Multi Dimensional Billiard-like Potentials

Ph.D. Research Proposal by Anna Rapoport
Under the Supervision of Professor Vered Rom-Kedar

Weizmann Institute of Science
Rehovot
Israel

November 3, 2003



1 SETUP 2

Abstract

Imagine a point particle travelling freely (without friction) on a table, under-
going elastic collisions with the edges of the table. The table is just a bounded
region of the plane. This model resembles a game of billiards (or pool) but
it looks much simpler - we have only one ball, which is a dimensionless point
particle. There is no friction and the table has no pockets. However, the
shape of the table can be rather arbitrary. This shape determines the ball
dynamics.

The billiard model has numerous applications in physics. First, it works
as idealized model for the motion of charged particle in a potential, a model
which enables the examination of the relation between classical and quan-
tized systems (see [15],[33] and references therein). Second, this model has
been suggested in [30] as a first step for substantiating the basic assumption
of statistical mechanics — the ergodic hypothesis of Boltzmann (see especially
the discussion and references in [32]). Finally, there exists a direct mechan-
ical realization of this model: The motion of N rigid d-dimensional balls in
a d-dimensional box (d=2,3) may be reduced to a billiard problem in n di-
mensions, where n = 2N x d This is the main motivation to study higher
dimensional billiards.

1 Setup

1.1 The Configuration Space

We consider a billiard flow as the motion of a point mass in a compact domain
D € R4 or T?. Assume that the boundary S = 9D consists of a finite number
of submanifolds (C*, k > 3 smooth (d — 1)-dimensional surfaces).

S=0D=I1ulLyu..ul',, i=1...n (1.1)
The boundaries of these submanifolds, when exist, form the singular set

of dD:

[* =0l Udl,U...Udl,, i=1...n (1.2)

The moving particle has a position ¢ = (z,y,2%,...,2%%) € D and a
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Figure 1: Billiard table, regular reflection and tangent trajectory.

velocity vector v = (pg, Dy, Dat, -.s Pad—2) € R? which are functions of time!.
If ¢ € D, then the particle moves freely with the constant velocity according

to the rule: .
q =V
{@:0 (1.3)

We assume that the particle has mass one, so its momentum is p = v and
the equation (1.3) is Hamiltonian with Hamiltonian function

_ IplP?
2
So, the point moves at unit speed and bounces off 9D according to the
usual laws of reflection: the angle of incidence is equal to the angle of reflec-
tion. Formally, the outgoing vector p,,; is related to the incoming vector p;,

by

H(q,p) (1.4)

Pout = Pin — 2<pln> n(Q)>n(q) (15)

'For two dimensional case the position is ¢ = (x,y) and the velocity is v = (ps, py).
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where n(q) is the inward unit normal vector to the boundary 0D at the
point ¢q. To use the reflection rule (1.5), we need the normal vector n(q) to
be defined, hence the rule cannot be applied at points ¢ € I'*, where such a
vector fails to exist?.

Generally, the incidence angle ¢ belongs to [—75, 7], where ¢ = £7 cor-
respond to trajectories which are tangent to S (e.g. the point ¢’ in Figure 1;

here 0D =T).

Definition 1.1. The domain D is called the configuration space of the billiard
system.

1.2 The phase space

Now we construct the phase space of the system. The dynamics (1.3)-(1.5)
preserves the Euclidian norm ||pl|, so we can set ||p|| =1 (i.e. we restrict the
dynamics to the energy surface H = %) Then, the phase space of the system
is P = D x S where S9! is a (d — 1)-dimensional unit sphere of velocity
vectors. So the elements of P are

pP= (Qap) = (xaya 217 '--azd_zap$7py7pz17 "'7pzd—2)'

ot . P — P is the billiard flow. p; = ®'py means that the distance
between the trajectory, connecting ¢y with ¢;, and the set I'*) is bounded
away from zero.

