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Abstract

Beyond eliminating the critical slowing down, multigrid algorithms can also
eliminate the need to produce many independent fine-grid configurations
for averaging out their statistical deviations, by averaging over the many
samples produced in coarse grids during the multigrid cycle. Thermodynamic
limits can be calculated to accuracy ¢ in just 0(5_2) computer operations.
Examples described in details and with results of numerical tests are the
calculation of the susceptibility, the o-susceptibility and the average energy
in Gaussian models, and also the determination of the susceptibility and the
critical temperature in a two dimensional Ising spin model. Extension to
more advanced models are outlined.
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1. Introduction

The aim in statistical physics is to calculate various average properties of configurations
governed by the Boltzman distribution. This is usually done by measuring these averages
over a sequence of Monte Carlo iterations. Unfortunately, such processes tend to suffer
from several independent inefficiency factors that multiply each other and thus produce
very expensive computations.

The best known of these inefliciency factors is the critical slowing down (CSD). This is
the phenomenon, typical to simulations of critical systems, that with the increase in lattice
size there also comes an increase in the number of Monte Carlo passes over the lattice
needed to produce a new configuration which is statistically “useful”, i.e., substantially
independent of, or only weakly correlated to, a former configuration. Considerable efforts
have been devoted to overcome this difficulty. For simple enough cases with real-state
variables and at most mild nonlinearities, a general method to eliminate CSD is by classical
multigrid methods, properly adapted (Three different adaptions were introduced in Ref. 14,
in §7.1 of Ref. 6 and in Ref. 8. For an introduction to classical multigrid, see Secs. 1 and
2 in Ref. 5). For models with severe nonlinearities or discrete variables, such as the ot
or Ising spin models, a number of publications report on simulation techniques, based on
the Swendsen-Wang (18) stochastic clustering technique that partially (8,18) op completely
(3.11,12,19) eliminate CSD (see survey (17)). This means that in a work just proportional to
the number of gridpoints, a new, substantially independent configuration can be generated.

Optimal as this result is, other, no less important factors of inefficiency still remain in-
tact. To calculate a thermodynamic quantity to a certain accuracy ¢, one needs to produce
0(025_2) essentially independent configurations to average out the deviation exhibited by
each of them, where o denotes the standard (i.e., the Ly average) deviation. Also, the
size of the grid must increase as some positive power of ¢!, The main purpose of the
present article is to show that multigrid techniques may overcome these additional ineffi-
ciency factors as well by introducing more statistical measurements at coarse levels and by
other means, such as domain replication (These techniques were first described in App. B
of Ref. 1.). More directly, what we intend to demonstrate below is that the multigrid
structure can be used for measuring meaningful thermodynamic quantities in an optimal
computational time.

Namely, we will show that thermodynamic limits (quantities obtained at the limit
of infinite grids) can be calculated to accuracy e using only 0(5_2) computer operations.
This is just the same order of complexity as needed to calculate, by statistical trials, any
simple “pointwise” average, such as the frequency of “heads” in coin tossing. This means,
that in addition to eliminating the CSD factor, multigrid algorithms may also eliminate
the ”volume factor”, which is equal to the total number of sites in the lattice. Both factors
multiply the statistical factor (5_2) in the operation count of conventional algorithms.
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Stated differently, what we will show is that the multigrid algorithm may effectively
produce an independent sample in just O(1) computer operations.

Our prime examples here will be the calculation of the susceptibility, the o-susceptibi-
lity (an approximation to the XY model susceptibility) and the average energy in the
Gaussian model, and the susceptibility and the critical temperature in the two dimen-
sional Ising model. These cases are ideal for developing, testing and demonstrating the
new multilevel techniques, because of their simplicity and because analytical solutions are
known and can be used for comparing the results and understanding the behavior of the
numerical processes.

For the one dimensional Gaussian model it is shown in Sec. 2 that the susceptibility
and the o-susceptibility (both at the limit of vanishing meshsize or infinite grid), as well as
the average energy per degree of freedom (on arbitrarily large grids) can each be calculated
to a relative accuracy ¢ in less than 10e~2 random number generations (independently of
the size of the grid). In two dimensions (cf. Sec. 4.1), the calculation of susceptibility
required less than 402 random number generations, even for cases of strongly discon-
tinuous coupling coeffients. It is also shown that the optimal multigrid algorithms for
calculating susceptibility and energy cannot be the same; their “cycle index” must differ.

The generalization from the Gaussian to other models, with continuous state but not
quadratic Hamiltonians, is not straightforward, but possible. The general approach is
outlined in Sec. 4.3. An important feature is that it may be used for a direct and simple
computational derivation of macroscopic dynamics for the model at hand (Sec. 4.4).

It is not clear whether for discrete models (or continuous models exhibiting a discrete-
like behaviour, such as qb4) optimal computations of thermodynamic limits (i.e., obtaining
accuracy € in 0(5_2) operations) is always possible. As an example, we discuss in detail
calculations with the two dimensional Ising spin model. It is shown that the configurations
produced within one multigrid cycle by stochastic freezes/deletions of the Swendsen-Wang
type depend on each other in such a way that not much can be gained by introducing
statistical measurements at coarse levels. Nevertheless, the results indicate that it may
still be possible to calculate thermodynamic quantities, such as the critical temperature,
in optimal (O(¢~?)) time. Moreover, it is shown that a more sophisticated (three-spin)
coarsening, not of the Swendsen-Wang type, produces much less dependence within the
multigrid cycle, making it possible to benefit much from making many measurements at
its coarse levels.

2. One dimensional Gaussian model: fast calculations of thermodynamic
quantities

A multigrid algorithm for simple continuous-state models, such as the Gaussian model,
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has been described by us in Ref. 6, and independently, by Goodman and Sokal (®) and by
Mack (14) The three approaches are not the same: while Mack and us use linear interpola-
tions, Goodman and Sokal employ constant interpolation (blocking); and while Goodman
and Sokal and us produce independent coarse level dynamics, Mack uses the "unigrid” ap-
proach (calculating moves of all scales on the same fine grid). In the present work we show
that our multigrid Monte Carlo approach (unlike those of Mack and Goodman-Sokal) can
be used not only for eliminating the CSD, but also for accelerated calculation of averages,
especially those which depend on large-scale fluctuations. Thermodynamic limits can be
calculated to accuracy ¢ in just 0(5_2) computer operations.

The outline of this chapter is as follows. In Sec. 2.1 we use Fourier analysis to calculate
in closed form some thermodynamic quantities. Analogous quantities on finite grids are
introduced in Sec. 2.2. In Secs. 2.3 and 2.4 we describe an extremely efficient multigrid
algorithm for evaluating the discrete susceptibility and approaching its limit for zero mesh-
size. Some remarks on parallel processing are briefly given in Sec. 2.5 and numerical tests
are reported in Sec. 2.6. Similar techniques and tests are reported in Sec. 2.7 for another
type of susceptibility, the ”o-susceptibility”, designed to approximate the susceptibility
of sigma models in the limit of vanishing temperature. The optimal computation of the
average energy per degree of freedom is described in Sec. 2.8. More detailed description of
all the derivations and numerical tests can be found in Ref. 7.

2.1 Continuous case

To facilitate theoretical analysis of the algorithms we treat the constant coefficient
case. But the same algorithms have been used for much more general situations, with a
similar efficiency.

The Hamiltonian associated with the continuous case is:

L
H(u) = /0 uldz, (1)

where u = u(z) is a function (configuration) defined for 0 < x < L. Homogeneous Dirichlet
boundary conditions, u(0) = u(L) = 0, are used for definiteness, though others could serve
as well. Consequently, a general configuration u(z) can be expanded by:

oo

u(z) = ZCJ' sin(jrx/L), (2)

i=1

where the Fourier coefficient ¢; are real. By substituting (2) into (1) one gets:

2 o0
m .
Hu)= 0= 3 2 (3)
i=1
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The magnetization is given by:

oo

I 2 o

M(u) = z/0 u(z)de = - Z i/, (4)
J=1

where >~*, here and below, stands for a summation over odd integers. As the probability

density of each configuration u is given by the density function of the Boltzman distribution

P(u) = e MW/ 7(T), (5)

straightforward calculations of the average magnetization ((M)), susceptibility ((M?) —
(M)?) and energy ((H)) can easily be made using the above Fourier expansion, leading to
the following results:

(M) =0 (6a)
(M2) - (M) = (%) = ZLS g (@)
j=1
<H>=§Zl=oo. (6¢)

7=1

Although the Hamiltonian is not bounded, its differences associated with changing any c;
(or any discrete degree of freedom, such as those defined in Sec. 2.2 below) are well defined,
hence it yields these well defined statistics.

