Introduction to Statistical Learning Theory

Lecture 6




Definition

So far we have studied learnability via uniform convergence in binary
classification and regression. We will now show a more general was to
bound uniform convergence - Rademacher complexity.

First a small notation change - define z = (z,y) and I(h, z) = [(h(x),y).
This allows us to work in a more general setting with the same
notation.

Another notation for simplicity: Define F =1 o H, so for f € F-
Lp(f) = Ep[f(2)] and Ls(f) = 1 Zlf(zi)-

We are interested in bounding sup (Lp(h) — Lg(h)). As we have seen
he

before, a good proxy for Lp(h) is L 5(h) the loss on some second test
sample. As we only have S we can split it into two equal size disjoint
sets, S1 and S5.



Rademacher Complexity

Definition
sup (Lg, (h) — Ls, (h)) = 2 sup ( > )= X2 f(%‘)) =
heH feF \ z;€59: ZjES1

m

% sup (Z O'Zf(ZZ)> where o; € {£1} indicates if z; is in S7 or Sy. If
feF \i=1

we randomize o; we get the Rademacher complexity.

Definition 1.1 (General Rademacher Complexity)

m
For A C R™ define R(A) = %EGN{il}m {sup > Uiai]
acAi=1

Definition 1.2 (Empirical Rademacher Complexity)

Define F o S = {(f(21), ..., f(zm)) : f € F} C R™ the empirical
Rademacher complexity is defined as

g Uz'f(zi)]

i=1

R(./TO S) = %an{il}m sup
fer



Definition 1.3 (Rademacher Complexity )

The Rademacher complexity of F is the expected empirical Rademacher
complexity, Rp(F,m) = Eg.pm [R(F o S)]

The following lemma gives a nice intuition of the Rademacher
complexity when considering binary classification

Lemma 1.4

Let H : X — {£1}, Sx = {z1,...,xm} C X. Define err(H) as the
expected sample error of the ERM algorithm on random labels, then

err(H) =1/2— R(H o Sx)/2.



ademacher Complexity tademacher Calculus

(o] J

Let o be any labeling on S,. Then

Lsy.o(h) = % S 1 {h(w:) # 01} = % 3 1_02;1(37)
=1

=1

This means that

m
Ls, -(ERM) = %171{1 -2 Z oih(z;)) = 3 — %r}llaez%—zzl oih(x;).
Take expectation with regard to o; ~ {£1}™ and you get the

Rademacher complexity. [



g n
Lemma 1.5

Eg~pm []sgelg(LD(f) — Ls(f))] < 2Rp(F,m)

Proof: Let S ~ D™ be another sample, then

Lp(f) — Ls(f) = BEglLg(f)] = Ls(f) = EglLg(f) — Ls(f)] (1)

therefore:
sup(Lp(f) — Ls(f)) =sup Eg[Lg(f) — Ls(f)] (2)
feF feF

< Eg[?gg(Lg(f) — Ls(f))] (3)







omplexity

generalization

This is true since z; and Z; are drawn from the same distribution. We
can do this for all 1 < 7 < m and get

Es~pm[sup(Lp(f) — Ls(f))] < % 8.8,0 [SUP Z oi(f(i) zl))]

feF fer 4

< %ES,S,U ?1612 <; Uif(fi)> + ?telg <i1 o — f(%))] (10)
= 2Rp(F,m) [ (11)
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generalization

In order to turn our expectation bound to a high-probability bound, we
need a concentration of measure theorem. We will use Mcdiarmid’s
inequality.

Theorem 1.6 (McDiarmid’s Inequality)

Let V' be some set and f: V™ — R be a function such that for some
c¢>0 and all x1, ..., Tm,x, € V we have

| £ (@1, ooy Tm) — F(T1, oy Tim1, Ty Tt 1,5 -, T )| S € (12)

If X1, ..., X;n are independent r.v. taking values in V', then with
probability greater or equal to 1 — § we have

£ (X1, oy Xom) = BF(X1s s Xo)]| < €4 [In (?) = (13)



1acher Complexity

Jization

We can now state and prove the main theorem -

Theorem 1.7

If for all z and h € H we have |l(h, z)| < c¢. Then with probability at
least 1 — 0, for all h € H.:

|Lp(h) — Ls(h)| < 2Rp(F,m) + ¢ 21n(2/4)

|Lp(h) — Ls(h)| < 2R(F o0 5) + 3¢/ 224/2)

—

Lp(ERM) — Lp(h*) < 2R(F 0 S) + ey 28/

m

Notice that the last two inequalities only use the empirical sample, and
can (up to computational complexity issues) be calculated for a given
instance.