It is standard in dynamical system theory to reduce the study of flows to
maps by constructing a cross-section. The latter is a hypersurface transversal
to the flow. For the flow ®!, a hypersurface in P can be very naturally
constructed with the help of the boundary of D. Let

P={p=(q,p) €P:qecdD,(p,n(q) >0} (1.6)

This is a (2d — 2)-dimensional submanifold in P. It consists of all possi-
ble outgoing velocity vectors resulting from reflections at dD. Clearly, any
trajectory of the flow ®¢ crosses the surface P every time it reflects at 9D.

This defines the Poincaré return map by

2To be precise, one might define n(q) by continuity at points of I'*, but this would give
more than one normal vector n(g), hence the dynamics would be multiply defined. This is
not good. We adopt a standard convention that the reflection is not defined at any g € I'*.
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T : P — P such that Tz = ™@+0y (1.7)

where
7(r) = min{t > 0: &% € P}.

Definition 1.2. The map T is the billiard map.

If the smooth components of the boundary D are of class C*, then the
map T is C* -smooth at all points p € P\ ¥ such that Tp € P\ ¥, where

Y ={(¢,p) € P:(p,n(q)) =0t U{(¢,p) € P:qeI"}. (1.8)

This is the set where the Poincaré map 7' has singularities.

2 Background

2.1 Boltzmann’s hypothesis and Mechanical model

The proper mathematical formulation of Boltzmann’s ergodic hypothesis is
still not clear. For systems of elastic hard balls on a torus, however Ya.
Sinai, in 1963 in [29] gave a stronger, and at the same time mathematically
rigorous, version of Boltzmann’s Hypothesis:

Boltzmann-Sinai Ergodic Hypothesis: The system of an arbitrarily
fized number N of identical elastic hard balls moving on T? torus is ergodic.

One can reduce the above problem to the billiard problem in higher di-
mensions by the following procedure.

Let us consider N balls or disks of mass m and radius r enclosed in a
bounded domain R, called a container (or reservoir)®. The balls (disks) col-
lide elastically with each other and with the walls of the container. Precisely,
if a ball with center ¢ hits a wall at a point w € R, then we decompose
its velocity vector as v = vll + vt, where v+ is the component parallel to

3The system of N balls (disks) moving in the open space (or on the plane) without walls
is dynamically not very interesting. As it is intuitively clear (and proven mathematically),
the total number of collisions between balls is always finite, and after the last collision the
balls will fly freely forever. Furthermore, the number of collisions between IV balls in the
open space is uniformly bounded by a constant that only depends on N. This last fact
was proved very recently in 1998 by Burago, Ferleger and Kononenko [8]
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the line passing through ¢ and w, and v/l is perpendicular to that line (so
it is parallel to the line tangent to the boundary at the point w). The new,
outgoing, velocity of the ball is vV = vl — vt

Now we reduce the system of N hard balls in a container R to a billiard.
We denote by ¢; = (g}, ¢2, ¢?) the center of the ith ball* and by v; = (v}, v?, v?)

its velocity vector, 1 < ¢ < N. Now the entire system can be described by a
configuration point

= (g1, a1, 4, a3, O, G) € RPN

and its velocity vector

v=(v],v3 v 0], ... vi,v3) € RN
Since the balls cannot overlap, one needs to exclude configurations that
satisfy

(@ —4)* + (@ — )" + (¢ — q7)* < (2r)? (2.1)
for 1 <i < j < N. The inequality (2.1) specifies a spherical cylinder in R3,

which we denote by C;;. After removing all forbidden configurations we get
a configuration space

D =RrRM\|JCy
i#]

One can check by direct inspection that the trajectory of the configuration
point ¢ in D is governed by the billiard rules. Specular reflections at the
surface of a cylinder C;; correspond to collisions between the balls ¢ and j.
Thus, the study of the mechanical model of N balls or disks is reduced to
the study of billiard dynamics in the domain D.

We note that the conservation of the total kinetic energy 3 > m||v;]|? is
equivalent to the preservation of the norm ||v|| of the velocity vector. If the
container R is a torus T?, then there are no walls (OR = 0) and the total
momentum P = Zf\il mu; is also a first integral of motion.