2.2 Discrete case

In order to measure such statistical averages numerically, it is necessary to discretize
the system. On a grid with meshsize h = L/N, the discretized Hamiltonian Hj(u),
approximating (1), can be written as:

N
My = 7 3 [u(es) — u(zio)P, 7)
=1
where z; = th (0 < i < N) are the gridpoints. For the simplicity of the multigrid algorithm
(see Sec. 2.3) we have assumed N = Zk; the general case could, however, be calculated as
well by handling the near-boundary points differently. Assuming again u(zg) = u(zy) =0,
a general grid configuration can be represented by

]V_l

u(x;) = Z c;sin(yme; /L), (8)

i=1
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leading together with (7) to

27, N-1

Ha(u) = 55 Y fsin®(jmh/(2L)). (9)
J=1

The discrete magnetization is given by
N N-1 .
h h » cos(ywh/(2L))
Mp(u) = — u(z;) = = ; . 1
wlu) =7 ;“(“) L ]z—:l “sin(jrh/(2L)) (10)

By using the probability distribution (5), where Hp(u) replaces H(w), one can derive:

(Mp)=0 (11a)
« cos? (ymh/(

h 4L3 Z sin jﬂ'h? )))) (116)

(M = 05 - 12 (110

As N — oo (with fixed L, hence h — 0), which is called here the thermodynamic
limit, the results of the discrete case tend to those of the continuum. <JM}3> exhibits a

discretization error of O(h2). More precisely, Taylor expansion of each term in (11b) and
comparison to (6b) yields

(M2) = (M?) — i L+ TLO(NY), (11d)

where terms with j > N/2 are omitted from both <M2> and (M?) since they clearly have
only TLO(N~3) total contribution. From (11d) it follows that the relative discretization
error |<1W2> — (M?)|/(M?) is O(h?/L?). Clearly, by using a pt" order discretization, this
relative error can be further reduced to O(hP /LP). As will be explained later, the algorithm
will not necessarily actually provide this O(hP /LP) accuracy for any given gridsize, as this
may turn out to be wasteful when statistical errors are taken into account as well. Instead,
it will be constructed so as to keep the number of operations optimal with respect to the
overall produced accuracy. The details of the algorithm are given next.

2.3 Description of the multigrid cycle




Consider the following generalized Hamiltonian, which includes an additional external
magnetic field of density ¢; at gridpoint x;:

N N-1
1
Hp(u) = + D (ui—uim1)*+h Y biug, (12)

where u; = u(z;). On the given (the finest) grid, ¢; = 0 is actually prescribed, but the
more general form is needed for the algorithm recursion.

The coarse grid with meshsize H = 2h is constructed by taking every other fine-

grid point: see Fig. 1. The coarse-grid function uf = (uOH, e ,u?, ce ,uﬁﬁ) describes a
displacement of the fine-grid function ul = (wgy ..., uj ..., uy); l.e., it modifies the latter
through interpolation and addition:

uh =l 1 ot (13)
where @" is the fine-grid configuration at the stage of switching to the coarse-grid and II};

denotes interpolation from grid H to grid h (we will use the linear interpolation, which is
optimal here; see conclusion C in Sec. 2.4).

The fine-grid Hamiltonian Hh(uh) resulting from that interpolation can be written as
follows:

H (" + Tpu™h) = Hi (@) + H ('), (14)
where Hj, (i) is given by (12) and Hp(ull) is:

1 N/2 N/2-1
H o H o H
Hp(u™) = H Z (uf — ’“1—1)2 +H Z ¢T UT 5 (15)
I=1 I=1
with
—ah 4ol — gl ho 4 oph 4 gh
qb%{: 1—2 2h2z z+2+¢z 1 iz ¢2—|—17 (I=i/2=1,...,N/2—1) (16)

representing fine-to-coarse induced field-like terms. These coarse terms are calculated
from the details of the fine-grid configuration at coarsening and are fixed throughout the
processing on the coarser level. The variables of the coarse grid u}q are initially set to
zero, corresponding to zero initial displacements.

Notice that, having calculated the field ¢ once for all, Hy is directly calculated in
terms of the coarse grid configuration uf!; there is no need to explicitly perform (14) in

H

order to compute energy differences associated with changes in ©«**. One can therefore run

a long Monte Carlo process with H before explicitly updating ul by (13).
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The entire algorithm can be described by a sequence of multigrid cycles for the finest
level. A cycle for any given (“current”) level is recursively defined by the following five
steps.

1.  v1 Monte Carlo sweeps are first made on the current level. Then, if this level is the
coarsest, go to 5.

2.  The next coarser level is created from the current one by determining the coarse

field-like terms (16).

3.~ multigrid cycles for the coarse level are performed. (v may change from one cycle of
the current level to another in some periodic manner. The cycle indezx is the average
value of 7, and for convenience it will also be denoted by . Thus 4 need not be an
integer, and may be smaller than 1.)

4.  Update the current level by performing (13).
5.  Additional v9 Monte Carlo sweeps are finally made on the current level.

The Monte Carlo sweeps are performed by changing each variable in its turn randomly
according to its associated distribution, regarding its neighbors as fixed.

The values of v1, v9 and v are discussed below.

The described cycle, even with v = 1 (which is called a V' cycle), would generate a new
configuration substantially independent of the pre-cycle one in a work just proportional
to the number of gridpoints; it would thus eliminate the critical slowing down. By the
term substantially independent configuration we mean that the correlation between any
quantity of interest in the initial arbitrary configuration and in the one produced after
k cycles decays like e~ k/ T, where 7, the cycle auto-correlation time, is independent of
the lattice size N. In fact 7 is very small, so there is almost no correlation between any
quantities before and after even one cycle.

The crucial issue, however, turns out to be different; it is addressed next.

2.4 Fast sampling of susceptibility

Any observable which is bounded as h — 0 (e.g., magnetization and susceptibility,
but not energy; see (6¢)), must be dominated by contributions from large-scale fluctuations
(low-frequency Fourier components; cf., e.g., (6b)). The main issue of the Monte Carlo
simulation is therefore to sample quickly as many such fluctuations as possible. For this
purpose a cycle index ~ substantially larger than 1 may be used, and averages will be
calculated over as many measurements as one could make within each cycle, especially at
its coarsest level stages.



Consider, for instance, the calculation of <1W2>. Observe first that M}, can be evaluated

on any level. Indeed, denoting by @" the fine-grid configuration at coarsening, (10) and
(13) imply that

h + h N 2h N2
~h h h ~h h
My, = — g (u —|—I2hu2 )Z = — g u; + — g u% . (17)
1=0 1=0 I1=0

Employing this recursively one gets that when working on level ¢, if its current configuration
is ut, then the (fine-grid) magnetization corresponding to it is

-1

My =Y My, + M,,, (18)
=0

where generally h; = Zjh,l\/[hj = hfj Y1 u?f’,th = hTJ >oI ﬁ?j, and " is the jth level
configuration at the stage of switching to the next coarser level. Thus, many measurements
of jW}QL can be made within a cycle, and their average ng can be used as an estimate for the
discrete susceptibility <JM}%>. In practice, measurements need be taken only on the coarsest
level, and in fact after each relaxation sweep there, because only that is when substantial
changes in M}, are introduced.

Let us now estimate the number m; of relaxation sweeps the algorithm needs to
perform on level 7, i.e. on the grid with meshsize h; = 2'h, (1 =0,1,...,¢ =log,(N/2)),
in order to achieve relative accuracy ¢ in the estimation of the susceptibility. The relaxation
sweep on level 7 strongly affects, hence effectively samples, only those Fourier coefficients c;
(cf. (2)) for which j = O(L/h;). Hence m; depends on the contribution of these components
to the deviations in measuring (M?). By (4)

M? = % > Fejer/ (k). (19)
ik

Consider first a term (j, k) in (19) for which both j and k are O(L/h;), hence the term is

effectively sampled O(m;) times in a cycle. Since the standard deviation of the term is

1/2
e (eger?) = tejen?) T = 062 2LT) = 0L,

-1/2

?

h?L_?’T). There
are O(hi_QL?) such terms, and their deviations can be considered independent of each

_1/2h?L_2T). In case j = O(L/hij—y) and

?

the standard deviation of its average over the O(m;) samples is O(m

other, hence their total contribution is O(m
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k = O(L/h;) where r > 1 (i.e., hy > hj_, ), the term (j, k) in (19) is effectively sampled
as follows: in an inner loop, for a (nearly) fixed value of ¢;, the value of ¢, is averaged
O(m;/m;_y) times, yielding an average whose deviation is of the order

: o\ —1/2 , 1/2
0 (j—i(mnjj) <ci>1/2> —0 (%(méz"w) ) .

