Variants of (s,t)-Wythoff’s game !
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Abstract

In this paper, we study four games, they are all restrictions of (s,t)-Wythoff’s game which
was introduced by A.S. Fraenkel. The first one is a modular type restriction of (s,¢)-Wythoff’s
game, where a player is restricted to remove a multiple of K tokens in each move (K is a
fixed positive integer). The others we called rook type restrictions of (s,t)-Wythoff’s game,
including Odd-Arbitrary-Nim (s, t)-Wythoft’s Game, Odd-Odd-Nim (s, t)-Wythoff’s Game and
Odd-Even-Nim (s,t)-Wythoff’s Game. In these three games, the restrictions are only made on
horizontal and vertical moves, but not on the extended diagonal moves. For any K, s,t > 1, the

sets of P-positions of our games are given in both normal and misere play.

Keywords P-position; (s,t)-Wythoff’s game; restriction; normal play convention

1 Introduction

Introduced by A.S. Fraenkel in [5], (s, t)-Wythoff’s game is a well-known 2-player combinatorial
game involving two piles of finitely many tokens. Given two integers s,t > 1, a player may either

remove any positive number of tokens from a single pile or remove tokens from both piles, k£ > 0
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from one pile and ¢ > 0 from the other, say ¢ > k, constrained by
0</l—k<(s—1)k+t. (1)

In normal play, the player first unable to move loses; while in misere play that player wins.

The special case s =t = 1 is the classical Wythoff’s game, while the case s = 1, ¢t > 1 is
Generalized Wythoff [4]. More variants of Wythoff’s game and (s, t)-Wythoff’s game can be
found in [2, 3, 11, 12, 14, 15]. For more theory of general combinatorial games, see [1, 6, 7, 10].

By (a,b) we denote a game position with the two piles of sizes a and b. A position is called
an N-position (known as winning position) from which the Nezt player can win. Otherwise, it is
a P-position (known as losing position) from which the Previous player has a winning strategy.
We denote by & and .4 the set of all P-positions of a game and the set of all its N-positions
respectively. By Z° and Z* we denote the set of nonnegative integers and positive integers
respectively.

Given any game, we notice that the set of all its P-positions constitutes an independent set,
and the main goal is to find characterizations of the sequence of P positions. For example, in

[5], the author gave all P-positions of (s,t)-Wythoff’s game in normal play:
P = U{A’ B, A =mex{AL, B/ |0<i<n}, B, =sA +tn, (2)

where mex S = min(Z" \ S). In particular, mex () = 0. In misere play, the set of all P-positions
of (s,t)-Wythoft’s game was determined in [13].
All four games in this paper are 2-player games played on two piles of finitely many tokens.
Let
KeZ", Mg={nK|neZ.

Now we define the first game which is a modular type restriction of (s, t)-Wythoff’s game, denoted
by I'g: Let K,s,t € Z*, a player may either

I. remove 0 < k € Mg tokens from a single pile, or

II. remove from both piles, 0 < k € Mg tokens from one pile and 0 < £ < Mg from the
other, subject to the constraint (1).

Notice that the case K = 1 is exactly (s,t)-Wythoff’s game, while for K = 2, it is the “Even
Even” case studied in [12].

The remaining three games are called Odd-Arbitrary-Nim (s, t)-Wythoff’s Game, Odd-Odd-
Nim (s,t)-Wythoff’s Game and Odd-Even-Nim (s, ¢)-Wythoff’s Game. These games are rook
type restrictions of (s,t)-Wythoff’s game, which are denoted by I'oa, T'oo, T'og, respectively.
Throughout play of each of these three games, one pile is “first pile” and the other “second
pile”. In general, we denote by (x,y) a game position where = and y are the numbers of tokens

in the first and the second pile, respectively.



(1). InTp4, a player may either remove an odd number k > 0 of tokens from the first pile or
an arbitrary number of tokens from the second pile, or move from both piles as in (s, t)-Wythoff’s
game.

(2). In T'po, a player may only remove an odd number k > 0 of tokens when moving from a
single pile (either the first or the second), while the move rule when moving from both piles is
the same as that of (s,t)-Wythoff’s game.

(3). In I'pp, a player may either remove an odd number k > 0 of tokens from the first pile or
an even number ¢ > 0 of tokens from the second, or move from both piles as in (s, t)-Wythoft’s
game.

Notice that in these three games no restriction is imposed on the diagonal move, while for
'k and the games defined in [12] also the diagonal move is constrained.

Section 2 provides methods for finding the P-positions of a game and its winning strategy. In
Section 3, all P-positions of ' are given recursively in terms of the mex function in both normal
and misere play (Theorems 3 and 6). Moreover, a poly-time winning strategy for I'c in normal
play is provided by exhibiting a relationship between I'c and (s, t)-Wythoff’s game (Theorem 4
and Corollary 5), together with a special numeration system. While in misere play, a poly-time
winning strategy for I'c is provided when s = 1 (Theorem 7 and Corollary 8). All P-positions
of Toa, T'oo, 'og in both normal and misére play are given in Section 4 (Theorems 9-16),
based on algebraic structures, which provide polynomial time strategies. The final section 5

lists several far-reaching relevant open problems.

2 Preliminaries

It follows from the definition of P- and N-positions that from any N-position there always exists
a move to a P-position and from a P-position a player can only move to an N-position (i.e.,
there can never be a move from a P-position to another P-position). These properties can be
used to check whether a given position (a,b) is a P-position or not. By F(u) we denote the
followers of w, i.e., all positions that can be reached from w in one legal move. Symmetry of
the game rules of ' implies that both (a,b) and (b,a) are P-positions (or N-positions). For

convenience, however, we agree to write (a,b) with a < b throughout.

Example 1. For K = s =2 and t = 1, consider 'k in normal play. We proceed according to
the following steps to determine the first few P- and N-positions:

Step 1 P-positions: Clearly, (0,0),(0,1),(1,1) € &2, since the next player has no legal move
from them and loses, that is, the previous player wins by default.

Step 2 N-positions: For (0,m),(1,m),(m,m),(m,m + 1), (m,m + 2) with m > 2 and
(m,m+ 3) with m positive even, it is easy to check that from each of them a legal move of type

I or IT can result in a position in {(0,0), (0,1),(1,1)}, thus they are all N-positions.



Step 3 P-positions: F'(2,6) = {(0,2),(0,4),(0,6),(2,2),(2,4)}. It follows from Step 2 that
each position of F'(2,6) is an N-position. Thus (2,6) € &. In the same manner, we can obtain
that (2,7),(3,6),(3,7) € .

By repeating Steps 2 and 3, we can get more P-positions and N-positions of 'y .

3 Modular type restriction of (s,¢)-Wythoff’s game

We denote by || the largest integer < x and [2] the smallest integer > x. By Z=™ we denote

the set of all integers not less than m.

