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Abstract. A simple nonconstructive argument shows that most3CNF formu-
las withcn clauses (wherec is a large enough constant) are not satisfiable. It is
an open question whether there is an efficient refutation algorithm that for most
formulas withcn clauses proves that they are not satisfiable. We present a poly-
nomial time algorithm that for most3CNF formulas withcn3/2 clauses (where
c is a large enough constant) finds a subformula withO(c2n) clauses and then
proves that this subformula is not satisfiable (and hence that the original formula
is not satisfiable). Previously, it was only known how to efficiently certify the un-
satisfiability of random3CNF formulas with at least poly(log(n)) ·n3/2 clauses.
Our algorithm is simple enough to run in practice. We present some preliminary
experimental results.

1 Introduction

A 3CNF formulaφ over n variables is a set ofm clauses, each one contains exactly
3 literals of three different variables. A formulaφ is satisfiable if there exists an as-
signment to itsn variables such that in each clause there is at least one literal whose
value is true. The problem of deciding whether an input3CNF formulaφ is satisfiable
is NP-hard, but this does not rule out the possibility of designing a good heuristic for
it. A heuristic for satisfiability may try to find a satisfying assignment for an input for-
mula φ, in case one exists. A refutation heuristic may try to prove that no satisfying
assignment exists. In this paper we present an algorithm which tries to refute an in-
put formulaφ. The algorithm has one sided error, in the sense that it will never say
“unsatisfiable” on a satisfiable formula, but for some unsatisfiable formulas it will fail
to output “unsatisfiable”. It then follows that for a formulaφ on which the algorithm
outputs ‘unsatisfiable’, its execution onφ is a witness for the unsatisfiability ofφ.

How does one measure the quality of a refutation heuristic? A possible test may be
to check how good the heuristic is on a random input. But then, how do we generate a
random unsatisfiable formula? To answer this question we review some known proper-
ties of random3CNF formulas. The satisfiability property has the following interesting
threshold behavior. Letφ be a random3CNF formula withn variables andcn clauses
(each new clause is chosen independently and uniformly from the set of all possible
clauses). As the parameterc is increased, it becomes less likely thatφ is satisfiable, as
there are more constraints to satisfy. In [6] it is shown that there existscn such that



for c < cn(1 − ε) almost surelyφ is satisfiable, and forc > cn(1 + ε), φ is almost
surely unsatisfiable (for someε which tends to zero asn increases). It is also known
that3.52 < cn < 4.596 [12],[10],[11]. We will use random formulas withcn clauses
(for c > cn(1 + ε)) to measure the performance of a refutation heuristic. Specifically,
the refutation heuristic is considered good if for somec > (1 + ε)cn it almost surely
proves that a random formula withcn clauses is unsatisfiable.

Notice that for anyn, asc is increased (forc > cn(1 + ε)), the algorithmic problem
of refutation becomes less difficult since we can always ignore a fixed fraction of the
clauses. The following question is still open: how small canc be so that there is still an
efficient algorithm which almost surely refutes random3CNF formulas withcn clauses
(c may also be an increasing function ofn).

A possible approach for refuting a formulaφ is to find a resolution proof for the
unsatisfiability ofφ. However, Chvatal and Szemeredi [2] proved that a resolution proof
of a random3CNF formula with linear number of clauses is almost surely of exponential
size. A result of a similar flavor for denser formulas was given by Ben-Sasson and
Wigderson [1] who showed that a random formula withn3/2−ε clauses almost surely
requires a resolution proof of size2Ω(nε/(1−ε)). These lower bounds imply that finding
a resolution proof for a random formula is computationally inefficient.

A simple refutation algorithm can be used to refute random instances withΩ(n2)
clauses. This is done by fixing a variablex, and taking all the clauses which contain it.
Fixing x to be true leaves about half of the selected clauses as a random2CNF formula
with Ω(n) clauses, which can be proved to be unsatisfied by a polynomial running time
algorithm. The same can be done when fixingx to be false.

A new approach introduced by Goerdt and Krivelevich in [8], gave a significant
improvement and reduced the bound into(log n)7 · nk clauses for efficient refutation
of 2kCNF formulas. This approach was later extended in [7],[9] to handle also random
3CNF formulas withn3/2+ε, poly(log n) · n3/2 clauses respectively. In [3], [5] it is
shown how to efficiently refute a random2kCNF instances with at leastcnk clauses.

