Introduction to Statistical Learning Theory

Lecture 4




Rademacher Calculus

Quick recap:

We have seen that that VC dimension determines PAC learnability for
binary classification:

Theorem (Fundamental Theorem of Statistical Learning)

Let H be a hypothesis class of functions from a domain X to {0,1} and
let the loss function be the 0 — 1 loss. The following are equivalent:

H has uniform convergence.

The ERM is a PAC learning algorithm for H.
H is PAC learnable.

H has finite VC dimension.



Lower bounds on sample complexity

We have shown that if VC(#H) = d then we can learn with
M(e, 8) =0 (M) (and claimed the In(1/¢) can be removed).
We will show that this bound is tight (up to the In(1/¢)).

Theorem (Complexity lower bound)

Let H be a hypothesis class of functions from a domain X to {0,1} with
VC(H) > 0 and let the loss function be the 0 — 1 loss. Any PAC learning

algorithm has sample complezxity M(e, ) = (%21/5))



Lower bounds on sample complexity

[ Jelele]

6 bound

We will split the dependence in ¢ and d, starting with 4:

Lemma (1)

Under the previous conditions, M(e,§) > 0.5log(1/(46))/€* for
e < 1/V/2.

The idea of the proof is to pick 2 almost identical distributions
(depending on €) with different optimal solution, so that in order to
differentiate with high probability a large number of samples is needed.

Proof: Choose some ¢ € X that H shatters. For each b € {+1} we will
define a distribution Dj that picks ¢ with probability 1, and b with
probability 43¢, This means that Dy((c,y)) = 1+by€ It is also not hard

to see that Lpb(h) = %.




Lower bounds on sample complexity
[e] Tele}

6 bound

Since Lp, (h) = 1= bg(c) the optimal hypothesis has Lp, (h*) = 15¢, so if
h(c) # b then Lp,(h) = 1€ = Lp, (h*) + €. This means that h is an €

approximation iff h(c) =

We will use the following notations: As x is irrelevant, we will only look
at Y = (y1,..., ym). Also we will write A(Y') for A(Y')(c) (as this is what
we care about). Lastly we will define Ny = {Y € {£1}™: Y y; > 0}
and N_ = {£1}"™\ ;.

Notice that for Y € Ny, we have P.(Y) > P_(Y) and the opposite for
Y e N_.

We will now show that optimal algorithm (considering the worst case
out of D4 and D_) is the ERM.



Lower bounds on sample complexity
[e]e] e}

6 bound

max P, (A(Y) #5) > 3 PL(A(Y) = ~1) + 5 P(A(Y) = 1)

be{+}
=1 3 P ONOLAY) = 1)+ 3 PLYVIAY) = 1)+
YeN+ YEN_

- Z P_(Y)L(A(YY + Y P =1 =
Y6N+ YeN_

= Z PL(Y)L(A(Y) = 1) + P_(Y)I(A(Y) = 1)+

Y€N+

5 Z PL(Y)LAY) = -1) + P-(Y)L(A(Y) = 1) >
YeN,

= Z P_(Y)I(A(Y) = -1) + P_(Y)L(A(Y) = 1)+
Y6N+

= Z PL(Y)L(A(Y) = 1) + P (Y)TL(A(Y) = 1) :%(LM(ERMHLQ(ERM))
Y€N+



Lower bounds on sample complexity
[e]e]e] ]

6 bound

For the ERM, Lp, (ERM) = Lp_(ERM) (up to ties which we can
exclude by having uneven m). Both are equal that a binomial

B(m, (1 — €)/2) has a value greater then m/2. This can be bounded
using Slud’s inequality:

Theorem (Slud’s inequality)

Let X ~ B(m, (1 —¢€)/2) then

PX >m/2) > 3 (1 V= ep(-me/(1 - &)

So the error probability is greater or equal to
1 (1 — /1 —exp(—me2/(1 — 62))> >1 (1 —/1- exp(—2me2)> using
the €2 < 1/2 assumption. We can conclude that for m < 0.51n(1/(44))/€>

max P (LDb<A<Y>> ~ min L, (1) > ) > L0 VI 1)25

Where the last inequality is simple algebra (noticing the theorem is
trivial for 6 > 1/4) . This finishes the proof.



Lower bounds on sample complexity

[ Jelele]

VC bound

We now need to bound the dependence in d = VC(H)

Lemma (2)

Under the previous conditions, M(e,d) > Sig for e < 1/8V/2.

The proof is similar to the previous proof. Define p = 8¢. Pick ¢y, ..., ¢q
that H shatters. for any b € {£1}¢ define a distribution Dj, that first
picks = ¢; uniformly out of ¢y, ..., ¢g then picks y with probability
(1+ ybip) /2.