Definition 1. (i) For any set E and any element w, we define E4+w = {e+w | e € E}. In
particular, £ =0 — E +w = (.

(ii) Let K,s,t € ZT, and Qg = {0,1,2,..., K — 1}. We define two sequences A, and By,
for n € ZO:

A, =mex{{4;|0<i<n}+a,{B;|0<i<n}+ S}, wherea,f € Qg,
B, = sA, + [t/K|Kn.

(3)

Notice that For K =1, A,, = Al, B, = BJ,, where A}, B were defined in Eq. (2).

Lemma 2. Let {A,}72, and {B,};2, be defined by Eq. (3). We have the following properties:

(a) Ay, B, € My, forn € ZV.

(b) For everyn >m >0, we have By, > A, > A,.

(¢c) Let A =J;" {An} + o and B = ;2 1{Bn} + B, with o, 8 € Q. Then A and B are
complementary with respect to Z=X | i.e., AUB = 72K and AN B = (.

(d) Ap — An_y € {K,2K).

(e) By — Bp—1 € {sK + [t/K|K,2sK + [t/K|K}. Moreover, B, — B,_1 = sK + [t/K|K
if and only if Ay, — Ap—1 = K; By, — Bp—1 = 2sK + [t/K|K if and only if A, — Ap—1 = 2K.

Proof. (a) Induction on n. Obviously, Ag = By =0, A; = K and By = sA4; + [t/K|K € M.
Suppose A;, B; € My holds for all j < n. We now show that A, € Mg, and so B, =
sAp,+ [t/K1Kn € Mk.

Indeed, suppose that there exists some ¢ € Z° such that A, = ¢ 4+~ with 0 < v € Q. Let
S={{A;|0<i<n}+ao,{B;|0<i<n}+p}witha, € Qg. Then we have ¢ +~v = mex S.
This implies that ¢K +v ¢ S and ¢K = A, — v € S. If there exist i9 < n and «, § € Qg
such that ¢K = A;, + a or ¢K = B;, + 3, then by assumption A;,, B;, € My implying that
a==0. Hence ¢K +v=A;, +v€ S or qK +~v = B;, +7v €5, giving a contradiction.

(b) A,, and B, are strictly increasing sequences, which is obvious from their definition, and
B, =sA, + [t/K|Kn> A, + Kn > A, > A, for any n >m > 0.



(c) It is easy to see that AU B = ZZK. Suppose AN B # . It follows from (a) that
Ay +d # B, and A, # B, + 8 with o > 0, 8/ > 0, thus the only possibility is A,, = B,
for some integers m,n € Z*. If m > n, then A,, is mex of a set containing B, = A,,, a
contradiction. If m < n, then by (b) we have B,, = sA,, + [t/K|Kn > sAp, + [t/K|Km > A,
another contradiction.

(d) By (a) and (b), 0 < A, — 4,1 € Mg. Assume that A, — A,,_1 > 3K, then 4,1 <
Ap 1+ K < Ap1 +2K < A1 +3K < A,. By (¢), Ap—1 +w € S with 1 <w < 3K — 1.
Further, the only possibility is that A,_1 + w € B. Since A,, B, € Mg, there exists some
Jj < n such that A4, 1 + K = Bj and A,,_1 + 2K = Bj;. Hence, we get K = Bj;1 — B; =
s(Ajq1 —Aj) + [t/KK > K, a contradiction.

(e) Directly from the definition of B, and (d). W

Theorem 3. Let K,s,t € Zt. For 'k in normal play,

P = U{(An+Oé,Bn+B)|OZ,ﬁEQK},

n=0

where Ay, and By, are defined in (3).

Proof. It evidently suffices to show two things:

Fact I. (stability property). No followers of a position in & can be in Z.

Fact II. (absorbing property). Any position not in & can land in a position in 2.

Proof of Fact I. Let (z,y) with < y be a position in &. Clear for (z,y) € Qx X Qg. For
x,y > K, it follows from Lemma 2(c) that there exist some n € Z* and «, 3 € Qf such that
(#,y) = (An + o, By + ).

It is obvious that a type I move from (z,y) leads to a position not in 4. Suppose that
(x,y) = (2',y) € & by a type Il move. By Lemma 2(a) and (b), there exists m (< n) such
that k = A, — A, € Mk and £ = B, — B,,, € M. Note that [t/K|K >t for any K,t € Z",
thus 0 < k < ¢ =s(A, — An) + [t/K|K(n —m) > sk + t, which contradicts Eq. (1).

Proof of Fact II. Let (x,y) with z < y be a position not in &. If x € Qg, let y = ¢K + 3,
q€Z" and B € Qg, then move y — 3. If x > K, from Lemma 2(c), we have either z = B, + 3
orz = A, +afor somen € ZT and o, 3 € Q.

Case (i) v = B, + B. Let y = ¢qK + o, ¢ € Z° and a € Qg, we move y — A, + «, since
y>x=B,+>B,>A,+taandy— A, —a € Mg.

Case (ii) x = A, + a. In this case, let y = ¢K + 3, ¢ € Z°, B € Q. We proceed
by distinguishing three subcases: (ii.1) y > B, + K — 1, (ii.2) 2 < y < sA, + [t/K]|K,
(ii.3) sAp, + [t/K|K <y < By,.

(ii.1) y > By, + K — 1. Then move y — B, + 3.



(ii.2) x <y < sAp+[t/K|]K. Wemove (x,y) — («, ). This move is legal: (a) 0 < k = A, €
Mg, (D) 0<tl=y—BeMg,(c)l—k=y—F—-A, < (s—1)A,+[t/K|K - K < (s—1)k+t.

(ii.3) sAp, + [t/K|K <y < By,. Put m = |(y — s4, — 8)/([t/K]K)|. Then move (z,y) —
(Am + @, By, + (). This move is legal:

(a) 0 < k € Mg. We first prove 0 < m < n. Since y — sA, > [t/K|K > K > f,
then (y — sA, — B)/([t/K]K) > 0, and so m = |(y — sA, — B)/([t/K]K)| > 0. On the
other hand, y — sA, — 8 < By, — sA, = [t/K|Kn, thus m = [(y — s4, — B)/([t/K]K)]| <
(y —sAn — B)/([t/K]K) < n. Hence k = A,, — Ay, > 0.

(b) 0 < £ € Mg. We know m < (y — sA4,, — B)/([t/K]K), it follows that y > [t/K|Km +
sAp+B=Bn+B+s(A,—Ap) > By + 5. Thus { =y — B, — >0 and clearly ¢/ € M.