Further motivation for studying efficient refutability of random3CNF formulas is
given in [4]. There it is shown that if there is no polynomial time refutation heuristic that
works for most3CNF formulas withcn clauses (wherec is an arbitrarily large constant)
then certain combinatorial optimization problems (like minimum graph bisection, the
2-catalog segmentation problem, and others) have no polynomial time approximation
schemes. It is an open question whether it is NP-hard to approximate these problems
arbitrarily well.

Our refutation algorithm is based on similar techniques to those that appear in [7],
[3], [4], but it has some advantages. Both the algorithms in [7], [9] and our algorithm
perform eigenvalue computations on some random matrices derived from the random
input formulaφ. However, our matrices are much smaller (of ordern rather thann2),
making the computational task easier. Moreover, the structure of our matrices is simpler,
making the analysis of our algorithm simpler, and easier to apply also to formulas with
fewer clauses than those in [7],[9]. As a result of this simplicity, we can show that our
algorithm refutes formulas withcn3/2 clauses, whereas the algorithms given in [7],[9]
are claimed only to refute formulas withΩ(n3/2+ε), Ω(poly(log n) · n3/2) clauses re-



spectively. An implementation of our algorithm refuted a random formula with50000
variables and27335932 clauses (see details in section4).

In some other respects, our algorithm is more limited then the algorithms in [7],[9].
An algorithm is said to providestrong refutationif it shows not only that the input 3CNF
formula is not satisfiable, but also that every assignment to the variables fails to satisfy
a constant fraction of the clauses. Our refutation algorithm does not provide a strong
refutation. It is plausible that the algorithms of [7],[9] (or a variant of them) does provide
a strong refutation, though this issue is not explicitly addressed in [7],[9]. The ability
to perform strong refutation is an important issue, and its relation to approximability is
discussed in [4].

2 Preliminaries

2.1 The random model

Definition 1. In the Fn,p model a random3CNF formula is generated in the follow-
ing way: each clause out of the23

(
n
3

)
possible clauses is chosen independently with

probability ofp.

Although we concentrate on a specific random model for generating random formu-
las, our algorithm succeeds also on other related random models. For example, it is not
hard to see that our algorithm works also if we generate a random formula by picking
exactlycn3/2 clauses independently at random, with (or without) replacement. Details
are omitted.

2.2 Efficient certification of a property

An important concept which will be frequently used is the concept ofefficient certifica-
tion. Let P be some property of graphs/formulas or any other combinatorial object. An
algorithmA certifiesthe propertyP if the following holds:

1. On any input instanceφ the algorithm returns either ‘accept’ or ‘don’t know’.
2. Soundness:The algorithm never outputs ‘accept’ on an instanceφ which does not

have the propertyP . The algorithm may output ‘don’t know’ on an instancex
which has the propertyP (the algorithm has one sided error).

We will use certification algorithms on random instances of formulas/graphs taken from
some probability spaceC. We shall consider properties that are almost surely true for
the random object taken fromC. A certification algorithm iscompletewith respect to
the probability spaceC if it almost surely outputs ‘accept’ on an input taken fromC.

The computationally heavy part of our algorithm is certifying that two different
graphs derived from the random formulaφ do not have a large cut. One of these two
graphs is random, and the other is a multigraph that is the union of 6 graphs, where
each of these graphs by itself is essentially random, but there are correlations among
the graphs. A cut in a graph is a partition of its vertices into two sets. The size of the
cut is the number of edges with one endpoint in each part. A certification algorithm for



verifying that an input graph withm edges has no cut significantly larger thanm/2 is
implicit in [13]. This algorithm is based on semi-definite programming; if the maxi-
mum cut in the input graph is of size at mostm(1/2 + ε), then the algorithm outputs a
certificate that the maximum cut inG is bounded bym(1/2 + δ(ε)), whereδ(ε) −→ 0
asε −→ 0. A computationally simpler algorithm can be applied if the graph is random.
In [5] it is shown how to certify that in a random graph taken fromGn,d/n the size of

the maximum cut is bounded bydn(1/4 + θ(1)√
d

), thus bounding the maximum cut by
m(1/2 + ε) whend is large enough. This is done by removing the vertices of high-
est degree fromG, and then computing the most negative eigenvalue of the adjacency
matrix of the resulting graph.

2.3 An overview of our refutation algorithm

Our algorithm builds on ideas taken from earlier work ([8], [7], [4], [5], [3], [9]). This
section gives an informal overview of the algorithm at a fairly detailed level. Other
sections of this manuscript fill in the formal details.