The next step is to prove that the ERM is optimal algorithm when
considering worst case. The proof is very similar to what we did earlier
(using independence and the same tricks) but a bit more cumbersome so
we will skip it.



Lower bounds on sample complexity

0e00

VC bound

For any function f

I, (f) = 2 WEM: Se) 203l 1=p Wi€ld: Jle) = bl

So Lp, (f) —miny Lp, (h) = p- |{i€[d]1féci)7ﬁbi}|'

We will bound Eg pm [Lp,(ERM(S)) — znl?r_[l Lp, (h)] next:
€

Es[Lp,(ERM(S)) ~min Lp, ()] = FEs({i € [d] : ERM(c:) # b}

We can look at the sampling as first sampling the ¢; index K ~ U([d])™
and then sampling the labels y; ~ bk, (with some abuse of notation).



Lower bounds on sample complexity

[e]e] o]

VC bound

We define for each K € [d]™, n;(K) the number of times the index 4
appears in K. Then

=1
d d
% % ZEK(l — /1 —exp(—2p%n;(K))) % 2fpd ZEK(l — V2p?n;(K)))
i=1 i=1
d
2L 21 (1- V2o Bkl (K)]) = 2 > (1- v2m/d)
g (1 - 2p2m/d>

Where (1) is Slut’s inequality as before (using p? < 1/2), (2) if from the
inequality 1 — e™® < a and (3) is Jensen’s inequality.



Lower bounds on sample complexity

[eJe]e] ]

VC bound

In summery we have shown so far that for every algorithm A, there
exists a distribution such that
Es(Lp, (A(S)) — minen Lp, ()] = § (1= /2p7m/d) > 4

d_ _ d_
for m < g5z = 857

To finish we will use a version of the Markov inequality
P(X >a) > E[X]—a, for X €0,1], a € (0,1). Define
A= % (Lp,(A(S)) — minpey Lp,(h)) and notice that A € [0, 1].

P(Lp,(A(S)) — min L, () > €) = P(A > ¢/p)

finishing the proof of the lemma. With both lemmas, the theorem is
straightforward.



Lower bounds on sample complexity

[eJe]e] ]

VC bound

In summery we have shown so far that for every algorithm A, there
exists a distribution such that
Es(Lp, (A(S)) — minen Lp, ()] = § (1= /2p7m/d) > 4

d_ _ d_
for m < g5z = 857

To finish we will use a version of the Markov inequality
P(X >a) > E[X]—a, for X €0,1], a € (0,1). Define
A= % (Lp,(A(S)) — minpey Lp,(h)) and notice that A € [0, 1].
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finishing the proof of the lemma. With both lemmas, the theorem is
straightforward.



Lower bounds on sample complexity
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VC bound

In summery we have shown so far that for every algorithm A, there
exists a distribution such that
Es(Lp, (A(S)) — minen Lp, ()] = § (1= /2p7m/d) > 4
d
W.

for m < 83d€2 =

To finish we will use a version of the Markov inequality
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finishing the proof of the lemma. With both lemmas, the theorem is
straightforward.



Lower bounds on sample complexity

remarks

We have seen that learning is possible with
M(e, 6) =0 (MZFIH(W) using the ERM algorithm, and that

€

M(e, 6) = Q <%§/5)> for any learning algorithm.

We have seen (and it can be extended) that the ERM is optimal when it
comes to minimizing the worst case scenario.

It is important to note, that under further assumptions (such as
smoothness, etc.) other algorithms may perform much better.



Rademacher Complexity

[ Jelele]

Definition

So far we have studied learnability via uniform convergence in binary
classification. We will now show a more general was to bound uniform
convergence - Rademacher complexity.

First a small notation change - define z = (z,y) and I(h, z) = I(h(z),y).
This allows us to work in a more general setting with the same notation.

Another notation for simplicity: Define F =1 o H, so for f € F-
Lp(f) = Ep[f(2)] and Ls(f) = 1 ;f(zi)-

We are interested in bounding sup (Lp(h) — Lg(h)). As we have seen
heH
before, a good proxy for Lp(h) is Lg(h) the loss on some second test

sample. As we only have S we can split it into two equal size disjoint
sets, S1 and 5.



r Complexity

Definition

sup (Lg, (h) — Lg, (h)) = isup( > flz)— X2 f(Zj)> =
heH feEF \zi€S2 2;€81

m
2 sup (Z O'Z‘f(Zi)>. where o; € {£1} indicates if z; is in S7 or Sy. If we
feF \i=1

randomize o; we get the Rademacher complexity.