(c) k <€ < sk+t. By the definition of m, we have m > (y — sA4,, — B)/([t/K|K) — 1,
then y < [t/K|K(m + 1) + sA, + . Thus y — B, — 8 < s(A, — An) + [t/K]|K. Further,
y— By — 0 < s(A, — Ap) + [t/K|K — K < s(A, — Ay,) + t. On the other hand, by (b),
y—Bn—0>s(A,—Ap) > A, — A, 1

Theorem 3 provides a recursive winning strategy which is exponential in the input size log zy
of any game position (z,y) € Z° x Z°.

For every n € Z°, the pair (A4,, B,) is called a P-generator of P-positions, since the pair
generates the set {(4, + a, B, + ) | a, 8 € Qx} of P-positions.

Now the original (s,t)-Wythoff’s game with parameters s,t € Z* is the case K = 1 of I'k.
Its P-positions are exactly those in Eq. (2). With T'y, K > 1, we associate an (s,t')-Wythoff’s
game I' := I'y with parameters s(I') = s(I'x), ¢/(T') = [t/K|, K as in T'k.

In order to provide a poly-time winning strategy for I' i, we next exhibit a simple relationship
between the P-generators of I'i and the P-positions of the associated I', which are those of (2),
but with ¢ replaced by t':

Theorem 4. A = A, /K, B, = B,/K, where {(An, By)}n>0 and {(A], B},)}n>0 are the P-

generators of ' and the P-positions of I respectively.

Example 2. For K =3, s =2, t € {4,5,6}, we display the first few P-generators of I3 and the
first few P-positions of the associated I' in Tables 1 and 2. Notice the divisibility enunciated by
Theorem 4.

Table 1: The first few P-generators of I's.
n |0 1 2 3 4 5 6 7 8 9 10 11 12 13

A, |0 3 6 9 15 18 21 27 30 33 39 42 45 48
B, |0 12 24 36 54 66 78 96 108 120 138 150 162 174




Table 2: The first few P-positions of the associated I'.
n|0 1 2 3 4 5 6 7 8 9 10 11 12 13

Ao 1 2 3 5 6 7 9 10 11 13 14 15 16
B,|0 4 8 12 18 22 26 32 36 40 46 50 54 58

Proof. From Lemma 2, for all n > 0: (i) A,, B,, € Mg, (ii) Ap41 — An € {K,2K}, (iii) Bpy1 —
B, € {sK+ [t/K|K,2sK + [t/K|K}.

We see, in particular, that A, /K, B, /K are nonnegative integers.

From the proof of Theorem 3.1 of [5] we have: (i)’ A}, — A;, € {1,2}, (ii)’ B, — B, €
{s+t,2s+1t}.

(i), (ii)’ follow from (ii), (iii) respectively by dividing by K. But the theorem is not yet
proved: it could presumably happen, for example, that for some n > 0, A,4+1 — A, = 2K, yet

Al 1 — A}, = 1 rather than 2. We now show, however, by induction on n, that
(Any1 — Ap)/K = A;H-l — Ay, (Bpy1 — Bn)/K = B;L—l-l - B, (4)

for all n > 0. The theorem’s assertion clearly holds for n = 0. Further, from the definition
of Ap, By, we get: Ay = K, By = sK + [t/K|K; and from the definition of A/, B): A} =1,
By = s+t'. Thus Eq. (4) holds for n = 0. Suppose (4;4+1—A4;)/K = A}, — A}, (Bjt1—Bj)/K =
B; 1 B;- holds for all j < n. If A,11 = A, + K, it follows from the mex function and
the induction hypothesis that Aj  , = Aj, 4+ 1. Similarly, A, = A, + 2K implies A} | =
Aj +2. Also Byy1, B, are uniquely determined by A, 1, A7, respectively. Thus, again by
the induction hypothesis (on A,, A}), Eq. (4) is established, so the theorem’s assertion follows.
|

Corollary 5. In normal play, (x,y) is a P-position of Tk if and only if (|z/K], |y/K]) is a
P-position of T'.

Proof. If (x,y) is a P-position of I'x with its P-generator being (4;,, Bi,), io € Z°, then by
Theorem 4, (|x/K], |y/K]) = (4], Bj,), and vice versa. M

We now show how Theorem 4 leads to a poly-time winning strategy for I'x. Let u_3 = 1/s,
wo =1, up = (s+t — Dup—1 + sup—2 (n > 1). Denote by U the numeration system with bases
ug, ui, ... and digits d; € {0,...,s+t — 1} such that djy; = s+t —1 = d; <s (i >0). In
[5] it was shown (as a special case of a somewhat more general numeration system) that every
positive integer N has a unique representation R(N) over U.

The wvile numbers are those whose representations R(/N) end in an even number of 0s,and
the dopey numbers are those whose representations end in an odd number of 0s. (For an

explanation/etymology of the terms vile, dopey, see [8].) Also is a left shift of x, if R
p /etymology , dopey, Y , y



is obtained from R(z) by adjoining 0 to the right end of R(x). Thus, in binary, the decimal
number 6 is a left shift of the decimal 3, since R(6) = 110, R(3) = 11; 3 is vile since R(3) ends
in an even number (zero) of Os and 6 is dopey.

In [5] it was proved that (z,y) € T with < y is a P-position of I' if and only if x is vile
and y is a left shift of 2 (so it is dopey). The fact that the u; grow exponentially, together
with Theorem 4 clearly provide a poly-time winning strategy for I'r. For K = 2 this provides
a poly-time winning strategy for the "Even Even” case, which remained elusive in [12].

Notice that if s,t are the parameters of I', then s,t' are the parameters of I', where t/ =
[t/ K.

Example 3. Consider I's of Example 2, where K = 3, s = 2, t € {4,5,6}. Then the corre-
sponding game I has values s =t/ = 2. Thus, u_1 = 1/2, ugp = 1, u; = 4, ug = 14, ug = 50,

. The representations R(N) over U of the first few positive integers N appear in Table 3.
Consider the position (4,17) € I's. By Corollary 5, we check (|4/3],|17/3]) = (1,5) and their
representations (1,11). Since 11 is not a left shift of 1 (but 1 ends in an even number of 0s),
(1,5) is an N-position in T', hence (4,17) is an N-position in I's. Now consider (11,37) € T's,
so ([11/3],[37/3]) = (3,12), with representations (3,30). Since 3 ends in an even number of 0s
and 30 is a left shift of 3, (3,30) is a P-position in I', hence (11,37) is a P-position in I's.

Theorem 6. Let K, s,t € ZT. For Ui in misére play, & = U, ~ o{(En+a, Ho+8) | o, 8 € Qk},
where B, and H, are determined by two cases:
(A) If s> 1 ort > K, then forn € Z°,

E,=mex{{E;|0<i<n}+ao{H;|0<i<n}+p8}
H, =sE,+ [t/K|Kn+ K.

(B) If s=1 and t < K, then Ey = Hy = 2K and for n € Z*,

E,=mex{{E; |0<i<n}+a,{H;|0<i<n}+ b},
H,=FE,+ Kn.