Rademacher Complexity

[e]e]e]e]

generalization

Proof:
We have sup(Lp(h) — Lg(h)) satisfies the bounded diffrences condition
heH

eq. 12 with constant 2¢/m. Using the expectation bound of lemma 1.5
and the McDiarmid’s inequality we have with probability > 1 — §

sup(Lp(1) ~ Ls(1) < Bslsup(Lp(h) ~ Ls(W)] + eyf 22l (1a)

heH
< QRD(}Zm)wLC\/%W(SX (15)

To prove the second inequality we note that Rp(F,m) satisfies the
bounded difference condition with the same constant, so with probability
>1—9/2, we have Rp(F,m) < R(FoS)+c %. This and the
union bound finish the proof of part 2.

The last part uses the 2nd inequality, the Hoeffding inequality to bound
Lg(h*) — Lp(h*) and the union bound. It is left as an-exerecise. O



We will prove some useful theorem for bounding the Rademacher
complexity.

Lemma 2.1
For any A € R™, scalar ¢ > 0 and v € R™ we have R(cA+ v) = cR(A).

1
R(cA+v) = mIEg Supz oi(ca; +v;)| =

aeA

csup (Z Ulaz> aF Z oiV;
i=1

acA

=cR(A sz [0i] = cR(A)

0'

O]



Rademacher Calculus

her Complexity

For any A € R™, R(conv(A)) = R(A), when conv(A) is the convex hall
of A.

Define A" ={A e R":Vi: X\; >0, >." ; \; =1}. The convex hall is
defined as conv(A) = {327, \ia® : Via® € A, A € A"}. The key
observation is that for every vector a we have supyean Y A\iz; = max; ;.

mR(conv(A)) = E, | sup sup Z o Z Aj a(J
AEA™ a(l) a(")eA i=1 —

=, | sup Z)\ supZal =E,

sup Z ;0
AGA" ald) a€A " i—1

Lecture 6



Rademacher Calculus

Lemma 2.3 (Massart Lemma)

N
If A={ay,....,ap} € R™ is a finite set and a = % > a;, then

21In(N)

A) < —a 1
R(4) < mag|la —al (16)

Immediate corollary - if [ is the zero one loss and H has VC dimension d
then R(loH o 5) < 4/ 24nlem/d),

Proof: Using lemma 2.1, we can assume a = 0 and recall that
R(MAA) = AR(A) for A > 0.



Rademacher Calculus

mR(A) = E, [max (o, b>] = E, [ln (max e<"’b>>}
beEAA beAA

1
In (Z e<”’b>>] <In (IE)(7 Z e<”’b>])
beXA

. (Z e, [eai.biD S (;AH eb?/2>

bEAA bENA

< Eo

Where (1) is the Jensen inequality, (2) is from independence, and (3) is

from a technical inequality % < e’/2 we will prove shortly. We

now have

AMmR(A) = mR(MA) < In ( Y e”b”2/2) < In(|A[) + max A2||al|?/2
ac
beAA



Rademach:

We have R(A) < In(AD+A* maxaca(llall*/2) — Gotting

Am

A = /2In(JA])/ max,e ||a]|? concludes the proof.

We still need to prove € +67a < /2, Using the Tylor series

o0

e = % SO a+e * = Z (Qn), On the other hand e®*/2 = Z Z"n'
i=0
Observing that (2n)! > 2”n! finishes the proof. O



Rademacher Calculus

Lemma 2.4 (Contraction Lemma)

For all i € [m], let ¢; : R — R be a p—Lipschitz function. For all
a € R™, define ¢(a) = (¢1(a1), ..., dom(am)). Then R(po A) < pR(A).

Using lemma 2.1 we can assume p = 1. Moreover if we define
A ={(a1,...,a;—1,0(a;), @jt1, ....,am) : a € A}, it is enough to show
R(A;) < R(A).

- O'

mR(A;) = E,

sup E 00

supo1¢(ar) + Z Jzall (17)

a€A i—1 a€A i—2
1 m
= Doom 2‘613 ( Z Uz@z) - cszlel}?x ( (a1) + ; am)]
1
=5, E | sup | (@) - ¢(ay) + Z oi(a; + a;) (19)
02:0m | g a’€A i—2




Rademacher C:

1 m

<= E sup | |a1 — af] +Zai(ai+a2) (20)
209,0m |garcA o
1 m

== E sup | a; —aj +Zai(ai+a;) (21)
202,0m |garcA o

Where the last equality is from the fact we can switch a and a’. If we
look at steps 17 — 19 using ¢ = Id we see that the last line is equal to
R(A) finishing the proof 0.
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