Random Walks on Regular and Irregular Graphs

Don Coppersmith^∗ Uriel Feige^† James Shearer^‡

Abstract For an undirected graph and an optimal cyclic list of all its vertices, the cyclic cover time is the expected time it takes a simple random walk to travel from vertex to vertex along the list, until it completes a full cycle. The main result of this paper is a characterization of the cyclic cover time in terms of simple and easy to compute graph properties. Namely, for any connected graph, the cyclic cover time is Θ(n^2d_{ave}(d�^1)_{ave}), where n is the number of vertices in the graph, d_{ave} is the average degree of its vertices, and (d�^1)_{ave} is the average of the inverse of the degree of its vertices. Other results obtained in the processes of proving the main theorem are a similar characterization of minimum resistance spanning trees of graphs, improved bounds on the cover time of graphs, and a simplified proof that the maximum commute time in any connected graph is at most 4n^3/27 + o(n^3).

Key words: Random walks, graphs, electrical resistance. AMS subject classifications: 05C99, 60J15, 68R10.

1 Introduction

Let G = G(V, E) be a simple connected graph on n vertices and m edges. For any vertex v ∈ V , d_v denotes the degree of v (the number of edges incident with v). We consider random walks on G, where at each step the random walk moves to a vertex chosen at random with uniform probability from the neighbors of the current vertex. For two vertices u, v ∈ V , the hitting time H[u, v] is the expected number of steps it takes a walk that starts at u to reach v, and the commute time C[u, v] is the expected number of steps that it takes a walk to go from u to v and back to u (that is, C[u, v] = H[u, v] + H[v, u]). The cover time of a graph, EC[G], is the expected number of steps it takes a random walk to visit all vertices of the graph, starting at the worst possible vertex (that maximizes this value).

∗IBM T.J. Watson Research Center, Yorktown Heights, New York. copper@watson.ibm.com. †Department of Applied Math., The Weizmann Institute, Rehovot, Israel. feige@wisdom.weizmann.ac.il.

Supported by a Koret Foundation fellowship.

‡IBM T.J. Watson Research Center, Yorktown Heights, New York.

Aleliunas et al. [2] showed that for any connected graph, EC[G] < 2nm. This bound has been refined by Kahn et al. [14], who proved a bound of EC[G] ≤ 4n^2d_{ave}/d_{min}, where d_{ave} is the average degree of the graph, and d_{min} is its minimum degree. This bound takes into account the structure of the graph: for regular graphs the bound is low, O(n^2), whereas for irregular graphs, those which have a high ratio d_{ave}/d_{min}, the bound is higher.

In this paper we further study the relation between “regularity” of a graph and random walks. However, we use a different measure of regularity, namely d_{ave}(d^{−1})_{ave}, where (d^{−1})_{ave} is the average of the inverse of the degrees of the vertices. This measure obtains its minimum 1 on regular graphs, and its maximum Ω(n) on highly irregular graphs that have a linear number of vertices of constant degree and a linear number of vertices of degree Ω(n). It was argued in [10] that this measure is preferable to d_{ave}/d_{min}, since it is more robust. Introduction of even a single vertex of small degree can cause d_{ave}/d_{min} to increase by a multiplicative factor of Θ(n), whereas d_{ave}(d^{−1})_{ave} would increase by at most a constant factor.

Using our regularity measure, we provide an almost tight characterization of a property that is closely related to the cover time. The cyclic cover time, ECC[G], is the expected number of steps it takes to visit all vertices of the graph in a prespecified cyclic order, for the best cyclic order (that minimizes this value). That is,

ECC[G] = H[v_{i1}, v_{i2} ] + H[v_{i2}, v_{i3} ] + ... + H[v_{in−1}, v_{in} ] + H[v_{in} , v_{i1} ]

where (i_1, i_2, ..., i_n) is a permutation that minimizes the above sum. Clearly, ECC[G] > EC[G]. Our main theorem states that for any graph G, ECC[G] is characterized up to a constant factor by d_{ave}(d^{−1})_{ave}.