(6)

Example 4. For K = 3, s = 2, t € {4,5,6}, we display the first few P-generators of I' in
Table 4, which shows us how to determine &2 by using Eq. (5).

Proof. Let E =, ({En} +a and H = J;” ({Hn} + f with o, f € Q. We firstly claim the
following facts:

Fact A Suppose s >1ort > K.

I. Similar to Lemma 2(a) and (b), E,, H, € My and it is easy to see that both E,, and H,

are strictly increasing sequences, for n € ZV.



Table 3: Representations R(N) over U.
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Table 4: The first few P-generators of I'c for K =3, s =2, t € {4,5,6}.

o 1 2 3 4 5 6 7 8 9 10 11 12

n
E,10 6 9 12 15 18 24 27 30 36 39 42 48

H, |3 21 33 45 57 69 87 99 111 129 141 153 171




II. FEUH=27"and ENH = (. In fact, E U H = Z° follows from the definition of mex.
Now suppose E N H # (). It follows Fact A.I that E,, + o # H, and E,, # H, + 3 with
o’ >0, ' > 0, thus the only possibility is E,, = H,, for two integers m,n € ZT. If m > n then
Ep, =mex{E;,+a,H;+3|0<i<m, af € Qk}, which contradicts E,, = H,; if m <n
thenH,, > sE,, + [t/K|Kn+ K > E,,, also contradicting E,, = H,.

Fact B Suppose s =1 and t < K.

I. E,,H, € Mg for n € Z° and E,,, H,, are strictly increasing sequences for n € Z*.

II. FEUH =7" and EN H = {2K}. Its proof is similar to that of Fact A.IL
Proof of Fact I. Let (z,y) with < y be a position in &. There exist some n € Z° and
a, B € Qk such that (x,y) = (E, + o, H, + ).

It is easy to check that no move of type I from (z,y) can terminate in &?. Then suppose
(x,y) — (2/,y') € & by a type Il move, and there exists some m such that (z/,vy') = (FEn, +
a, Hy, + 3). Thus for both cases (A) and (B), we have k = E,, — E,, > 0, { = H,, — H,, and
0<k<tl=s(E,—Ep)+[t/K|K(n—m)> sk+t, which contradicts Eq. (1).

Proof of Fact II. Let (z,y) with x < y be a position not in &. By Facts A.Il and B.II, we
have either z = H,, + B or = = E,, + «, for some n € Z° and o, 8 € Q.

Case (i) v =H, + 3. Nowy > E, + K. Let y = qK + a, ¢ € Z°, and a € Q. Then move
y—> E,+a,since0<y—FE,—ac Mg.

Case (ii) x = E, + «. In this case, we have y > H, + K —1orx <y < H,. Let y = ¢K + 3,
where ¢ € Z°, and 8 € Q. If y > H,,+K —1, then move y — H,,+f3, since 0 < y—H,,—3 € Mk.
If x <y < H,, we consider two subcases: (ii-A) s >1ort¢t> K; (ii-B) s=1and t < K.

(irA) s>1lort> K.

For n = 0, we have x <y < K = Hy, the next player wins without doing anything.

Forn>1 Ifz <y <sE,+ [t/K|K + K, move (z,y) = (a, K + ). This is a legal move,
sincek =E,, { =y—K—f,and 0 </{—k < sE,+[t/K|K—-p—E, < (s—1)E,+[t/K|K—K <
(s—Dk+t IfsbE,+ [t/ K|K+ K <y < Hp,put m=|(y—sE,—K—p8)/([t/K]K)]| and
move (z,y) = (Ep + o, Hy, 4+ 8). This move is legal:

(a) 0 < k € Mg. Clearly k = E,, — E,, € Mp. It suffices to prove that 0 < m < n.
Note that y — sE, — K > [t/K|K > K > 3, so (y — sk, — K — 8)/([t/K]K) > 0, thus
m=|(y—sE,—K-p3)/([t/K]K)] > 0. On the other hand, y—sE, — K - < H,—sE,— K =
[t/K|Kn,and som = |(y — sE, — K — 8)/([t/K|K)| < (y —sE, — K — B)/([t/K]|K) < n.

(b) 0 < £ € Mg. Tt is obvious that £ = y — H,, — 8 = ¢K — Hp, € Mg. Now m <
(y—sEn,—K—p)/([t/K|K),Soy > [t/K|Km+sE,+ K+ = Hp++s(E,—En) > Hp+ 0.

(c) k<t < sk+t. Byabove,m>(y—sE,—K—-p)/([t/K]|K)—1,ie,y < [t/K|K(m+
1)+ sE,+ K+ 8. Soy—Hy, — B < s(E, — Ep) + [t/K]K, thus we have ¢ = y — H,, —
B < s(E,—Enp)+ [t/KIK — K < s(E, — E,,) +t = sk +t. On the other hand, by (b),
0=y —Hy—fB>s(Ey— Ep)>Ey— En = k.
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(i-rB) s=1land t < K.

If n =0, then 2K +a =2 <y < Hy = 2K is impossible; if n =1 then 0 <z <y < K — 1,
thus the next player wins without doing anything. It remains to consider the case n > 2:

Put m = |(y — E, — 8)/K| and move (x,y) = (Em + o, Hy, + ). This move is legal:

(a) 0 < k = E, — E,, € Mg. As above, we only need to prove that 0 < m < n. since
y> E,+p,then m = |(y— E, —3)/K]| > 0. On the other hand, y — E,, — 5 < H, — E,, = Kn,
and som = [(y — En — B)/K| < (y — En — B)/ K <n.

(b) 0 < £ € Mg. Obviously, { =y—H,,—  =qK — H,, € Mg. Nowm < (y—E, —3)/K
Thus we have y > Km+ E,+ 8=Hn,+ 8+ E, — Epn > Hy + B.

(c) k <l < k+t. Ontheone hand, m > (y— E, — 3)/K —1,ie,y< K(m+1)+ E, + 5.
Thus ¢ =y—Hp,—p < K(m+1)+E,—E,,— Km = E, — E,, + K. Note that both y — H,,, —
and B, — E,, + K arein Mg,sol=y— H,, — 8 < E, — E,, < k+t. On the other hand, by
(b, =y—H,—B>E,—E,=k 1

Theorem 6 provides a recursive winning strategy for I'x in misere play, which is exponential.
We now examine whether I'y has a poly-time winning strategy or not.

In Section 7 of [9], three characterizations, recursive, algebraic and arithmetic, are given for
the P-positions of Generalized Wythoff in misere play, which is the case K = s = 1 of I'g.
Take the recursive and algebraic characterizations for example, denote by {(E), H})}n>0 the
P-positions of Generalized Wythoff with parameter ¢t € Z™, we have

(i) Recursive characterization

For t = 1: (E{, H)) = (2,2), E], =mex{E/,H] |0 <i<n}, H = E/ +n (n>1).

