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WEYL DENOMINATOR IDENTITY FOR FINITE-DIMENSIONAL LIE
SUPERALGEBRAS

MARIA GORELIK

ABSTRACT. Weyl denominator identity for the basic simple Lie superalgebras was for-
mulated by V. Kac and M. Wakimoto and was proven by them for the defect one case.
In this paper we prove the identity for the rest of the cases.

0. INTRODUCTION

The basic simple Lie superalgebras are finite-dimensional simple Lie superalgebras,
which have a reductive even part and admit an even non-degenerate invariant bilinear
form. These algebras were classified by V. Kac in [K1] and the list (excluding Lie algebra
case) consists of four series: A(m,n), B(m,n),C(m), D(m,n) and the exceptional algebras

D(2,1,a), F(4),G(3).

Let g be a basic simple Lie superalgebra with a fixed triangular decomposition g =
n_@®hdn,, and let Ay = Ay g[JA4 ;1 be the corresponding set of positive roots. The
Weyl denominator associated to the above data is

HO(EAﬁ,’Q(l - efa)
HO{EA+71(1 + 6_0’) .

If g is a finite-dimensional simple Lie algebra (i.e., A; = {}), then the Weyl denominator
is given by the Weyl denominator identity

Ref = Z sgn(w)e*’,
weW

where p is the half-sum of the positive roots, W is the Weyl group, i.e. the subgroup of
GL(b*) generated by the reflections with respect to the roots, and sgn(w) € {£1} is the
sign of w € W. This identity may be viewed as the character of trivial representation of
the corresponding Lie algebra.

R :=

The Weyl denominator identities for superalgebras were formulated and partially proven

(for A(m—1,n—1), B(m,n), D(m,n) with min(m, n) = 1 and for C(n), D(2,1,a), F'(4), G(3))

by V. Kac and M. Wakimoto in [KW]. In order to state the Weyl denominator identity for
basic simple Lie superalgebras we need the following notation. Let A# be the “largest”
component of Ay, see for the definition. Let W be the Weyl group of gg, i.e. the

Supported in part by ISF Grant No. 1142/07.
1


http://arxiv.org/abs/0905.1181v2

2 MARIA GORELIK

subgroup of GL(h*) generated by the reflections with respect to the even roots Ay, and
let sgn(w) be the sign of w. One has W = W, x W,, where W# be the Weyl group of
root system A% ie. the subgroup of W generated by the reflections with respect to the
roots from A#. Set py := ZaeA%O a2, pp = ZaeAH a/2, p:=po— p1. A subset
IT of Ay is called a set of simple roots if the elements of II are linearly independent and
Ay C Y cnZsoa. For each functional f the corresponding set A, (f) contains a unique
system of simple roots, which we denote by II(f). A subset S of A is called mazimal
isotropic if the elements of S form a basis of a maximal isotropic space in V. By [KW],
A contains a maximal isotropic subset and each maximal isotropic subset is a subset of
a set of simple roots (for a certain functional f). Fix a maximal isotropic subset S C A,
choose a set of simple roots Il containing S, and choose a functional f : V' — R in such a
way that IT = II(f). Let R be the Weyl denominator for this choice of f. The following
Weyl denominator identity was suggested by V. Kac and M. Wakimoto in [KW]:

[ses(1 +6‘5))'

(1) Ref = Z sgn(w)w (

weW#

If S'is empty (i.e., (—, —) is a positive/negative definite) the denominator identity takes
the form Re” =, sgn(w)e®”. In this case either Ay is empty (i.e., g is a Lie algebra),
or g = osp(1,2l) (type B(0,1)). The Weyl denominator identity for the case osp(1,2l)
was proven in [K2]; for the case when S has the cardinality one the identity was proven
in [KW].

The Weyl denominator identity for root system of Lie (super)algebra g can be again
naturally interpreted as the character of one-dimensional representation of g. The proofs
in abovementioned cases ([K2],[KW]) are based on a analysis of the highest weights of
irreducible subquotients of the Verma module M(0) over g. In this paper we give a proof
of the Weyl denominator identity (I]) for the case when S has the cardinality greater than
one. A similar proof works for the case when the cardinality of S is one. Unfortunately,
our proof does not use representation theory, but requires an analysis of the roots systems.
The proof is based on a case-by-case verification of the following facts:

(i) the monomials appearing in the right-hand side of ([{l) are of the form e”~”, where
ve Q=3 cqZ>oc and that the coefficient of e is one;

(ii) the right-hand side of () is W-skew-invariant (i.e., w € W acts by the multiplication
by sgn(w)).

Taking into account that for any A € V the stabilizer of A\ in W is either trivial or
contains a reflection, and that if the stabilizer is trivial and WA C (pg — > Z>opar),
then \ = pg, we easily deduce the identity () from (i), (ii).

OéeA+

[. M. Musson informed us that he has an unpublished proof of the Weyl denominator
identity for basic simple Lie superalgebras.
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The Weyl denominator identity for the affinization of a simple finite-dimensional Lie
superalgebra with non-zero Killing form was also formulated by V. Kac and M. Wakimoto
in [KW] and was proven for the defect one case. We prove this identity in [G].

Acknowledgments. 1 am very grateful to V. Kac for his patience and useful comments.
I would like to thank D. Novikov and A. Novikov for their support.

1. THE ALGEBRA R

In this section we introduce the algebra R. Since the main technical difficulty in
our proof of the denominator identity comes from the existence of different triangular
decompositions, we illustrate how the proof works when there is only one triangular
decomposition (see [L3L4).