The input to the algorithm is a random 3CNF formulaφ with n variables andm =
cn3/2 clauses, wherec is a large enough constant. The algorithm first greedily extracts
from φ a subformulaφ′. This is done as follows. We say that two clauses arematchedif
they differ in their first literal, but agree on their second literal and on their third literal.
For example, the clauses(x1∨x̄2∨x3) and(x4∨x̄2∨x3) are matched.φ′ is constructed
by greedily putting intoφ′ pairs of clauses that form a match, until no further matches
are found inφ. Let m′ be the number of clauses inφ′. A simple probabilistic argument
shows that we can expectm′ = Θ(m2/n2) = Θ(c2n). Moreover,φ′ is essentially a
union of two random (but correlated) formulasφ1 andφ2 (each containing one clause
from every pair of clauses that are matched inφ′). Our algorithm will now ignore the
rest ofφ, and refuteφ′. As explained,φ′ is a union of two random formulas. Here we
use an observation that is made in [4], that we shall call the 3XOR principle.

The 3XOR principle. In order to show that a random 3CNF formula is not satisfi-
able, it suffices to strongly refute it as a 3XOR formula.
Let us explain the terms used in the 3XOR principle. A clause in a 3XOR formula is
satisfied if either one or three of its literals are satisfied. A strong refutation algorithm is
one that shows that every assignment to the variables leaves at least a constant fraction
of the clauses not satisfied (as 3XOR clauses, in our case).
A proof of the 3XOR principle is given in [4]. We sketch it here, and give it in more
details in Section3. Observe that in a random formula every literal is expected to ap-
pear the same number of times, and if the number of clauses is large enough, then
things behave pretty much like their expectation. As a consequence, every assignment
to the variables sets roughly half the occurrences of literals to true, and roughly half
to false. Hence every assignment satisfies on average 3/2 literals per clause. Moreover,
this property is easily certifiable, by summing up the number of occurrences of then
most popular literals.

Given that every assignment satisfies on average 3/2 literals per clause, let us con-
sider properties of satisfying assignments (if such assignments exist). The good option
is that they satisfy one literal in roughly 3/4 of the clauses, three literals in roughly 1/4



of the clauses, and 2 literals in a negligible fraction of the clauses. This keeps the av-
erage roughly at 3/2, and indeed nearly satisfies the formula also as a 3XOR formula,
as postulated by the XOR principle. The bad option (which also keeps the average at
3/2) is that the fraction of clauses that are satisfied three times drops significantly below
1/4, implying that significantly more than 3/4 of the clauses are satisfied either once
or twice, or in other words, as a 3NAE (3-“not all equal” SAT) formula. But here, let
us combine two facts. One is that for a random large enough formula, every assign-
ment satisfies roughly 3/4 of the clauses as a 3NAE formula. The other (to be explained
below) is that there are known efficient algorithms for certifying that no assignment sat-
isfies more than3/4+ ε fraction of the clauses of a 3NAE formula. Hence for a random
3CNF formula, one can efficiently certify that the bad option mentioned above does not
occur.

Having established the 3XOR principle, the next step of our algorithm makes one
round of Gaussian elimination. That is, under the assumption that we are looking for
near satisfiability as 3XOR (which is simply a linear equation modulo 2), we can add
clauses modulo 2. Adding (modulo 2) two matched clauses, the common literals drop
out, and we get a clause with only two literals whose XOR is expected to be 0, namely,
a 2EQ clause (EQ for equality). For example, from the clauses(x1 ⊕ x̄2 ⊕ x3) and
(x4 ⊕ x̄2 ⊕ x3) one gets the clause(x1 = x4). Doing this for all pairs of matched
clauses inφ′, we get a random 2EQ formulaφ2eq. If φ′ was nearly satisfiable as 3XOR,
thenφ2eq must be nearly satisfiable as 2EQ. But ifφ′ is random, thenφ2eq too is es-
sentially a random 2EQ formula. For such formulas, every assignment satisfies roughly
half the clauses. Moreover, there are known algorithms that certify this (to be explained
shortly). Hence we can strongly refuteφ2eq as 2EQ, implying strong refutation ofφ′

as 3XOR, implying strong refutation ofφ′ as 3SAT, implying refutation (though not
strong refutation) ofφ as 3SAT.