Theorem 1 For any connected graph G,

(X_{v∈V dv)(}X_{v∈V} 1_{dv + 1) ≤ ECC[G] ≤} 10_{3 (}X_{v∈V dv)(}X_{v∈V} 1_{dv + 1)}

Observe that P_{v∈V} d_v = 2m = nd_{ave}, and P_{v∈V} 1/d_v = n(d^{−1})_{ave}. Thus the features of the graph that characterize its cyclic cover time can be abstracted to the single easily computable quantity d_{ave}(d^{−1})_{ave} (in particular, it is computable in deterministic logarithmic space), with loss of only a constant factor in the accuracy of the value computed for the cyclic cover time.

A simple corollary of Theorem 1 is that for any connected graph, EC[G] < 10 3 n^2d_{ave}(d^{−1})_{ave}. This is an improvement of the [14] bound on the cover time, since for every graph, d_{ave}(d^{−1})_{ave} ≤ d_{ave}/d_{min}. However, the bounds that we obtain on the cover time are far from tight. Observe that the bounds that we derive are Ω(n^2), whereas the cover time of a graph may be as low as O(n log n) (for a clique, or a star). Better bounds on the cover time can sometimes be obtained from the relation EC[G] ≤ max_{u,v}[H[u, v]] ln n [15]. The maximum hitting time on a graph can be computed in polynomial time. Alternatively, it can be bounded from above by the maximum commute time, which in turn can be bounded by 2mD, where D is the diameter of the graph, or even characterized exactly by 2mReff, where Reff is the maximum effective resistance in the graph (see [6], and also Section 3). We remark that it is not known whether the diameter of a graph or its maximum effective resistance are computable in deterministic logspace.

2 A travelling salesperson formulation of cyclic cover time

For any undirected connected graph G = G(V, E), we can construct the following directed weighted complete graph G^′ = G^′(V, W ), where W is the sequence of weights associated with the edges of G^′. The vertex set of G^′ is identical to that of G. Any two vertices u, v ∈ V are connected by two antiparallel directed edges in G^′. The weight of edge (u, v) is set to be identical to the hitting time H[u, v]. The problem of computing the cyclic cover time of G is thus equivalent to solving travelling salesperson (TSP, finding the Hamiltonian cycle of least weight) on the directed graph G^′. (One may regard the problem of finding the optimal cyclic cover tour as a drunken salesperson problem, where the salesperson wanders at random from town to town, searching for the next town on his/her list. What is the optimal ordering of towns on the list?)

The directed graph G^′ can be made into an undirected graph, which we also denote by G^′ (so as not to introduce additional notation). For any pair of vertices u, v ∈ V , the two antiparallel edges are replaced by a single edge with weight equal to the commute time C[u, v]. Let T SP (G^′) denote the weight of the minimum weight Hamiltonian cycle in the undirected graph G^′. Then T SP (G^′) is equal to exactly twice the cyclic cover time on G, by the well known fact that along any cycle, the sum of hitting times going along one direction is equal to the sum of hitting times going along the opposite direction (see e.g. [8]).

In order to obtain an upper bound on the cyclic cover time, we shall use the following relation between spanning trees and Hamiltonian cycles. Let MST (G^′) denote the weight of the minimum weight spanning tree of G^′. Clearly, MST (G^′) ≤ T SP (G^′). Furthermore, if the weights satisfy the triangle inequality, then it is a simple matter to show that T SP (G^′) ≤ 2MST (G^′) (see e.g. [13]). Thus in our case of cyclic cover time, it remains to bound MST (G^′). Remark: We do not know if exact computation of the cyclic cover time is NP-hard.

The algorithm of Christofides [7, 13] approximates metric TSP within a factor of 3/2, and can be applied to approximate the cyclic cover time, as the commute time (weight of the edges in G^′) is computable in polynomial time, and satisfies the triangle inequality (that is, C[u, w] ≤ C[u, v] + C[v, w]). By [3], there is some constant ϵ such that it is NP-hard to approximate metric TSP to within a ratio of 1 + ϵ. We do not know whether the extra structure of our graph G^′ can be exploited to improve over the approximation ratio obtainable for metric TSP.

