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Abstract

We analyze the eigenvalue gap for the adjacency matrices of sparse random graphs. Let
A1 > ... > A, be the eigenvalues of an n-vertex graph, and let A = max[Aq, |\,|]. Let ¢ be a
large enough constant. For graphs of average degree d = clogn it is well known that A\ > d,
and we show that A = O(v/d). For d = c it is no longer true that A = O(v/d), but we show that
by removing a small number of vertices of highest degree in G, one gets a graph G’ for which
A = O(v/d). Our proofs are based on the techniques of Kahn and Szemeredi from STOC 1989,
who proved similar results for regular graphs. Our results are useful for extending the analysis
of certain heuristics to sparser instances of NP-hard problems. We illustrate this by removing
some unnecessary logarithmic factors in the density of k-SAT formulas that are refuted by the
algorithm of Goerdt and Krivelevich from STACS 2001.

1 Introduction

Gy p is the random graph model in which there is an n-vertex graph, and every edge is included
independently with probability p. For such a graph G, we study the eigenvalues of its adjacency
matrix. Let Ay > ... > A, be its eigenvalues, and A = max[Ag, [A,|]. We will mostly be interested
in establishing a large gap between A1 and A.

Let d ~ np denote the average degree of G. Then it is well known that A\; > d, and that
A > Q(V/d) (where this lower bound on A holds when d is not too close to n). Moreover, for a
variety of random graph models, it is known that A = O(v/d). This was shown for d = ©(n) by
Furedi and Komlos [14]. Their proof, which is based on the so called trace method, can be extended
in a straightforward way to values of d as low as roughly (logn)®. We remark that in [4] Boppana
claimed that the proof can be extended to d ~ logn, but did not provide a proof of his claim
(see also Section 4.2). For random d-regular graphs (with constant values of d), A\ = O(v/d) was
established by Friedman, Kahn and Szemeredi [13].

Motivated by some recent applications in the design of algorithms for random instances of NP-
hard problems, we extend the A = O(\/g) result to lower values of p in the G, ;, model. Our proofs
are based on techniques attributed to Kahn and Szemeredi in [13]. It is natural to expect these
techniques to extend to random G, , graphs with p large enough, because once the average degree
d is large enough (d > clogn), the random graph is nearly regular in the sense that all vertices
have degree d(1 £ €). Still, there are some technical difficulties that need to be taken care of for
the proof to go through.

Theorem 1.1. Let G be a random graph taken from G, , with cg lorgln <p< %/i. For every ¢ > 0
there exists ¢ > 0 such that \(G) < ¢/\/np with probability of at least 1 — 1/n°.



The case of d < logn is more challenging, because as the average degree decreases the graph be-
comes less regular. In particular, when d is constant, there are vertices of degree Q(logn/loglogn).
The effect of this is more severe than just requiring a patch in the proof. The statement of the
theorem needs to be changed, because A (and also A\; and many other eigenvalues) are in fact much
larger than d (in the order of \/logn/loglogn, see [18]).

To cope with the case of constant d, we use an idea that was used by Alon and Kahale in [1].
We remove the vertices of highest degree from G, and analyze the eigenvalues of the remaining
graph G’. For G’ we can show that the average degree remains roughly d, whereas \ = O(\/&) It
turns out that in the applications that interest us, analyzing G’ rather than G is good enough.

Theorem 1.2. Let G be a random graph taken from G, 4/n, (d > dy for some fixed constant dy).
Let G' be the subgraph induced by removing from G all the vertices of degree greater than (1 + €)d
(where 3\/logd/d < € < 0.9). Then M(G') < ¢/d with probability of 1 — e~ XD where ¢ is some
universal constant.

We are not aware of proofs of Theorems 1.1 and 1.2 being published elsewhere. Part of the
contribution of our work is in explicitly stating and proving these theorems. We note however
that our proofs of these theorems are based on known approaches, and are in some sense implicit
in the known body of earlier works. That is, experts in using the known proof techniques can
probably derive these results on their own, and may well have done so in the past (without explicitly
publishing these results). In particular, our analysis is very similar to that given in Section 3 of [1],
with some technical differences that are mainly the result of the fact that the model of random
graphs studied in [1] was not exactly the G, , model. Additional discussion of related work appears
in Section 4 (and in particular in Section 4.3).

As applications of our results, we consider algorithms for handling random instances of NP-
hard problems. Such algorithms often use spectral techniques. The eigenvectors of the adjacency
matrix of a graph are known to be useful for finding sparse cuts (that tend to show up in the
second eigenvector), dense cuts (that tend to show up in the most negative eigenvector), large
independent sets (that tend to show up in the most negative eigenvector), colorings (color classes
tend to show up in the most negative eigenvectors), and more. Algorithms that are based on
semidefinite programming (such as the ¢ function of Lovasz) are often also implicitly based on
spectral analysis, and in fact the computationally heavy semidefinite programming machinery can
often be replaced by the computationally lighter eigenvalue computations when these algorithms
are specialized to random instances. Our analysis of the eigenvalues of sparse matrices shows that
the known spectral algorithms for NP-hard problems work on sparser instances than were known
before. To illustrate this we show two examples (see Section 4 for details):

1. Improving the bound of the refutation algorithm of Goerdt and Krivelevich [16] by removing
unnecessary logarithmic terms. This gives an algorithm which given a random k-SAT for-
mula (for even k) with n variables and at least ¢2n*/2? clauses (where ¢ is a large enough
constant), almost surely produces a proof that the formula is unsatisfiable (the bound in [16]
is c(log(n))"2¥n*/? clauses, for some constant c).

2. An algorithm which given a random sparse graph taken from G, 4 almost surely certifies that

the maximum cut in the graph bounded by nd/4 + O(v/dn) (for large enough constant d).



1.1 Notation

The number of vertices in a graph is denoted by n, and p denotes the probability of an edge in
the Gj,, model. Observe that the expected degree of a vertex in the G, model is p(n — 1), and
with high probability, this is also roughly the average degree in G. We use d to denote np. For
the adjacency matrix of graph G, \; > ... > A, denote its eigenvalues, and vy, ..., v, denote its
corresponding eigenvectors. The maximum of Ag and |\,| is denoted by A.

Throughout this paper we will use various constants. When the value of a constant has no
particular importance we will denote it by ©(1). In some cases, constants will have generic names
(such as ¢ for positive constants, and e for positive constants that may be thought of as being
arbitrarily small), and in other cases we give numerical values to constants (e.g., the value 2 in
Lemma 2.1). No serious attempt has been made to optimize these constants. We will often use
the terms almost surely and w.h.p. (with high probability) to denote probabilities which tend to
1 as n or some other parameter (like d or ¢) grows. Upon using these terms we will specify the
dependency on the parameters. The term w.e.h.p. (with extremely high probability) will be used
for probabilities larger than 1 — e~%(n") (for some fixed 6 > 0). We will use || - || to denote the lo
norm of a vector.