Then, in an outer loop, the ¢; in this average is averaged over O(m;_, ) samples, giving
results with deviations of order

—E - 1/2 )1/ m—l/2 12,0, ;
o\ —p <m, LT) (c2) :0( % LT) O(m; 2 h2n?_ L73T),

There are O(h; 1h ! L2) such terms, effectively independent, hence their total devia-
1/2h§/2h3/2

tion is O(m, SR
O(m; 2h3L2T) = (M2)O(m
measulmg (M?) is

L™*T), which, when summed over integers r > 0 gives again

_1/2h3L ) Hence the total relative expected error in

{
e =00 m; PRI + O(hPLP) (20)
1=0
where the last term added here is the discretization error (cf. Sec. 2.2). The total work
(operations) on all the levels is clearly

l
W =" miO(L/hy). (21)
1=0

The optimal choice for m; (yielding either minimal ¢ for a given W or minimal W for

a given ¢) is obtained when 88;;' + /\1% = 0, which, by (20) and (21) yields

ES WAL (22)

where A1, Ay and A3 are independent of 7. Relation (22) is realized by the cycle index
Yopt = 28/3 ~ 6.35.

For any fixed cycle index v we have m; = m~*t, where m is the total number of cycles
performed. Since h; L7 = 0(22_1), we can perform the summations in (20) and (21) and

_ /2 _ o3 _
€=O< 1/212—31/2>—|—0(2 lp) (23)

obtain
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and

[ ol
—2

for any 2 < v < 26, Actually, by choosing v and the approximation order p so that v is
significantly smaller than 227, the second term in (23) can be ignored, yielding W = O(c~2)
and m = O(¢72y7!). While v = 7,p¢ indeed minimizes We?, the value of We? (when
the second term in (23) is negligible) is only 15% different from that minimum for any
4 <~ < 11. The four main conclusions from this analysis are therefore as follows.

A. Cycle index 7. Generally, any 2 < v < min(64,22P) yields W = O(c72).
Asymptotically (for ¢ — 0), the minimal value of We? is attained for v = 28/3 ~ 6.35 and
values very close to the minimum are obtained for 4 < v < 11. In practice (for realistic
values of ¢), the smaller values of v in this range are better, since for them the influence
of the second term in (23) is smaller.

B. Discretization order p. There is little advantage in raising the order beyond
p = 2. It would allow the use of cycles with larger 7, but the dominating coarsest-grid work
will remain essentially the same. The only slight advantage may be the smaller storage

requirement, which is O(N) > 0(5—1/17) (cf. Sec. 2.5).

C. Interpolation order. Linear interpolation (second order interpolation) Iélh
is good enough, as any smooth fluctuation v? has an approximate configuration Ighu%

such that " + v and b + Iglhu% have almost the same energy. This means that the
probability density function for smooth movements on the coarse grid is nearly the physical
one: the coarsening has introduced nearly no statistical bias into such movements. Thus,
not much could be gained by using interpolation orders higher than 2 (meaning I}L{ higher
than linear). Such higher interpolation order would also make the coarse grid Hamiltonian
substantially more complicated. A relatively little complication, together with almost all
the possible gain, can be obtained by using third order interpolation (based either on the
function x(L — x) or on sin(wx/L)) only at the transition to the coarsest grid (which has
only one degree of freedom).

On the other hand, the order of the interpolation operator Igh should be at least 2,
i.e., linear interpolation. This is because the coarser levels should accurately sample all
the components slow to change under the current-level Monte Carlo process. It means

that every slowly changing configuration ubl
2h

must have an aproximate configuration of the
form Iélhu , and the two configurations should have approximately the same energy. The
linear interpolation satisfies this requirement. A border case is the first order (constant)

interpolation Igh' For any smooth configuration ul approximated by a function u2? on a

coarse grid with meshsize 2h, the energy of Iglhu% is about twice that of u”. Hence, a very

smooth component on the finest grid, u”, that is effectively changed only on a coarse grid
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with meshsize 29k, will be represented on that coarse grid by an approximation which has
an energy 29 times its own energy. Thus, the changes introduced to the amplitude of such
an approximation on that coarse grid will be only O(Z_q/Q) times the typical fluctuations
of that amplitude. It follows that roughly 29 visits to that coarse grid will be needed to
accumulate a typical fluctuation. This means that a cycle index v > 2 must be used to
eliminate the CSD. Thus, for two reasons constant interpolation is not used. Firstly, the
work per W cycle (v = 2) is O(NlogN ), so one cannot eliminate the CSD. Secondly, and
much more importantly, a whole W cycle is needed to produce a single useful measurement,
whereas in the algorithm above each additional movement on the coarsest grid generates
another useful measurement.

D. Number of cycles m. Asymptotically, to avoid an error ¢ dominated by the
discretization error (the second term in (23)), one should choose m < O((lG/’y)E). Any
larger number of cycles would do useless work of reducing the statistical error, because this
error is already smaller than the discretization error. In practice, for realistic €, the smallest
m possible, i.e., m = 1, is preferable for minimizing the influence of the discretization error.
This means that whenever the desired accuracy ¢ is reduced (or the available amount of
processing W is increased) the work is increased not by increasing m, but by raising [, i.e.,
introducing new finer levels (processed very rarely, of course).

In summary, in computing susceptibility one can use second order discretization
and second order interpolation, any cycle index in the range 4 < v < 11 (with some
preference for the lower values), and any number of cycles 1 < m < O((16/7)€) (with some
preference to m = 1): the overall computational work will always be dominated by the
m~yt = O(c72) work on the coarsest grid, with ¢ being the relative accuracy that will be
obtained in calculating the thermodynamic limit (M?).

2.5 Parallel processing

The algorithm described above can use very high degree of parallel processing. On
each grid, the Monte Carlo sweeps can proceed simultaneously at half the gridpoints: first
the odd, then the even. The calculation of the coarse-grid functions (16) can be done at
all points in parallel. More important, the employment of the v different coarse grid cycles
can proceed in parallel to each other, and so can the 72 cycles of the still coarser level, ete.
So, if an unlimited number (or actually O(¢~2)) processors are available, the algorithm
can in principle be performed in O(log %) parallel steps. This of course ignores processor
communication considerations, but these place only very mild restrictions here; e.g. the v
parallel multigrid cycles created on each coarsening need no communication to each other
while running, and only minimal synchronization in collecting their results.
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For keeping the total communication, as well as the total storage, at minimum, it
may be desired to have as small N (number of points on the finest grid) as possible. For
this, a discretization order p = 4 may be preferred, since N = 0(6_1/p). Still higher order
discretization would not help, since components with O(h) wavelength contribute O(h%)
to (M?), so for an O(¢) accuracy a grid must be used whose meshsize is no larger than

O(e1/4).

2.6 Numerical results

We have tested the multigrid algorithm with v = 1,2, 3,4,6, 12 and 24 on grid of sizes
up to 128. Our main aim was to show that for appropriate values of v optimal behavior
is achieved; i.e., the average error in the approximation for (M?) (6b) produced by a
multigrid cycle is reduced by a factor /7 upon using a (finest) grid twice finer (N twice
larger), which increases the work by a factor v. The susceptibility has been measured
over just one cycle (m = 1). In that cycle, M}ZL has been measured, using (18), after each

relaxation step on the coarsest level, hence (17 + yg)’yg times altogether. The average of

these measurements, 1\4}%, is the approximation for <1W2> (11b), which in turn is also an
approximation for the desired thermodynamic limit (M 2>. The measured relative error is

defined as ¢ = |M? — (M?)|/{M?). We also define « to be the expected value of #RAN-c2,
where #RAN is the amount of work spent per cycle, measured by the number of times a
random number is generated, which (for v > 2) is dominated by (v1 + v2)7%, the number
of relaxation steps on the coarsest level. Thus, « should turn out constant if indeed the
algorithm solves to accuracy ¢ in 0(5_2) operations. For each value of N, a was estimated
by averaging ¢ over an ensemble of 2000 to 5000 rumns.

