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1 Ramanujan graphs

In this lecture we describe the Ramanujan graphs and their generalization to Ramanujan com-
plexes. We start by discussing the Ramanujan graphs of [LPS88]. Let G = (V,E) be a k-regular
graph, and let AG be the adjacency matrix of G. Denote by λ0 = k the largest eigenvalue of
AG and by λ the second largest eigenvalue. We have the following lower bound on λ (i.e., upper
bound on the spectral gap):

Theorem 1 (Alon-Bopanna [Nil91]). For all k-regular graphs G we have the following:

λ ≥ 2
√
k − 1− o(1).

Amazingly, [LPS88] construct an explicit family of graphs matching the above bound. More
formally,

Theorem 2. [LPS88] There exists an explicit family of graphs with λ = 2
√
k − 1.

1.1 Strategy

Their strategy is to consider the infinite k-regular tree Tk, which is the “best expander” (both
from combinatorial and spectral points of view), and “fold” it in some way in order to get a
finite graph with similar properties. The “best spectrum” of the infinite tree follows since

Spec(Tk) ∈ [−2
√
k − 1, 2

√
k − 1],

where Spec(Tk) denotes the set of all eigenvalues of the (infinite) adjacency matrix ATk . We
just note here a general comment about spectrum of infinite matrices. In the finite case there
are two ways to describe eigenvalues. One way is that λ is an eigenvalue of A if (A − λI) has
a non-trivial kernel, i.e., there exists an eigenvector v 6= 0 such that (A − λI)v = 0. Another
way, which is equivalent, is that λ is an eigenvalue of A if (A− λI) is not onto. In the infinite
case there are no eigenvectors so we just use the second option.

The idea of constructing a finite graph from an infinite tree can be described by the following
two steps:

1. Associate to the vertices of Tk a symmetric space such that there exists a group Γ? that
acts transitively on the vertices, i.e.,

∀u, v ∈ V (Tk), ∃g ∈ Γ?, such that gu = v.

2. Find a “special” subgroup Γ ⊆ Γ? with the property that Tk/Γ is finite and inherits the
spectrum of Tk.
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1.2 The construction

We start with step 1 from above, so we need to associate the infinite tree with a symmetric
space. This space is defined with lattices over the p-adic numbers so we need some definitions
first.

Definition 3 (p-adic integers). The ring of p-adic integers is defined as

Zp =

{ ∞∑
i=0

aip
i | ai ∈ {0, . . . , p− 1}

}
.

Definition 4 (p-adic numbers). The field of p-adic numbers is defined as

Qp =

{ ∞∑
i=−m

aip
i | m ∈ N, ai ∈ {0, . . . , p− 1}

}
.

We note that Zp is a commutative ring and Qp is a field. Any element in Zp and Qp is
an infinite sequence, where in Zp the sequence starts from 0 and in Qp it starts from a finite
negative index. Intuitively, we think of Zp as the set of integers and Qp as the set of reals. Also
note that for any α ∈ Qp there exists n ∈ N such that pnα ∈ Zp.

We focus on the 2-dimensional space over Qp and denote it by M = Q2
p.

Definition 5 (Zp-Lattice in M). For any α1, α2 ∈ M such that α1, α2 form a basis of M , the
Zp-lattice Lα1,α2 is the set of points in M defined by

Lα1,α2 = {Zpα1 + Zpα2} .

In words, a Zp-lattice Lα1,α2 contains all linear combinations of α1 and α2 with coefficients
in Zp. We want to relate to lattices which are scalings of each other as equivalent, so we define
the following equivalence relation between lattices.

Definition 6 (Lattice equivalence). We say that L1 ∼ L2 if there exists 0 6= α ∈ Qp such that
αL1 = L2.

For any lattice L denote by [L] the equivalence class of L, i.e., [L] = {L′ | L ∼ L′}. With this
equivalence relation we have that every lattice is equivalent to some sublattice of the standard
lattice L0 = {Zpe1 + Zpe2}, where e1, e2 ∈M is the standard basis of M . Formally:

Claim 7. For any Zp-lattice L there exists a lattice L′ ∈ [L] and i, j ∈ N such that

L′ = {piZpe1 + pjZpe2} ⊆ L0.

Now we have all the definitions required in order to define the Bruhat-Tits tree.

Definition 8 (Bruhat-Tits tree). The Bruhat-Tits tree T = BT (V,E) is defined as follows.

• V = {[L] | L is a Zp-lattice}.

• E = {([L1], [L2]) | ∃L′1 ∈ [L1], L
′
2 ∈ [L2] such that pL′1 ( L′2 ( L′1}.

In words, the vertices are equivalent classes of Zp-lattices, and two vertices are connected
by an edge if they form some sort of containment of one another. Note that this definition is
symmetric, since if L′1, L

′
2 satisfy pL′1 ( L′2 ( L′1, then they also satisfy pL′2 ( pL′1 ( L′2, and

pL′1 ∈ [L1].

For an example, assume that L1 = {Zpe1 + Zpe2} and L2 = {pZpe1 + Zpe2}. Then pL1 =
{pZpe1 + pZpe2} and it holds that pL1 ( L2 ( L1, so L1 and L2 are connected by an edge.
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Theorem 9. The graph defined above is an infinite (p+ 1)-regular tree.