. logn
2 Bounding A for p > ¢,——
In this section we prove Theorem 1.1.
Let A be the adjacency matrix of graph G, let Ay > ... > A, be its eigenvalues, and let vy, ..., v,
be its corresponding eigenvectors. It is well known that A (= max[A2, |A,|]) is given by the Rayleigh

quotient:

A = max [v' Av/v'v| = max |v' Av|.
vlog vlog,
[0l =1

2.1 Replacing the first eigenvector by the “all ones” vector

To use the Rayleigh quotient above, we should first determine v;. For regular graphs vy is the “all
ones” vector 1. However, in our Gn,p model G is most likely not regular, in which case v1 # ﬁ

log n
n

However, as G is nearly regular when p > ¢ , v1 is close to ﬁ We show that in our G,

model, we can replace v; by % when using the Rayleigh quotient to bound A from above.

Lemma 2.1. Let A be the adjacency matriz of a graph G. Let u be an arbitrary unit vector, and
let d denote the value of u' Au. If for every vector w L u of norm 1 it holds that (1) |wtAu| < c\/g
and (2) |wtAw| < C\/;Z, then \y < d + 20\/5, and X < 2c¢V/d.

zt Ax

i, » Where H ranges over all

Proof. First we bound A2 using the formula Ay = ming max,cp,
x#0
subspaces of R™ of co-dimension 1. Choosing H to be the subspace perpendicular to u, and using

condition (2) of the lemma, we derive that Ay < C\/di. To bound A1 and \,, let v be an arbitrary
unit vector. We can write v = o 4+ fw where w L v and o? 4+ 32 = 1.

v Av = (au + pw)t A(au + Bw) = o*u' Au + 2apw’ Au + F2w' Aw



where in the last equality we used the fact that A is a symmetric matrix. Now we use u!Au = d > 0,
0<apB<1and af < 1/2 (because a?® + 32 = 1), and conditions (1) and (2) of the lemma for
w L u, and conclude that

—2eVd < vtAv < d+ 20\/5.

Substituting for v the various eigenvectors of A, we get that all eigenvalues lie in the range
[—26\/6?, d+ 26\/67], which together with the upper bound on A9 proves the lemma. ]

In the context of the G, ;, model, the vector u from Lemma 2.1 will be given the value f In

this case, u'Au is exactly equal to the average degree of the graph G, and hence d is the average
degree. The following lemma takes care of condition (1) required in Lemma 2.1.

Lemma 2.2. Let G be a random graph taken from G, , where col B <p< Ton / . Let d denote

the average degree of G, and let d denote np. Then with probability of at least 1 — e*Q((”d)w) the
adjacency matriz of G denoted by A has the following property:

Ve e R",x Lu |2'Au| <2 Vi ||| -

Proof. We use the following notation. The variable §,, denotes the difference between the degree of
vertex v and d. The vector § denotes the n-vector whose entries are d,.

CZ+51 01 01

d+(52 1 (52 52 1
tA — it =t . R ty = 2t . e 1
' Au =z N x \/ﬁ—&-dmu x N (1)

hence |z'Au| < ||ac\| I0]| /+/n. By Lemma 5.1 with probability of at least 1 — e~ UndD?) it holds

that [|6]| < v2n O

From here on our goal is to prove condition (2) of Lemma 2.1. Namely, to bound the Rayleigh
quotient of every vector L u. We will use the technique of Kahn and Szemeredi [13] with some
modifications.

2.2 Bounding the Rayleigh Quotient of all = 1 u

Recall that u = % We want to bound x! Az for every o L u of norm 1. The first step is to reduce
the set of vectors into a finite, yet exponentially large space.

2.2.1 Reduction to Discrete Space

Let S={v L1 : |jv]| <1}. We fix some 0 < § < 1 and use it to define a grid which approximates
S (we use Z to denote the set of integers):

T = {:ce(\(}Z ZxZ—OHmH<1}

It will be convenient to think of § as the constant

N[ —



Lemma 2.3. FEvery vector v € S whose norm is less than 1 — § is a conver combination of points
from T.

Proof. Let C be the specific hypercube from the grid (%Z)” in which v lies. We first show that
the vertices of C' are inside T. The length of C’s sides is %, thus any two points inside C' are
0 close. We conclude that all points of C are at [y distance of at most 1 from the origin, which
implies that C’s vertices are inside 7. Notice that the intersection of C' with the surface ), z; =0
is a polytope P (i.e. it is an intersection of half-spaces), and that v is inside this polytope. To show
that v is a convex combination of points from 7" we will prove that all the vertices of the above
mentioned polytope are points of 1. We call the points of T" integral points as in each coordinate
they have a multiple of %

It is well know that for every vertex w of a given polytope P’ in R", there exists a weight function
a € R" such that the maximum of < z,a >= )" | x;a; over & € P’ is obtained uniquely at w.
Therefore it is enough to show that for any weight function @ € R”, the maximum of < x, o >
over x € P is obtained at some point of 7. Fix any weight function . Let x be the point
inside the polytope P for which the maximum is attained. If z is not integral then there exist
indexes i1, 19, .. .4 which correspond to non integral coordinates. Notice that [ # 1 since otherwise
>z # 0 (follows from integrality argument). Fix two non integral coordinates i;,4;. Without
loss of generality assume that z;,,x; > 0 (a similar argument can be used also in the other 3
cases). By adding v to x;; and subtracting v from z;,, the constraint Y ' | z; = 0 is maintained
and the objective function changes by y(a;; —a;, ). By choosing the sign of v to be sign of a;; — v,
we guarantee that the objective function does not decrease. We then increase |y| (starting from
0) until one of Ty, Tiy, (or both) becomes integral. Iterating this operation decreases the number
of non integral coordinates until it reaches 0. We will never be left with only one non integral
coordinate since in this case it cannot be that » ;" x; = 0. O

Claim 2.4. Let ¢ € R be an arbitrary constant. If for every z,y € T |xtAy| < ¢, then for every

Proof. Let x € S, define z = (1 — d)z. By Lemma 2.3 z is a convex combination of vectors from T,
le. z=3 v, v; €T, Y .05 =1.

|2t Az| = |(Z awi)A(Z a;v;)| < Zaiaj|vavj| < cZaiaj <ec (2)
i i i,j Y]
It follows that |t Azx| < ﬁ c. O

2.2.2 The Proof Structure

Claim 2.4 reduced our problem to proving a similar bound only for pairs of vectors from 7'. In the
remainder of this section we will prove the following theorem:

Theorem 2.5 (Main Theorem). Let A be the adjacency matriz of a graph taken from Gy,

where coloin <p< 71(1%23)5/3' For every ¢ > 0 there exists ¢ > 0 such that with probability of

1 —1/n€ the following holds:

Ve,y e T : |zt Ay| < ¢ /np.