In Fig. 2 we present a for v = 1,2,3,4,6,12 and 24 vs (log) system size N. As
expected, for 2 < v < 16 the value of a tends to a constant as N increases. Also, the
cycle with smaller values of v is slightly more efficient (has smaller «) as expected (see
conclusion A in Sec. 2.4). The graphs for v = 4,6 are indistinguishable.

2.7 o-Susceptibility and its computation

We introduced a new type of observable, ., defined in the continuum limit by

w=(1] " (w2~ (3] " fu<x>d:c)2>,
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and approximated in the discrete model by

S GE)
_ <% iu2> — (M),

1=0
The significance of this observable is that it corressponds to the susceptibility of sigma
models at the limit of small fluctuations. Indeed, assuming u; — u to be small, where
u= (Z}le uj)/N, it is easy to see that

1 N 2 N 2
W<<Z cosui> + <Zsinui> > ~N —ng,

the expression on the left-hand side being the susceptibility of the XY model with u; as
the angle parameters. We therefore call y, the o-susceptibility.

The observables x, and Xg can be computed analytically as follows. By Parseval
Identity and by (4)

1 2 = 2
2 * -
Xo = <§ch - <;Z CMJ) >
Hence (using the density function of the Boltzman distribution (5)) the continuous
o-susceptibility is

LT ALT —+ 1
- ury

272 4

Xo = 4
j= 1 ]:1

Similar calculations in the discrete case lead to

N-1 N-1 :
= 1 Z 2 h Z*C'COS(Jﬂ-h/(zL)) 2
e 2 e J L = I sin(j7h/(2L))
B EReS 1 Z cos®(jmh/(2L))
8L o sin?(jwh/(2L)) 4L3 sint(jwh/(2L0))

We claim that the same multigrid algorithm, which is described in Sec. 2.3, can achieve
optimal results, in measuring the o-susceptibility, using appropriate cycle index . Fourier
analysis analogous to that presented for y (Sec. 2.4) shows that any 2 < v < 8 yields
W = O(¢~2). Numerical experiments for v = 3,5 demonstrates that the algorithm solves
to accuracy ¢ in 0(5_2) operations, i.e. « tends to a constant as NV increases. See Fig. 3.
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2.8 Computing average energy per degree of freedom

From (6¢) and (11c) it is evident that the average energy per degree of freedom is
exactly 7'/2 both in the discretization, with any meshsize, and in the continuum limit
(where that is exactly the average energy of each Fourier component). We study now the
fast Monte Carlo calculation of this quantity.

Whereas the calculation of susceptibility has been shown to be heavily dominated
by the coarsest level, the sampling of H presents the other extreme. Since most Fourier
components are substantially affeceted by relaxation on the finest level, a measurement
of H should be done after each relaxation sweep on that level, and the work should be
dominated by the finest-grid sweeps.

Counsider the calculation of the average energy on a given fized finest grid, with mesh-
size hg and N = L/hg intervals. Since, H(u) = % Z]Oil j2c§ (see (3)), in each measure-
ment of ‘H each Fourier component contributes the following deviation:

;2.2 1/2
(- @)

which is of the order O(T'). For any level with meshsize h;, the number of components
with wavelength O(h;) is O(hi_lL), and their total deviation in each measurement is

therefore O(hi_l/?Ll/QT). If grid h; i1s averaged m; > 1 times, this deviation drops to
O(ml-_l/QhZ-_l/QLl/?T). To obtain relative accuracy ¢, this deviation should be less than
e(Hp) = O(ehalLT), hence it is necessary that m; > 0(5_2h%h;1L_1). To guarantee
that the deviations contributed from all levels do not accumulate unboundedly, the slightly
stronger condition

m; > O(e72p270pS~1L1), (24)
where 6 is any (small) positive number, may be required.

In particular, mg > 0(5_2]\7_1). On the other hand, for the total work to be at most
O(c72) it is necessary that Nmg < O(¢~2), hence

mo = O(e 2N™h). (25)

Both (24) and (25) can be satisfied by any multigrid cycle with index v > .5. The total
work will still be O(¢~2) and independent of N iff v < 2.

Thus, the energy can be calculated to O(¢) relative accuracy in O(¢~?) operations by
a multigrid cycle with index .5 < v < 2. Effectiveness diminishes as v approaches either
endpoints (.5 or 2). The V cycle, i.e., v = 1, is of course the most convenient.
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Results are presented in Fig. 4. Hj has been measured, using (14), after each relax-

ation sweep on each level. The average of these measurements, Hy,, is an approximation

for (Hp). The measured relative error is defined as ¢ = |N7]{_h1 — %|/% The values of «,
defined as in Sec. 2.6, are shown for v = 0 (simple Monte Carlo), 1, 2 and 3 as a function
of the number mg of sweeps over a grid with N = 64 points. In all cases v = vy =1 1s
employed. For clarity of results, the work in first equilibrating the system by 10 V' cycles
(actually a much smaller number would suffice) is not taken into account in calculating a.
Indeed, for small ¢ this work should be negligible.

The results show the expected slowing down for 4 = 0 and the optimality of v = 1.
The work on grid h; = 2%hg is Nmo(’y/Q)i, so the total work (or #RAN) is 2Nmy for
~v = 1, NmglogaN for v = 2 and Nm0<(7/2)1092N —1)/(y/2 — 1) for ¥ > 2. Hence,
for N = 64 the work is 2Nmg, 6 Nmg and 20.8Nmy for v = 1,2 and 3 respectively. The
relative values of a seen in Fig. 4 almost exactly correspond to this increase of work with ~,
showing in comparison to it only a slight initial decrease (upon an initial increase of v for
fixed mg). The slight decrease is due to the increased accuracy of smoother components,
which are the only ones to benefit from higher v (initially; when 7 increases further, the
additional benefit is negligible).

Generally, for any fixed N, « is approximately a constant if v > .5, but for v > 2
this constant increases with N, being O(Nlom/loy?_l) for v > 2 and O(logN) for v = 2.
Figures 5a and 5b demonstrate this.

3. Toward optimal algorithms for Ising models

3.1 The multigrid cycle

A multigrid Monte Carlo method, based on a stochastic coarsening procedure, has
been applied to the two dimensional Ising model, successfully producing a CSD-free se-
quence of statistically independent configurations. See Refs. 11, 12 and 15 for details; the
following is a brief description.

Consider the ferromagnetic Ising model Hamiltonian associated with a spin configu-
ration s:

H(s) = — Z Jijsisj  (Jij >0) (26)
(i.5)

where s; is the (1 or —1) value of the spin at site ¢ and where (7, ) runs over all pairs
of nearest neighbor sites on a square doubly periodic lattice. The basic strategy of the
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algorithm is the stochastic generation of a new, coarser Hamiltonian:
1,1 1 .1.1 1 ¢
H (sYy == Thsts) . (J5>0) (27)

21 is actually a block of

one or more spins Sq, so that each spin s, belongs to one and only one particular block
321. The process of creating the Hamiltonian H! from H is referred to as going from fine

with a decreased number of degrees of freedom. Each new “spin” s

to coarse level, or coarsening. Given H!, usual Monte Carlo sweeps can be performed to
generate transitions in the phase space of the new level. The process of restoring finer scale
degrees of freedom, i.e., interpreting each flipped 321 as a simultaneous flip of all the spins sq
in that block, and then returning to work with H, is called uncoarsening. The description
of the coarsening procedure and the organization of the coarsening/uncoarsening steps are
given next.

The stochastic blocking is performed by scanning the fine grid interactions (J;;s;5;)
one by one, in any convenient order, each interaction in its turn being either kept alive
or terminated, according to a certain criterion (given below). If it is “kept alive”, then
it actually just stays unchanged. If it is “terminated” then with a probability P;; =
exp[—J;; (8355 +1)/T] it is deleted, i.e., the interaction between the spins is omitted from
the coarse Hamiltonian; and with probability 1 — P;; it is frozen: its two interacting spins
are blocked together so that both are flipped simultaneously in all subsequent coarser level
moves (including still-coarser level moves subsequently made), until uncoarsening takes
place. This particular way of terminating bonds has been introduced by Swendsen and
Wang (18), and we will denote it SW. Its particular prescription for P;; guarantees detailed
balance and is also such that a bond connecting anti-parallel spins (for which s;s; = —1)
is deleted with probability 1, and thus only parallel spins can be blocked together.