Fort > 1: E], =mex{E/,H] |0<i<n}, H,=E] +tn+1 (n>0).

(ii) Algebraic characterization

For t = 1: (E{, H})) = (2,2), (E{, H}) = (0,1),

= |no), H, = |nd?] (n > 2), where ¢ = (1 + V5)/2.

Fort > 1: E!, = [na++], H, = [nB+d] (n > 0), where a = (2—t+ V12 +4)/2, B = a+1,

=1/a, 6 =v+1.

For the arithmetic winning strategy, which involves a continued fraction and two numeration
systems, p-system and g-system, we refer the reader to Section 7 of [9]. It was pointed out there
that the first one strategy is exponential while the last two provide poly-time strategies for
Generalized Wythoff. Now there exists a connection between I'i¢ with parameters K, s,t € ZT
and Generalized Wythoff but with parameter ' = [t/K], t, K as in I'k.

Theorem 7. Let s = 1. E/, = E, /K, H), = H, /K, where {(E,, H,)}n>0 and {(E., H})}n>0
the P-generators of I'ic and the P-positions of Generalized Wythoff.

Proof. This follows by the same method as in the proof of Lemma 4. N

11



Corollary 8. In misére play, (z,y) is a P-position of 'k (s = 1) if and only if (|z/K |, |y/K])
1s a P-position of Generalized Wythoff.

Proof. Directly follows from Lemma 7. B
Now based on this simple connection, together with the poly-time winning strategy for
Generalized Wythoff, I'x has a poly-time winning strategy for s = 1. However, for s > 1, there

is no poly-time winning strategy yet.

4 Rook type restrictions of (s,t)-Wythoff’s game

In this section, let Z¢" = {2n | n € Z°}, Z°% = {2n + 1 | n € Z°}. We also need the function
Sy for n € Z9, which has been defined in [12]:

0, if n is even,

1, if nis odd.

Op =

4.1 The P-positions of I'py

In T'p4, asymmetry of the game rules implies that (a,b) is not necessarily identical to (b, a).

Theorem 9. Let s,t € ZT. For T'oa in normal play, then
(1) Ifs=t=1, 7 =" ,{(2n,0),(2n + 1,2)}.
(2)If s+t>2, Z =, o{(An, Bn)}, where A, =n, By, = p(sn+ (n+1)t/2).

Proof. (1) Clearly for stability property of &?. Suppose (a,b) is a position not in &. If a = 2n
for some n € Z°, move (a,b) — (2n,0). If a = 2n + 1 for some n € Z°, then b € {0,1} or b > 3.
For the former, we move (a,b) — (2n,0). Otherwise, move (a,b) — (2n + 1,2).

(2) Proof of Fact I. Given (A4,,B,) € . Suppose that (4,,B,) — (Am,Bn) € Z.
Then n € Z°" cannot happen, since B, = 0 < B,,. Thus we have n € Z°¥, If m is also
odd, then k¥ = n —m > 2, thus £ = B, — B,, = s(n —m) + (n — m)t/2 > sk + t, which
contradicts the condition 0 < k < £ < sk +t¢. But if m is even, then we have k = n —m > 0
and ¢ = B,, = sn+ (n+ 1)t/2 > sk + t, another contradiction.

Proof of Fact II. Let (z,y) be a position not in &;. If x is even, then move y — 0. If x is
odd, there exists some n such that x = A, = n and we have either y > B, or 0 < y < B,. If
y > By, then move y — B,. If 0 <y < B, we distinguish the following four cases:

e y = 0. Then move (z,y) = (x — 1,0).

o1 <y<az Wemove (z,y) = (x—y—0,+1,0) € & on account of x —y — §, + 1 € Z".
This move is legal, since k =y +6, —1>0,{=y>0,and 0 <l -k <1< (s—1)k+ 1.
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e x <y < sr+t. Then move (z,y) — (0,0), which satisfies the condition Eq. (1) with
k=A,, l=y.

esr+t<y<B, Putm=2|(y—szr—t)/t] +1 and move (z,y) = (Ap, By). This move
is legal, since (a) m <n, (b) y > By, (¢) An — A, <y — By, < s(4,, — A,) + t. Indeed,

(a)y—sx—t<B,—sx—t=(n—1t/2,so0m <2(y—szx—1t)/t+1<n;

(b)ym<2(y—szx—t)/t+1,s0y>(m—1)t/24 sx+1t= B, +s(n—m)> Bp;

(c)m >2((y—sz—t)/t—1)+1 =2(y—sx—t)/t—1,s0y < (m+1)t/24sx+t = sn+(m+3)t/2;
by (b), y — B > n—m = A, — A, hence,

Ap —Am <y—Bp <sn+ (m+3)t/2—sm— (m+1)t/2=s(A, — An) +t.
Thus Eq. (1) is satisfied. W

Theorem 10. Put s,t € Z". For Tpa in misére play, then
(1) Ifs=t=1, 2 =(0,1)UlU,_o{(2n+1,0), (2n + 2,2)}.
2)Ifs+t>2, P =" o{(En, Hp)}, where E, =n, H, = (1 —6,)(sn+tn/2 +1).

Proof. (1) Both stability and absorbing properties of &2 when s = ¢t = 1 are simple. The details
are left to the reader.

(2) Proof of Fact I. Suppose a move from (FE,,, H,) produces another position of the form

(Em, Hp,). Tt is easy to see that the only possibility is that n is even. If m is also even, this
implies k =n—m > 2, then { = H,, — H,, = s(n —m) +t(n —m)/2 > sk + t, which contradicts
Eq. (1). If n is even but m is odd, then k =n—m >0, thus { = H, — H,,, = sn+tn/2+1 >
s(n —m) +tn/2 > sk + t, another contradiction.
Proof of Fact II. Let (x,y) be a position not in &?. We will show that there exists a legal move
such that (x,y) — (En, H,). Put x = E,, = n for some n € Z*. If x = 0, then (Ey, Hy) = (0, 1).
For (0,0), the next player wins without doing anything; for y > 1, we only need to move y — 1.
If z is odd, then move y — 0 = H,,. If x is even, this implies y > H, or 0 < y < H,. For the
former, we move y — H,,; while for the latter, we distinguish the following four cases:

e y = 0. Then move (z,y) = (E, —1,0) € Z.

e 1 <y < z. In this case, move (z,y) = (rt —y — 6, +1,0) € &, sincex —y —d,+1> 0 s
odd. This move is legal: (a) k=y—1+3,>0,(b){=y>0,(c) 0<l—k<1<(s—1)k+t.

o r <y<sr+t+1. wemove (z,y) = (Eo, Hy) = (0,1), which satisfies Eq. (1) with k = z,
=y—1<sz+t.

esr+t+1<y<H, Putm=2|(y—sx—1)/t] and move (z,y) — (Ep,, Hy). Thisis a
legal move, since (a) m < n, (b) y > H,,, and (¢) E,, — E,, <y— Hy, < s(Ep, — Ep,) +t. Indeed,

(a)y—sr—1< H,—sn—1=mnt/2,som=2[(y—sz—1)/t]| <2(y—sx—1)/t <n;

(b)m<2(y—szx—1)/t,soy>mt/2+szx+1=H,+s(n—m)> Hp;
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(¢c)m >2(y—sx—1)/t—2, thus y < sn+(m+2)t/2+1; by (b), y—Hp > n—m = E,— E,,.
Therefore, E, — B, <y— Hp, < sn+mt/2+t+1—sm—mt/2—1=s(E, — E,) +t, thus
Eq. (1) is satisfied. W

4.2 The P-positions of I'pp

Obviously, the game rules of T'pp is symmetrical, so we say (a, b) is a P-position, meaning that

(b,a) is also a P-position.