In the remainder of section 2 we will use d to denote to expected degree in the graph, i.e. d = np.
Fix a particular pair of vectors z,y € T. We use the graph vertices to index the vectors x,y. For
example we will use x,, to denote the coordinate of x that corresponds to vertex u. We will bound
the sum Eum Ty AywYy. The proof has two parts. The first part deals with the contribution (to

the sum) of couples (u,v) for which z,y, < %; we call these couples light couples. We will show
that the expected contribution (over the choice of a random graph G) of these couples is O(v/d),
and also that with extremely high probability this is the case. Using the union bound (over all
choices 2,y € T) we deduce that w.e.h.p. these contribute at most O(v/d). The second part deals
with the contribution of heavy couples (a couple is heavy if it is not light). For these couples the
combination of union bound and tight concentration does not work. To bound their contribution
we rely on the following two properties which a random graph almost surely has:

e Bounded degree property: every vertex has a degree bounded by c¢1d (for some ¢; > 1).

e Discrepancy property: the graph has bounded discrepancy. Roughly speaking it means
that for every two subsets A, B C [n] the number of edges between A and B does not exceed
the expectation by much. Let e(A, B) be the random variable which equals to the number of
edges between A and B. We set (A, B) to be |A||B| % so that it is an upper bound on the
expected number of edges between A, B (if AN B = ¢ then the bound is tight). The graph
has bounded discrepancy if for every A, B C [n] (|B| > |A|) one of the following holds:

1. e((ﬁ’g)) < ecs.
piA, -

2. e(A, B)log Z((f‘:g)) < ¢3|B|log |"§| (this bound allows larger deviation for small values of
|BI)-

It is not hard to prove that the bounded degree property holds with probability of 1 —
e~ min{(ei=1)%e11n cidd) when d > cologn (union bound, concentration of binomial distribution
around its mean). The discrepancy property holds with probability of 1 — 1/n for some choice of
universal constants cg, c3 (this is proved in Section 2.2.5). We will show that these two properties
imply that for every choice of z,% the total contribution of heavy couples of z,y is O(v/d).

2.2.3 Bounding the Contribution of Light Couples
The following lemma bounds the expectation of the contribution of light couples.

Lemma 2.6. Fiz a pair of vectors x,y € T. Let G be a random graph taken from G, ,, whose
adjacency matriz we denote by A. Let d = np, and L = {(u,v) : |zy Y| < %} Then the
expectation of | TuyyAu| is bounded by O(V/d).

Proof. Since ), 2, =0, >, y, = 0, it follows that ) ; x,y, +> 7 Tuyy = 0. The sum Zu,vef Tuy
can be bounded as follows:

let {~;} be the values which appear in the vector x. Let a; be the number of times that the value
i appears in x. We define d; and b; similarly with respect to y.

Y wal=1 Y abmudl=1 Y aibie .1 |

_ Vi 63
(uv)EL i |y 851>Y4 i | 651>




n n n
<7 %aibj735? = \/EQ; ary?)(zj: b;B2) < v

It follows that |, xyys| < %. Since every edge is chosen with probability %, the expectation of
> 1 TuYvAyw is bounded by V/d in absolute value. ]

Fix two vectors x,y € T. As before, L denotes the set of light couples. We denote by X the
contribution of the set of light couples (X is a random variable induced by the choice of the random
matrix A). We already saw that [E[X]| < v/d.

Claim 2.7. For every ¢ > 0 there exists a number K > 0 such that:
Pr]|X| > KVd] < e (3)

Proof. We prove a concentration result for every x,y € T. In general, the pair z,y that maximizes
the Rayleigh quotient of a matrix satisfies z = y. However, as we work with a discrete space,
the optimum over all x,y € T need not satisfy x = y, and our proof will not assume z = y. We
remark that proving a concentration result only for x = y is easier as it can be handled as a sum of
independent random variables (since x,y, = x,y,). However if x # y then z,y, may be different
than z,y,, but their contribution to the sum is correlated as they both depend on the edge between
vertices u,v. This adds some complications to the proof.

Denote by a(,,) = a(y) the potential contribution of the edge (u,v) to the light couples, i.e.

Auw) = f(Tulo) + f(@oyu), where f is :

fz) = {”“’ =

0 otherwise

< Vd
i 2

Notice that a(,,) can be either positive or negative but bounded by 2Vd iy absolute value. Let

X = E{u7v} T (u,v), Where

d
uy WP p=

T(uw) = T(vu) ™~
(w0) (0) {0 w.p. 1—p

As the term ) (w0} a? ., will appear in the following analysis we will first bound it. Notice that

u,v
a?w < max{ (Yo + To¥u)?, (Tuys)? + (Toyu)?}: if f(zuyy) and f(x,y,) have the same sign then

aﬁvv = (2uYo + Toyu)?, otherwise a?w < (mu)? + (Toyu)?.

1 1
Z ai’v < ) Z ag,v < ) Z max{(zuy + $vyu)2v (ajuyv)Q + (xvyu)2} <

{’U/,’U}E(\g) (57;})‘/6 (‘7;7:(]);
1
5 2 @2+ alyd) + 1Y wugurnel = (3o 63 + 1 mu) (3 @) <
(uw)e (u,v)€e u v u v
VxV VxV
lzPllyl*+ < 2,y >*= 2]z |*[ly|* < 2. (4)



For simplicity we will use the indexing i = 1,2,..., N = (g) instead of {u,v}. Using the new
indexing inequality (4) becomes SN a2 < 2.
We know that [E[X]| < v/d. Without loss of generality we may assume E[X] = y > 0 (otherwise we

can work with —X). We fix A\ = 4%/3 so that [Aa;| < 2. We will use the inequality e” — 1 < z + 22

(valid for 2| < 3, see Lemma 2.8 below), and also the inequality e® > 1+ z.
E[e)‘X ]

Pr[X > ku] = Pr[e™ > eMH] < e

N N
B[] = HE[emi] = H[pe)““ + (1 —p)eY]
i=1 i=1
N N
= [Tt — 1) + 1] < [JIp(ras + 2(Aa)?) + 1]
i=1 i=1
< ep)‘zivzl a¢+2p)\22i]\;1 a? < 6Au+4p)\2'

Thus:
Pr[X > ky < MAHAPN kAL _ A(ApA—(k—1)p) _ 64—32(\/3—(1%1),1).

Setting k = 3c§ (for some ¢ > 1) yields that Pr[X > 3¢v/d] < e~°. Applying the same argument
to —X yields:
Pr|X| > 3¢Vd] < 2e7°".

O
Lemma 2.8. ¢ — 1 < z + 222 for |z| < 3.
Proof.
x 2?2 2 3 4
e —1:x+?+g+...§x+x + (|z]” + |z|* + ...)
<z 42+ |zl (1 + |z + |z + ) < 2+ 222
O

To bound the contribution of light couples we use the union bound.
Claim 2.9. The number of vectors in T is bounded by e for some ¢ which depends on §.

Proof. If we shift the grid (which is used to define T') by ﬁ in each direction, then every ”integer”
point of 1" is covered by exactly one hypercube of the shifted grid. A hypercube of the shifted grid
is called covering if it contains an integer point of 7. We will bound the number of such covering
hypercubes using a volume argument. Each covering hypercube has a volume of (%)” All the
covering hypercubes are inside a ball of radius 1 + § from the origin, since all the points in 7" are
at distance < 1 from the origin and every two points in the hypercube are § close. The volume of
the ball is bounded by ((1(2‘217;);/2 < <(1+67)L?267r>n/2_ It follows that |T'| < (%)nﬂ /(%)" <
(9/5)n — enln (9/6). 0

Corollary 2.10. With probability of 1 — e~ (/3= (/0 the light couples contribute at most cv/d.



2.2.4 Bounding the Contribution of Heavy Couples

Let x,y € T. We wish to bound the absolute value of:

-TtAy = Z quu,vyv-
u,v: |muyv|2§
First we define an approximation for x,y, which can be handled more easily. We will handle only
couples u, v such that x, > 0,y, > 0, the other 3 cases can be handled similarly. We will use the
following notation (0 was already defined at Section 2.2.1):

v = 2%

Ai={u: %%—1 <y < %%‘}7 a; = |Aj i=1,2...,[logy/n/d].