Let us briefly explain here the major part that we skipped over in the description
of our algorithm, namely, how to certify that a random 2EQ formula is not1/2 + ε
satisfiable, and how to certify that a random 3NAE formula is not3/4 + ε satisfiable.
In both cases, we reduce the certification problem to certifying that certain random
graphs do not have large cuts, and then use the certification algorithms mentioned in
Section2.2. (The principle of refuting random formulas by reduction to random graph
problems was introduced in [8].)

To strongly refute random 2EQ formulas, we negate the first literal in every clause,
getting a 2XOR formula. Now we construct a graph whose vertices are the literals, and
whose edges are the clauses. A nearly satisfying 2XOR assignment naturally partitions
the vertices into two sides (those literals set to true by the assignment versus those that
are set to false), giving a cut containing nearly all the edges. On the other hand, if the
original 2EQ formula was random, then so is the graph, and it does not have any large
cut. As explained in Section2.2, we can efficiently certify that the graph does not have
a large cut, thus strongly refuting the 2XOR formula, and hence also strongly refuting
the original 2EQ formula.

To strongly refute random 3NAE formulas, we again consider a max-cut problem
on a graph (in fact, a multigraph, as there will be parallel edges) whose vertices are the
literals. From each 3NAE clause we derive three edges, one for every pair of literals.



For example, from the NAE clause(x1, x̄2, x3) we get the edges(x1, x̄2), (x̄2, x3) and
(x3, x1). It is not hard to see that if a3/4 + ε fraction of the 3NAE clauses are satisfied
as 3NAE, than a23 (3/4 + ε) = 1/2 + 2ε/3 fraction of the edges of the graph are cut by
the partition induced by the corresponding assignment. Note that in our case (ofφ′ that
is the union of randomφ1 and randomφ2) this graph is essentially a union of 6 random
graphs: 3 graphs derived from the clauses ofφ1 (one with edges derived from the first
two literals in every clause, one with edges derived from the last two literals, and one
from the first and third literal), and 3 graphs derived fromφ2. Hence it is not expected
to have a cut containing significantly more than half the edges. One may certify that
this is indeed the case either by using the algorithm of [13] on the whole graph, or by
using the algorithm of [5] on each of the 6 random graphs separately.

Summarizing, our refutation algorithm extracts fromφ a subformulaφ′ (composed
of matched pairs of clauses), checks that inφ′ almost all literals appear roughly the same
number of times, derives fromφ′ certain graphs on2n vertices and certifies that they do
not have large cuts (e.g., by computing the most negative eigenvalue of their adjacency
matrices). The combination of all this evidence forms a proof thatφ is not satisfiable.
If φ is random and large enough (cn3/2 clauses), then almost surely the algorithm will
indeed manage to collect all the desired evidence.

3 The refutation algorithm

The input formulaφ is taken fromFn,p wherep = c
n3/2 . For convenience we will

assume that the clauses ofφ appear in a random order and that the order of literals
inside each clause is random (this assumption is reasonable because we can permute
the clauses and the literals inside each clause before handlingφ). We will use(?, w, l)
to denote a clause in which the second and the third literals arew, l respectively and the
first literal can be any literal. Letφ′ be a subformula ofφ constructed in the following
way: for every pair of literals(w, l) we count the number of clauses inφ of the form
(?, w, l). If this number is two or more, then we take intoφ′ the first two appearances
of these clauses (preserving the order of appearance). If the number of such clauses is
one or less, we don’t add anything toφ′. From each pair of clauses(x,w, l), (y, w, l) in
φ′ we take the first one to the setφ1 and the second to the setφ2. Each ofφ1, φ2 is a
random formula, though clauses inφi are not completely independent of each other: if a
clause(x, y, z) appears, then the clause(t, y, z) cannot appear. From now own we will
forgetφ and concentrate in refutingφ′. Before specifying the algorithm, we introduce
additional notation and definitions which will ease the description of the algorithm.

Definition 2. Let φ′ be a 3CNF formula withm pairs of matched clauses. Then the
following graphsG1

1, G1
2, G1

3, G
2
1, G2

2, G2
3 andG2eq are defined as follows.

G2eq: A graph whose vertices are the literals and whose edges are the following: each
matched pair fromφ1, φ2, say(x,w, l), (y, w, l) respectively, induces exactly one edge
(x̄, y). Notice that we negate the literal which corresponds to the clause ofφ1.
G1

i : A graph whose vertices are the literals and whose edges are the following: for
each clause inφ1 we omit thei-th coordinate and get a set of two literals which induces
an edge ofGi.
G2

i : This graph is similar toG1
i but its edges are induced byφ2.