Consequently, by freezing more bonds, blocks of increased sizes are created. The
potential size of the produced block, i.e., the number of spins s, it would include upon
freezing a particular candidate bond, has been used as a criterion for deciding whether to
terminate that bond or keep it alive; e.g., by adopting the rule of keeping the bond alive
iff its freezing would produce a block of more than, say, 4 spins.

When the process of stochastic coarsening is completed, all spins are grouped into
two different kinds of blocks: the disconnected blocks, each of which is separated from all
others by boundaries of deletions and thus have no remaining alive interactions, and the
interacting blocks, which still have alive bonds between them. The coupling Jilj between

two interacting blocks 321 and 3} is calculated by summing up all alive bonds connecting
them. Starting with J;; = 1 on the fine level, stronger couplings (Jilj > 1) may appear
between the interacting blocks. Thus, a new Hamiltonian H' is constructed.

The entire process can be repeated recursively: to be effective, the Monte-Carlo simu-

lation of H! itself includes both conventional Monte Carlo sweeps and stochastic coarsen-
ing /uncoarsening steps. The next stochastic blocking is employed by regarding the blocks
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321 of the coarse level as now being the spins from which the blocks of the next coarser level
are constructed. Each new, coarser block represents a block of blocks 321 and in turn can be
referred to as a block of spins s, of the finest level. Repeating this recursively, a sequence
of increasingly coarser levels is created. Each level k consists of a list of blocks, into which
the original set of spins so (which in this notation are also s9,) is uniquely decomposed.
This list is actually a union of two sub-lists: the disconnected blocks created at all finer
levels up to and including the current one, and the interacting blocks, denoted sf, which
are coupled by the k-level Hamiltonian

HE(sH) == Tksksh (k=0,1,2...). (28)

Progressing to increasingly coarser levels, the number of alive bonds keeps decreasing
until at the coarsest level none exists. At that stage all bonds are either frozen or deleted,
so the original set of spins s is completely decomposed into disconnected blocks.

The entire algorithm can be described as a sequence of multigrid cycles for the finest
level 0, where a multigrid cycle for any given level k (the current “fine” level, assumed not
to be the coarsest level) is recursively defined as consisting of the following five steps.

1. v1 Monte Carlo sweeps are first made on the fine level, using the Hamiltonian (28).

2. The next coarser level (3k+1,7'(k+1) is created from the fine level by the above
stochastic coarsening process.

3. v multigrid cycles for the coarse level are performed. If however this coarse level
is the coarsest, do nothing.
k+1

; whose final value is different from its initial value is

k

[

4. Each interacting block s

translated into flipping all the fine-grid spins 3151 which belong to it. The spins s
in each disconnected block are flipped simultaneously with probability 1/2.

5. w9 Monte Carlo sweeps are finally made on the fine level.

We have used cycles with 1 = v9 = 1 and v = 2. The parameter v is called the cycle
index, and cycles with v = 2 are called W-cycles.

The obtained results were in a certain respect very satisfactory: the CSD seem to have
been completely eliminated, meaning that in a work proportional to the gridsize a new,
substantially independent configuration was created. It was later proved (13) that some
similar algorithms (in which, however, the ordering of bond termination is the same in all
cycles) must suffer a (very slight) slowing down. This raises the suspicion that the same
may be true here, although the proof does not strictly apply to our described algorithm
(which generates different bond termination ordering in each cycle: see the above rule for
keeping bonds alive). At any rate, the practical behavior for all tested gridsizes (upto
128 x 128 ) exhibited no trace of slowness.
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3.2 Dependency of configurations within a cycle

Measuring the desired averages (observables) on the sequence of configurations pro-
duced by multigrid cycles on the finest level converges, to be sure, faster than measurements
on the simple (only single-spin) Monte Carlo simulations. But still, as expected, the ob-
tained statistics were slow in averaging out the deviation (from the observable average)
exhibited by each configuration. If a standard deviation o is contributed by the features
of some scale, these features have to completely change O((o/¢)?) times in order to obtain
accuracy €. The trouble is presumably mostly related to large scale deviations, because
only few samples of them are contained in each produced configuration, while small scale
fluctuations, one could hope, are effectively averaged out in each given configuration.

The main idea for overcoming this difficulty was to average over as many different
configurations within each cycle as possible. Take, for example, the calculation of the

2
mean of the squared magnetization per site (M?), where M? = % (Efil 3i> and N is

the number of spins in the finest level. Instead of measuring M? once per cycle, compute
it each time the algorithm visits the coarsest level, that is, 2t=1 times per W-cycle, where
¢ is the number of levels. Moreover, (as pointed out in the Appendix of Ref. 11), on each
visit to the coarsest level it is possible to immediately average over all the different spin
configurations referring to their decomposition into disconnected blocks. More precisely,
it is easy to show that if there are p disconnected blocks consisting of n1,n9,...n, spins,
respectively, (where 2?21 n; = N), then the average of M? taken over the 2* equally
probable different spin configurations allowed by these blocks is given by:

1o .
1=

Experiments showed that, disappointingly, near the critical temperature the conver-
gence with such many-per-cycle measurements was not substantially faster than with once-
per-cycle measurements. We have compared the standard deviation exhibited by the once-
per-cycle measurements with that of the average of the 2t=1 measurements (29) in one
cycle, and found that on grids upto 128 x 128 the latter was not even half as small as the
former. Even though this may somewhat improve on extremely large grids, not much can
be gained in the practical range.

To understand this behavior one should first observe that the average (29) of M?
taken over the 2# equally probable configurations is heavily dominated by the largest
block, hence they are very strongly correlated. This is particularly true at the critical (or
lower) temperatures, where the size of the largest block far exceeds all others.

Consider next the relations between the 2=1 coarsest configurations obtained within

a single cycle. What the experiments show is that they, too, are correlated to each other.
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Each of them, in other words, strongly depends on both the finest configuration at which
the cycle begins and on the first level of stochastic coarsening performed on it. A detailed
study showed that the reason is that the stochastic coarsening tends to produce many more
deletions along boundaries (between regions of opposite signs in the current configuration)
than elsewhere. As a result, in all subsequent coarse-grid calculations, there appears a
statistical bias to retain many of these boundaries. In particular, the largest block is likely
to remain roughly the same.

Thus, in reducing the number of degrees of fredom one loses not just fine-scale fluc-
tuations, but large-scale ones as well.

3.3 Reducing the dependency

At first, this strong correlation between scales appears to be a necessary property of
discrete-state models. But then, a similar situation is encountered when constant interpo-
lation is used even for the Gaussian model (cf. Sec. 5.3 in Ref. 5). Since the SW termination
resembles constant interpolation, the question now is whether a better coarsening tech-
nique, capturing some features from linear interpolation, can be devised for Ising spins,
so as to reduce the dependency between the configurations produced within the same cy-
cle, i.e., by the same coarsening. Let us denote by y¢ = <JM2> the true susceptibility, by
oy = <(1W2 — X0)2>1/2 the standard deviation from yo of M? of any single configuration,
by x1 the average of M? for the Hamiltonian H! and by o1 = {(x1 — X0)2>1/2 the standard
deviation of y; from xg. The above coarsening, based on the SW termination, produced
Doy < 01 < gg. The question then is whether a better coarsening technique can produce
o1 much smaller than oy.

One obvious difference between constant and linear interpolation is that the latter
relates a given variable to two neighbors, not one. Thus, our first attempt at a linear-
like interpolation is to replace the two-spin SW coarsening with the following three spin
coarsening (3SC).