Bj = {u: %'yj_l <yu < %'yj}, bj = |Bjl j=1,2...,[log\/n/d] (i runs between 1 and
[log v/n/8] because z,, is a multiple of %= and bounded by 1).

Vn
Wi = aibj% bounds the expected number of edges between the sets A;, B;.
Aij = MAi, Bj) = e(Ai, Bj)/ i j-

i0 750 Yi Y d Y
2t Ay < e(4;, Bj) 122 = ighig —= = 62 aibj - Aij = =
ZJ: N Z i Vn/n Zj SN
YiYj >Vd '71’7J>\f 'Yi’sz\[
(e 5] 0-7«]
/-/\
7 i f
52Vd 'Y’ b~ 2oy VT 5
Z ''n Yi Vi ( )

717]>f

We will assume that the graph has the discrepancy and the bounded degree properties (defined
at Section 2.2.2) to prove that:

Z (07 Bj Ui,j S 2max{602(2/5)4, 801/52, 8(23} = 9(1) (6)
i,J
(c1,¢2,c3 are from the discrepancy and the bounded degree properties). Notice that ) . a; <
4)|x||?/6? < 4/62, similarly 2B < 4||ly||* < 4/6%. We will handle only couples for which b; > a;,
the other couples can be handled in a similar way. We partition the heavy couples into a union of
6 sets and prove the bound separately for every set. We proceed by a case analysis:

1. 0 < 1: the sum is bounded by (3, 5;)(>_; i) < 16/6* = (2/6)*.

2. \ij <ecy (case 1 of the discrepancy property): since v;v; > Vd it follows that o; ; < ecp and
thus the sum is bounded by ecy(2/9)%.

cln

3. v >Vd d j: the bounded degree property implies that e; ; < a; c1d = A ; <

For fixed i: Zﬂ]om = Zb ’yj Ai ’]\[ <c Z f% < 2¢q,

n %



the last inequality holds since the sum is geometric and each summand is bounded by 1.

It follows that: Z ;- Z Bjoij | <2c Zaz <

i Jiv=Vd
4. From here we will use case 2 of the discrepancy property (as \;; > eca):

n
eijlog A\; j < c3bjlog b
j

First let us express the equation using the notation «, 3, o introduced in equation (5) :

d 0 73b;
(Nijaibj ) log A j < esb log 5 (substitute: e;; = N jjij ; B = ]TJ),
1
()\”\/g a;— )log Nij < 3—= Nz log gj (divide last inequality by \/gbj),
j

AijVd i
]7\[ aiy—z log A\ j < c3 log — % (multiply last inequality by l),

1 Y xf B i
———

—Oi,] =0y

log \i.; < c3— 2 [21 +log ~ ] (7)
04,504 10 & o) 0
J g Ai,j 3%‘\/& g7 g 3;

In subcases (a),(b) we will fix j and will bound )", 05 jo; by a constant. This will be enough
as ), 3j is bounded by constant. A similar argument with respect to ¢ is used in subcase (c).
Each of the following subcases corresponds to one of the terms A; ;,v;, % being the dominant
one out of the three.

(a) log Ayj > j[2log7; +log 5-]:
from (7) it follows that o; ; a; < 4c

for a fixed j:

f?
Vi
0i5 o < 4es < 8cs.
zi: zz: v Vd

The last inequality is due to the fact that v; < v/d 7v; (we are not in case 3), and the

sum is geometric.
(b) 2log~y; > log Bi

Since log A; j < 4[2 log v, + log 4 o | it follows that log A;; < logv; and thus X\;; < ;.
i j f
Vi Y

Combined with the fact that 1 < oy ; = , it follows that ~; < V.
Aslog \;; > 1 (we are not in case 2) and 2 log v > log 3;» we use inequality (7) to derive:

i
Oij i < Cspyj\l/g 4log;j,

and so

Vi Yi
0ij o < 4es ——log~v,; < 4cs — < 8cs.
2o s ) gl S 2y

10



(c) 2log~; Slogﬂ%:
Nij Vd o 1 Vi thus:

'Yz i _BJ'Y 75’

we are not in (a) thus log \; ; < log é It follows that o; ; =

Z(’w ;< Z

The last inequality is valid since the sum is geometric and every summand is bounded
by 1 (viy; < Vd).

Yi ’Yj

Corollary 2.11. Let G be a graph which has the discrepancy and bounded degree properties (as
stated in Section 2.2.5) with constants c1,ca,cs respectively. Let A be the adjacency matriz of G.
For any two vectors x,y which belong to the grid T (as defined in 2.2.1) it holds that:

2t Ay < 8 max{16ecy /6%, 8¢y, 8c302 1V d.

2.2.5 The Discrepancy Property

In this section we prove that in a random graph almost surely the number of edges between every
two subsets A, B is not much higher than the expectation.

Let A, B C [n]. Denote by e(A, B) the number of edges between A and B (e(A, B) is a random
variable). We set u(A, B) to be |A||B| % so that it bounds the expected number of edges between
A,B. If A, B are not disjoint then u(A, B) is larger than the expectation. We show that with
probability of at least 1 — % the graph has the following property:

for every A, B C [n] (|B| > |A|) one of the following holds:

(A,B)
1. m S €cy.

2. (A, B)log 255 < cs|B|log (.

Proof. Let a,b denote the cardinalities of A, B respectively. The possible number of edges between
A and B is bounded by ab. We will assume that A, B are disjoint and thus there are exactly ab
edges to choose from. The expected number of edges between A and B is y = ab%. The bound we
are going to prove is valid also for the case in which A, B are not disjoint, since in this case there
are less edges to choose from. The edges are chosen independently. We divide the analysis into two
cases:

Case 1: b > 2. In this case Z((’j”g)) < ecy since u(A, B) = ab% > a?fi but e(A, B) < acid (we use
the bounded degree assumption from Section 2.2.2).

Case 2: We will use the following bound which bounds the probability that the sum of inde-
pendent indicator variables deviate from their expectation (see for example [3] Appendix A):

Prle(A, B) > ku] < o—(kInk)u/3 .

(the last inequality is valid for £ > 4). We want to find a minimal & > 8 such that the event
e(A, B) < kp will hold with high probability for all pairs A, B. Thus, we require:

—(klnk)u/s (M) (T <i
e (0 () <
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The term 1/n3 is chosen in anticipation of later use of the union bound over all choices of a,b.

Simplifying, we get:
e—(klnk)u/S (@)a <%)b€31ogn < 60,
a

equivalently:
(klnk)p/3 > a(1+log g) + b(1 + log %) + 3logn.

As in this case b < 2 we get that log(%) > 1. Since xlog 2 is monotone in [1, 2] it follows that
blog ¥ > alog % (the monotonicity of xlog? is postponed to Lemma 2.12). Thus it is enough to
require:

(klog k)pu/3 > 4blog% +3logn.