Theorem 11. Given s,t € Z". For T'oo in normal play, 2 = J;2{(0,2n)}.

Proof. A move from (0,2n) clearly leads to a position not in . Let (x,y) with z < y be a
position not in . If = 0 and y is odd, only move y — y — 1. Consider z > 0. If z,y € Z°%

or x,y € Z°", then move (z,y) — (0,y —x) € &. Otherwise, we take the entire pile with an

odd number of tokens. M
Theorem 12. Given s,t € ZT. For T'oo in misére play,

{(0,2n+1),(2,2n) [ n e Zt}, ifs=t=1,
{(0,2n+1) | neZt}, if s+t>2.

P —

Proof. Stability property of Z is straightforward. Let (x,y) with z < y be a position not in
P. Tt suffices to show that from (x,y) there is a move terminating in &. Consider three cases:

e x = 0. Clearly for y = 0. If y > 0, then y is even and move y — y — 1.

e x = 1. Then move (1,y) — (0,y — 1+ 9,) € &, since y — 1 + 6, is odd.

exr >2 Fors=1t=1 Ifz =2 then move (z,y) — (2,y — 1); if x > 3, we move
(,y) = (2—20y—p, y— 2 —20y—z +2) by taking x +25,_, —2 > 0 tokens from both piles. Note
that if y — « is odd, we have (2 =20y, y — 2 — 20y—s +2) = (0,y —x) € &; if y — x is even,
then (2 —26y—p, y—2—26y_, +2)=2,y—z+2) € Z.

For s +t¢ > 2, we move (z,y) = (0,y — 2 — 0y + 1) € &, since y — & — dy—, + 1 is odd.
This is a legal move, since: (a) k=2 —1+0dy_, >0, (b) f=z,and (¢) 0 <l —k=1—6y_, <
I1<s+t—1<(s—1k+t. N

4.3 The P-positions of ['pp
In Tog, (a,b) is not necessarily identical to (b, a) because of asymmetry.

Theorem 13. Let s=t=1. For I'og in normal play,

P = fj {(2n,0), (20, 1), (20 +1,4n + 3), (2n + 1,4n + 4)}.

n=0
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Proof. The proof of stability property of & is simple, we leave the details to the reader. Now
we prove absorbing property of &. Let (x,y) be a position not in &.

If x is even, then move (z,y) — (z,d,).

Ifx=2n+1forneZ% Theny > 4n+5 or 0 <y < 4n + 2. For the former, we move
(,y) = (2n+1,4n+4—46,). For the latter, if y = 0, then move (z,y) — (2n,0);if1 <y <z +1,
then move (z,y) = (x —y — 0y, + 1,1 — 6,) by taking y + d, — 1 > 0 tokens from both piles.
Since x —y — 0, + 1 is even and 1 — 6, € {0,1}, thus (x —y — 6, + 1,1 — 6,) € &. Finally,
if +2 <y <4n+ 2. Then we move (z,y) = (y + 6y — x — 2,2y + 0, — 2z — 2) by taking
20 —y— 0y +2 (>2— 6, > 0) tokens from both piles. The proof is completed by showing that
(y+0y —x—2,2y+ 0y — 22 —2) € P

Let y+6y —x—2=¢. Then 2y+0, —2x —2=2¢p+2—0, € {20+ 1,2¢+ 2}. Since y+ J,
is even, x is odd, we get ¢ is odd. It is easy to see that (¢,2¢ + 1), (9,20 +2) € 2. R

Theorem 14. Let s +t > 2. For I'og in normal play, & = J,_y{(An, Brn), (An, B},)}, where
forn >0,

A, =n,
B,=(s+t+1)A, +1,
B! = 0,(B, —1).

Example 5. For s = 2, t = 3, we display the first few P-positions of ['og in Table 5.

Table 5: The first few P-positions of I'og for s = 2, t = 3 in normal play.
n |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

o1 2 3 4 5 6 7 8 9 10 11 12 13 14
B, |1 7 13 19 25 31 37 43 49 55 61 67 73 79 85
0 6 0 18 0 30 0 42 0 50 0 66 0 78 O

Proof. Proof of Fact I. Given (A4,,B,) € . Suppose that (A,,B,) = (Amn,Bn) € Z.
Then we have k =n —m >0, and { = (s + ¢+ 1)(n —m) > sk + ¢, which contradicts Eq. (1).
Suppose that (A, By,) = (A, Bl,) € &. In this case, we have k = n —m > 0, and

s+t+1)(n—m)+1 if m € 704
g | ErEDEm
(s+t+1)n+1 if m € Z°ever

> (s+t+1)k > sk+t,

also contradicting Eq. (1).
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Given (A,, B))) € . Notice that if n is even and so B}, = 0, then any move from (A,,0)
cannot lead to a position in &2. Now suppose n is odd and so B), = B, — 1. If (4,,B],) —
(Am, Bm) € &, then we have k=n—m >0,and { =B, — B, — 1= (s+t+1)(n—m)—1=
(s+t+1)k—1 > sk+t, a contradiction; if (4, B},) — (Am, B),) € &, then we get k = n—m > 0,
and

i—p 1_-B - (s+t+1)(n—m) ifmezedd
! " (s+t+1)n it m e Z°ve"

> (s+t+ 1)k > sk+t,

another contradiction.
Proof of Fact II. Let (x,y) be a position not in &?. We show that there exists a legal move
such that (z,y) = (An, By) or (A, BY).

Put z = A, for some n € Z°. We distinguish two cases: (i) z is even; (ii) x is odd.

Case (i) v = A, = n is even.

