On the recurrence f_{m+1} = b_mf_m − f_{m−1} and applications

Aviezri S. Fraenkel

Department of Computer Science and Applied Mathematics The Weizmann Institute of Science Rehovot 76100, Israel

     fraenkel@wisdom.weizmann.ac.il
http://www.wisdom.weizmann.ac.il/~fraenkel

There’s a proposition proclaimed to be new; it existed in eternity before us. The early authors are forgotten;

and also the contemporary ones won’t have any remembrance, though they are modern.

(Ecclesiastes 1, 10 − 11, free translation from Hebrew.)

Abstract

We point out that a natural and direct way of analyzing the recurrence fm+1 = bmfm − fm−1 is by means of continued fractions theory. Applications to exotic numeration systems and to games are given, and previous examinations of the special case fm+1 = 6fm − fm−1 are pointed out.

Denote by Z, Z^0 and Z^+ the set of integers, nonnegative integers and positive integers respectively. If a_0 ∈ Z, a_i ∈ Z^+ (i ≥ 1), then

α = a_0 + 1 a_1 + 1 a_2 + 1 .. .

:= [a_0, a_1, a_2, . . .] , (1)

is a simple continued fraction. Its convergents are: p_n/q_n = [a_0, . . . , a_n] (n ≥ 0). Putting p_{−1} = 1, q_{−1} = 0, p_0 = a_0, q_0 = 1, we then have p_n = a_np_{n−1} + p_{n−2}, q_n = a_nq_{n−1} + q_{n−2} (n ≥ 1). See e.g., [10, Ch. 10], [12].

Let u_n stand for either p_n or q_n, with the understanding that in each formula, either all u_i denote p_i or all denote q_i.

Proposition 1. Let α be given by (1). Suppose that for some m ≥ 2, a_m = a_{m+2} := a. Then u_{m+2} = (aa_{m+1} + 2)u_m − u_{m−2}.

Proof. We have u_{m+2} = au_{m+1} + u_m = a(a_{m+1}u_m + u_{m−1}) + u_m. Since au_{m−1} = u_m − u_{m−2}, the result follows. ■

The recurrence of Proposition 1 is essentially that of the title. Throughout we put a_0 = 1 in (1). We consider the special case of (1) when a_{2m} = a for all m ∈ Z^+. Put ε = { 0 if u_i = q_i 1 if u_i = p_i (i ≥ 1).

Letting u_{−2} = 1 − εa, u_0 = 1, Proposition 1 then gives

u_{2m} = (aa_{2m−1} + 2)u_{2m−2} − u_{2m−4} (m ≥ 1).

If we now put aa_{2m+1} + 2 = b_{2m}, halve all the indices and write f instead of u, we get precisely the title’s recurrence, namely,

f_m = b_mf_{m−1} − f_{m−2}. (2)

This case was considered in [6, §4], where also the following was proved.

Proposition 2. Put a_{2m} = a in (1) for all m ∈ Z^+. Then every positive integer has precisely one representation of the form N = ∑_n i=0 d_{2i}u_{2i}, where the digits d_{2i} are nonnegative integers satisfying

0 ≤ d_{2i} ≤ aa_{2i+1} + 1 (i ≥ 1), 0 ≤ d_0 ≤ a(a_1 + ε)

and the additional condition: if for some 0 ≤ k < l ≤ n d_{2l} and d_{2k} attain their maximal values, then there exists j satisfying k < j < l (so actually l − k ≥ 2) such that d_{2j} < aa_{2j+1}.

The immediate motivation for recounting the preceding facts is [2], where the recurrence

f_n = 6f_{n−1} − f_{n−2}, (3)

a special case of (2), was considered inter alia. It was followed by the comment, “This recurrence cries out for a combinatorial interpretation. Finding this interpretation is an open question.” In [1] an application of (3) to regular languages was given. Irrespective of any applications, we suggest that the theory of continued fractions is the “right” tool for viewing recurrences of this form, because it leads naturally and directly to them. Applications also lie close by, in view of the immediate use for exotic numeration systems, which, among other things, lead to winning strategies for certain combinatorial games. Such numeration systems can also be used for efficient compression of sparse vectors — see [9].