Definition 3. Let φ be a formula withn variables andm clauses. Theimbalanceof a
variable i (denoted byImi) is the difference in absolute value between the number of
times it appears with positive polarity and the number of times it appears with negative
polarity. Thenormalized imbalanceof φ is

∑n
i=1 Imi

3m .

If the normalized imbalance ofφ is bounded byδ, thenφ is δ-balanced.

Definition 4. A 3CNF formulaφ has the(1−ε) 3XOR property if for every assignment
A satisfyingφ as 3CNF, at least1− ε fraction of the clauses are satisfied as3XOR.

Definition 5. A graph is said to have aδ-cut if there is a partition of it’s vertices into
two disjoint sets such that at leastδ-fraction of the edges cross this partition.

The number of matched pairs is denoted bym (in section2.3 we usedm to denote
the number of clauses inφ. From here on,m will denote the number of matched pairs
in φ′). In lemma2 it is shown that almost surely the number of matched pairsm =
8c2 ± 10c

√
n. The refutation algorithm does the following steps (ε < 1/22 is some

positive fixed constant):

1. Certify that φ′ has the(1 − 5ε) 3XOR property. This is done by certifying the
(1 − 5ε) 3XOR property forφ1, φ2 separately. If bothφ1, φ2 have this property
then alsoφ′ has this property. Specifically, verify the following (fori = 1, 2):
(a)φi is ε-balanced.
(b) Each of the graphsGi

1, Gi
2, Gi

3 has a maximum cut bounded bym(1/2 + ε).
2. Certify thatG2eq has a maximum cut with at most( 1

2 + ε)m edges.

The algorithm rejects if one of the above steps fails. We will show the following facts:
(1) a3CNF formulaφi with m clauses which satisfies conditions (a),(b) from step (1)
of the refutation algorithm has the(1−5ε) 3XOR property; this follows from Lemma1.
(2) The random graphsG1

1, G1
2, G1

3, G
2
1, G2

2, G2
3, G2eq each has a maximum cut (almost

surely) bounded bym(1/2+ ε1) for smallε1 > 0. This is done at Theorem2. (3) There
is an efficient algorithm which certifies that each ofG1

1, G1
2, G1

3, G
2
1, G2

2, G2
3, G2eq has

a maximum cut bounded bym(1/2 + ε); this is shown in Theorem3. (4) The above
refutation algorithm almost surely accepts a random formulaφ (Corollary 2). (5) A
satisfiable formula will be rejected by the algorithm (Corollary1).

Theorem 1. Letφ′ be a 3CNF formula composed of pairs of matched clauses. Denote
by G2eq be the graph induced byφ′ as described by the refutation algorithm.φ′ is not
satisfiable if all the following conditions hold:

1. φ′ has the(1− γ)3XOR property.
2. G2eq has no(1/2 + ε)-cut.
3. ε + 2γ < 1/2.

Proof. We shall show that ifφ′ is satisfiable and has the(1 − γ)3XOR property, then
G2eq has a(1 − 2γ)-cut. Combined with the fact thatG2eq has no1/2 + ε cut we
derive a contradiction (sinceε + 2γ < 1/2). Consider the cut induced on the vertices
of G2eq by a satisfying assignmentA (where in one side there are all the literals whose



value is true and in the other side there are all the literals whose value is false).A(x)
denotes the value of the literalx induced by the assignmentA. By the3XOR property
of φ′, all butγ fraction of the clauses ofφ′ are satisfied as3XOR clauses. Almost every
pair of matched clauses induces an edge which crosses the cut: Let(x, w, l), (y, w, l)
be a pair such that both(x,w, l) and (y, w, l) are satisfied as3XOR. It holds that:
A(x) + A(y) + 2(A(w) + A(l)) = 0 mod2. Thus exactly one of the literals̄x, y is true
and the other is false (under the assignmentA), and the edge(x̄, y) induced by this pair
of clauses crosses the cut. It then follows that at least1 − 2γ fraction of the edges in
G2eq are cut edges. �

Corollary 1 (Soundness).Let φ be a3CNF formula. If the refutation algorithm ac-
ceptsφ, thenφ is not satisfiable.