Again, since xlog % is monotone in [1, 2] it follows that blog > logn, thus it is enough that:

21b
klogk > =2 log .
7 b

For a fixed size b, we let kK’ be smallest number such that k’'logk’ > 2711’ log %. We then set
k = max{k’, 4}, so we can use equation (8). Using the union bound over the choices of a,b we get
that with probability of at least 1 — % for every choice of A, B (b < n/e) the following holds:

e(A,B) < ku(A, B).

If k' < 4 then k = 4 and condition (1) holds. If ¥’ > 4 then using klogk = —2%- log %, we have:

w(A,B)
21 n
AB)<——— |B|log— u(A,B
e(4, >_M(A,B)10gk’ Iog‘B| (A, B),
equivalently:
e(A, B) log(k) < 21|B] log ITZI'

(A,B) .
As k upper bounds Z(A,B)’ we get:

n

1Bl

e(A, B) log (Z((i?)> < 21|B| log

O]

Remark: We proved that a random graph has the discrepancy property with probability of at
least 1 — 1/n. We can increase this probability to 1 — 1/n°¢ by increasing the constant cg of the
discrepancy property to be larger than 21.

¢

Lemma 2.12. The function xlog % is increasing in [1,Z].

Proof.
n n x n n
log Y =log D 4z L (=Y —10g L 1.
(zlog —)' =log — +z- - (~—5)=log—
The derivative is greater than 0 if 2 > e, which is true for z € [1,2). O
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2.3 Proof of theorem 1.1
Proof. There are 4 places in the proof where we used a bound on the probability of a bad event:

e To replace v; by the ”all ones” vector we used a bound on the norm of the vector ¢ (Lemma
2.2). The complement event in this case has a sub-exponential small probability in n, d.

e To bound the contribution of light couples we proved a concentration result (Claim 2.7). The
probability of the complementary event is exponentially small in n.

e The bounded degree property (Section 2.2.2). The probability of not having this property is
only polynomially small (for d = clogn, see proof sketch at 2.2.2).

e The discrepancy property (Section 2.2.5). The probability that the graph does not have this
property is polynomially small (see the remark at the end of Section 2.2.5).

The probability of the last two events can be made as small as 1/n¢ by (linearly) increasing the
constants ¢, cs,c3 involved in them. The constant ¢’ in the bound ¢’ /np depends linearly on
c1,c2,c3 (see equation (6)). O

3 The case p = % for constant d

For this value of p the graph contains many disjoint stars of size Q(lolgofgo gn) (an [ size star is vertex

who has [ neighbors which form an independent set). The spectrum of an [ star is {v/{ — 1,0, —/I — 1}.
It can then be shown that the graph will have many eigenvalues (both positive and negative) of
log)fgogn
degree property of Section 2.2.2 is not valid any more. This property is extensively used in bound-
ing the contribution of the heavy couples. The largest eigenvalues of a Q(log’f; gn) star are induced
by eigenvectors which use heavy couples.

In this section we prove theorem 1.2. We will now make some modifications to the proof of
Section 2 so that it applies to the induced subgraph. We call a vertex bad if it has a degree greater
than (14 €)d; we call an edge bad if it contains a bad vertex. The probability for a vertex to be bad
is at most e~ 4/3. The probability for an edge to be bad, is bounded by 2e=<"d/3. The fraction of
bad vertices is denoted by . The expected number of bad vertices is bounded by ne=</3, Using
Markov’s inequality we get that € < e~ /6 with probability of at most e~d/6, In this section we
will use (1 + €)d (for 3 /logd/d < € < 0.9) as the degree bound instead of c;d. We limit € < 0.9

only for convenience. Similar results can be obtained also for € > 0.9.

absolute value at least Q( ). The proof of Section 2 fails in this case because the bounded

3.1 Fixing the first eigenvector
We need to show a lemma equivalent to Lemma 2.2 for the induced subgraph G’.

Lemma 3.1. Let G be a random graph in which every edge is chosen with probability of d/n. Let G’
be the graph induced by the vertices whose degree is bounded by (14€)d (where 3 /logd/d < € < 0.9).
We denote by A" the n' x n' adjacency matriz of G' (n' < n); by d we denote the average degree in
G'. With probability of 1 — 3e=<4/10 the matriz A’ has the following property:

Vee RV, z Lu |z'Au <3 Vi ||l
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Proof. We use deva, degUG, to denote the degree of v in G, G’ respectively. Denote by d the average
degree in G. With probability of at least 1 — 3e=<d/6 all the following properties hold: n' >
(1 — e <6 |E(G)\ B(G')] < 2¢~/5nd, both d,d are in (14 0.1)d. For each v € G’ denote
8! = deg%" — d. The degree of a vertex v in G’ is just d + ..

d+ & Y &
7 / / /
t Al t d+52 1 t 52 1 +dt t 52 1
TAU=2T . = . — TU=T )
d~+(57/,7/ 5;1/ 5':1/

hence |zt A'u| < %. We will now show that |62 = >, c (deg$” —d)? < 9n/d. By Lemma 5.1
with probability of at least 1 — e~ D) it holds that

Z (deg — d)? < 2nd.
veG’

We claim that if A > max{|deg$ — d|,|deg$" — d|} for any v € G’ then

[ (degf —d)* = D (degf — d)’| < 2A|E(G) \ B(G). (9)

veG’ veG’

The explanation is as follows. We remove the edges of E(G) \ E(G’) from G one by one. This
process induces a sequence of graphs G = Gg, G4, ..., G}, where G}, it the union of G’ and a set
of isolated vertices V(G) \ V(G’). For each of the graphs G; we let f(G;) = ZveG,(degfi —d)?
(where d is fixed to be the average degree in Go = G). Note that the term from (9) that we wish to
bound is exactly |f(Go) — f(Gk)|. The difference between G; and G4 is some edge (u,v) where
u € V(G)\ V(G and v € V(G'). Using the inequality |22 — (x — 1)?| < 2max{|z|, |x — 1|} valid

for any integer x we derive
£(G3) = F(Gigr)| < 2max{|degl — d], |degy ™" — d|} < 2A.

Assuming d € (1£0.1)d and since the maximum degree in G of a vertex v € G’ is most (1+€)d < 2d
we may use A = 2d as an upper bound. Assuming also |E(G) \ E(G’)| < 2¢~<%6nd we derive

[6]> = Z (degC" — d)? < 2nd + 4de~¥Ond < 9n'd,
veG’

where in the last inequality we used d,d € (1 + 0.1)d, n’ > 0.9n. O

3.2 Light Couples

Let A’ be the minor of A induced by removing the high degree vertices. A’ has at least n’ = (1—¢)n
vertices (e < e—<’d/ 6) with probability 1 — e~<"d/6_Tn the context of A’ , the light couples are those
whose multiplication is bounded in absolute value by %. We would like to argue that A’ has the
following property:

There exists a universal constant ¢ such that for every two vectors z,y € R" the light couples of
x,y contribute at most ¢v/d to zA’y. If A’ has this property we say that A’ is c-light good.

14



Lemma 3.2. A fized minor A" of size n' > (1 — e)n is c-light good with probability of at least
1— e(c/4—ln(9/5))n.