1.1. Notation. Denote by Q) the root lattice of g and by Q' the positive part of root
lattice @ := > .;; Z>o; we introduce the following partial order on V:

p<v if (v—p)€ ZREOQ.

CVGA+

Introduce the height function ht : QT — Z>q by

ht(z M) = Z M-

acll a€ll

We use the following notation: for X C R, Y C V we set XY = {ay|r € X,y € Y};
for instance, QT := Zx,Il.

Note that Ag is the root system of the reductive Lie algebra go. In particular, all
isotropic roots are odd. Both sets Ag, A are W-stable: WA, = A,.

1.2. The algebra R. Denote by Q[e”, v € V] the algebra of polynomials in ¢, v € V.
Let R be the algebra of rational functions of the form

X
Ha€A+<1 + a’ae_a)ma 7

where X € Qle”, v € V] and a, € Q, m, € Zs(. Clearly, R contains the rational

functions of the form 0 (1+)a( =ayma where X, a,, m, as above. The group W acts on
a€EA (2

R by the automorphism mapping e’ to e*”. Say that P € R is W-invariant (resp.,
W -skew-invariant) if wP = P (resp., wP = sgn(w)P) for every w € W.
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1.2.1. Forasum Y := ) b,e* b, € Q introduce the support of Y by the formula
supp(Y) = {1| by # 0}.

Any element of R can be uniquely expanded in the form

0 .
ot~ 2 2 b e

=1 pe@+

For Y € R denote by supp(Y') the support of its expansion; by above, supp(Y) lies in a
finite union of cones of the form v — Q.

1.2.2. We call A € V regular if Staby A = {id}; we call the orbit WA regular if \ is
regular (so the orbit consists of regular points).

It is well-known that for A\ € V the stabilizer Staby, A is either trivial or contains a
reflection (see Lemma [AT.1] (ii)). Therefore the stabilizer of a non-regular point A € V
contains a reflection. As a result, the space of W-skew-invariant elements of Q[e”, v € V]
is spanned by > sgn(w)e®?, where A\ € V is regular. In particular, the support of a
W-skew-invariant element of Q[e”, v € V] is a union of regular W-orbits.

1.3. Lie algebra case. The denominator identity for Lie algebra is

Ref = H (1 —e%)ef = Z sgn(w)e™”.

Q’EA+ weW

There are several proofs of this identity. The proof which we are going to generalize is
the following. Observe that Re” € Q[e¥, v € V] and supp(Re”) C (p — Q). Moreover,
Re? = [len, (/2 — ¢7%/2) is W-skew-invariant, so supp(Re”) is a union of regular
orbits lying in (p — Q™). However, Wp is the only regular orbit lying entirely in (p —Q™),
see Lemma £ 1.7] (iii). Hence Re” is proportional to ) .y, sgn(w)e®”. Since the coefficient
of e” in the expression Re” is 1, the coefficient of proportionality is 1.

1.4. Case Q(n). For the case g := Q(n) one has go = gl(n), W = 5, Aoy = A4 =
{e; — e;}i<icj<n and so pg = p1, p = 0. The Weyl denominator is R = [] -
For each S C A, ; define

A(S) i={w € Sp| wS C Ao}, a(S):= ) sgn(w).

weA(S)

l1—e
€A o 1+ea”

1.4.1. Proposition. For each S C A, one has

1
a(S)R = wezszn sgn(w) ool T e )
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Proof. Observe that the support of both sides of the formula lies in —@Q* and that the
coefficients of 1 = € in both sides are equal to a(S). Multiplying both sides of the formula
by the W-invariant expression Ha€A+ (1 +e e = Ha€A+ 1(ea/2 + e7%/2) we obtain

Y: = HaeAm(l —e Y)efr — HaeA+,1<1 +e7)er Y es sgn(w)m
= HaeAN(l —e e = es, sgn(w)w(HaeAm\S(l + e*a)epo).

Since [Toen, ,(1 =€) = [hen, ,(€*? — e7*/?) is W-skew-invariant, Y is also W-
skew-invariant. Clearly, Y € Q[e”, v € V], so, by [L2:2] supp(Y) is a union of regular
W-orbits. By above, supp(Y) C (po — Q") \ {po}. However, by Lemma Tl (iii), any
regular W-orbit intersects pg + Q*. Hence Y = 0 as required. U

1.4.2. 1In order to obtain a formula for the Weyl denominator R, we choose S such that
a(S) # 0. Taking S = {1 —€,,60 —En_1,. -, E[ny — 5n+1_[%}} and using Lemma [[LZ4.3] we
obtain the following formula

1

1
= T gg:n sgn(w)l—[ﬁes(1 e

which appears in [KW] (7.1) (up to a constant factor).

n

Note that such S has a minimal cardinality: if the cardinality of S is less than [7],
then a(S) = 0. Indeed, if the cardinality of S is less than [%], then there is a root
g; — €;, which does not belong to the span of S, and thus s.,_., W (S) = W(S); since
sgn(w) + sgn(s.,_.,w) = 0, this forces a(S) = 0.

1.4.3. Lemma. SetA:={c€S5,|Vi<

> sgn(o

o€EA

o(i) >o(n+1—1i)}. Then
[n/2)!