Proof. We only show that the graph is (p + 1)-regular. The proof of it being a tree is out of
scope of this lecture. Note that

pZp =

{ ∞∑
i=1

aip
i | ai ∈ {0, . . . , p− 1}

}
,

so Zp/pZp ∼= Fp. Thus, for any lattice L = {Zpα1 + Zpα2}, pL = {pZpα1 + pZpα2} and it
follows that L/pL ∼= F2

p. Now consider an arbitrary lattice L1. The number of neighbors of L1

equals to the number of lattices L2 which satisfy pL1 ( L2 ( L1. By dividing everything by
pL1 we get that it holds if and only if 0 ( L2/pL1 ( L1/pL1

∼= F2
p. Thus, the number of lattices

satisfying this condition is equal to the number of subspaces of dimension 1 in F2
p, which by the

Gaussian binomial coefficients is exactly[
2
1

]
p

=
p2 − 1

p− 1
= p+ 1.

Up to now we have associated the infinite tree with the Bruhat-Tits tree. The next step is
to find a group Γ? which acts transitively on it.

Definition 10 (General linear group). The group GL(2,Qp) contains all invertible 2×2 matrices
with entries in Qp.

Definition 11 (Projective general linear group). The group PGL(2,Qp) is defined as the group
of equivalence classes of GL(2,Qp), where two matrices M1,M2 ∈ GL(2,Qp) are in the same
equivalence class if there exists 0 6= α ∈ Qp such that M1 = αM2.

For any Zp-lattice L = {Zpα1 + Zpα2} and matrix A ∈ Q2×2
p we view the action of A on L

as AL = {ZpAα1 + ZpAα2}. Then we have the following.

Claim 12. The group Γ? = PGL(2,Qp) acts transitively on T = BT (V,E).

Theorem 13. Let Γ ⊆ Γ? be an arithmetic subgroup that acts on T = BT (V,E) without fixed
points. Then T/Γ is a finite (p+ 1)-regular graph and inherits the spectrum of T .

The proof of this theorem is outside the scope of this workshop.

2 Ramanujan Complexes

Our aim now is to generalize these graphs to high dimensional simplicial complexes. We start
by describing the complexes which are called spherical buildings.

Definition 14 (Spherical building). The spherical building X = Pd−1(Fp) is a (d−2)-dimensional
simplicial complex defined as follows.

• The vertices of X are all proper subspaces of Fdp (6= 0,Fdp).

• Two subspaces W1,W2 ∈ X(0) are connected by an edge if W1 ⊆W2 or W2 ⊆W1.

• Three subspaces W1,W2,W3 ∈ X(0) form a triangle if there is an ordering π : [3] → [3]
such that Wπ(1) ⊆Wπ(2) ⊆Wπ(3).
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• In general, W1,W2, . . . ,Wr+1 ∈ X(0) form an r-cell if there exists an ordering π : [r+1]→
[r + 1] such that Wπ(1) ⊆Wπ(2) ⊆ · · · ⊆Wπ(r+1).

Note that the dimension of any subspace is at least 1 and at most d− 1. Thus, the maximal
r-cell is composed of at most d − 1 vertices which implies that Pd−1(Fp) is indeed a (d − 2)-
dimensional simplicial complex.

We give two simple examples:

1. P1(Fp) is just p+ 1 points, which are projective lines over F2
p.

2. P2(Fp) is the “lines versus planes” graph, which is (p+ 1)-regular and known to be a good
expander. The number of lines in this graph is[

3
1

]
p

=
p3 − 1

p− 1
= p2 + p+ 1,

and also the number of planes is[
3
2

]
p

=
p3 − 1

p− 1
= p2 + p+ 1,

so the graph contains a total number 2(p2 + p+ 1) vertices.

Now we define M = Qd
p and redefine the Zp-lattice for this general case.

Definition 15 (Zp-lattice in M). For any α1, . . . , αd ∈ M which form a basis of M , the Zp-
lattice Lα1,...,αd

is the set of points in M defined by

Lα1,...,αd
= {Zpα1 + · · ·+ Zpαd} .

We define the Bruhat-Tits building as follows.

Definition 16 (Bruhat-Tits building). The Bruhat-Tits building BTd is defined as follows.

• V (BTd) = {[L] | L is a Zp-lattice}.

• [L1], . . . , [Li+1] form an i-cell if (possibly after reordering) there exist L′1 ∈ [L1], . . . , L
′
i+1 ∈

[Li+1] such that
pL′1 ( L′i+1 ( · · · ( L′3 ( L′2 ( L′1.

Recall that the link of a face σ ∈ X is Xσ = {τ \ σ | σ ⊆ τ ∈ X}. Now we claim that BTd
is indeed a generalization of the infinite tree to higher dimensions.

Claim 17. BTd is a building where the link of every cell of dimension i is Pd−1−i(Fp) .

We remark that in the case of the infinite tree the link of any vertex was P1(Fp). In general
we get from the above claim that the link of every face is a nice expander. We finish with claims
similar to the ones we have for Ramanujan graphs.

Claim 18. The group Γ? = PGL(d,Qp) acts transitively on BTd.

Theorem 19. Let Γ ⊆ Γ? be an arithmetic subgroup that acts on BTd without fixed points.
Then BTd/Γ is a finite (d − 1)-dimensional simplicial complex and inherits the spectrum of
BTd.

4



References

[LPS88] Alexander Lubotzky, Ralph Phillips, and Peter Sarnak. Ramanujan graphs. Combi-
natorica, 8(3):261–277, 1988.

[Nil91] Alon Nilli. On the second eigenvalue of a graph. Discrete Mathematics, 91(2):207–210,
1991.

5


	Ramanujan graphs
	Strategy
	The construction

	Ramanujan Complexes