Proof. Let A’ be an arbitrary minor of size n’ > (1—¢)n. Every edge in A’ is chosen with probability
of d =4 (d<d <L -). Since d’ < d we can apply Corollary 2.10 on A’ to derive:

Pr[A’ is not c-light good] < e~ (¢/3+m(O/0)n"  o=(¢/4+In(9/6))n

O

To simultaneously cover all relevant minors we use the union bound. There are at most ( ) <2m
relevant minors. By Lemma 3.2:

Pr[all minors of size > (1 — &)n are ¢-light good] > 1 — 2"~ (¢/4+IO/D)n > 1 _ o=(c/d+In(9/0)+1)n,

3.3 Heavy Couples

We will prove that the discrepancy property is valid for the subgraph G’ induced by removing the
high degree vertices, with probability of 1 — max{e*gd/ 61/n}. Without loss of generality we may
assume that G’ contains the first n’ vertices. There are at most en vertices of high degree (where
£ < e~<’d/ 6). Observe that the proof of case (2) of the discrepancy property is valid also when d is
a fixed constant. The proof of case (1) relies on the bounded degree property. It follows that for
every A, B C [n/] (where |A| < |B|) one of the following holds:

1 e%(A,B)
© u(AB)

< ecs.

(A, B)log & (< < c3| Bl log 1.

We define d’ = n' 4 50 that d—, = , W(A,B) = |A||]—§$/)/ Using the facts that & (4, B) = ¢“(A, B)
and that (1 — 5)n < n’ <n we get that for every A, B C [n/] (|A| < |B|):

AB
TAB) = o

¢'(A, B)log & (<AB)> < 23| B| log .

Having established the relevant discrepancy properties, the proof of Section 2.2.4 goes through
for G’ with virtually no change. Note that in several places along this proof we will need to use
the fact that the degrees of vertices in the underlying graph are bounded by (1 + €)d (this yields a
bound of 8 max{16ecy/6%,8(1 4 €), 16¢36°}+/d on the contribution of the heavy couples).

3.4 Proof of theorem 1.2

To get the bound ¢ V/d we use the union bound over the bad events
Proof. There are 4 places in the proof where we used a bound on the probability of a bad event:

e To replace v; by the ”all ones” vector we used a bound on the norm of the vector 6 (Lemma
3.1). The complement event in this case has a probability bounded by 3e~<"d/10,
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e To bound the contribution of light couples we proved that any big enough minor is c-light
good (Section 3.2). The probability of the complementary event is exponentially small in n.
We also assumed that the fraction of vertices in G\ G’ is ¢ < e~*d/6, This happens with
probability of 1 — e=<d/6,

e The discrepancy property (Sections 3.3, 2.2.5). The probability that the graph does not have
this property is polynomially small in n (see the remark at the end of Section 2.2.5).

The dominant probabilities are of order e—<’d/ 10 thus with probability of 1 — e~U<d) it holds that
A\ < dV/d.
O

3.5 Setting the degree bound to be greater than 1

Although Theorem 1.2 is stated only for the case in which € is at most 0.9 (yielding a degree bound
< 1.9d), similar result can be obtained also for larger values of e. When ¢ is sufficiently large we
get that A < ¢/v/d with probability of 1 — =<9 The constant ¢’ grows linearly with e.

4 Applications

For most graphs (namely, random graphs), A = O(v/d), where d is the average degree of the graph.
In the previous sections we extended the known proofs for this also to the case where d is fairly small.
Part of the significance of eigenvalues of graphs is that on the one hand, they can be computed in
polynomial time, and on the other hand, their value is influenced by some properties of the graph
that are NP-hard to compute. For example, if for some constant § > 0, a nearly regular graph has
either a bisection with more than (3 + 5)%71 edges, or a bisection with less than (5 — 5)%71 edges, or
an independent set larger than dn, then X is no longer of the order of v/d, but rather in the order of
d. Hence having small X is a certificate for the inexistence of small separators, large cuts, or very
large independent sets. Likewise, if one “plants” a small bisection, a large cut, a large independent
set or a coloring with a small number or colors in an otherwise random graph, this shows up in the
eigenvalues of the graph, and often the corresponding eigenvectors can be used in order to retrieve
the planted solution. See for example [4, 1, 2, 5, 12, 20]. Extensions of these spectral techniques to
the use of semidefinite programming allows one to find planted solutions in so called semirandom
graphs [11, 10].

Often, previous work only addressed graphs of fairly large average degree, for which bounds on
A are available through the work of [14]. The purpose of the current work is to show that most such
results extend in a straightforward way to graphs with average degree as low as logn, and with
some extra work (that results from the need to remove vertices with exceptionally high degree),
also to graphs of constant average degree. In fact, already [1] addressed graphs of constant degree
(and introduced the idea of removing the vertices with highest degree), but they did not provide
explicit bounds on A, which make their results harder to use in a blackbox manner.

We illustrate our treatment of low degree graphs by two examples. One removes some un-
necessary logarithmic terms from a bound of [16]. The other addresses relations between spectral
properties and semidefinite programming.
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4.1 Refuting Random 4-SAT

Let ¢ be random 4-SAT formula with m clauses and n variables. We use the random model in
which each new clause is chosen independently from all possible ordered clauses. The density of ¢
is defined as ™. It is known that if the density is at least c (a large enough constant) then almost
surely ¢ is unsatisfiable. From a computational point of view one may ask ”for which values of the
density can we efficiently find a proof for the unsatisfiability of ©?”. In [16] an efficient algorithm is
given which almost surely certifies the unsatisfiability of ¢ when the density is at least Q(n log” n).
The heart of the algorithm is a reduction which translates satisfiability of a formula ¢ into the
existence of a large independent set in a suitable graph, namely if ¢ is satisfiable then the graph
must have a large independent set. Thus if the graph has no large independent set then this is a
proof that ¢ is unsatisfiable. The reduction is the following: given a formula ¢ we associate with it
two graphs G(¢), Gf(p). The vertices of G¢(¢) are all the ordered pairs of negative literals (&;, ;).
There are n(n — 1) such ordered pairs. We put an edge between the vertices (Z;, €;) and (2, z;) if
the clause (&, T}, 1, T;) appears in . The graph G¢(y) is defined in a similar way with respect
to the positive literals. Notice that if ¢ is satisfiable then there exists a satisfying assignment in
which either half of the variables are assigned true or half of the variables are assigned false. It
then follows that either G'y(¢) or G¢() contains an independent set of size 5 (5 — 1), because there
cannot be an edge between (z;, ;) and (2, Z;) in Gy for variables x;, z;, zx, 27, which are assigned
true. Hence either Gy or G contains an independent set with roughly quarter of the vertices.
Each one of G(¢), Gf(p) is a random graph which almost surely contains (14 O(ﬁ))m/lﬁ edges.

Given that the number of edges in G¢(p) equals m/, the edges in G¢(p) are chosen independently
with repetitions.

We will address a cleaner version of the reduced problem in which a random graph is taken from
Gh,p (rather than G, ,, which is the distribution of G¢() given that the number edges is m). There
is a simple reduction between the two versions, we omit the details. The problem is formalized
as follows: the input is a random graph taken from G, ,. Typically the largest independent set is
almost surely of size O(%), where d = pn. The goal of the algorithm is to prove that the input
graph has no independent set of size . We call an algorithm a refutation heuristic for independent
set if it has the following properties:

1. For most of the graphs (i.e. almost surely) the algorithm will return a proof that the graph
does not have an independent set of size 7.