) =

Proof. For each o € A let P(o) be the set of pairs {(¢(1),0(n); (c(2),0(n—1));...}, that
is P(o) :={(o(j),0(n+1 —]))}[2} Let B:={c € A| P(o) ={(j,j + 1)}[ 1} Define an
involution f on the set A\ B as follows foro € A\ B set f(o) := (i,i+ 1) oo, where i is
minimal such (4,74 1) ¢ P(c). Since sgn(o) +sgn(f(0)) =0, we get > 1 5 sgn( ) =0.
One readily sees that B has [n/2]! elements and that sgn(c) = 1 for each o € B. Hence
Y peasgu(o) = [n/2]! as required. O

2. NOTATION

Let g = go @ g1 be a a basic Lie superalgebra with a fixed triangular decomposition of
the even part: go =n_o @ hdnyy. For A(m — 1,n — 1)-type we put g = gl(m|n) (one
readily sees that the denominator identities for gl(m|n) imply the denominator identities
for sl(m|n), psl(n|n)). Let Ag (resp., A1) be the set of even (resp., odd) roots of g. Set
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V = bg (so V = spanA for g # A(m,n) and V = Rspan A @ R for g = A(m,n)).
Denote by (—,—) a non-degenerate symmetric bilinear form on V', induced by a non-
degenerate invariant bilinear form on g. Retain notation of Section [0l and define the Weyl
denominator.

The dimension of a maximal isotropic space in V' = b is called the defect of g. If g
is a Lie algebra or g = o0sp(1,2l) (type B(0,1)) then the defect of g is zero; the defect
of Alm —1,n — 1), B(m,n), D(m,n) is equal to min(m,n); for C(n) and the exceptional
Lie superalgebras the defect is equal to one. Notice that the cardinality of a maximal
isotropic set S is equal to defect of g.

2.1. Admissible pairs. The set of positive even roots A, j is determined by the trian-
gular decomposition go =n_o® h dny o (i.e., Ay is the set of weights of n; o). Recall
that for each maximal isotropic set S there exists a set of simple roots containing S. We
call a pair (S, 1I1) admissible if S C II is a maximal isotropic set of roots and II is a set of
simple roots such that the corresponding set of positive even roots coincides with Ay o:

(S,1I) is admissible if S C II & AL (II) N Ay = Ay p.

For a fixed set of simple roots II we retain notation of [T and

2.2. The set A*. Let A;, Ay be two finite irreducible root systems; we say that A; is
“larger” than A, if either the rank of A; is greater than the rank of Ay, or the ranks are
equal and A; C As.

If the defect of g is greater than one, then the root system Ay is a disjoint union of two
irreducible root systems. We denote by A# the irreducible component, which is not the
smallest one, i.e. Ag = A# ][] A,, where A% is not smaller, than A, see the following
table:

A A(m-1,n-1) B(m,n) D(m,n)
m>n m<n|lm>n m<n m=n m>n m<n
A# Am—l An—l Bm Cn Bm or Cm Dm Cn

The notion of A# in [KW] coincides with the above one, except for the case B(m,m),
where we allow both choices B,, and C,,, whereas in [KW] A# is of the type C,,.

Notice that gy = 51 X 59, where s, 8, are reductive Lie algebras and A%, A, \ A# are
roots systems of sy, 5, respectively. We normalize (—, —) in such a way that A% := {a €

Aol (a, @) > 0}; then Ay \ A% = {a € Ag| (o, ) < 0}.

3. OUTLINE OF THE PROOF

3.1. Let g be one of the Lie superalgebras A(m — 1,n — 1), B(m,n), D(m,n), m,n > 0.
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3.2. Expansion of the right-hand side of (1). Let (S,1I) be an admissible pair. Set

(2) X = Z sgn(w)w (

weW#

[T5es(1 JFe_ﬁ))

and rewrite the denominator identity (1) as Re” = X.

Expanding X we obtain

(3) X = EwEW# Euezzos Sgn(w)(_l)htuev(w)i‘merwpa
where
p(w):= > whe-QF
BeS:wp<0
and |w| is a linear map Z>¢S — Q* defined on 5 € S by the formula

wp for wps > 0,
wlf = { —wp  for wp < 0.

3.3. Main steps. The proof has the following steps:

(i) We introduce certain operations on the admissible pairs (S, II) and show that these
operations preserve the expressions X and Re”. Consider the equivalence relation on the
set of admissible pairs (9, 1) generated by these operations. We will show that there are
two equivalence classes for D(m,n), m > n and one equivalence class for other cases.

(il) We check that supp(X) C (p — Q") and that the coefficient of e in X is 1 for a
certain choice of (S,1II) (for D(m,n), m > n we check this for (S,II) and (5’,II), which
are representatives of the equivalence classes).

(iii) We show that X is W-skew-invariant for a certain choice of (S, II) (for D(m,n), m >
n we show this for (.S, IT) and (5’, IT), which are representatives of the equivalence classes).

For g of A(n —1,n — 1) type we change (ii) to (ii’):

(ii”) We check, for a certain choice of (S,1II), that supp(X) C (p — Q") and that for
£ = Zﬁesﬁ the coefficients of e#~*¢ in X and in Re” are equal for each s € Zs,.

The choices of (S,1I) in (ii), (iii) are the same only for A(m,n) case.

3.4. Why (i)—(iii) imply (1). Let us show that (i)—(iii) imply the denominator identity
X = Re’. Indeed, assume that X — Re” # 0.

Since WS C A;, X — Re” is a rational function with the denominator of the form
Hﬁeaf(l +e77); we write

Y Yert

X — Ref = = ,
Hﬁeaj(l +eP) HﬁeAj(eﬁ/Q +e P2




8 MARIA GORELIK

where Y € Q[e, v € V]. One has
Haeag(ea/z —e )
[laear(e®/? +e2/?)

and the latter expression is W-skew-invariant, since its enumerator is W-skew-invariant
and its denominator is W-invariant. Combining (i) and (iii), we obtain that X — Re”
is W-skew-invariant. Thus Ye' is a W-skew-invariant element of Q[e”,v € V] and so
supp(Ye”?) is a union of regular orbits.