Proof. Let φ be a formula accepted by the refutation algorithm. The algorithm verified
that the extracted subformulaφ′ has the(1 − 5ε)XOR property and thatG2eq has no
(1/2 + ε)-cut. Sinceε < 1/22 it follows thatε + 2 · 5ε < 1/2, thus by theorem1 φ′ is
not satisfiable. �

Lemma 1 (The 3XOR lemma). Let φ be a formula withm clauses andn variables.
LetG1, G2, G3 be the following projection graphs:Gi has2n vertices associated with
the literals ofφ. The edges ofGi are derived fromφ by removing thei-th coordinate
from each clause ofφ. If the following hold:

1. φ is δ-balanced.
2. The maximum cut in eachGi is bounded bym(1/2 + ε).

thenφ has the(1− 3
2 (δ + 2ε))3XOR property.

Proof. The proof of this lemma appears at [4]; also a similar version of this lemma (for
denser random2kCNF formulas) appears at [3]. We repeat the proof for the sake of
self-containment.

Let A be a satisfying assignment. We bound from above the number of satisfied
appearances of literals. The assignment which maximizes the number of satisfied ap-
pearances of literals is the ’majority vote’: a variablex is assigned ’true’ iff it appears
more times with positive polarity than with negative polarity. Using this assignment
the total number of satisfied appearances is3m+

∑n
i=1 Imi

2 (where Imi denotes the
imbalance of variablei). It follows that on average each clause is satisfied at most
3/2 +

∑n
i=1 Imi

2m = 3
2 (1 + δ).

We next show that the fraction of clauses satisfied as3AND is at least14 −
3
2ε.

Equivalently it is enough to show that the fraction of clauses satisfied as3NAE denoted
by β is bounded by34 + 3

2ε (sinceA is a satisfying assignment). Consider the graph
G1+2+3 = G1 + G2 + G3 induced by taking the union of the edges ofG1, G2, G3. We
remind the reader that each clause ofφ contributes a ”triangle” of3 edges toG1+2+3

(e.g. the clause(x ∨ ȳ ∨ z) contributes the edges(x, ȳ), (ȳ, z), (x, z)). Consider the
cut induced by the satisfying assignmentA. Each clause satisfied as3NAE contributes
exactly2 edges to the cut, thus this cut has at least2βm edges. But the edges ofG1+2+3

are exactly the union of the edges ofG1, G2, G3 (each of them hasm edges), and each



Gi has no(1/2 + ε)-cut. Hence alsoG1+2+3 has no(1/2 + ε)-cut (at least1/3 of the
edges of the maximum cut inG1+2+3 belong toGi for somei ∈ {1, 2, 3}). It follows
that2βm ≤ (1/2 + ε)3m, giving β ≤ 3

4 + 3
2ε as needed.

It remains to show that all but a small fraction of the clauses are satisfied as3XOR
by A. Denote byα1, α2, α3 the fraction of clauses which are satisfied exactly once,
exactly twice and exactly3 times respectively (

∑3
i=1 αi = 1). We already know that

α3 ≥ 1
4 −

3
2ε and that each clause is satisfied at most3

2 + δ times on average, thus:
3
2 (1 + δ) ≥ 3 · α3 + 2 · α2 + 1 · α1. Substitutingα1 = (1 − α3 − α2) andα3 with
1
4 −

3
2ε yields thatα2 ≤ 3

2 (δ + 2ε). �

In the following theorems0 < ε1 < ε2 < 1/22. ε1 can be made arbitrarily small by
increasing the density parameterc.

Theorem 2. Letφ be a random CNF formula chosen fromFn,c/n3/2(with large enough
c). Let φ′, φ1, φ2 be subformulas derived fromφ as described by the refutation algo-
rithm. Then with high probability over the choice ofφ, the subformulaφi is ε1-balanced,
and none of the respective graphsGi

1, Gi
2, Gi

3 andG2eq has a(1/2 + ε1)-cut.

It is well known that a random graph has no(1/2 + ε1)-cut, and that a random formula
is ε1-balanced. The distributions ofGi

j , φi are ”close enough” to the standard models of
random graphs/formulas respectively, so that the proof techniques used for the random
cases can be applied also in our case. Proof details are omitted due to lack of space.

Theorem 3. There is a polynomial time algorithm that checks whether a 3CNF formula
is ε-balanced. There is a polynomial time algorithm that for every graph that does not
have a(1/2 + ε1)-cut certifies that the size of the maximum cut is at most(1/2 + ε2).

Proof. Checking that a formulaφ with m clauses andn variables isε-balanced is done
by counting positive and negative appearances for every variable, computing its imbal-
ance and averaging.