For simplicity we describe (and have developed and tested) only the case of uniform
bonds (constant J;;); this is not essential, but introduces simplifying symmetries. Denote
by # = J;;j/T the uniform thermal binding between neighbors. Consider a spin sg with
two neighbors, s_ and s4 say. The current Hamiltonian has the form

1
TH = —[sgs— — [Bsps4 — -

where the dots stand for all the other terms of H. Three other Hamiltonians are offered
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as alternatives:

%7‘(1 = —00S0S— — ASPS4 — -
l7‘(2 = —asps— — 008054 — -
T

l7‘(3 = —bs_sy —---

T

The oo value in H; (Hp) means that sg and s— (s4) are blocked together. Note that
in H3 the two bonds between sg and its two neighbors are deleted, but a new direct
bond is introduced between the neighbors themselves. One selects H; with probability P;
(1 =1,2,3), where P; + Py + P3 = 1. To obtain detailed balance, these probabilities are
taken to depend on the current value of s_, sy and s4 according to Table I — plus the
obvious rule that P;(—s—, —sg, —s+) = P;(s—,s0, s+ ) — and the value of a and b are taken
so that
20 = (2 20 (2~ 2p,)

€2b — 6_2ﬂ/p*,
px being a small positive parameter. We chose px = .15, but other values in the range
.05 < pix < .2 are perhaps as good.

The detailed balance of this, and also that of SW and other coarsening schemes, is a
special case of the following theorem, which generalizes the Kandel-Domany (10) Theorem.

Detailed Balance Theorem. Let u denotes a configuration of a model, H(u) its
Hamiltonian, and Hj(u), Ha(u),... some alternative Hamiltonians, where the use of the
Hamiltonian H;(u) also means restriction of the configurations u to a subset where some
functionals Fj1(u), Fy2(u), etc. are constant. (Thus, upon selecting H; we also freeze Fj;.)
Then, in a Monte Carlo process with current configuration @, replacing H(u) by H;(u) in
probability P;(@) > 0 maintains detailed balance provided

Py(i) = fi(Fur (i), Fp(a), .. D=7, (30)
where f; are arbitrary functions and where

ZPZ'('IZ) =1 for any 4. (31)

Note that if no real freezing is done with a certain H;, then the coefficient f; can only
depend on ¢, and not in any way on @ (which is the special case proved in Ref. 10).
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Proof. Denote by P(u1 — u2) the probability of obtaining the configuration u? at any
stage after starting with @ = u!. Then clearly

{1,2}
P(u — u? Z Py(u Pk ul = u2) (32)

where Pj(ul — u?) is the probability of reaching u? from u! under the Hamiltonian H,,
and where Z,Elg} sums only over such k for which ij(ul) = ij(uQ), (j=1,2,...). But
for each such k, by (30),

Py(u') _ JH(uh) —H (uh )= H(u?) +Hy (u?) _ eH(ul)—H(u2)Pk(u2 — ul)

P(i) Pe(ul = u?)

Hence, by (32),
P(u! — u?) = P(u? — 'ul)eH(ul)_H(“2),

which is the desired detailed balance. [ |

We have tested 3SC on an L x L periodic grid by applying the coarsening step for
all triplets s—, so and s4 at grid positions (j,2k — 1), (j,2k) and (j,2k 4 1) respectively
such that 7 + k is even. We compared it with an SW coarsening that terminated all
the corresponding (sg,s—) and (sg,s4+) bonds. Results at the critical temperature are
summarized in Table II. They show that for 3SC, unlike SW, the ratio o1/yo decreases
with L. This means that if the susceptibility is measured on the first coarse grid, without
ever returning to the fine, the average error is small: it tends to 0 as L increases.

The observation that has led to the construction of 3SC is that the basic flaw in the
SW coarsening is the introduction of many deletions, usually clustered along well-defined
lines: the lines of current boundaries of spin alignment. These lines therefore exhibit in H!
weakened couplings, and are thus likely to persist as boundaries of spin alignment also on
coarse grids. This means strong correlation between different coarse grid configurations.
In 3SC the introduction of such weakened-coupling lines is minimized.

This is just a first attempt; it all may well be done better. Observe that the blocks
created by 3SC are not necessarily continguous: the Hamiltonian Ha creates a bond be-
tween s_ and s, so that later they may be blocked together without having the points in
between, such as sg, included in the block. More general schemes may create blocks that
are not necessarily disjoint. And so forth: the possibilities are many.

It is not clear at this point whether the ideal statistical efficiency is always attainable.
What has been established, we believe, is that it is possible to benefit greatly from making
many measurements at the coarse levels of a multilevel Monte-Carlo algorithm, even in
discrete-state models, if a suitable coarsening scheme is used.
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3.4 Optimal calculation of T

Even though the SW coarsening is not optimal, as explained above, it can still be
used in an optimal calculation of certain thermodynamic quantities. As the simplest
example of such a quantity we chose the critical temperature 7, itself. The tests reported
below indicate that the above multigrid cycle (Sec. 3.1) can directly be used for a very
inexpensive, in fact optimal determination of T.. More precisely, a sequence of increasingly
better approximations to 7. is obtained on increasingly larger grids by performing only a
few cycles on each. To achieve an accuracy ¢ in Ti, the amount of computational work
turns out to be ac~2, where the average value of a is about 100.

The algorithm is based on the following measurements. In every W-cycle, performed
with some temperature 7', the algorithm visits the coarsest level many times. At each
such visit the domain is completely decomposed into disconnected blocks, and the ratio
r between the number of spins in the largest of these blocks and the total number N of
spins in the lattice is measured. Denote by 7 the average of these r’s within one W-cycle;
clearly 0 <7 < 1. Generally, if ¥ < 5 (1 chosen as described below), then we say that the
cycle “indicates” a supercritical temperature: T > T¢, (or § = 1/T < f.). Similarly, if
7 > n then the cycle indicates a subcritical temperature: 7' < T, (or 8 > f¢).

This definition of T is suitable for fairly large grids if 1 is chosen reasonably small.
In fact, in the range we have calculated (grids upto 128 x 128), n = .5 has already proved
to be small enough. In principle, for much larger grids the definition of 7. should be
modified to allow for the fact that ¥ becomes small near T¢, even in the subcritical range.
One possible modification is to replace r by ', defined as the ratio between the length of
the largest block and the length L of the domain. This quantity 7/, or its average within
a cycle, does not become small near T;.. (The length of a block B can for example be
defined as 1 4+ maxpg |i1 — j1|, where the max is taken over all pairs of points ¢ = (i1,2)
and j = (J1,72) such that both ¢ and j are in B. For locating T on very large grids it is
enough to calculate the approzimate length of the largest block. The coarsening process
can very inexpensively incorporate a procedure that supply each block B on some coarse
level with its approximate ming 1 and maxpg ¢, from which similar quantities can be
calculated for all blocks at all coarser levels.) In the practical range of our calculations,
however, this more elaborate quantity r’ proved unnecessary. What our simpler procedure,
based on r, calculates is in fact another thermodynamic quantity, 7'(n), which is the
temperature for which the average magnetization per site is 7, i.e., the temperature for
which limy_ (| Efil si|/N) = n. But the difference |T;. — T'(.5)| is below the accuracy
one can obtain with grids upto 128 x 128, so we had no motivation to run tests with »’
instead of r.

The experiments show that using an L x L lattice, an interval of roughly 1/L around
B¢ 1s the best approximation one could get for the critical value; i.e., within that interval,
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the criterion does not correctly distinguish between sub and super-critical temperatures.
To get an approximation twice more accurate, it is therefore necessary to switch to a 4
times larger grid: 2L x 2L. (This observation is of course in agreement with the known
critical exponent v = 1, i.e., with the correlation length being proportional to (T — Tc)_l.)
In order to save work, the algorithm is constructed so that much of the search for 7.
on any given grid is carried over from smaller grids. Since each interval is being further
corrected by a larger grid’s interval, it is not important to check the criterion precisely, and
for practical purposes it is sufficient to perform only one W-cycle at each temperature. In
this way, on each of the grids a computational work equivalent to just few Monte Carlo
passes is enough for determining 7; to within an interval roughly as narrow as can ever be
obtained on that grid. The interval will get narrower and narrower as the grid becomes
larger and larger, until a desired accuracy is obtained. The details of the algorithm are as
follows.

Initialization. Start from a very small random grid — level 0 (say 4 x 4). Set an
initial temperature Ty = Tg = 1/,38 (the subscript stands for the level, the superscripts for
the sequence of temperatures within each level). For instance ,6’8 = 0, which is an infinite
temperature and hence, for sure, supercritical. Finally, choose some Ay > 0, the step in
which the temperature is lowered. (The values used by us are shown in Fig. 6 below.)

For each level : =10,1... do the following three steps.

1. Perform one W-cycle (with g = ,3?) to reach near equilibrium (erasing in particular
lower-level periodicity (see 3 below)).