In this case, note first that B, = (s +t+ 1)n + 1 is odd and B], = 0. The fact (z,y) ¢ &
implies that y > B, or 0 < y < B,. For y > B, if y is even, then move y — BJ; if y is odd, we
move y — B,. For 0 < y < B,,, we proceed by distinguishing three subcases:

o1 <y <z Thenmove (z,y) = (x—y—19y,0) € &. This move is legal, since (a) k =y > 1,
b)l=y+6,>2,(c)0<l—k=0,<1<(s—1k+1.

e ©x <y < B, —2. In this subcase, put m = [(y — z)/(s + )| and move (z,y) — (Am, Bm).
This move is legal:

(a) 0 <m < n. Indeed, 0 <y—z<B,—z—-2=(s+t)n—1<(s+1t)n,s00 < m =
Ly —2)/(s+ )] < (y—2)/(s+1) <.

(b) By the definition of m, we have (y —x)/(s+t) —1<m < (y —x)/(s+ 1), ie.,

(s+tm<y—z < (s+t)(m+1). (7)

Thus, y > (s +t)m +x = By, + (A, — A) — 1 > By, by virtue of 4,, — A,,, > 1.

If y = B,, then A, — A,, = 1. This is a legal move only from the first pile.

If y— By, > 1, then it follows from Eq. (7) that |(y—Bm) — (z—Aw)| = ly—z—(s+t)m—1| <
s+t—1<(s—1)A+t, where A\ :={A, — A,y — By} > 1.

e y = B, — 1. Then move y — 0 by taking y € Z°"*" tokens from the second pile.

Case (ii) v = A, = n is odd.

In this case, B, = B, — 1, then y > B, or 0 < y < B, — 2. For y > B,. we see
B, = (s+t+1)n+11isodd if s+t is odd, or B, is even if s+t is even. Thus if (y, s+t € Zo%)
or (y, s+t € Z°"), then we move y — By; if (y € Z", s+t € 7°%) or (y € 709, s+t € Zv°n),
we move y — BJ,. For 0 <y < B, — 2. We consider the following three subcases:

e y = 0. We just move (z,y) = (4, —1,0) € .
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e 1 <y < z. In this subcase, we move (z,y) = (x —y—1+0,,0) € . This is a legal move,
since (a) k=y>0,(b) l=y+1—-0,>0,(c) 0<l—k=0,<1<(s—1)k~+t.
oz <y<B,—2 Wemove (z,y) = (Am, Bn) with m = [(y — z)/(s +t)]. This follows

from the same method as in case (i). W

Theorem 15. Let s =t =1. For I'og in misére play,

7 = {(0> 2)7 (O> 3)a (27 3)7 (27 6)}
[.j (2n +1,0),(2n 4+ 1,1),
n=0 (2n +4,4n+9), (2n + 4,4n + 10)

Proof. Stability property of & is simple. We are left with the task of proving absorbing
property of 2. It is easy to check that (0,2),(0,3),(2,3),(2,6) are all P-positions by the
knowledge of Example 1 in Section 2. If z = 2n+1 for some n € Z°, then move (z,y) — (z, ).
If x = 2n + 4 for some n € Z°, then y > 4n+ 10 or 0 < y < 4n + 9. For the former, we move
(x,y) = (2n+4,4n+9) (if y is odd) or (x,y) — (2n +4,4n + 10) (if y is even). For the latter,
we consider three cases:

o0 <y <z Ify=0, then move x — 2n+1, or else, we move (z,y) = (r—y—3J,+1,0) € 2,
which satisfies Eq. (1) with k =y +d, — 1 and £ =y.

erx<y<z+4 Ifye{x+ 1,2+ 4}, then remove x — 2 tokens from both piles leading to
(2,3) or (2,6); if y € {x + 2,2 + 3}, remove z tokens from both piles leading to (0,2) or (0, 3).

ez +5<y<4n+9. Then move (z,y) = (y —x — 2+ 0,2y — 22 — 2 + 0,) by taking
2x — y + 2 — oy tokens from both piles. Let y — 2 — 2+ 6, = ¢. Clearly ¢ is even and
because of ¢ > 3 + §,, then ¢ > 4. Thus there exists some n € 70 such that ¢ = 2n + 4.
Furthermore, 2y — 2z — 246, =20 +2 — 0, € {20+ 1,2¢ + 2} = {4n + 9,4n + 10}. Hence,
(y—x—24+0y,2y—2x—-2+0,) € Z. N

Theorem 16. Let s+t > 2. For Tog in misére play, & = J;—o{(En, Hy), (En, H},)}, where
forn €{0,1,2},

n |0 1 2
E, |0 1 2
H,|2 0 2s+t+3
H, |3 1 2s+t+4
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and forn > 3,

E,=n,
= (s4+t+1)E, +2— 0 —t, (8)
=(1—=0n)(Hn —1).

Example 6. For s =t = 3, we display the first few P-positions of ['pr in Table 6.

Table 6: The first few P-positions of I'og for s = ¢ = 3 in misere play.

n |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
E,/0 1 2 3 4 5 6 7 &8 9 10 11 12 13 14
H,|2 0 9 15 20 25 30 35 40 45 50 55 60 65 70
H (3 1 10 0 19 0 29 0 39 0 49 0 59 0 64

Proof. The proof is tedious. We first prove stability property of &?. Given a position (E,, Hy)
(or (En, H))) in 2, if n < 3, we leave it to the reader to verify that a legal move from (E,,, Hy,)
(or (Ey, H])) leads to a position not in &2. For n > 3, it is easy to check that a legal move from
(En, Hy) (or (E,, H},)) cannot land in | J, 4{(E;, H;), (E;, H])}. Let m > 3.

Now suppose (Ey, Hy,) = (Em, Hp), thenk=n—m >0and { = H, — H,,, = (s+t+1)(n—
m) > sk + t, which contradicts Eq. (1).

Suppose that (E,, Hy,) — (Em, H},), then Kk =n —m > 0. And if m is odd, ¢ = -0=
(s+t+1)n+2—30s—t>(n—m)s+ (n—1)t > sk+t; if mis even, then { = H, n—(Hm—l) =
(s +t+1)(n—m)+1> sk+t. Both contradict Eq. (1).

Next suppose (Ep, H))) = (Ep, Hy,). It is impossible that n is odd. Indeed, if so, it follows
by the definition of ¢, that H), = 0 < H,,. If n is even, then we have H) = H, — 1 and
k=n—m>0,but { =(H,—1)—Hy, = (s+t+1)(n—m)—12> sk+t, another contradiction.

Finally, suppose that (E,, H)) — (En, H],). As above, n is even. If m is also even, then
¢ =(H,—-1)— (Hy—1) = (s+t+1)(n—m) > sk +t; if n is even but m is odd, then
¢{=H,—1=(s+t+1)n+1—-0s—t>(n—m)s+ (n—1)t > sk+t. In a word, this move is
also illegal.

We next prove absorbing property of &. Let (x,y) be a position not in &. Put z = E,, =n
for some n € ZV.