2. For a small fraction of the graphs the algorithm may return abort, which means that the
algorithm was unable to find a proof that the graph has no large independent set (possibly
because the graph does have a large independent set).

Our goal is to find a refutation heuristic for values of p as low as possible. The density of the
formula ¢ corresponds to p. Reducing p reduces the density of ¢, namely if we have a refutation
heuristic for low values of p, then we have an algorithm that almost surely refutes a random formula
with low density. We will show a refutation heuristic for p = %, for some large enough constant
d. This yields an algorithm that refutes most 4-SAT formulas with at least cn? clauses (a simple
generalization of it refutes most k-SAT formulas with at least ¢2Fn*/? clauses).

Lemma 4.1 shows that a regular graph which contains an independent set of size § must have
an eigenvalue as small as —{)(d). On the other hand we know that most of the graphs are nearly
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regular and have A\ < O(\/&) This implies that most of the graphs have a proof for not containing
large independent set (since a regular graph with small A cannot contain big independent set).

Lemma 4.1. Let G be a d-regular graph which contains an independent set of size an. Then G

has an eigenvalue smaller than —ad ﬁ

Proof. Let S be an independent set of size an. Consider the vector in which all entries corresponding
to S have value of @ — 1 and all other entries are a. The Rayleigh quotient of this vector is:

2E(S,S)(a — D)o+ (2E — 2E(S,5))a?  2and(a — 1)a+ (nd — 2and)a®

S = 1)% + | Sa? ~an(l-2a+a%) +(1-ajna®
2d(@—Na+(d—2ad)a _ 2l-a)+(=1+20) . 1
(1-2a+a?)+ (1 -a)a 1—« B 1—a

O]

For large enough c and p = Clo%, almost surely all degrees are in the interval (1+e)d. A similar

calculation to the one in Lemma 4.1 implies that G has eigenvalue smaller than —ad 11%?;6 This
together with the bound A < O(v/d) implies:

clogn
n

Corollary 4.2. Forp = there exists a refutation heuristic for independent set.

The proof of the last corollary does not hold for p = % when d is constant, as the graph becomes
irregular. For the case p = % we consider the subgraph G’ induced by removing the vertices of
degrees > (1 + €)d (e is fixed to be a small constant, e.g. 0.1). With probability of at least
1-— e_Q(EQd), it has the following properties (when d is large enough):

1. G’ contains at most (1 + €)nd/2 edges, and at least (1 — e~ D)y vertices.

2. |E(G) \ E(G")| is bounded by e~ D (1 + ¢)nd/2.

3. A < ¢v/d (by Theorem 1.2).

4. 18|l < ev/nd, where 8, + d is the degree of v in G’, d is the average degree in G, and the
dimension of § is the number of vertices in G’ which we denote by n’ (see the proof of Lemma
3.1).

5. The average degree d of G is in (1 + ﬁ)d

These properties can be verified in polynomial time. We will show that these properties imply that

there is no independent set of size an in G, where oo = (%) Notice that ||6]], < V7/||6]] < env/d.

Assume by contradiction that G has an independent set of size an. It follows that G’ has an
independent set S of size (o — e~ D)y > (1 — €)an (since e = % > ¢~A<*d)) The number of

edges touching S in G’ is at least:
ST(d+8,) — |B(G)\ B(@)] = |Sld— [, — |BG)\ B@&)|

veS
> (1 - €)and(1 — o(1)) — enVd — e_Q(EZd)(l + e)nd/2 > and(1 — 4e)

(the last inequality is true since o = 2% e~ ) < ae). Since the number of edges in G’ is

eVd’
bounded by (1 + €)nd/2, we can use an argument similar to Lemma 4.1 to get that G’ has an

eigenvalue as small as —ad %Og). This contradicts the fact that A of G’ is bounded by ¢vV/d.
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Corollary 4.3. There exists an efficient procedure which almost surely certifies that a graph taken

from G, a4 has no independent set larger than ﬂ (where ¢ is a universal constant and d is big

enough constant).

The main idea of the above refutation algorithm is to refute the existence of a large indepen-
dent set in a random graph taken from G, ,. An alternative way to do this is to compute the
Lovasz ¥ function, which upper bounds the largest independent set of the graph [19]. In the cases

Where c{loen)” g") <p<l1l- (bgn")G it is well known that almost surely ¢/\/n(1 —p)/p < ¥(Gn,p) <

d’\/n(1 —p)/p. This was proved in [17] and it relies on the eigenvalue bounds given in [14]. As
logn

we extend the bound on the second largest eigenvalue given in [14] also for p > ¢ , this implies
(together with Lemma 5.1) that the above bounds on the 9 function (maybe Wlth different con-
stants ¢/, ¢) are valid also for clog” <p<l1l-— log" Using Theorem 1.2 and Lemma 5.1 one can
further extend the range also for &= <p <1— . ThlS can be done by bounding the 9 function of
the subgraph induced by the vertices whose degrees are bounded by (1 + €)np (where € is as in the
Theorem). To bound the ¥ of the whole graph we just add the number of vertices whose degree is
above (1 + €)np, but this number is significantly smaller then ¥ of the induced subgraph. We omit
the details.

The fact that random 4-SAT with at least cn? clauses can be efficiently refuted is also claimed
independently in [7]. The refutation algorithm shown in [7] is different from ours. It is our opinion
that our approach is conceptually simpler and computationally less demanding.

4.2 Max-cut and relations with semidefinite programming

Boppana [4] used spectral techniques in order to find planted bisections in random graphs. His
approach was based on an eigenvalue optimization problem (which can be solved using semidefinite
programming), and in its analysis he used a theorem (Theorem 4.2 in [4]) that for a random graph
from G, with p > logn/n, almost surely A = O(,/pn). No proof of this theorem is given in
Boppana’s paper. However, as later observed in [10], a bound of A = O(y/pnlogn) suffices in order
to prove the correctness of Boppana’s algorithm for bisection, and such a bound was indeed proved
in [10] (for all values of p > 1/n). Our proof of Theorem 1.1 provides the missing proof for Theorem
4.2 in [4].

It turns out that for the specific problem that Boppana was studying (planted bisection in a
random graph), there is no need to use the computationally heavy semidefinite machinery. The
planted bisection can be found using only eigenvalue and eigenvector computations. However, a
semidefinite program essentially equivalent to that used by Boppana was later used by Goemans and
Williamson [15] in their approximation algorithm for Max Cut. As was later shown by Zwick [21],
the approximation ratio of this semidefinite program approaches 1 as the size of the maximum cut
in a graph approaches (from above) half the edges. Feige [9] observes that this implies that the
semidefinite program can certify that a random graph in the Gy, , model with p = d/n for a large
enough constant d, does not have a cut with significantly more than half the edges. Specifically, a
random graph on n vertices G almost surely has a maximum cut not bigger than (1/2+ ¢;)|E(G)]
(where ¢4 = %). The semidefinite program will give a value bounded by (1/2 + d(eq))|E(G)|
where 0(eq) tends to zero as ey tends to 0. Motivated by the above, we show how one can certify
that a random graph does not have a large cut, without the need to explicitly solve a semidefinite
program. An added benefit of the new proof is that it places tighter bounds on the size of the
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maximum cut in a random graph than those one gets by using the results of [21] (the new proof
yields something equivalent to §(e) = O(e) which is best up to a constant).