2. Make one W-cycle for each ﬂlk = ﬁ? + kAB; k= 0,1,... until either 7 > n for
ApB; >0 or 7 < n for AB; < 0 1s obtained for some k. If this condition is already
satisfied at the first step (W-cycle) then Afg; — —Apf;, i.e., switch the direction of
the search.

3. The ﬂzk for which 7 has first passed 1 will be denoted 3; and will serve as our final
approximation to 3. on level . Switch to level ¢ + 1: its grid is four times larger
(factor two in each direction), and its initial configuration is the current config-
uration on level i extended periodically in each direction (exploiting its doubly
periodic boundary conditions). Set ﬁ?—H = f; and AB;11 = —AB;/2. Go to step
1 with ¢ 4+ 1 replacing z.

The step ratio Af;1/ApB; = —1/2 is reasonable due to the known ratio, mentioned
above, between the accuracy obtainable on the corresponding grids. If this ratio were not
known (i.e., if we did not know that in this particular model v = 1), the value of AB;41
would have to be determined in an adaptive way, decreasing it faster whenever too many
steps were required in the former lattice size.

This algorithm produces an open ended sequence of increasingly better approximations
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to B : Bo, 41 ..., as long as required or allowed by computing resources.

It should be noticed that the algorithm saves a lot of work by not insisting on exact
measurements of (7), or even on exact equilibration, at each temperature. It just senses
the approximate point at which ., the critical temperature, is passed. More accuracy will
not help since on each grid that point is only fuzzily defined.

Numerical results. The accuracy ¢ of j3;, the it" approximation for f., is defined
by the difference |3; — Bc|, where 5, = .4406868 is the known thermodynamic limit. The
amount of work, denoted by #RAN, has been measured by us by the number of times a
random number is generated. This effectively counts the work in the Monte Carlo sweeps
and in the stochastic coarsenings, which are indeed the most time consuming processes.
For an algorithm to be optimal, the quantity a = € (#RAN) should be roughly constant,
or at least bounded. In Fig. 6 the values of a obtained in our experiments are shown for
grid sizes up to 128 x 128. Each shown value of « is averaged over an ensemble of about
100 systems.

The results show that the algorithm is not sensitive, within limits, to changes in Afy:
asymptotically, T tends to the correct value of T, and at approximately the same rate «.
The behavior of a as a function of the system size can, however, serve as a good indicator
for fixing the stepsize Afy. Large values of Ajy yield fast localization of the first 3;’s, hence
small values of « for small L. But these ;’s are less accurate, hence more localization
work is needed later, thus yielding a typical rise in « for large L. Too small values of
Afg, on the other hand, show much increased values of « for small L. This is explained
as follows. A small Afy necessarily implies many steps at each grid size. Not only the
amount of work is thus increased, but so does, on small enough grids, the probability of
accidentally crossing the threshold 1 too early, implying a bad approximation for 7¢, i.e.,
a large a.. For larger grids the test becomes more reliable (accidental crossing is much less
likely), hence a smaller step provides a better approximation for T; and in turn a smaller
a.

4. Extensions

The multilevel computational methods for eliminating CSD and for fast calculation of
thermodynamic limits, described in the previous Sections, are being extended to increas-
ingly more complicated models. Some initial steps and results are briefly described below.
Fuller discussion will appear elsewhere.

4.1 Generalized Gaussian models
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The algorithm of Sec. 2 has been extended to the generalized Gaussian Hamiltonian

in d dimension
d ou \ 2
H(u) = / CL(.I) Z <a—> de’l, e ,d.?fd, (33)
Q =1 N9

where v = u(z) and a(x) > 0 are real functions defined for @ = (z1,...,24) € Q, and Q is
any domain in R% on the boundary of which values of u are being prescribed.

Of special interest are cases where a(z) is strongly discontinuous, changing by orders
of magnitude from one subdomain to another. Such models can no longer be analyzed,
nor accelerated, by Fourier methods. The usual (point-by-point) Monte Carlo process can
suffer in some such cases far greater slowness than in the constant coefficients (a(z) = 1)
case: the number of sweeps for producing an effectively independent configuration may
grow proportionately to ha2r, where hg is the meshsize and r = maxz y a(z)/a(y). Hence,
the total number of sweeps to obtain accuracy ¢ for any thermodynamic limit may grow
as 0(5_2ha2_dr), where hy decreases as some positive power of ¢.

We have found that in order to reach optimality, the multigrid algorithm for such
cases must differ from the one described in Sec. 2, mainly in the following two points.

1. Weighted interpolation. Instead of the simple linear interpolation used in (13),
weighted interpolation must be used, with the weights in each direction being proportional
to the size of a(x) extending in that direction. (See Ref. 1, where this weighted interpolation
is described for the energy minimization (7" = 0) problem.)

2. Variable sampling. The Monte Carlo process should sample more frequently re-
gions with smaller values of the coupling a(z). A general rule which has been derived
for the optimal calculation of susceptibility, for example, is that the amount of Monte
Carlo steps at each gridpoint = on each grid with meshsize h should be proportional to
a(x)_2/3h(2d+4)/3. This rule also dictates the relative amount of sampling on different
grids, hence the cycle index.

Such algorithms were implemented for various strongly discontinuous cases in one and
two dimensions (d = 1,2). The results were as good as those in Sec. 2 above, obtaining
accuracy ¢ in approximating the infinite-grid susceptibility in less than 40¢~2 random
number generations. This bound on the amount of work is independent of the above ratio
r.

4.2 XY models

Tests have been conducted on the one and two dimensional XY models, with various
approaches to the coarsening process. The work was done partly in collaboration with
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S. Shmulyian as reported in Ref. 16.

The results show that optimal algorithms (eliminating both the critical slowing down
and the volume factor) can be constructed, at least in the low temperature range. To
obtain such optimality, however, several additional algorithmic ideas must be introduced.
The main ones, not restricted to the XY model, are surveyed below.

4.3 Coarsening by approximation

If the given discrete Hamiltonian Hh(uh) depends polynomially on u” (e.g., quadratic
dependence, as in (7)), and if each uf is an unrestricted real or complex number or vector,
then the coarse grid Hamiltonian HH(uH) can exactly be derived, yielding again a poly-
nomial of the same order (e.g., cf. (15)). Simple expressions for Hpr, generally similar in
form to Hp,, can also be derived in many other cases by using a low order interpolation II};I
(e.g., first order, or "constant”, interpolation (8), i.e., blocking several fine-grid variables
so that their changes by the coarse grid, IIh{’LLH, are identical). However, such low order
interpolations are not optimal, even when they yield substantial multigrid acceleration.
In the Gaussian case, for example, and in many other (e.g., "asymptotically free”) cases
as well, the interpolation must be at least of second order (e.g., linear interpolation) to
produce the full required mobility on the coarse levels (see item C in Sec. 2.4).

Second-order interpolation in non-Gaussian models is not a straightforward linear in-
terpolation. The latter would usually produce a result outside the given states of the
model (e.g., an (X,Y) state such that X? +Y? # 1) and should therefore be corrected
(e.g., normalized by being multiplied by (X? + Y2)_1/2). In other models or other rep-
resentations (e.g., the XY model represented in terms of angles), straightforward linear
interpolation is not well defined (e.g., because adding 27 to one of the angles would change
the result). The definition of the interpolation should then include a deviation from linear
interpolation, and contain bifurcations (separate formulas for different cases). To maintain
detailed balance in such cases is usually facilitated by writing H g not in terms of the dis-
placement function u, but in terms of the ”Full Approximation Scheme” (FAS) function
ol = I}{{ﬂh + uH | where I}{{ is some fine-grid-to-coarse-grid restriction operator; e.g., I}{{
can be the simple "injection”, defined by (Ii{{ﬁh)(r) = ﬁh(x) (assuming that each coarse
grid point z also belongs to the fine grid). Thus, instead of Hy(ufl), it would usually
be simpler to write the coarse grid Hamiltonian as 7:[H('&H) = HH('&H — I}{{ﬁh). Even
then, the resulting expression of 7:(H as function of 4 is substantially more complicated
than Hh(uh). The complexity will be similarly further increased upon each additional
coarsening. To avoid such compounded complexity, approximation methods are used, as
follows.

