑
τ⊆σ

|τ |=|σ|−1

f(τ) = 0 mod 2.

2. Assume f : X(i)→ {0, 1}i+1. The Agreement test∗ is:

∀σ ∈ X(i+ 1), pick σ1 6= σ2, σ1, σ2 ⊆ σ, |σ1| = |σ2| = |σ| − 1,

check that f(σ1)|σ1∩σ2 = f(σ2)|σ1∩σ2 .

We can talk about two types of properties that the tests define. Assume f : X(i)→ Range.
X(i+ 1) induces a set of tests. Let P = {g : X(i)→ Range | g passes all X(i+ 1) tests}.

∗Defined previously in Lecture 1 of Irit Dinur.
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Definition 6 (Local testability). The set of tests define a locally testable property if ∀g′ /∈ P ,
g′ : X(i)→ Range,

‖δg′‖
‖dist (g′, P )‖

≡ fraction of violating tests

distance from the property
≥ ε > 0.

Definition 7 (Simplicity). The set of tests define a lifting property (or a simple property) if
∀g ∈ P , g : X(i) → Range, g could simply be deduced from some h : X(0) → Range. For
example, g(σ) =

∑
v∈σ h(v).

Example 8. Let X = ∆2 be the 2-dimensional complete complex. Assume f : X(1)→ {0, 1}.
We have seen that the F2-test on triangles defines the property of being a cut (= B1(X)). In
this case, the property is both locally testable and simple:

• Local testability follows from the ε-coboundary expansion of ∆2 (ε > 1).

• Simplicity follows from the fact that every cut is a function on the edges defined by a
function on the vertices.

3.2 Local testability without simplicity

Can we have local testability without simplicity? Consider the following complex:

0 2 4 6 8 1

1 3 5 7 0

Figure 1: Let X be the above 2-dim simplicial complex. All of the triangles that we see are in
X(2), and all drawn edges are in X(1). We numbered the vertices, so both vertices denoted by
0 are the same vertex, and the same for 1. We define f : X(1)→ {0, 1} such that for every black
edge f(e) = 0 and for every red edge f(e) = 1. We notice that f ∈ Z1(X) \ B1(X) since on
every triangle f sums to 0, but it is not a cut. Therefore, X is not an ε-coboundary expander.

We have found a function that passes all the tests (so it is in the property) but is not simple
(i.e., does not come from a function on the vertices). So we have a complex for which the F2-test
is locally testable but not simple.

We said that X is an ε-coboundary expander if Bi(X) is (i + 2, ε)-locally testable by the
canonical test. In this case the complex is not expanding since B1(X) is not testable for any
ε > 0. But for some applications it might be useful to have just local testability. So we refine
the definition and say that X is an (ε, µ)-cosystolic expander if Zi(X) is (i+2, ε)-locally testable
by the canonical test, and every f ∈ Zi(X) \Bi(X) is large, i.e., ‖f‖ ≥ µ > 0.
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