Definition (General Rademacher Complexity)

m
For A C R™ define R(A) = %]an{il}m [sup > aiai]
a€Ai=1

Definition (Empirical Rademacher Complexity)

Define Fo S = {(f(21), .-, f(zm)) : f € F} C R™ the empirical
Rademacher complexity is defined as

R(Fo8) = o qsrym lSUP > Oif(zi)]
feFi=1



1er Complexity ademacher Calculus

Definition (Rademacher Complexity )

The Rademacher complexity of F is the expected empirical Rademacher
complexity, Rp(F,m) = Egwpm [R(F o S)]

The following lemma gives a nice intuition of the Rademacher
complexity when considering binary classification

Lemma

Let H : X — {£1}, Sx = {z1,...,xm} C X. Define err(H) as the
expected sample error of the ERM algorithm on random labels, then

err(H)=1/2(1 — R(H o Sx)).



er Complexity Rademacher Calculus

Let o be any labeling on S,. Then

Lsyo(h) = = 3" 1{h(a) # o1}

This means that

Ls, -(ERM) = mm -2 Zaz (i) = 5 — 5= I}]LflaXZO'Z (x;). Take
et =1
expectation with regard to al ~ {:l:l}m and you get the Rademacher

complexity. [



ademacher Complexity Rademacher Calculus

Let o be any labeling on S,. Then

Lsy.o(h) = % S 1 {h(w:) # 01} = % 3 1—02h(ﬂf)
=1

=1

This means that

Ls, -(ERM) = mm -2 Zaz (i) = 5 — 5= I}]LflaXZO'Z (x;). Take
et =1
expectation with regard to O‘l ~ {:l:l}m and you get the Rademacher

complexity. [



ademacher Complexity Rademacher Calculus

Let o be any labeling on S,. Then

Lsy.o(h) = % S 1 {h(w:) # 01} = % 3 1—02h(ﬂf)
=1

=1

This means that

Ls, -(ERM) = mm -2 Zaz (i) = 5 — 5= I}]LflaXZO'Z (x;). Take
et =1
expectation with regard to O‘l ~ {:l:l}m and you get the Rademacher

complexity. [



Rademacher Complexity

®00000

reneralization
Lemma

Eg~pm []Sclelg(Lb(f) — Ls(f))] < 2Rp(F,m)

Proof: Let S ~ D™ be another sample, then

Lp(f) — Ls(f) = Eg[Lg(f)] — Ls(f) = Eg[Lg(f) — Ls(f)] (1)

therefore:
sup(Lp(f) — Ls(f)) =sup Eg[Lg(f) — Ls(f)] (2)
fer feF
< Eg[sup(Lg(f) — Ls(f))] (3)

feFr




Taking expectation with regard to S we get
Es~pm[sup(Lp(f) = Ls(f))] < Egglsup(Lg(f) = Ls(f))]  (4)
fer fer




[e]e] lele]e}

generalization

This is true since z; and Z; are drawn from the same distribution. We
can do this for all 1 < j < m and get

Esprsup(Lp(f) — Ls(f))] < —
feF m

1 m
< ESS o ?161?: <Z oif ZZ > + ?161-1; (Zz: sz(zz)>] (10)
= 9Rp(F,m) O (11)



acher Complexity Rademacher Calculus

In order to turn our expectation bound to a high-probability bound, we
need a concentration of measure theorem. We will use Mcdiarmid’s
inequality.

Theorem (McDiarmid’s Inequality)

Let V' be some set and f: V'™ — R be a function such that for some
¢>0 and all x1, ..., Tm, x, € V we have

| £ (@1, s Tm) — F(T1, ey Tim1, Ty Tt 1,5 -, T )| < € (12)

If X1, ..., X, are independent r.v. taking values in V, then with
probability greater or equal to 1 — § we have

£ (X1 ooy Xom) = BF(X1s s Xo)]| < ¢4 [In (?) =z (13)



generalization

We can now state and prove the main theorem -

Theorem
If for all z and h € H we have |l(h, z)| < c. Then with probability at

least 1 — 0, for all h € H.:

|Lp(h) — Ls(h)| < 2Rp(F,m) + cy/ 222/
|Lp(h) — Ls(h)| < 2R(F o0 §) + 3¢/ 224/

—

Lp(ERM) — Lp(h*) < 2R(F 0 §) + 5¢y/ 2nE/

m

Notice that the last two inequalities only use the empirical sample, and
can (up to computational complexity issues) be calculated for a given
instance.



Rademacher Complexity

0O0000e

generalization

Proof:

We have sup(Lp(h) — Lg(h)) satisfies the bounded diffrences condition
heH

eq. 12 with constant 2¢/m. Using the expectation bound of lemma 10
and the McDiarmid’s inequality we have with probability > 1 — ¢

sup (Lo (h) — Ls(0)] < Esfsup(Lo(h) — Ls()] +eyf L2
<2Rp(F,m)+c¢ w (15)

To prove the second inequality we note that Rp(F, m) satisfies the
bounded difference condition with the same constant, so with probability
>1-4/2, we have Rp(F,m) < R(F 0 5) + cy/ %. This and the
union bound finish the proof of part 2.