For b_n = aa_{2n+1} + 2 = 6, i.e., aa_{2n−1} = 4 for all n ∈ Z^0, we get four solutions to the recurrence (3), namely the p_{2i}, q_{2i} sequences of the simple continued fractions

[1, (4, 1)^∞] = ( √ 2 + 1)/2, [1, (1, 4)^∞] = 2 √ 2 − 1, [1, 2^∞] = √ 2. (4)

They can be specified by their initial conditions p_2 = 6, p_2 = 9, p_2 = 7, respectively, where p_0 = q_0 = 1, q_2 = 5 throughout. The third p_{2i} sequence, namely

{p_{2i} : i ≥ 0} = {1, 7, 41, 239, 1393, 8119, 47321, . . . }, (5)

is the solution of (3) considered in both [2] and [1]. Each of the four sequences generates a numeration system satisfying Proposition 2. Of course we can get infinitely many solutions for (3) by putting aa_{2n−1} = 4 for all large n, instead for all n ∈ Z^0. This amounts to assigning different initial values to the recurrence (3).

The simplest case of (2) is when a = a_{2m+1} = 1 for all m ≥ 0. Then (1) becomes the Fibonacci situation, where α = [1^∞] = (1 + √ 5)/2 := ϕ is the golden section. The p_{2i} then constitute the “even” Fibonacci numbers 1, 3, 8, 21, 55, . . . and the q_{2i} the “odd” ones: 1, 2, 5, 13, 34, . . . with p_{2i}/q_{2i} → ϕ as i → ∞. By Proposition 2 the two corresponding numeration systems are ternary, with the additional condition that between any two 2 digits there must be a 0-digit. This numeration system was used in [3] for investigating irregularities of distribution of sequences. A recent application to “combinatorial matrices” and games was given in [7].

We point out that a somewhat more direct way to get the recurrence (2) is to consider quasiregular (or semiregular— halbregelmässig) continued fractions, which have the form

β = b_0 + a_1 b_1 + a^2 b_2 + a_3 .. . := [b_0; a_1, b_1; a_2, b_2; . . .] ,

with b_i ∈ Z^+ and |a_i| = 1 for all i. In [12, Ch. 5] it is proved that quasiregular continued fractions converge. Their convergents p_n/q_n = [b_0; a_1, b_1; . . . ; a_n, b_n] satisfy p_{−1} = 1, p_0 = b_0, q_{−1} = 0, q_0 = 1, u_n = b_nu_{n−1} + a_nu_{n−2} , (n ≥ 2), where again u_n stands for either p_n or q_n.

Putting a_n = −1 for all n ≥ 1, we see that both p_n and q_n satisfy our recurrence (2). For a_i = −1 and b_i = 3 for all i we get β = 3 − 1/β, so β = ϕ^2 = ϕ+1, where the p_i (i ≥ −1) constitute the “even” Fibonacci numbers, q_i = p_{i−1} for all i ≥ 0, with p_i/q_i → ϕ^2. For a_i = −1 and b_0 = 7, b_i = 6 for all i ≥ 1, the p_i (i ≥ −1) constitute the sequence 1, 7, 41, 239, 1393, 8119, 47321, . . . considered above, and the q_i (i ≥ 0) form the sequence 1, 6, 35, 204, 1189, 6930, . . . with p_i/q_i → 4 + 2 √ 2. The characteristic equation of (3) is x^2 − 6x + 1 = 0, with solutions α = 3 + 2 √ 2 = β^2, α^{−1} = 3 − 2 √ 2 = β^{−2}, where β = √ 2 + 1, β^{−1} = √ 2 − 1. This leads to f_m =

(f_1 − f_0α^{−1})α^m + (−f_1 + f_0α)α^{−m} 4 √ 2 . For the three continued fractions (4), the three sequences p_{2i} (with f_0 = p_0, f_1 = p_2), and the sequence q_{2i} (f_0 = q_0, f_1 = q_2) then satisfy, respectively,

f_m = α^{m+1} − α^{−(m+1)} 4 √ 2 = β^{2m+2} − β^{−(2m+2)} 4 √ 2 ,

f_m =

(3 + √ 2)α^m − (3 − √ 2)α^{−m} 2 √ 2 = (3 + √ 2)β^{2m} − (3 − √ 2)β^{−2m} 2 √ 2 ,

f_m = β^{2m+1} − β^{−(2m+1)} 2 , (6)

f_m = β^{2m+1} + β^{−(2m+1)} 2 √ 2 . The solution (6) appears in [1] and is credited there to [11].