An algorithm for certifying a bound on the maximum cut of a graph is given in
[13]. Given a graph withm edges whose maximum cut is bounded bym(1/2+ ε1) this
algorithm produces a proof that the input graph has no cut of cardinalitym(1/2 + ε2).
This algorithm has the property thatε2 −→ 0 asε1 −→ 0. �

Corollary 2 (Completeness).The refutation algorithm almost surely accepts a ran-
dom formulaφ taken fromFn,c/n3/2 for big enoughc (c is big enough so thatε2 < 1

22 ).

Proof. We set the parameterε from the refutation algorithm to be equal toε2 (by taking
the constantc large enough we can makeε1, ε2 arbitrarily small). Letφ′, φ1, φ2 be the
subformulas derived fromφ as described by the refutation algorithm. By theorem2
almost surelyφi is ε1-balanced, and none of the graphsGi

1, G
i
2, G

i
3, G2eq induced byφ

has a(1/2+ε1)-cut. The refutation algorithm which uses the algorithms from theorem3
will succeed in verifying that each of the graphsGi

1, G
i
2, G

i
3, G2eq has no(1/2+ ε)-cut

and thatφi is ε-balanced, sinceε1 < ε2 = ε. �

Lemma 2. Letφ′ be the formula derived fromφ by the refutation algorithm (whereφ is
taken fromFn, c

n3/2
). Almost surely the number of matched pairs inφ′ is8c2n±10

√
c2n.



Proof (sketch).The probability that(?, w, l) appears at least twice inφ is 2c2

n (1 −
O( c√

n
)), thus the expected number of matched clauses is roughly8c2n. Using large

deviation laws (e.g. the Chernoff’s bound) we derive that the number of matched pairs
is concentrated around its expectation. �

4 Practical considerations for the refutation algorithm

Recall that our refutation algorithm extracts fromφ a subformulaφ′ that contains
matched pairs of clauses, and then refutesφ′. The longerφ′ is, the easier it is to re-
fute it. For simplicity, we matched a pair of clauses only if they agreed on their last
two literals. Moreover, every clause ofφ participated in at most one pair of matched
clauses inφ′, even though a clause may be eligible to participate in more than one
matched pair. In practical implementations, it is advantageous not to have these re-
strictions, and thus get a longer formulaφ′. In particular, we may allow the same
clause to participate in several pairs of matched clauses, by duplicating it. More im-
portantly, we may match any two clauses that share two variables (regardless of the
polarity of the variables, and of their location within the clauses). For example, the two
clauses(x,w, l) and (w̄, l, y) can be matched. Ifφ′ is satisfied by an assignmentA
that has the3XOR property, then one step of Gaussian elimination gives in this case
A(x)+A(w)+A(l)+A(y)+A(w̄)+A(l) = 0 mod 2, thusA(x)+A(y) = 1 mod 2.
Hence we will associate the edge(x, y) with this pair of matched clauses so that the
edge induced by this pair inG2eq will cross the cut which corresponds to the assignment
A. Using the principles above, the number of pairs of matched clauses that one expects

to extract from a random formula of lengthcn3/2 is roughly
(
3cn3/2

2

)
/
(
n
2

)
' 9c2n.

We used the principles above to implement the algorithm in practice. In the current
implementation, the problem of refutingφ′ is reduced to strong refutation of two 2XOR
formulas. We performed2 eigenvalue computations on matrices of sizen× n, whereas
the original refutation algorithm performed eigenvalue computations on matrices of
size2n×2n. Our implementation uses the conditions of Theorem4 to refuteφ′. Before
stating Theorem4 we need the following definition.

Definition 6. Let φ be a 2XOR formula withm clauses andn variables.Aφ is the
following symmetric matrix associated withφ. Initially Aφ is the zero matrix. For each
clause of the forms(x, ȳ) or (ȳ, x) we add+1 to positionsA(x, y), A(y, x). For each
clause of the forms(x, y) or (x̄, ȳ) we add−1 to positionsA(x, y), A(y, x).

A similar matrix can be defined for a 2EQ formula, just by reducing the 2EQ for-
mula into a 2XOR formula.

Theorem 4. Let φ′ be a 3CNF formula withm pairs of matched clauses andn vari-
ables. Letφ2xor be the 2XOR formula induced by replacing each 3CNF clause ofφ′ by
3 2XOR clauses (one for every two literals). Letφ2eq be the 2EQ formula induced by
adding pairs of matched clauses mod2. If the following hold thenφ′ is not satisfiable:
(1) φ′ is δ-balanced.
(2) The largest eigenvalues of matricesAφ3xor

, Aφ2eq
are bounded byλ3xor, λ2eq.