Given a graph G with adjacency matrix Ag, consider the following optimization problem. Find
the minimum value of 3 such that there exists a vector o = (au, ..., o) for which: ), 0 = B and
A* = Ag + diag(w) is a positive semi-definite matri.

The above problem can be solved using semidefinite programming. Moreover, it provides an
upper bound on the size of the maximum cut in the graph as follows. Let m be the number of
edges in G, and mj; > m/2 be the number of edges in the maximum cut. Consider a vector v
whose value is +1 for vertices on one side of the cut and —1 for vertices on the other side. Then
v Agu = 2m — 4my. On the other hand, v!A*v > 0, because A* is positive semidefinite. Hence
vidiag(a)v > 4my — 2m, implying that 3 > 4my — 2m, or m; < T+ %.

Now for a random graph, we upper bound § without explicitly solving the underlying semidef-
inite program. Notice that if A\, > —k then § < nk since A + kI is positive semidefinite. In the

case that p > colo% the matrix A has \, > —cv/d and thus § < env/d. The following lemma gives
o)

a similar bound for 8 also for p > =~

Lemma 4.4. Let G be a random graph with p = % with d a sufficiently large constant, let 3 be
defined as above. Then for some universal constant ¢, 8 < e\/dn with probability of 1 — e~ ),

Proof. To prove that 8 = O(v/dn) we decompose Ag into the following matrices: Ag = Aj + As.
The matrix A; contains all the edges belonging to low degree vertices whereas Ao contains all the
edges which contain a high degree vertex (degree larger than (1+¢€)d, for some small fixed € > 0). It
is enough to make each separate matrix positive semidefinite by adding values on the diagonals, and
then also A will become positive semidefinite. Notice that A; has A = O(v/d), thus by adding ¢v/d
edges on its diagonal we can make it positive semidefinite. The matrix Ay almost surely contains
at most e~ €y, edges, thus we can make it positive semidefinite by adding e~ Uy edges on its
diagonal. O

Summing up, to show that a random graph G does not have a cut with more than dn/4+0(v/dn)
edges, do the following:

Remove all vertices with of degree larger than (14 ¢€)d, and verify that the number of edges removed
is O(v/dn). Thereafter, for the remaining graph, compute ), and verify that |\,| < O(v/d).

We remark here that the bound of dn/2 + O(V/dn) is tight up to a constant, since a random
graph almost surely has a cut of size nd/2 + Q(v/dn). One way to show it is to select a random
graph and simultaneously build the cut in the following way:

In each step we insert a new vertex to the graph, and randomly select the edges connecting it to
the vertices added so far. As we add a vertex to the graph we also decide in which side of the cut
to put it. We put the new vertex in the side of the cut where it has the least number neighbors.
To see that this procedure creates a cut of size nd/2 + Q(nv/d) (w.h.p.), we consider the last n/2
vertices. The first n/2 vertices contribute to the cut at least half of the edges in their induced
subgraph. For each new vertex (out of the remaining n/2) that we add, the expected difference
between the number of its neighbors from the two sides of the cut is Q(v/d). It follows that the
expected number of edges in the cut is at least nd/2 + Q(n/Vd).

Independently, in [8] it is shown how to upper bound the value of MAX CUT of a random
sparse graph (G, for ¢/n < p < o(n'/?)) using semidefinite programming (in fact they show a
more general result for MAX k-CUT). Specifically, it is shown that almost surely the value of the
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semidefinite relaxation is bounded by n?p/4 + e¢n®2pl/2. The approach in [8] involves solving a
semidefinite program relaxation for MAX k-CUT.

4.3 Related work

As stated in the introduction, our main contribution is to show that the known spectral techniques
work on sparser (random) instances of NP-hard problems than what was known before. As our
approach is to analyze the second largest eigenvalue of a random graph, our algorithms are based on
computing the eigenvalues (often, just the most negative eigenvalue) of a single matrix, rather than
solving a semidefinite program. For some of the above problems, there are strong concentration
results and average case algorithms (e.g. [6], [8]), and these issues are not addressed in the current

paper.

5 Deviations from average degree

Lemma 5.1. Let G be a random graph taken from G, 4/, where dy < d < 0.1n'/5 for some

universal constant dy. Let d be the average degree in G and define f(G) := Y,y (deg, — d)?. The
following concentration result holds:

Pr[f(G) > 2nd] < e )%,

Proof. Denote by m the number of edges in G, note that d = 277" Given that G contains exactly
m edges, its distribution is Gj, », (uniform distribution over graphs with m edges). We will use
the following product measure G)' to produce graphs: choose m random edges independently (the
resulting graph may contain parallel edges). Note that

n

Pr[G is simple| > <1 — T:) > e’2m2/(g) > e
G ()

Moreover, given that G is simple its distribution is Gy, ,,,. It then follows

P deg —d)? > 2nd| =P deg, — d)? > 2nd| G is simpl
r[Z(egv )° > 2nd] Gn,g[Z(egv )” > 2nd| G is simple]

n,m

< gm[Z(degv —d)? > QnJ]/e_‘F. (10)

n

Define f(v) = (deg, — d)? (where deg,, d relate to some known graph). Extending f also to any

graph G or any set of edges E we let f(G) = f(F) =), f(v). Setting p = ’E;)l = 2 it holds that
_ _ 2

E[f(v)] = p(1 — p)m < d (for any v) and thus u = E[f(G)] < nd. Proving a concentration result

for f(G) may be hard, since adding one edge to G may change the value of f by Q(n). For this

reason we define

f(v) = min{f(v), (kd)?}, where k > 10 is an integer to be fixed later.
The function f has the following three properties. Its expectation is bounded by p (because

f(v) < f(v)). Given that the maximum degree is bounded by kd, it holds that f(v) = f(v) (for
every v). For any two configurations of edges ', F (from G") that differ in exactly one edge it
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holds that |f(E) — f(E")| < 2[(kd)? — (kd — 1)?] < 4kd (if the different edge is (u,v) then the
difference in the sum is only in f(v), f(u) and for each of them the extreme case is when the degree
without the extra edge is kd — 1). Since G is taken from a product measure and f has bounded
difference of A = 4kd (i.e. adding one edge to G changes f(G) by at most 4kd) it holds that for

any A > 0 (see [3] theorem 4.7.1)
)\2

Pr(f(G) > At p] < ¢ o,

setting A = nd and using pu < nd we derive

nd. n

ggl[]?(G) > 2ncz] < e (kd? — ¢ (4k)Zd

It then follows that

(1;}: [f(G) > 2nd] < ¢ @7 4 ggl [The maximum degree > kd|

n

—_n__ 7 k:n/16d_2)1/5 l N1/3
<e (W20 4 pekd < e 3D

Using inequality (10), we derive

— 1, = B
Pr [£(G) > 2nd] < " 3"V = exp(—L(nd)V/3(1 - 3L72)).

nl/3
n,m

Using d < 0.1n'/% and Pre, 4,1d/2 < d < 2d] >1—e " we derive

Pr [f(G) > 2nd) < exp(—Q((nd)*/?)).

Gn,d/n
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