The singularity set I'* contains all intersection of the cylindrical surfaces
C;; with each other. Such intersections correspond to simultaneous collisions
of three or more balls. The outcome of such multiple collisions is not defined.

4For disks on a plane, we have two coordinates instead of three.
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Indeed it is clear that different order of 2-body collisions which are arbitrary
close to the multiple solutions may have different outcome.

2.2 Basic types of billiards

Definition 2.1. A smooth component of the boundary I'; € 0D is said to
be dispersing, if its curvature is positive, focusing if its curvature is negative
and neutral if its curvature is zero.

2.2.1 Completely integrable billiards

It was proved by Birkhoff that every classical ellipsoidal billiard is integrable,
however the opposite question, known as Birkoff-Poritski conjecture is still
open.

Conjecture 2.2. (Birkoff-Poritski): Any 2-dimensional integrable smooth,
convex billiard is an ellipse.

In [37] this conjecture was generalized to the higher dimensions. Delshams
et al ([11]) showed that the Birkhoff conjecture is locally true for symmetric
entire perturbations, i.e. any non-trivial symmetric perturbation of an ellipse
is non-integrable.

For higher dimensions they established the splitting of separatrices under
very general perturbation of a prolate® ellipsoid.

2.2.2 Smooth convex tables

Billiards in general oval-shaped tables, even if not completely integrable,
have many common features with billiards in ellipses. In 1973 Lazutkin [19]
proved: if D is a strictly convex domain (the curvature of the boundary
never vanishes) with sufficiently smooth boundary, then there exists a pos-
itive measure set N C P that is foliated by invariant curves. The set N
accumulates near the boundary dP. Almost all trajectories starting in the
set NV have caustics, which are convex closed curves lying inside D. Of course,
the billiard cannot be ergodic since N has a positive measure. The Lyapunov
exponents for points x € N are zero. However, away from N the dynamics
might be quite different.

5Prolate ellipsoid is the one with all its axis of equal length except one, which is larger.
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Originally Lazutkin demanded 553 continuous derivatives in his theorem,
but later R. Douady proved that 6 are enough and conjectured that the curve
may be C*.

The smoothness here is essential. The Bunimouvich stadium is a convex
domain with C' (not C?!) boundary, consisting of two identical half-circles
connected by two parallel line segments. The stadium was the first billiard
with convex boundary proved to be ergodic and hyperbolic (see [3]).

Since [3] the principal question remained open: Does the mechanism of
defocusing also generate chaotic billiards in higher dimensions? Recently L.
Bunimovich and J. Rehacek found that under some restrictions on the shape
of the billiard one can produce convex higher-dimensional billiards which are
ergodic ([5]).

2.2.3 Dispersing and semi-dispersing billiards

Definition 2.3. If all the components of the boundary 0D are dispersing,
the billiard is said to be dispersing. If 0D consists of dispersing and neutral
components, the billiard is said to be semi-dispersing.

Dispersing billiards are also known as Sinai billiards, since Ya. Sinai
introduced them in 1970 in his classical paper [30]. Based on this work and
(6] it was understood that any 2-dimensional dispersing billiard is ergodic
(actually, they proved the Boltzmann-Sinai hypothesis for two hard disks on
the two-dimensional unit torus T?).

The generalization of this result to higher dimensions d > 2 took fourteen
years, and was done by Chernov and Sinai in [32].

Although the model of two hard balls on T¢ is already rather involved
technically, it is still a so called strictly dispersive billiard system, i. e. such
that the smooth components of the boundary 0D of the configuration space
are strictly concave from outside D. The billiard systems of more than two
hard balls on T? are no longer strictly dispersive, but just semi-dispersive
(strict concavity of the smooth components of 9D is lost, merely concavity
persists), and this circumstance causes a lot of additional technical troubles
in their study.

After many years of hard work, just in 1999, Simanyi and Szész in [28]
established the complete hyperbolicity (nonzero Lyapunov exponents almost
everywhere) for N balls in 79 Full hyperbolicity together with Katok-
Strelcyn theory provides that the ergodic components of these system are
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of positive measure. So there are countably many of them and each of them
is K-mixing. In 2003 the same authors managed to prove the ergodicity
(actually, the B-mixing property) of the above system.