Observe that supp(Re?) C (p — Q") and that the coefficient of e” in Re? is 1. Using
(i), (ii) we get supp(X — Re?) C (p — Q") \ {p}. Note that the sets of maximal elements
in supp(Y) and in supp(X — Re?) coincide. Thus suppY C (p — Q") \ {p} that is
supp(Yerr) C (po — Q1) \ {po}. Hence supp(Ye) is a union of regular orbits lying in
(50— @)\ {po}-

By 2] for g # gl(n|n), the set (po — @) \ {po} does not contain regular W-orbit, a
contradiction.

Let g = gl(n|n). Choose II as in 6.3l By [£.2] the regular orbits in (pg — Q™) are of the
form W (py — s§) with s € Zxg, § =) 5.4 8. One has W& = & and wpy < po, s0 po — & is
the maximal element in its W-orbit. Thus a maximal element in supp Ye?* is of the form
po— s, so a maximal element in supp Y is p—s€. Then, by above, p—s& € supp(X — Re”),
which contradicts to (ii’).

Re? =

4. REGULAR ORBITS

4.1. Let g be a reductive finite-dimensional Lie algebra, let W be its Weyl group, let 11
be its set of simple roots and let ITV be the set of simple coroots. For p, defined as above,
one has (p, ") = 1 for each a € TI. Set

Qo = ZQOZ, Q@JQT = Z@zo&-

acll a€ell

As above, we define partial order on b by the formula p < v if (v—p) € > R>po.

Q’EA+

Let P C bj be the weight lattice of g, i.e. v € P iff (v,a") € Z for any o € II, and
let P be the positive part of P, i.e. v € Pt iff (v,a¥) € Z>( for any « € II. One has

P C Qq.

4.1.1. Lemma. (i) P=WPt.
(ii) For any X € by, the stabilizer of X in W is either trivial or contains a reflection.

(ii) A regular orbit in P intersects with the set p + Q.

Proof. The group W is finite. Take A\ € hj and let X' = wA be a maximal element in the
orbit W. Since X' is maximal, (X, ") > 0 for each a € II.
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For A € P one has X' € P, so (N,a") € Zsq for each a € TI, that is A’ € P, hence (i).

For (ii) note that, if (XN, «a") = 0 for some a € II, then s, € Staby X, s0 $,-1, €
Staby A. Assume that (N, a") > 0 for all a € TI. Take y € W,y # id and write y = y's,
for a € II, where the length of 4’ € W is less than the length of y. Then y'a € Ay (see,
for instance, [J], A.1.1). One has '\ — y/'s, N = (N, aV)(y'a) > 0so y' N > y/'s,N. Now
(ii) follows by the induction on the length of y.

For (iii) assume that X' is regular, that is (X', ") > 0 for all « € II. Since X' € P, one
has (X', a") € Zz1 50 (A—p,a”) > 0forall a € Il. Write A\—p =}, x58. For a vector
(ys)pen write y > 0 if yg > 0 for each B. The condition (A — p,a") > 0 for all « € II
means that Az > 0, where z = (25)gen and A = ({(a", 5))apen is the Cartan matrix of
g. From [K3]|, 4.3 it follows that Az > 0 forces x > 0. Hence A —p € Q(S as required. [

4.2. Now let g be a basic simple Lie superalgebra, @ be its root lattice and Q* be the
positive part of Q.

4.2.1. Corollary. Let g be a basic simple Lie superalgebra and g # C(n), A(m,n). A
reqular orbit in the root lattice () intersects with the set po + Q>0A4 .

Proof. For g # C(n), A(m,n) one has QAg = QA and the g-root lattice @) is a subset of
weight lattice of gog. Thus the assertion follows from Corollary 1.1l 0J

4.2.2. Case g = gl(m|n). For gl(m|n) one has
m
A =QA h = E - — E ;.
Q Q O@an where g gi n 5]

Choose a set of simple roots as in 6.3
Lemma. Let g = gl(m|n).
(i) For m # n, Wpq is the only reqular orbit lying entirely in (pg — Q7).

(i1) For m = n the reqular orbits lying entirely in (po — Q") are of the form W (py —
s€),s >0, where § =) e; — Y ;.

Proof. Let « : QA — QAq be the projection along & (i.e., Kert = Q¢). Since & is W-
invaraint, we(A) = (wA). Let WA C (po — QT) be a regular orbit. Since ¢(Q) lies in
the weight lattice of go, «(WA) intersects with py + Q>¢A4 o, by Corollary LTIl Thus
WA contains a point of the form py + v + ¢§, where v € Q5¢0A1 and ¢ € Q. By above,
v+ g€ € —Q7 so ¢ € —QspA .