3 Random walks and electrical resistance

There is a well known correspondence between random walks and resistance of electrical networks [9, 6, 16]. View each edge of G as a resistor of 1 ohm. The effective resistance between vertices u and v, denoted by R[u, v], is the voltage that develops at u if a current of 1 amp is injected into u, and v is grounded. In [6] it is shown that the effective resistance captures the commute time. Namely, for any connected graph with m edges, and any two vertices u and v, C[u, v] = 2mR[u, v] We shall use three properties about effective resistance:

1. Serial connection: resistors that are connected in series can be replaced by a single resistor whose resistance is the sum of the resistances.

2. Parallel connection: resistors that are connected in parallel can be replaced by a single resistor whose conductance (the inverse of resistance) is the sum of the conductances.

3. Shortcut principle: the effective resistance between any two vertices in a network does not increase if we “short cut” (connect by a resistor of resistance 0) vertices in the network.

The above three properties imply the following proposition:

Proposition 2 The effective resistance between any two vertices u, v ∈ V satisfies: R[u, v] ≥ 1 d_u + 1 + 1 d_v + 1

Proof: We first show that if u and v are not connected by an edge in G (that is, (u, v) ∉ E), then R[u, v] ≥^1_{du} +^1_{dv} . Collapse all vertices of V \ {u, v} to a single vertex w, obtaining a graph GS. By the shortcut principle, R_{GS} [u, v] ≤ R[u, v]. By parallel connection, R_{GS}[u, w] = 1/d_u. Likewise, R_{GS} [w, v] = 1/d_v. By serial connection, R_{GS}[u, v] = R_{GS} [u, w] + R_{GS} [w, v] = 1/d_u + 1/d_v.

We now consider the case that (u, v) ∈ E. Construct from G a graph GW by removing the edge (u, v), and adding two new vertices w_1 and w_2, together with the four edges (u, w_1), (w_1, v), (u, w_2), (w_2, v). Observe that R_{GW} [u, v] = R[u, v], since the pair of edges [(u, w_i), (w_i, v)] (for i = 1, or for i = 2) can be replaced by a single 2 ohm resistor (serial connection principle), and thereafter the two 2 ohm parallel resistors can be replaced by a single 1 ohm resistor (parallel connection principle), giving back the original edge (u, v). In GW , there is no edge (u, v), and the degree of each of the vertices u and v increased by 1. Continue as above. 2

As a corollary we obtain the easy direction of Theorem 1.

Corollary 3 For any connected graph, the cyclic cover time satisfies ECC ≥ (X v∈V d_v)(X v∈V 1 d_v + 1 ) Proof: Consider an arbitrary cyclic ordering of the vertices of G. The sum of resistances along this cyclic order is at least 2 P_{v∈V}^1_{dv +1} . Hence the sum of commute times is at least 2m · 2 P_{v∈V}^1_{dv+1} , and the cyclic cover time is at least 2m P_{v∈V}^1_{dv +1} . 2 The above bound is tight for complete graphs.

In order to obtain an upper bound on the cyclic cover time, or T SP (G^′), we shall bound MST (G^′). For reasons of convenience, the weights assigned to edges of G^′ are the effective resistances R[u, v] (rather than the commute times C[u, v]). It will turn out that for the proof of Theorem 1, there is no need to consider edges of G^′ that were not edges in the original graph G, and they are assigned “infinite weight”. Our goal is to upper bound R_{span}, the weight of the spanning tree of minimum weight (resistance). By previous discussion it follows that the cyclic cover time of G is at most 2mR_{span}.

The approach of using R_{span} in order to bound the cover time originates from [2, 14]. Our current work was motivated by the conjecture in [10] that R_{span} = Θ(P_{v∈V} 1/d_v).

4 The excess resistance lemma

Definition: The excess resistance δ[(u, v)] of edge (u, v) ∈ E is defined by: δ[(u, v)] = R[u, v] − ( 1 d_u + 1 + 1 d_v + 1 ) Observe that by Proposition 2, δ[(u, v)] ≥ 0, with equality if and only if d_u = d_v and there are d_u − 1 intermediate vertices that are adjacent both to u and to v (in addition to the one edge (u, v)).