2.2.4 Billiards with a mixed phase space

It is well known that a typical (generic) Hamiltonian system is neither chaotic
nor integrable [22] but rather demonstrates a mixed behavior when islands
of stability (KAM islands) are situated in a “chaotic sea” formed by one
or several ergodic (chaotic) components each of which occupies a subset of
a positive measure (volume) in the phase space. Such systems are called
“Hamiltonian systems with divided (or mized) phase space”.

There are many examples of such billiards, e.g. the cardioid, non ellip-
tical convex billiards etc. One of the interesting examples of such a mixed
phase space is the mushroom billiard recently suggested in [4]. It provides
continuous transition from completely integrable circle billiard to completely
chaotic stadium billiard. The system also exhibit easily localized chaotic sea
and island of stability. In [4] Bunimovich makes the following remark:

Remark 2.4. For mushroom the basic mechanism of chaos (of hyperbolicity)
15 the mechanism of defocusing as in stadium and other chaotic billiards with
focusing components of the boundary rather than the mechanism of dispersing
as in Sinai (or dispersing billiards). It is quite natural because systems with
the defocusing mechanism occupy an intermediate position between systems
with the dispersing mechanism and integrable systems. Indeed, dispersing
means that neighboring orbits just diverge, integrability means that their di-
vergence and convergence are balanced while defocusing means that divergence
(on average) prevails over convergence.

2.3 Statistical properties
2.3.1 Invariant measure

The Hamiltonian equations (1.3) preserve the Liouville measure dgdp on the
phase space P, where dg and dp are the Lebesgue measures on D and S%1,
respectively. This measure is also invariant under reflections (1.5). We can
get a probability measure

du = c,dgdp where ¢, = (|D||S* )™
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| - | stands for d-dimensional volume. The invariant measure for the map 7'
is

dv = ¢,|{p,n(q))|dgdp

2.3.2 CLT and Decay of Correlations

When the system behavior is chaotic one would like to characterize it by the
trajectory’s statistical properties. Two such properties which play a central
role in physics are the rate of the decay of correlations and the central limit
theorem (CLT).

Let f : M — M be a dynamical system, p an invariant probability
measure, and ¢ : M — R a function which we think of as a quantity that
can be measured or observed (for example, temperature in an experiment).
Consider the sequence of observables

g, wof, wofi. . pof...
and ask how they compare qualitatively with genuinely random stochastic
processes on the probability space (M; ).
For example, one could ask if the Central Limit Theorem holds: that is
to say, for ¢ with zero average ([ pdu = 0) we may ask if

1 n—1 '
%Z@OJM —>DN(O70)
=0

for some o > 0 where N(0;0) is the normal distribution with variance o
and D means convergence in distribution®.

Another standard question concerns the decay of correlation between
and @ o f" for large n; Defining

®(n) == ‘/WOJM)SOCZM— (/sodu>2

I

6Let X1, X2,... and X be real random variables with respective distribution functions
Fy,Fy,... and F. One says X,, converges to X in distribution as n — oo, and writes
X, —p X, if

lim F,(z) = F(z) for all z € Cp.

n—oo

Here Cr := {x € R : F is continuous at z} = {x € R : P[X = z] = 0} is the set of
continuity points of F.
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one could ask whether ®(n) tends to zero as n tends to infinity and at what
speed. For example, if ®(n) ~ e=*" for some «a > 0 for all ¢ in some class of
test functions, then this is a property of the dynamical system (f; i) and we
say (f;p) has an ezponential decay of correlations. Similarly, if ®(n) ~ n=
for some o > 0, then we say (f; ) has a polynomial decay, and so on.

For Anosov diffeomorphisms, Sinai, Ruelle and Bowen ([31], [24], [25]
and [1]) proved the CLT in the early seventies, and at the same time it was
established that the correlations decay exponentially, which is accepted as
the fastest possible rate of decay.