As a sample-application, we shall now show that the sequence (5) can be used to formulate a polynomial strategy for a generalized Wythoff game. We shall only state and illustrate the facts, which are special cases of theorems proved in [5].

A generalized Wythoff game is defined by means of a positive integer parameter t. Given two piles of tokens, two players move alternately. The moves are of two types: remove any positive number of tokens from a single pile, or take from both piles, say k (> 0) from one and ℓ (> 0) from the other, provided that |k − ℓ| < t. The player first unable to move loses, and the opponent wins. For t = 1, the second-type move permits to remove only the same number of tokens from both piles. This is the classical Wythoff game [13], [4], [14]. Another generalization appears in [8].

We denote game positions by (x, y) with x ≤ y, and proceed to examine the game for t = 2. Clearly (0, 0) is a player II (second player) winning position, since player I (the first player) cannot move, so loses. Any player II winning position will be called a P -position (Previous player winning position), and the set of all P -positions is denoted by P. Similarly, any player I winning position is called an N-position (Next player win), and the set of all N-positions is N .

The position (1, 3) is also in P, since it is verified easily that player I cannot move to 0, but player II can do so after any move of player I. The P -positions (A_n, B_n) for n ∈ {0, . . . , 10} are listed in Table 1, which has a rather interesting general structure, stated in the next proposition. Before reading on, try to guess the values (A_{11}, B_{11}) and (A_{12}, B_{12}).

Let S denote any finite subset of Z^0 and S = Z^0 \S. We define the Minimum EXcluded value of S as mex S = min S = smallest element of Z^0 not in S. For any nonnegative integer n, let

A_n = mex{A_i, B_i : 0 ≤ i < n}, B_n = A_n + tn (n ∈ Z^0). (7)

Note that A_0 = B_0 = 0. The following holds.

Proposition 3. P = ⋃_∞ i=0 { (A_i, B_i) } , where A_n and B_n are given by (7).

Table 1: The first few P -positions of the generalized Wythoff game for t = 2. n A_n B_n 0 0 0 1 1 3 2 2 6 3 4 10 4 5 13 5 7 17 6 8 20 7 9 23 8 11 27 9 12 30 10 14 34

The mex property implies that if we put A = ∪^∞_{n=1}A_n, B = ∪^∞_{n=1}B_n, then A, B are complementary, i.e., A∪B = Z^+, A∩B = ∅. Hence Proposition 3 permits to give a winning strategy for any given game position (x, y) with x ≤ y. Table 1 is computed up to the smallest integer A_n ≥ x. If there is equality and also y = B_n, then (x, y) ∈ P. Otherwise (x, y) ∈ N , and the proof of Proposition 3, which is constructive, shows how to win by moving to a P -position.

Let’s examine the complexity of this strategy. Table 1 has to be computed only up to the smallest integer A_n ≥ x. It is not hard to see that n = Θ(x), so the strategy is linear in x. Is this an efficient strategy? Well, the game is succinct, i.e., the input size is Θ(log x + log y), so the strategy is actually exponential, also called intractable in computational complexity theory (unless y is exponentially larger than x).

Is there a polynomial strategy? The next proposition implies a positive answer to this question.

Proposition 4. A_n = ⌊n √ 2⌋, B_n = ⌊n √ 2⌋ + 2n for all n ∈ Z^0, where A_n and B_n are defined in (7).

(Check that the first few values of Table 1 satisfy Proposition 4.) Let (x, y) with x ≤ y be a given game position. Proposition 4 implies that either x = ⌊n √ 2⌋ = A_n where n = ⌊(x+1)/ √ 2⌋, or else, by complementarity, x = ⌊n( √ 2+ 2)⌋ = B_n, where n = ⌊(x + 1)/( √ 2 + 2)⌋. These facts suffice to provide a polynomial winning strategy, since it suffices to compute √ 2 to a precision of O(log x) digits, and store it in O(log x) words.