Consider the case m > n. In this case, for any u € QoA one has (u,e1) - (1, €m) < 0.
Since (&,e1) = (&, &) # 0, the inclusion ¢§ € —Q>oA; implies ¢ = 0. Then v € Q>0A4 o
and v = v+ ¢€ € —Q" so v = 0. Therefore WA = Wp,. Hence Wpy is the only regular
orbit lying entirely in py — Q*. Since gl(m|n) = gl(n|m), this establishes (i).
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Consider the case m = n. Set f; :=¢&; — &;, 8, := §; — €;41. One has & = > (3 and
IT = {8}, U{B}=!. The simple roots of Aygaree; —eipr = fi+ f] and 6; — ;11 =
B!+ Bit1. Thus v € QspA] takes the form v = Z;:ll bi(Bi + Bl) + (Bl + Biy1) with
bi,c; € Qso. By above, v/ := —(v+¢€) € Q. Therefore v+ € Q> " B and v/ € Q7.
One readily sees that this implies b; = ¢; = 0 that is ¥ = 0. One has QT N Q¢ = Z>(€.
Hence a regular orbit in py — Q7 intersects with the set py — Z>o§ as required. 0

4.2.3. Case C(n). Take I = {e1 — e9,69 — €3,...,86, — 01,6, + 01}. One has QA =
QA ® Qd;. We claim that Wpg is the only regular orbit lying entirely in (py — Q™).

Indeed, take a regular orbit lying entirely in (pg—Q"). Combining the fact that W, =
01 and Corollary .11l we see that this orbit contains a point of the form py+v+qd;, where
v € QoA and ¢ € Q. Since —(v +¢d;) € QF, one has ¢d; € —Qx,Q". However, 26, is
the difference of two simple roots (20; = (e, + 1) — (e, — 1)) so Qd; N (—Q>o Q") = {0}
that is ¢ = 0. The conditions v € Qs¢A{, —(v+¢d;) € QT give v = 0. The claim follows.

5. STEP (1)

Consider the following operations with the admissible pairs (.5, IT). First type operations
are the odd reflections (S,II) — (s395, sgll) = (S'\ {8} U {—p}, ssll) with respect to an
element of 5 € S (see[5.2)). By B2 these odd reflections preserve the expressions X, Re”.
Second type operations are the operations (S5,II) +— (S5’ II) described in Lemma [£.3]
where it is shown that these operations also preserve the expressions X, Re”. Consider
the equivalence relation on the set of admissible pairs (.5, IT) generated by these operations.
In 54 we will show that there are two equivalence classes for D(m,n), m > n and one
equivalence class for other cases. In 5.5 we will show that if (S, II), (S, II") are admissible
pairs, then II = II' (on the other hand, there are admissible pairs (5,1II), (S, 1) with
S # S, see Lemma [5.3)).

5.1. Notation. Let us introduce the following operator F': R — R

F(Y):= Z sgn(w)wY.

weW#
Clearly, F(wY) = sgn(w)F(Y) for w € W#, so F(Y) = 0 if wY =Y for some w € W#
with sgn(w) = —1.
For an admissible pair (5,1I) introduce

erD)
y(S,11) = L X(S,T) = F(Y(S,10)),
[[pes(1+e77)
where p(II) is the element p defined for given II. Note that X = X (S,II) for the corre-
sponding pair (S, IT).
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5.2. Odd reflections. Recall a notion of odd reflections, see [S]. Let II be a set of simple
roots and A, (IT) be the corresponding set of positive roots. Fix a simple isotropic root
B € Il and set

sp(Ay) == AL (ID\{B} U{-5}.
For each P C Il set s3(P) := {ss(a)| « € P}, where
—« if =0,
foraell sgla) =4 o if (a, ) =0, #
a+p if (a,B8) #0.

By [S], sg(Ay) is a set of positive roots (i.e., sg(A;) = AL(f) for some functional f)
and the corresponding set of simple roots is sg(II). Clearly, p(sg(Il)) = p(II) + .

Let (S,1I) be an admissible pair. Take § € S. Then for any 5 € S\ {8} one has
sg(B') = B s0 s5(S) = (S \ {B}) U{—p}. Clearly, the pair (sg(5), sg(II)) is admissible.
Since p(sz(II)) = p(II) + 3, one has Y (S,II) = Y (s5(95), sp(II)).

5.3. Lemma. Assume that v, are isotropic roots such that
veS A ell, v+4 €A%, (v,8) =0 for each 3 € S\ {}.
Then the pair (S',11), where S" := (SU{~y'})\{7}, is admissible and X (S,11) = X (S’ II).

Proof. 1t is clear that the pair (S’,II) is admissible. Set a := v+~ and let s, € W# be
the reflection with respect to the root a. Our assumptions imply that

(4) Sap = P SaY == saf =P for fe S\ {7}

Therefore s,(Y (S, 1I)) = Y(S,II)e™" that is F(Y (S, 11)) = F(so(Y(S,I)e™7)). Since
F os, = —F, the required formula X (S,II) = X (S5’,1I) is equivalent to the equality
F(Y(S,I1)(1+e™)) = 0, which follows from the fact that the expression

ep
o
e [ges\ip (1 +e77)

is, by (), s,-invariant. O

5.4. Equivalence classes. We consider the types A(m—1,n—1), B(m,n), D(m,n) with
all possible m,n. We express the roots in terms of linear functions i, ..., & in, see [K1I,
such that

A A(m-1,n-1) B(m,n) D(m,n)

Ao ||U U'u{&hn, uf{28)m, U'U {26150

Ar [ {E(& = &) hicicmegicman | {8 £ 55 7E) hicicmag<min | 1£8 £ §hicicmei<min

and
U={&-¢ll<i<j<morm+1<i<j<m+n},
U={x§ll<i<j<morm+1<i<ji<m+n}.
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m-+n

5.4.1. For a system of simple roots IT C span{&;}}" take an element f € span{&;}74"
such that (fr, ) = 1 for each a € II (the existence of fij follows from linear independence
of the elements in II). Note that fi is unique if g is not of the type A(m — 1,n — 1);
for A(m — 1,n — 1) we fix fi by the additional condition min;<;<mn(fm, &) = 1. In the
notation of Sect. [l one has IT = II( fi;). We will use the following properties of fi:

(1) (fu,a) € Z\ {0} for all a € A,
(i) if @ € A*, then (fi, ) > 1;
(iii) a root a € A is simple iff (fi, ) = 1.