For billiards the question is much more difficult. Since 1980, a major
project was to extend the Sinai-Ruelle-Bowen techniques to dispersing bil-
liards. The work has already spanned 20 years and is still in progress. First,
in [6] and [7] the CLT was proved. Only in the late nineties, it was shown
that correlations decayed exponentially by a different approach ([39], [10]). It
finally becomes clear that for the purpose of physical applications, dispersing
billiards behave just like Anosov diffeomorphisms. This was summarized by
Gallavotti and Cohen in their “Axiom C” paper [14]".

2.4 Smooth approximation of scattering billiards

From statistical mechanics, one knows that under certain situations, such as
high pressure and low temperature, the hard sphere model is a poor predictor
of gas properties. A more accurate model is obtained by replacing the elastic
collision between particles by an interaction caused by a smooth potential
field V.

In [12] the case of two particles with a finite range potential moving on
a two-dimensional torus was examined. They showed that this system can
contain a stable elliptic periodic orbit and hence be non-ergodic. A system
of two hard spheres interacting by elastic collision is always ergodic as was
shown by Sinai in [30].

V.Rom-Kedar and D.Turaev in [35],[34] and [36] considered the effect of
smoothing of the potential on scattering billiards, and in particular, its effect
on the ergodic properties.

More precisely, they considered of the form

"These questions are still open for continuous time (i.e. for flows) and for billiards with
infinite horizon.
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1
H= 5(292 +p2) 4+ V(z,y;e). (2.2)

which limit, as ¢ — 0, to a singular Hamiltonian with a potential which
vanishes in the interior of the billiard domain D and is strictly positive on
its boundaries.

It was proved that smooth scattering two-dimensional billiard-like poten-
tials may give rise to elliptic islands.

Thus, it was demonstrated that proving Boltzmann hypothesis for the hard
sphere model is a-priori insufficient for proving the achievement of thermo-
dynamical equilibrium for a gas.

In [34] they derived a rigorous estimate of the size of islands appearing
in such flows. It was found that for all scattering geometries and for many
types of natural potentials which limit to the billiard flow as a parameter
e — 0, islands of a polynomial size in € appear.

The appearance of these islands in a large “chaotic sea” is very impor-
tant, because there may occur “stickiness” regions [40], which influence the
temporal correlation function of initial conditions from the “chaotic see”.

3 Research plan

There are two main directions I am going to pursue in my Ph.D. thesis.
There is a strong causal relationship between them. One is more theoretical
— the extension of the above works of V.Rom-Kedar and D. Turaev to higher
dimensional billiards. Another is more practical — the investigation of the
dynamical properties of particular billiards in three dimensions. Precisely,
the following goals are set:

3.1 Objectives

1. Provide the conditions for a smooth Hamiltonian flow, converging to a
singular billiard flow, to exist. Prove that this convergence is smooth,
where the billiard flow is smooth and continuous where the billiard flow
loses its smoothness. Consider the case of curved trajectories.

2. Study the behavior of a particle in the three-dimensional billiards which
are constructed experimentally by The Laser Cooling and Trapping
Group of Dr. Nir Davidson.
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3.

3.2

Find a mechanism which by a perturbation of a scattering billiard to
a smooth Hamiltonian flow may create stability islands and find their
sizes. Such islands are expected to appear near singular periodic orbits
and corner polygons.

Methodology

. This part of the work is mostly done. The singular set of the billiard

flow (where it looses smoothness) is defined and the following theorem
is proved.

Theorem 3.1. Consider a Hamiltonian system defined by

Ip|I?
2

If the potential V (q;€) satisfies conditions I-IV (see Appendiz), and

H =

+ Vigie) + He(g, pse). (3.1)

H(q,p;e) =0

uniformly along with all its derivatives as € — 0 in some neighborhood
of D, then the Hamiltonian flow (3.1) r-converges to the billiard flow
n D.

This theorem could be directly applied to the works of Delshams group.
We can extend their results obtained for ellipsoidal billiards to the cor-
responding smooth Hamiltonian system. We also intend to extend the
above theorem to billiards with curved trajectories. Several mecha-
nisms of forming the later are possible, e.g. gravitation and magnetic
field. They influence the kinetic energy in the Hamiltonian function,
but locally the reflection rule stays the same.