The following identity (the excess resistance lemma) plays a fundamental role in our paper:

Lemma 4 For any graph G = G(V, E) with c connected components, the sum of excess resistances along its edges satisfies: X_{(u,v)∈E δ[(u, v)] =} X_{v∈V} 1_{dv + 1 − c} Proof: We present without proof an identity due to Foster [12, 16]:

Lemma 5 Let G = G(V, E) be a graph with n vertices and c connected components. The sum of effective resistances along the edges of G satisfies: X_{(u,v)∈E R[u, v] = n − c} We return to the proof of Lemma 4. By definition of the excess resistance:

X_{(u,v)∈E R[u, v] =} X_{(u,v)∈E(} 1_{du + 1 +} 1_{dv + 1 + δ[(u, v)])} = X_v d_{vdv + 1 +} X_{(u,v)∈E δ[(u, v)]}

The excess resistance identity follows from Foster’s identity. 2

5 Bounds on the commute time

The following theorem improves the leading constant (by a factor of 3) over a similar theorem proved in [10]. This results in improved time estimates for deciding undirected s-t-connectivity by space-efficient randomized algorithms [2, 10].

Theorem 6 For any pair of vertices s and t in a connected graph, the commute time satisfies: C[s, t] < 6m X v∈V 1 d_v + 1

Proof: Consider any simple path p = s, v_1, v_2, ..., v_ℓ, t, connecting s and t (not necessarily the shortest path). We use the excess resistance lemma to bound the resistance along this path.

R[p] = R[s, v_1] + R[v_1, v_2] + ... + R[v_ℓ, t]

= 1 d_s + 1 + 1 d_{v1} + 1

+ δ[(s, v_1)] + ... + 1 d_{vℓ} + 1 + 1 d_t + 1

+ δ[(v_ℓ, t)]

< 2 X_{v∈V} 1_{dv + 1 +} X_{(u,v)∈E δ[(u, v)] < 3} X_{v∈V} 1_{dv + 1}

The sum of commute times along path p is an upper bound on C[s, t], and it satisfies: C[p] = 2mR[p] < 6m X v∈V 1 d_v + 1

2_{The above bound on the maximum commute time in a graph is best possible (up to}

low order term). This can be verified by considering specific examples, such as a path of n edges (and n + 1 vertices), for which the commute time between the two endpoints is 2n^2. A more striking demonstration of the tightness of Theorem 6 is provided by the following corollary:

Corollary 7 For any two vertices s and t in a connected graph of n vertices, the commute time satisfies: C[s, t] ≤ 4 27 n^3 + o(n^3)

Proof: We first transform G into a new graph G^′ for which almost all vertices have degree at least 2. Repeatedly delete vertices of degree 1 (except for s and t), and re-append them as a path leading out of t. This does not change the number of edges in G, nor the effective resistance between s and t. Hence C_G′ [s, t] = C[s, t]. Note that in G^′ at most two vertices have degree 1 (s, and the vertex at the end of the path leading out of t).

Assume now that G^′ has k vertices of degree at least √ n, and n − k vertices of degree less than √ n. Then the number of edges in G is at most^{k2}_2 + (n − k) √ n, and the expression

P_{v∈V} 1_{dv+1 is at most} n−k_{3 +} k_{√n + 1. The product of these two expressions is maximized}

when k ≃ 2n/3, and the bound on the commute time follows. 2

The above corollary is not new. Brightwell and Winkler [5] show that the maximum hitting time in a graph is at most^4_{27} n^3 + o(n^3), and in fact they find the graph for which the hitting time is maximized (the lollipop graph). A similar bound on the commute time is implicit in [8]. The same upper bound also holds for the cyclic cover time, as proven in [11].

6 Regular graphs

We now turn to bound R_{span}, the resistance of the spanning tree of minimum resistance. We start with the case of d-regular graphs. For d-regular graphs, Kahn et al. [14] prove that the cover time is bounded by 4n^2. Their proof actually shows that R_{span} ≤ 4n/d, and hence the cyclic cover time is bounded by 4n^2. We improve upon the bounds of [14].