Write fii = 0" ;€. By (i), the a;s are pairwise different; by (ii) , z; £ 24, > 0 for
i#m (1 <i<m+n-—1); by (iii), a root & — &, is simple iff z; —z; = 1.

5.4.2. For type A(m—1,n—1) all roots are of the form & —¢;. In particular, {z;}*3" =
{1,...,m+n}.

Consider the case B(m,n). In this case for each ¢ one has & € Ay so x; > 1. There-
fore, by (iii), a simple root can not be of the form £(& + &;) so II = {&, — &,. &, —

£i37 <o 7£im+n—1 - éim-l»n? gim-q-n} and {xl}g—’l—n = {17 N (e n}

5.4.3. Consider the case D(m,n). Using (i), (ii) and the fact that 2,4+, € AL, we
conclude
Vj2x;€Z; Ni#jx,xx;eZ\{0}
rp—x;>j—ifori<j<morm<i<j;
x;>0forj>m; x;+x;,>0fori<j<m.

Recall that, if —(&, + &) € IIN Ay, then II' := s_¢, _¢ (II) contains &, + &. Let us
assume that &, + & € INA;,p < ¢, thatisz,+2, =1, p<m <q Ilfp<m,
then z, + z, > £(x,, + z,) (because x, + x,, 2z, > 0), s0 T, + T, > |Tm + 24| > 1, &
contradiction. Hence p = m, in particular,

(5) +(+E) ellnNA,, p<q = p=m.

Since 2z, € Z~o, , + 2, = 1 and x, # x,,, one has z,, < 0. Therefore the assumption
implies
T +2,=1& qg>m & z,, <0.

Since &,_1 — &n € AT there exists a simple root of the form +&, — &, (s # m).

First, consider the case when &, — &, € II, that is z4, — x,,, = 1. Since z,, < 0, one
has z, + z,,, < x5 — xy = 1 80 x5 + 2, < 0, that is — (& + &) € Ay. Therefore s > m
and z, + x5 = 2, because x, + x,, = T5 — T, = 1. Since x4 > 1/2 + 4 for i < n, we
conclude that either x, = 3/2, z,,, = —1/2, x5 = 1/2, which contradicts to z,, + x5 # 0, or
q=s=m+n,Tmin = 1,2, =0. Hence {,—&,, € Il implies g = m+n, xp1n = 1,2, =0
and &, £ & € 1L
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Now consider the case when —§, — &, € II. Then s > m and z,,, + 2, = —x,, — 25 =1
SO Ty — Ty = 2. Since x, — Tyy; > tone has s =g+ 1lors=¢q+2 Ifs=q+2
then we have 2 = x; — 242 = (¥4 — Tg41) + (Tgp1 — Tyyo) that is ; — 2441 = 1 s0
T + Tq11 = 0, a contradiction. Hence s = ¢ + 1 that is —,,, — 2441 = 1. For i < m one
has 0 < @; + 2, = —2g11 — 1 +2; 50 1 < 7, — x441. Therefore for ¢ < m,t > ¢+ 1 one has
x;+x > 1 —x > 1, s0 the roots £&; &, are not simple. Assume that m > n and (S, II)
is an admissible pair. Then for each m <t < m + n there exists i; < m such that one of
the roots £& £¢;, is simple (and lies in S) and i, # i, for t # p. By above, i,,1 = m and
there is no suitable i, for ¢ > ¢+ 1. Hence ¢+ 1 =m +n and (=&, — &nan) € S, that is
Em + Eman € ngmfgm_ms.

5.4.4. We conclude that if (S,II) is an admissible pair for g = D(m,n), then one of the
following possibilities hold: either all elements of S are of the form & —¢;, or all elements
of S except one are of the form & — &;, and this exceptional one is 3, where

(1) ﬁ - gm + €m+n and gm—f—n - Sm S H;
(2) m < n and B:€m+§sam <s <m+n, _55—1—1 _Sm GH;
(3) B = —(&n + &), the pair (sg5, sgll) is one of whose described in (1)-(2).

5.4.5. Consider the case D(m,n), n > m. Then A% = {& & &; 27" . Let (S, 1)
be an admissible pair. If &, + & € S for s < m + n, then, by above, —(&,, + &s41) €
IT and the pair (S,II) is equivalent to the pair ((S \ {&n + &) U {—&n — &1}, D),
which is equivalent to the pair ((S \ {&m + &) U {&m + &1}y 5—¢n—e., 1), Thus a
pair (S,II) with &, + & € S is equivalent to a pair (S, 1I') with &, + {nan € S, If
Em + Eman € S, then, by above, &1, — &, € Il and the pair (S,1I) is equivalent to the
pair ((S\{&man+E&nt) U{&min —Ent, IT). We conclude that any pair (S, 1) is equivalent
to a pair (',II'), where S" = {& — &, }12;.

Consider the case D(m,n), m > n. Then A% = { +¢;}7,. By above, any pair (S, II)
is equivalent either to a pair (S’,I'), where S" = {&; — &, }i.,, or to a pair (S’,II'), where
S ={& = &, 115 U{&min + &} and Epin — & € T

5.4.6. Let (S,II) be an admissible pair. We conclude that any pair (.S,1I) is equivalent
to a pair (§',1I'), where either §' = {& — &} or, for D(m,n), m > n S =
{SZ - Sij ?;11 U {gm—i—n + gm} and gm—l—n - Sm € IT'.