We plan to work with a 3-dimensional billiard which was built by Nir
Davidson et al. Its boundary is formed by two three-dimensional cones,
glued together by their basis (here, circle; but other shapes such as
ellipse, stadium and dispersing boundaries may be considered). We
will investigate ergodic and hyperbolic properties of this system and
the influence of the smooth potential on them.

There are several ideas for obtaining non-linear elliptic periodic points
of the Poincaré map for a smooth system (i.e. elliptic orbits for the
Hamiltonian flow corresponding to the original billiard flow):
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e First is the mechanism of multiple tangency. As for 3-dimensional
space the orbit with only one tangency gives one pair of elliptic
eigenvalues and another is hyperbolic. We hope that by arranging
two tangencies in a proper way it would be possible to obtain two
pairs of elliptic eigenvalues. If this idea works we will generalize
it for higher dimensions.

e Second idea is a smooth approximation of polygonal trajectory
which starts and ends in the same ”corner”, i.e. the point which
belongs to I'*. It is not clear yet which kind of ”corner” should be
considered e.g. for 3-dimensional case there are two possibilities:
an edge (curve of intersection of two boundary surfaces) or a corner
(the point of intersection of 3 surfaces).

If we succeed to find an elliptic periodic point the next step will be to
find whether the return map is nonlinearly stable so that KAM theory
applies as in [13] and [34]. Here additional issues like resonances will
naturally arise.
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Appendix

Following the definitions of the 2-dimensional case of [35], we consider the
family of Hamiltonian systems associated with

_ lIpl®
2
where the potential V' (g;e) — 0 inside the region D as € — 0 and it
tends to infinity outside. The potential V' is called a billiard-like potential.
It satisfies the following conditions:
Condition I. For any compact region K C D the potential V(q;e€) di-
manishes along with all its derivatives as € — 0:

H + V(g;e) (3.2)

lin [V (g; €)[gere||crer = 0 (3.3)

The growth of the potential to infinity across the boundary needs to be
treated more carefully. We assume that V is evaluated along the level sets
of some finite function near the boundary. In other words, suppose, that
in a neighborhood of D\I'* there exists a pattern function Q(q;€) which is
C"™ with respect to ¢ and it depends continuously on € (in C""!-topology)
at € > 0 (it has, along with all derivatives, a proper limit as € — 0). Assume
that away from I'*:

Condition ITa.The billiard boundary is composed of level surfaces of

Q(q; 0):

Q(q; € = 0)|4es;, = Qi = constant (3.4)

For each boundary component S;, for () close to @);, let us define a barrier
function W;(Q;€) which does not depend explicitly on ¢ and assume that:

Condition IIb. There exists a small neighborhood N; of the surface S;
in which.:

VI(g; €)lgen; = Wi(Q(g; €); €) (3.5)

and
Condition ITc.VV does not vanish in a finite neighborhood of the bound-
ary surfaces, thus:

vQ'qENi 7é 0 (36)
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and

d
ag"i@a #0. (3.7)

A rapid growth of the potential across the boundary may be described in
terms of the barrier function along. Now we can choose one of surfaces I';
and call it just S. Without loss of generality we can assume Q = 0 on S. By
(3.6), the pattern function @) is monotonic function across S. Assume that
@ is positive inside D near S and negative outside (otherwise consider —@)
so that (3.8) is always true).

Condition III. As ¢ — +0 the barrier function increases from zero to
infinity across the boundary S:

0 Q>0
+oo Q<0

Condition IV. As € — +0, for any finite strictly positive W1 and W5,
the function Q(W;e€) tends to zero uniformly on the interval [Wy, Ws] along
with all its (r + 1) derivatives.

The condition IV makes sense since by (3.7) @ could be considered as a
function of W and € near the boundary. For small € a finite change in W
corresponds to a small change in Q.

(3.8)

e——+0

i, (i) = {
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