Theorem 8 In connected d-regular graphs, the resistance of any spanning tree T satisfies:

2(n − 1) d + 1 ≤ R[T ] < 3(n − 1) d + 1 Proof: The lower bound on R[T ] is a trivial consequence of proposition 2. The upper bound is by application of Lemma 4. 2

Thus all spanning trees in a regular graph have roughly the same resistance. The clique demonstrates that there are d-regular graphs for which all spanning trees have the minimum possible value. The necklace (a cycle of cliques, where an edge is removed from each clique so as to allow the connection of adjacent cliques without violating regularity) demonstrates that there are d-regular graphs for which all spanning trees have nearly the maximum possible value. The following graph demonstrates that it is possible to obtain a ratio of nearly 3/2 between the minimum and maximum resistance spanning trees (for large d, and n >> d). Consider n/(d + 1) disjoint cliques, each of size d + 1. In each clique, remove a cycle (of (d + 1) edges). Now create a cycle of cliques, where each clique is connected to each neighboring clique by (d + 1) connecting edges. It can be verified that the resistance of clique edges is roughly 2/d, whereas the resistance of connecting edges is roughly 3/d. Hence a spanning tree that is based mainly on connecting edges will have resistance 3/2 times as high as a spanning tree that is based mostly on clique edges.

7 Proof of main theorem

Theorem 8 can be generalized to arbitrary graphs, showing that the resistance of any spanning tree satisfies n − 2 d_{max} + 1 + X_v 1_{dv + 1 ≤ R[T ] <} n − 1_{dmin + 1 + 2} X_v 1_{dv + 1}

For the purpose of proving Theorem 1, we need an upper bound on R_{span} that does not depend on d_{min}. Our problems would be solved if we could replace^{n−1}_{d+1} in Theorem 8 with

P_{v∈V} 1_{dv+1 . However, the resulting proposition would be false.}

The lower bound of Theorem 8 on R[T ] would be off by a factor of roughly 2, as can be seen by considering a bipartite graph G_{a,b}, with a left hand side vertices, b right hand side vertices, and b >> a. The effective resistance along any edge is^{a+b−1}_{ab} (by symmetry, and Foster’s identity), and hence all spanning trees have resistance roughly b/a (assuming b >> a). For G_{a,b}, P_{v∈V}^1_{dv+1} ≃ b/a. Hence R[T ] ≃ P_{v∈V}^1_{dv +1} .

The upper bound of Theorem 8 on R[T ] is violated to a more dramatic extent. Consider the graph composed of a clique on k vertices, with √ k additional vertices, each connected via connecting edges to √ k distinct vertices in the clique. For this graph, P_{v∈V}^1_{dv +1} ≃ 2, whereas the maximal resistance spanning tree (using all connecting edges) has resistance roughly √ k. Hence, unlike the case for regular graphs, it is not true in general that for any spanning tree T , R[T ] = O(P_{v∈V}^1_{dv+1} ). However, the following theorem shows that for any connected graph, the average resistance of a spanning tree (when the spanning tree is chosen at random) is O(P_{v∈V}^1_{dv+1} ).

Theorem 9 For any connected graph G, the expected resistance of the spanning trees of G satisfies:

E_T [R[T ]] ≤ 10 3 X_{v∈V} 1_{dv + 1}

Proof: The fraction of spanning trees that use edge (u, v) is exactly R[(u, v)] [4]. Hence:

E_T [R[T ]] = X (u,v)∈E (R[(u, v)])^2 = X (u,v)∈E ( 1 d_u + 1 + 1 d_v + 1

+ δ[(u, v)])^2

To bound the above sum we use the following technical lemma:

Lemma 10 For any edge (u, v), ( 1 d_u + 1 + 1 d_v + 1

+ δ[(u, v)])^2 ≤ 2 d_u(d_u + 1) + 2 d_v(d_v + 1) + 4 3 δ[(u, v)] Proof: For any integer positive values of d_v and d_u, the above inequality holds for the minimum possible value δ = 0, and maximum value δ = 1 −^1_{du+1} −^1_{dv+1} (calculations omitted). Since the left hand side of the inequality is quadratic in δ, and the right hand side is linear in δ, the inequality must also hold for all intermediate values of δ. 2 Hence:

E_T [R[T ]] ≤ X (u,v)∈E ( 2 d_u(d_u + 1) + 2 d_v(d_v + 1) + 4 3 δ[(u, v)]) ≤ 2 X_{v∈V} d_{vdv(dv + 1) +} 4_3 X_{(u,v)∈E δ[(u, v)] ≤} 10_3 1_{dv + 1}

2_{This completes the proof of Theorem 1. Observe that if we could improve the leading}

constant in Theorem 1 from 10/3 to 3, this would imply an alternative proof to ECC ≤

4n3_{27} + o(n3) [11], along the lines of Corollary 7. One might hope to achieve this by bounding

the minimum spanning tree, or R_{span}, rather than the average resistance of random spanning trees. However, it is not true that for any graph R_{span} ≤ 3 P_{v∈V}^1_{dv +1} . Consider a full binary tree of depth D (having 2^{D+1} − 1 vertices). Replace every leaf by a k-clique, with k >> d. It can be easily verified that P_{v∈V}^1_{dv +1} ≃^5_4 · 2^D, and that for any spanning tree T , R[T ] ≃ 4 · 2^D. Hence R_{span} ≃^{16}_5 P_{v∈V}^1_{dv +1} .

Acknowledgements: We gratefully acknowledge helpful conversations with Prabhakar Raghavan, Madhu Sudan, and Prasad Tetali.

References

[1] D. J. Aldous. “Reversible Markov chains and random walks on graphs”. Draft of first six chapters of book, January 26, 1993.

[2] R. Aleliunas, R. M. Karp, R. J. Lipton, L. Lovász, and C. Rackoff. “Random walks, universal traversal sequences, and the complexity of maze problems”. In 20th Annual Symposium on Foundations of Computer Science, pages 218–223, San Juan, Puerto Rico, October 1979.

[3] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. “Proof Verification and Hardness of Approximation Problems”. In Proc. of 33rd Annual Symposium on Foundations of Computer Science, 14–23, 1992.

[4] B. Bollobas. “Graph Theory: An Introductory Course”. Springer, 1979.

[5] G. Brightwell and P. Winkler. “Maximum hitting times for random walks on graphs”.

Random Structures and Algorithms, 1:263-276, 1990.

[6] A. Chandra, P. Raghavan, W. Ruzzo, R. Smolensky, and P. Tiwari. “The electrical resistance of a graph captures its commute and cover times”. In Proceedings of the Twenty First Annual ACM Symposium on Theory of Computing, pages 574-586, Seattle, WA, May 1989.

[7] N. Christofides. “Worst-case analysis of a new heuristic for the travelling salesman problem”. Technical report, Graduate School of Industrial Administration, Carnegie- Mellon University, Pittsburgh, PA.

[8] D. Coppersmith, P. Tetali, and P. Winkler. “Collisions among random walks on a graph”. SIAM J. on Discrete Math., 6(3):363-374, August 1993.

[9] P. G. Doyle and J. L. Snell. “Random Walks and Electrical Networks”. The Mathematical Association of America, 1984.

[10] U. Feige. “A Tight Upper Bound on the Cover Time for Random Walks on Graphs”.

Random Structures and Algorithms, 6(1):51–54, 1995.

[11] U. Feige. “A randomized time-space tradeoff of Õ(mR̂) for USTCON”. Proc. of 34^{th} Annual Symposium on Foundations of Computer Science, pp. 238-246, 1993.

[12] R. Foster. “The average impedance of an electrical network”. Contributions to applied mechanics (Reissner anniversary volume), Ann Arbor, pp. 333-340, Edwards Brothers, Inc. 1949.

[13] M. Garey and D. Johnson. “Computers and Intractability. A Guide the the Theory of NP-Completeness”. Freeman, 1979.

[14] J. D. Kahn, N. Linial, N. Nisan, and M. E. Saks. “On the cover time of random walks on graphs”. Journal of Theoretical Probability, 2(1):121–128, January 1989.

[15] P.C. Matthews. “Covering Problems for Brownian Motion on Spheres. Ann. Probab., 16:189-199, 1988.

[16] P. Tetali. “Random walks and the effective resistance of networks”. Journal of Theoretical Probability, 4:101-109, 1991.