5.5. Fix a set of simple roots of g and construct fi; as in[5.4. We mark the points x; on
the real line by a’s and b’s in one of the following ways:

(M) mark z; by a (resp., by b) if 1 <i < m (resp., if m <i < m+ n);
(N) mark x; by b (resp., by a) if 1 <i < m (resp., if m <i <m+n).
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We use the marking (M) if A# lies in the span of {&}™, and the marking (N) if A#
lies in the span of {&}21", . Note that in all cases the number of as is not smaller than
the number of bs.

We fix A# and an admissible pair (S,II) such that S = {& — fji}?;hf(m’n), or for
D(ma TL), m>n, S = {SZ - Sij ?:_11 U {gm—i—n + gm}

If & —¢ €8 (resp., &+ & € S) we draw a bow — (resp., —~) between the points x;
and z;. Observe that the points connected by a bow are neighbours and they are marked
by different letters (a and b). We say that a marked point is a vertex if it is a vertex of a
bow. Note that the bows do not have common vertices and that all points marked by b
are vertices.

From now one we consider the diagrams, which are sequence of as and bs endowed with
the bows (we do not care about the values of ;). For example, for g = A(4,1) and II =
(61— 03 Eo—Eo; Eo— s E—Ea Ea—Ex; €4—Es } we choose f = £34+2€1+3E5+AE+56+665-+7¢;
and taking S = {& — &6; &7 — €3} we obtain the diagram aaa — bb — aa; for g = B(2,2)
and II = {& — &8 — 38 — &3 &t we choose [ = & + 265 + 3¢5 + 4¢7 and taking
S = {& — &3;& — &} we obtain the diagram a — ba — b for the marking (N), and
b — ab — a for the marking (M). Observe that a diagram containing — appear only in
the case D(m,n), m > n, and such a diagram starts from a —~ b, because &, +&n € S
forces &1 — &m € 11, which implies x,,, = 0, 2,4, = 1, 2; > 0 for all i # m.

5.5.1. Let us see how the odd reflections and the operations of the second type, intro-
duced in Lemma [5.3] change our diagrams.

Recall that & — ¢ € AL iff x; > ;. For an odd simple root S one has sg(Ay) =
(AL \ {B}) U {=p}, so the order of ;s for s¢, ¢, (A4) is obtained from the order of x;s
for Ay by the interchange of x, and z, (if §, — ¢, € IINA;). Therefore the odd reflection
with respect to &, — &, € S corresponds to the following operation with the diagram: we
interchange the vertices (i.e., the marks a, b) of the corresponding bow:

o —b.. — ..b—a.. b—a.. — ...a—>..

If the diagram has a part a — ba (resp. ab — a), where the last (resp. the first)
sign a is not a vertex, and x;,z;, ), are the corresponding points, then the quadrapole
(S,I0),y =& —&5,7 =& — & (resp. 7 =& =&, v := & — &) satisfies the assumptions
of Lemma 5.3l The operation (S, II) — (S5’,II), where S” := (S'\ {7}) U {+'} corresponds
to the following operation with our diagram: a — ba — ab — a (resp. ab — a — a — ba).
Hence we can perform the operation of the second type if a, b, a are neighbouring points,
b is connected by — with one of as and another a is not a vertex; in this case, we remove
the bow and connect b with another a:

.ab—a... — ..a—ba...; @ —ba... — ..ab— a....
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Since both our operations are involutions, we can consider the orbit of a given diagram
with respect to the action of the group generated by these operations. Let us show that all
diagrams without — lie in the same orbit. Indeed, using the operations a — b+ b — a
and ab — a — a — ba we put b to the first place so our new diagram starts from b — a.
Then we do the same with the rest of the diagram and so on. Finally, we obtain the
diagram of the form b — ab — a...b — a...a. By the same argument, all the diagram
starting from b —~ a lie in the same orbit. Hence, for g # D(m,n), m > n all diagrams lie
in the same orbit, and for g = D(m,n), m > n there are two orbits: the diagrams with
~ and the diagrams without —.

5.5.2.  We claim that if (S,1I), (S,II') are admissible pairs, then IT = II". It is clear that
if the claim is valid for some S, then it is valid for all S” such that (S, II) is equivalent to
(S’,IT"). Thus it is enough to verify the claim for any representative of the orbit. Each S
determines the diagram and the diagram determines the order of x;’s (for instance, the
diagram b — ab— a...b—aa...a gives Tpymin < Tm < Tman-1 < Tme1 < oo < Typrq <
Tment1 < Tmopn < ... < 7 for the marking (M) and z,, < Zyin < Tmo1 < Tign_1 <
ceo <1 < Tpgy < Ty < ... < Ty for the marking (N)). For A(m — 1,n — 1), B(m,n)
one has {z;}74" = {1,...,m +n}, by E.42] so each diagram determines II.

For D(m,n), m > n the above diagram means that —&,, 1, +&mn, —&m +&man—1, .- € 1L
Since 26,1, € Ay, we conclude that 2,4, € II that is 4, = 3 and {z;}]"" =
{%, ceomA4n— %} Hence the above diagram determines II.

For D(m,n),m < n the same reasoning shows that the diagram a — bb — a...b —
aa . ..a determines II.

It remains to consider the case D(m,n), m > n and the diagram a —~ bb — ab —
a...b— aa...a. In this case, &, + &nin € S so, by above, z,, = 0 and {z;};"1" =
{0,...,m+n —1}. Thus the diagram determines II.