For formulating yet another polynomial strategy, we use the sequence {p_i} of the numerators of the convergents of the simple continued fraction expansion of √ 2, namely, {p_i : i ≥ 0} = {1, 3, 7, 17, . . . } as basis elements of a special ternary numeration system.

Proposition 5. Every nonnegative integer N has precisely one represen-

Table 2: An exotic ternary representation of the first few positive integers.

17 7 3 1 n 1 1 2 2 1 0 3 1 1 4 1 2 5 2 0 6 1 0 0 7 1 0 1 8 1 0 2 9 1 1 0 10 1 1 1 11 1 1 2 12 1 2 0 13 2 0 0 14 2 0 1 15 2 0 2 16 1 0 0 0 17 1 0 0 1 18 1 0 0 2 19 1 0 1 0 20

tation of the form N = ∑ i≥0 d_ip_i, 0 ≤ d_i ≤ 2; d_{i+1} = 2 ⇒ d_i = 0 (i ∈ Z^0).

The representation of the first few positive integers in this numeration system is depicted in Table 2. Is there any connection with Table 1? Well, note that the pair (1, 3) has representation (1, 10) where the first component ends in an even number (zero) of 0s, and the second component is the “left shift” of 1: The left shift of N = ∑ i≥0 d_ip_i is L(N) = ∑ i≥0 d_ip_{i+1}. These observations hold in general:

Proposition 6. Let N ∈ Z^+. Then N ∈ A_n if and only if the smallest nonzero basis element of the representation of N belongs to the sequence (5). Moreover, if N ∈ A_n, then B_n = L(A_n).

Given any position (x, y) with x ≤ y of our game, we represent x in the special ternary system and observe whether it ends in an even number of 0s ( then the smallest nonzero basis element belongs to the sequence (5) ) or not.

This can be done in polynomial time. Thus Proposition 6 constitutes another application of the sequence (5) to the construction of a polynomial strategy for our game.

References

[1] E. Barcucci, S. Brunetti, A. Del Lungo and F. Del Ristoro 1998, A combinatorial interpretation of the recurrence f_{n+1} = 6f_n − f_{n−1}, Discrete Math. 190, 235–240.

[2] J. Bonin, L. Shapiro and R. Simion 1993, Some q-analogues of the Schröder numbers arising from combinatorial statistics on lattice paths, J. Statist. Plann. Inference 34, 35–55.

[3] F.R.K. Chung and R.L. Graham 1981, On irregularities of distribution, Proc. Nat. Acad. Sci. USA 78, 4001.

[4] H.S.M. Coxeter 1953, The golden section, phyllotaxis and Wythoff’s game, Scripta Math. 19, 135–143.

[5] A.S. Fraenkel 1982, How to beat your Wythoff games’ opponent on three fronts, Amer. Math. Monthly 89, 353–361.

[6] A.S. Fraenkel 1985, Systems of numeration, Amer. Math. Monthly 92, 105–114.

[7] A.S. Fraenkel 2000, Arrays, numeration systems and Frankenstein games, Theoret. Comput. Sci., special “FUN in Algorithms” issue, to appear.

[8] A.S. Fraenkel and I. Borosh 1973, A generalization of Wythoff’s game, J. Combin. Theory (Ser. A) 15, 175–191.

[9] A.S. Fraenkel and S.T. Klein 1985, Novel compression of sparse bitstrings—preliminary report, Proc. NATO Advanced Research Workshop on Combinatorial Algorithms on Words (A. Apostolico and Z. Galil, eds., Maratea, Italy, June 1984), pp. 169–183, Springer-Verlag, Heidelberg.

[10] G.H. Hardy and E.M. Wright 1989, An Introduction to the Theory of Numbers, Clarendon Press, Oxford, 5th edition.

[11] M. Newman, D. Shanks and H.C. Williams 1980, Simple groups of square order and an interesting sequence of primes, Acta Arithmetica 38, 129–140.

[12] O. Perron 1950, Die Lehre von den Kettenbrüchen, Chelsea, New York.

[13] W.A. Wythoff 1907, A modification of the game of Nim, Nieuw Arch. Wisk. 7, 199–202.

[14] A.M. Yaglom and I.M. Yaglom [1967], Challenging Mathematical Problems with Elementary Solutions, Vol. II, Holden-Day, San Francisco, translated by J. McCawley, Jr., revised and edited by B. Gordon.