The last part uses the 2nd inequality, the Hoeffding inequality to bound
Lg(h*) — Lp(h*) and the union bound. It is left as an exercise. O



We will prove some useful theorem for bounding the Rademacher
complexity.

Lemma
For any A € R™, scalar ¢ > 0 and v € R™ we have R(cA + v) = cR(A).

R(cA+v) = ! —E,

- sup Z oi(ca; + v;)

aeAl 1

csup (Z cmzl) aF Z O;V;

acA

0'

= cR(A) + Z By [07] = cR(A)
1:1

0l



Rademacher Calculus

Lemma

For any A € R™, R(conv(A)) = R(A), when conv(A) is the convex hall
of A.

Define A" = {X € R":Vi: X\; >0, >.i* ; A = 1}. The convex hall is
defined as conv(A) = {327, \ia® : Via® € A, A € A"}. The key
observation is that for every vector a we have supyean > Aiz; = max; ;.

mR(conv(A)) = E, | sup sup Z o; Z Aj a(J
AEAT a(l) a(")eA i=1 —

sup g ;0

aEAZ 1

=E, | sup Z Aj supz oia =E, = R(A)

redr = a0 i




Rademacher Calculus

Lemma (Massart Lemma)

N
If A={ay,....,an} € R™ is a finite set and a = % > a;, then
(16)

A) < —a
R(4) < max|lo —al

Immediate corollary - if [ is the zero one loss and H has V' C dimension d
then R(loH o 5) < y/2dMnlem/d),

Proof: Using lemma 13, we can assume a = 0 and recall that
R(AA) = AR(A) for A > 0.



Rademacher Calculus

mR(\A) = E, [greuﬁ (o, b>] —E, [111 (max e<o,b>>}

beXA
1
In (Z e<”’b>>] <In (IE)(7 Z e<”’b>])
beXA beENA

2y, (Z ITe. [eb]> < (Z Hebw)

beAA beXA

< Eo

Where (1) is the Jensen inequality, (2) is from independence, and (3) is

from a technical inequality % < e’/2 we will prove shortly. We now

have

AmR(A) = mR(AA) < In <Z €|b|2/2>

beAA



Rademacher Calculus

mR(\A) = E, [greuﬁ (o, b>] —E, [111 (max e<o,b>>}

beAA
1
In (Z e<”’b>>] <In (IE)(7 Z e<”’b>])
beXA bENA

2y, (Z ITe. [eb]> < (Z Hebw)

bEAA bENA

< Eo

Where (1) is the Jensen inequality, (2) is from independence, and (3) is

from a technical inequality % < e’/2 we will prove shortly. We now

have

AmR(A) = mR(MA) < In ( y- e|b|2/2> < In(|AJ) + max A2||al|?/2
ac
berA



Rademach:

We have R(A) < In(JAD+)* maxae 4 (llall*/2) Setting

Am

A = /2In(]A])/ max,e 4 ||a]|? concludes the proof.

o0

We still need to prove €2 < e?’/2, Using the Tylor series e® = %
i=0
—a S n
ete = Z . On the other hand e /% = )" % Observing that
i=0
(2n)! > 2"n! ﬁmshes the proof. O



Rademacher Calculus

Lemma (Contraction Lemma)

For alli € [m], let ¢; : R — R be a p—Lipschitz function. For all
a € R™, define ¢(a) = (¢1(a1), ..., dm(am)). Then R(¢po A) < pR(A).

Using lemma 13 we can assume p = 1. Moreover if we define
A ={(a1,...,ai—1,9(a;), ait1, ..., am) : a € A}, it is enough to show
R(A;1) < R(A).

mR(A;) = E, | sup Zalaz =, Sup o1¢(a1) + ZUZQZ (17)
aeAli 1 =2
1
= E |sup ai) + » oia; | +sup (a1) + ) oiai
202, Om | e A ( ZZQ i z) e < ) Zz; i z)]
) m
— - E sup | ¢(a1) — p(a)) + > oi(a; + af) (19)
02,--50m | g a/c A =2




Rademacher C:

1 m

<= E sup | |a1 — af] —1—201‘(%4-%) (20)
20'27---70'm a,a’€A i—2
1 m

=—- E sup | a1 —a’1 +Zai(ai+a;) (21)
202, 00m a,a'c€A 2

Where the last equality is from the fact we can switch a and a’. If we
look at steps 17 — 19 using ¢ = Id we see that the last line is equal to
R(A) finishing the proof 0.
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