- 21 —



For definiteness of the description, assume that the model is two dimensional and
that the Hamiltonian Hh(uh) can be written in terms of stresses, i.e., differences uf — u?
with ¢ and j being nearest neighbors. Then, with a proper second order interpolation
II@D the coarse grid Hamiltonian ﬂH('&H) = H(ﬁh + I}L{('&H — I}{{ﬁh)) can be written as
a sum 7:(H('&H) = Zq V9(wgq), where each V1 is a (complicated and possibly bifurcated)
expression in terms of wg, which is the vector of the three stresses (of 'l)H) belonging to
the same coarse grid plaquette. To curb the Hamiltonian complexity growth, we want to
replace each V9(wgy) by a simpler approzimate expression ‘N/q('wq). Various such simplifying
approximations can be constructed, the only important rules being the following.

(i) TN/q(wq) > Vi(wy) for any wy, with equality obtained at least at one wy.

(i)  For asmall temperature (large ), the function V9(wy) almost surely has a minimum

at a point w;‘ where it i1s at least twice differentiable. Then, for such a temperature,

the values of V7 and all its first and second order derivatives are required to coincide
with those of V7 at wg.

(iii) V7 should retain the topological properties of the model, such as 27-periodicity in
angle variables, to allow large scale topological changes.

Just replacing V¢ by V7 would of course introduce statistical errors. Instead, to
maintain exact detailed balance, the transition is done stochastically; namely, the transition
is done in probability

Py(it) = BV )=V ()

0
q

does not occur, i.e., in probability Pf(ﬁh) =1- Pt(ﬁh), the stresses wy are frozen. By the
Detailed Balance Theorem (see Sec. 3.3), this probabilistic choice between the simplifying

transition and freezing maintains detailed balance. The meaning of freezing any stress

w = &{{ — l)f{ is, of course, that the neighboring values &{{

(until the uncoarsening stage) simultaneously, keeping their differences fixed.

where w, is the value of wg at the time of coarsening, i.e., for afl = I}{{ﬂh. When transition

and l)f change henceforth

Rule (i) above guarantees that P; < 1. Rule (ii) sees to it that for large [ freezing is
rare, and the system behaves virtually as in the Gaussian case. By increasing the order of
approximation (requiring in (ii) more derivatives to coincide) freezing can be made even
rarer, or remain rare even for smaller 4. Such higher order approximations increase of
course the complexity of V9, but the complexity per gridpoint remains fixed at subsequent
coarsening steps: the Hamiltonians retain a fixed general form at all coarser levels.

In Sec. 2.3 we have seen that the coarse field ¢# is stochastic: it depends on @”, the
fine grid configuration at the time of coarsening. In non-Gaussian models other coefficients
in the Hamiltonian depend on @” as well. The variable coefficients thus created imply that
the methods described in Sec. 4.1 above should be used. In particular, the interpolation
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at coarser levels needs to be weighted proportionately to the coupling strength in order to
maintain full mobility at the coarsest levels.

The stochastic simplification of V9 to V¥ should actually be made just before the next
coarsening step (the transition from grid H = 2h to grid 2H = 4h). Then, wherever freez-
ing occurs, it just corresponds to a special choice of the Igf interpolation weights. Since
this choice in fact means constant interpolation, which yields simpler coarser interactions,
the simplification of V9 to V7 need not be done (hence freezing will not occur) at certain
plaquettes adjacent to the frozen one.

In case of gauge fields in a higher dimension, the above approach is applicable, too,
except that "stresses” should be replaced by ”"topological charges around plaquettes”, and
a "plaquette” should be changed to a ”cube” of the proper dimension.

4.4 Domain replication and macroscopic dynamics

If the fine-grid Hamiltonian uses periodic boundary conditions, instead of using cycle
index ~ (cf. Sec. 2.3), the domain can be "replicated” ~ times; i.e., the coarse Hamiltonian
can be extended periodically to a domain v times larger. (To extend equally in all d
coordinates, ¥ = 29 can be chosen. If such 7 is too large (cf. Secs. 2.4.A; 2.7 and
2.8), alternate coarsening levels can use alternate coarsening directions.) No return to
finer levels will ever be needed if they have already provided enough statistics (i.e., if the
required number of cycles is 1, as indeed recommended in Sec. 2.4.D). This is possible to
do exactly when needed, i.e., when the size of the domain required to yield accuracy e
in some calculation is such that it would contain more than O(¢~2) finest-grid sites: the
computational cost can still be only 0(5_2), since the finest level is not employed over the
entire domain.

One can make a sequence of such domain replications. At each step the domain is
first coarsened, then replicated, then a simple multigrid cycle is made on the extended
domain to reach an equilibrium. (Compare to the process in Sec. 3.4.) In this way one
reaches ever larger domains, covered by increasingly coarser grids. After sufficiently many
such steps one may reach Hamiltonians that represent the macroscopic dynamics of the
system. (The assumption here is that the finest level need not interact with grids many
times coarser. Indeed, any movement on such very coarse grids is very nearly seen as just
a constant shift of the field on the finest scale. Such a constant shift does not normally
interact with local fluctuations.)

5. Summary
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The calculation of an average quantity @ for an infinite system (a “thermodynamic
limit” of finite systems) to within some prescribed accuracy ¢ by a Monte Carlo process
usually requires the following three factors of complexity.

1. First, one should employ a large enough computational lattice N x N x ... = Ne,
whose linear dimension N should ususally increase as ¢ decreases: N = N(e);
presumably N grows like e 77, where p is positive.

2. On this lattice one carries out a Monte Carlo process which produces a sequence of
configurations, each configuration (from a certain point on) appears in its physical
probability. Many of these configurations add nothing to the statistical measure-
ment of () because they strongly depend on each other. The process requires
O(N?) Monte Carlo sweeps, hence O(NCH'Z) computer operations, to create each
new, effectively independent configuration. The critical exponent z is of course
non negative. The critical slowing down is the case where z is positive.

3. It is not enough to create one independent configuration, because any such con-
figuration has a deviation from Q). If the standard deviation is o, one would need
0(02 /52) independent configurations in order to measure () to the desired accuracy
€.

Taking these three factors together, one would overall need
O(NIT202 [e2) = O(o? [e2 TP (34)

computer operations in order to obtain an error smaller than .

The purpose of previous multigrid and cluster algorithms has been to reduce z as
much as possible. The purpose of the multigrid techniques presented in this work is to
eliminate the entire exponent p(d + z) from (34), i.e., to obtain an error smaller than ¢ in
only O(0?/€?) overall computer operations.

This potential efficiency is especially good news for higher (e.g., four) dimensional
problems: the work increase with accuracy is essentially independent of the dimension.

It is shown above in detail, especially in Sec. 2, how to achieve such optimal results in
some simple cases. The possible extension to more advanced asymptotically free models
is discussed in general terms in Sec. 4.

The parameters of the multigrid algorithm, such as the cycle index « and the coarse-
to-fine intepolation order, depend not only on the involved model and its discretization,
but also on the measured quantity (). In d-dimensional models and 1:2 coarsening ra-
tio, for calculating quantities dominated by large scale fluctuations (e.g. susceptibility),
2¢ < v < 22P must be used, where p is the order of discretization. For quantities dominated
by small scale fluctuations (e.g., the energy per degree of freedom), v < 24 is needed to
obtain accuracy ¢ in O(¢~2) computational work.
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At least second order (e.g., linear-polynomial) coarse-to-fine interpolation is necessary
for optimal calculations of asymptotically free models.
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Figure 1:
Figure 2:

Figure 3:
Figure 4:

Figure 5a:

Figure 5b:
Figure 6:

Figure legends

Fine grid points are denoted by e and coarse grid points by x .

Performance in measuring susceptibility. Each curve shows « (measuring com-
putational work times the square of the obtained accuracy) as a function of the
system size N for the indicated value of the cycle index ~.

Performance in measuring o-susceptibility. Notation as in Figure 2.

Performance in measuring average energy. Each curve shows a (measuring
computational work times the square of the obtained accuracy) as a function
of the number mg of sweeps over a system with N = 64 points for the indicated
value of the cycle index ~.

Performance in measuring average energy. Each curve shows a (measuring
computational work times the square of the obtained accuracy) as a function
of 1/e, for the indicated values of the system size N and the cycle index ~.

same as in Figure 4a but differently scaled for different parameters.

Each curve shows « as a function of the system size L, for the indicated value

of ABy.
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