If =0, then y € {0,1} or y > 4. Obviously, (0,0) and (0,1) are N-positions. For y > 4,
then move (0,y) — (0,24 6,) € Z.

If . =1, then y > 2, move (1,y) = (1,6,) € Z.

If x = 2, we have either y > 2s+t+4or 0 <y <2s+t+3.
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Case (i) y > 25+t +4. If (y € Z° and t € Z¢") or (y € Z°" and t € Z°), we move
(2,y) = (2,25 +t+3) € P since £ =y —2s —t —3 > 0 is even; if (y,t € Z°%) or (y,t € ZM),
then we move (2,y) — (2,2s+t+4) € & because y — 25 — t — 4 is always even.

Case (1)) 0 <y <2s+t+3. If y =0, we move (2,0) — (1,0); if y € {1,2,3}, we move
(2,y) — (1,1); if y = 4, move (2,4) — (0,2), if 5 <y < 25+t + 3, then move (2,y) — (0,3),
which satisfies Eq. (1) with k =2 and £ =y — 3.

If x > 3, we proceed by distinguish two cases: (i) = is odd; (ii) x is even.

Case (iit) x = n is odd.

In this case, H), =0 and soy > H, or 0 < y < H,. For y > H,, if y is even, we move y — 0;
if y is odd, then move y — H,, as{ =y—H, =y—(n—1)(s+1t) — (s —ds) —n+ 2 is even. The
case 0 < y < H, is rebarbative. With patience we proceed by distinguishing seven subcases:

e 0 <y<ux Ifyis even, we move y — H} = 0; if y is odd, we move (z,y) — (x —y — 1,0)
since x — y — 1 is odd. Obviously this move satisfies Eq. (1) with £ =y and £ =y + 1.

o y € {z,x + 1}. Then move (z,y) — (1,1).

er+2<y<uz+2s+t Wemove (x,y) — (0,3), which is legal, since (a) k = =z > 0,
b)l=y—3>2—-1>0,(c) [l -kl <2s+t—-3<2(s—1)+t < (s—1)A+t, where
A= min{z,y — 3} > 2.

ey=x+2s+t+1. Wemove (z,y) = (2,25 +t+ 3) € & by removing = — 2 > 0 tokens
from both piles.

er+2s+t+2<y<x+3s+2t. Then move (z,y) = (2,2s +t+4) € &. This move is
legal, since (a) k =2 —-2>0,(b){=y—2s+t+4)>2—-2>0,(c) [l -kl <s+t-2<
s+t—1<(s—Dk+t

er+3s+2t+1<y<H,—1. Putm=|y—xz+t—1+496)/(s+t)] and move
(z,y) = (Em, Hy,). This move is also legal, since

(a) n >m > 3. Indeed, y—z+t—1+4+6s < Hy,—x+t—2+ 05 = (s+ t)n, thus
we have m < (y —x 4+t —1+J5)/(s +1t) < n. On the other hand, y —x +¢t — 1+ 5 >
r+3s+2t+1—(z—t+1—065) >3(s+t). som>3and k=n—m > 0.

(b) y > H,y,. By the definition of m, (y—z—s—1+0d5)/(s+t) < m < (y—x+t—1+0s)/(s+1),

ie.,
(s+tm—t+1-6;<y—ax<(s+t)ym+s+1—Js. 9)

Thusy > (s+ty)m+x—t+1—6s = Hy + (B — Ey) — 1 > Hy, by virtue of E,, — E,, > 1.

If y = H,,, then E,, — E,, = 1. This is a legal move only from the first pile.

If y — Hy, > 1, then it follows from Eq. (9) that |(y — Hy) — (x — Ep)| = ly—x — (s +t)m —
24t+6s <s+t—1<(s—1)A+t, where \ ;== min{FE,, — E,,,y — Hp} > 1.

ey =H,—1 Notethat H, — 1= (n—1)(s+1t)+ (s —ds) +n + 1 is even on account of
n € 7°4 and s — §, € Z¥*". Thus we move simply y — H/, = 0.
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Case (i) x = n is even.

In this case, H], = H, — 1 and so we have either y > H, or 0 <y < H,, — 2.

For y > H,. It is worth to note that if s + ¢ is odd, then ¢ + J5 is also odd, thereby
H,=(s+t+1)n+2—t—0sis odd; if s+ is even, meaning that ¢ + Js is also even, and so H,
is even. Therefore, if (y,s +t € Z°¥) or (y,s +t € Z¢°"), then we move y — H,, since y — H,
is even; if (y € Z° and s+t € Z°°") or (y € Z*" and s + t € Z°%), then we move y — H/,
because y — H], =y — H, + 1 is still even.

For 0 <y < H, -2 If y=0, wemove (2,0) = (z—1,0). If 1 <y <z —1, we move
(x,y) = (r —y—1+46,,0) € & with z —y — 14+, = m being odd, which satisfies Eq. (1) with
k =y and { =y +1—0,. Otherwise, analysis for x <y < H,, — 2 is the same as the proof of

case (iii), more details are left to the reader. H

Remark 1. Similar to I'og, maybe we can define I'go, Fven-Odd-Nim (s,t)-Wythoff’s Game:
A player chooses the first pile and takes even k > 0 tokens, or chooses the second pile and takes
odd ¢ > 0 tokens, the move rules are the same with (s,t)-Wythoff’s Game when move from both
piles. The move rules of these two games imply that (x,y) is a P-position of I'go if and only if
(y,x) is a P-position of I'og. Thus the P-positions of 'y are easily obtained by Theorems 13,
14, 15 and 16 with (x,y) replaced by (y, z).

5 Conclusion

In this paper, I'k is completed solved for any K, s,t € Z* in both normal and misére play. It
is a generalization of both the original (s,t)-Wythoff’s game and EEW investigated in [12]. It
is worth mentioning that both exponential and polynomial winning strategies for I' are given
in both normal and misere play. However, in misere play, whether I'x has a polynomial time
winning strategy or not is still open for all s > 1.

Following this, I'o4, I'oo, and I'og are investigated. Under both normal and misere play
conventions, the sets of P-positions of these three games are given algebraically for all s,¢ > 1.
Motivated by these games, we may associate more interesting games, for instance:

Open problem. Define I'gp (Even-Even-Nim (s,t)-Wythoff’s game): a player may only
remove an even (> 0) number of tokens when move from a single pile, and move rules remain
unchanged when move from both piles. This game is also a rook type restriction of (s,t)-
Wythoff’s game. Then how to determine the P-positions of I'gg?

Further, what is the result if a player could remove a multiple of K (€ Z") tokens when
move from one pile (a generalization of I'gg)? And what if a player is restricted to take k €
{nK+1:neZ} (or ke {nK+K—1:n¢€Z"}) tokens when move from one pile (it is a
generalization of I'pp, which is precisely the case K = 2)?7
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