(3) 3δ + n
4m (λ3xor + λ2eq) < 1/2.



Lemma 3 (2XOR strong refutation). Letφ be a 2XOR formula withm clauses. Ifλ is
the maximum eigenvalue ofAφ thenφ is at most(1/2 + ε) satisfiable, forε = nλ/4m.

Proof (sketch).Take the most satisfying assignment T and use the Rayleigh quotient of
its corresponding{±1} vector (in indexi we put1 iff T (i) = true) to lower boundλ.
�

Lemma 4 (3XOR property certification). Letφ be a 3CNF formula which isδ-balanced
with m clauses andn variables. Assume that the 2XOR formula induced by replacing
each 3CNF clause by3 2XOR clauses is at most(1/2 + γ) satisfiable. Thenφ has the
(1− 3/2(δ + 2γ))3XOR property.

Proof. The proof is very similar to the proof of Lemma1, details omitted.

Proof (of Theorem4). Assume thatφ′ is satisfiable as 3CNF and show that proper-
ties (1),(2) contradict property (3). By Lemma3 φ3xor andφ2eq are at most(1/2 +
e3xor), (1/2+ε2eq) satisfied respectively (e3xor = nλ3xor/(4·6m), e2eq = nλ2eq/4m).
Using Lemma4 we conclude thatφ′ is (1 − 3/2(δ + 2e3xor)) satisfied as 3XOR.
Each pair of matched clauses ofφ′ for which both clauses are satisfied as 3XOR
yields a satisfied 2EQ clause ofφ2eq. As φ2eq is at most(1/2 + ε2eq) satisfied, we
conclude that1 − 3(δ + 2e3xor) ≤ 1/2 + e2eq implying 3(δ + 2e3xor) + e2eq ≥
1/2. Substitutinge3xor, e2eq with the bounds derived from Lemma3 we conclude that
3δ + n

4m (λ3xor + λ2eq) ≥ 1/2 which contradicts property (3). �

We generated several random formulas withn = 5 · 104 variables and27335932 =
d2.445 · n3/2e clauses. Our algorithm refuted all of them (our current implementation
fails to refute formulas of significantly lower clause density). We give more detailed re-
sults for one specific (though typical) run. Our algorithm extracted a subformulaφ′ with
m = 2689832 pairs of matched clauses. Table 1 summarizes the values computed by
the algorithm along with a heuristic estimation of what we could have expected them to
be. Let us explain the heuristic bounds used in the table. To estimate the largest eigen-
value of a symmetric matrix we use the formula2

√
d whered is the averagel1 norm

of each of the rows. This bound is known to be true for various random graph models,
but apparently is too optimistic forG3xor. To estimate the imbalanceδ we assume that
each variable appears exactly6m/n times, each time with random polarity. The differ-
ence between the number of positive and negative appearances behaves like the distance
from 0 when performing a random walk of length6m/n onZ (starting from0). The ex-
pected square of the distance is6m/n, and

√
6m/n is an upper bound on the expected

distance. We estimated the expected normalized imbalance asn
√

6m/n/6m =
√

n
6m .

m λ2eq λ3xor δ Bound

Algorithm 268983220.8961 54.6503 0.048662 0.49706 < 1/2

Heuristic bound:269011220.7454 50.8157 0.05565 0.49946 < 1/2

(using formula) ≈ 9c2n 2
√

18c2 2
√

108c2
√

n
6m

n
4m

(λ2eq + λ3xor) + 3δ

Table 1.Results for a random formula with5 · 104 variables and27335932 clauses.



A few words about the implementation of our algorithm. The part of extracting the
subformulaφ′ was implemented in C. The other parts (computing the imbalance and the
eigenvalues) were implemented in Matlab. To save memory we used Matlab’s sparse
matrix objects. The heavy part of the algorithm is computing the largest eigenvalues
of the two matricesA3xor, A2eq. This part took63 minutes on an Intel Xeon CPU
1700MHz with 256K cache and 2Gbyte memory (Linux).

It may be interesting to see if other refutation algorithms (such as the ones based on
resolution or on OBDDs) can handle random formulas with as many variables as those
handled by our algorithm. We have not made a serious attempt to check this.
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