5.5.3. Consider the case g # D(m,n),m > n. Fix an admissible pair (S,1I). By [£.5]
any admissible pair (5’,I1’) is equivalent to an admissible pair (S, I1”); by one has
IT =11" so (S',11') is equivalent to (S, 1I).

Consider the case g = D(m,n), m > n. Fix admissible pairs (S,II), (S’,1I'), where S
consists of the roots of the form & — &; and S contains &, + &,,+,,. Arguing as above, we
conclude that any admissible pair (S”,I1”) is equivalent either to (S,1II) or to (S’,II').

5.6. Corollary. (i) If (S,1I), (S,1I') are admissible pairs, then IT = II'.

(ii) For g # D(m,n),m > n there is one equivalence class of the pairs (S,II) and the
left-hand (resp., right-hand) side of (1)) is the same for all admissible pairs (S,11).

(iii) For g = D(m,n), m > n there are two equivalence classes of the pairs (S,11). In
the first class S consists of the elements of the form £(& — &;) and in the second class S
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contains a unique element of the form £(& + &;). The left-hand side (resp., right-hand)
of (1) is the same for all admissible pairs (S,11) belonging to the same class.

6. STEPS (11), (I1')

6.1. Assume that
(6) Vaell (a,a) >0;
W# is generated by the set of reflections {s,| (o, @) > 0}.

We start from the following lemma.

6.1.1. Lemma. One has
(i) p > wp for all w € W#;
(ii) the stabilizer of p in W# is generated by the set {s,| (a,a) >0, (o, p) = 0}.

Proof. Since (a, p) = 2(a, ) > 0 for all a € II, one has (8, p) > 0 for all 8 € A,. Take
w € W# w # id. One has w = w'sg, where w’ € W#, 3 € A, are such that the length of
w is greater than the length of w’ and w'f € A, (see, for example, [J], A.1). One has

;o2 B)
pwp=pwpt g (w'B).
Now (i) follows by induction on the length of w, since (p,3) > 0, (5,5) > 0, w'f € A,.
For (ii), note that p > w'p by (i), thus wp = p forces p = w'p and (p, B) = 0. Hence (ii)
also follows by induction on the length of w. O

6.1.2. Retain notation of [B). For w € W# one has —p(w), |w|u € QF, by definition,
and wp < p, by Lemma Therefore p(w) — |w|p + wp < p and the equality means
that p = 0, wp = p and p(w) = 0, that is wS C A,. The above inequality gives
supp(X) C (p — Q). Moreover, by above, the coefficient of e” in the expansion of X is

equal to
Z sgn(w).

weW#:wp=p, wSCA 4

6.2. Root systems. Recall that we consider all choices of A, with a fixed Ay . From
now on we assume that m > n (we consider the types A(m,n), B(m,n), B(n,m), D(m,n),
D(n,m)) and we embed our root systems in the standard lattices spanned by {g;,9, : 1 <
i <m,1 < j < n} chosen in such a way that A* = Ay Nspan{e;}™,. More precisely, for
A(m,n),m > n we take

A+,0 = {62‘ — Ei/;éj — 5j’|1 << i < m, 1 S] < jl < n}, Al = {ﬂ:(f—:z — 5]‘)};
for other cases we put

U = {EZZE&"Z/,&]:E(;]/H§Z<Zlgm,1§j<]I§n}
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and then
Apo=U U{e}, U{26;}5,, Ay ={+£e £0;+d;} for B(m,n),

A+,O = U, U {282};11 U {5j}?:17 Al = {:l:é‘l + 5j7 :l:&z} for B(n m),
and B(n,n), A% = C(n);

Ayo=U U{20;}7_4, Ay = {£e; £0,} for D(m,n),m > n;
A+,0 =U'U {251'}?;1, Al = {:i:ffz + 5]} for D(TL, m) m > n.
We normalize the form (—,—) by the condition (e;,¢;) = —(8;,0;) = 0;;. One has

A#* = AgNspan{e;}7, = {a € Ag| (a, @) > 0}.

6.3. Choice of (S,II). For the case B(n,n) set
S = {52 - 52}7 II:= {51 —&1,,&1 — 52752 —E&2,... 75n - €n,€n},
(the root &, may be even or odd, depending on the choice of A#). For other cases set

Si={e -ty

In order to describe II introduce

P = {51 — 01,01 —€2,69 — 02,02 — €3,...,En — Op, Op = Eng1, Engl — Eng2s - -5 Em1 — Em}
and set

A | A(m-1,n-1) | B(m,n), B(n,m), n > m | D(n,m), m > n | D(m,n) m >n

II|pr PU{e,} PuU{2e,} PU{en_1+en}

II:= {61 — 51,51 — E9,89 — 52,52 —E&3,...,Ep — 5n75n +5n} for D(TL, n)

Note that the assumptions (@) hold.

6.4. Step (ii): the case (¢,,+6,) € II. By[6.1.2 supp(X) C (p— Q™) and the coefficient

of e in the expansion of X is EwEW#:wp:p WwSCA, sgn(w). Thus it is enough to show that

(7) weW#st. wSCAL, wp=p = w=id.

6.4.1. Since (a,a) > 0 for each o € II, one has (p,5) = 0 for § € A iff § is a linear
combination of isotropic simple roots.

Consider the case g # D(n,n) (one has p = 0 for D(n,n)). In this case (p, 3) = 0 for
B e A” forces B =¢; —¢; for i < j < min(m,n + 1). From Lemma BT we conclude
Sh, if m =n,

(8) for g # D(n,n) Staby#p= { Sy ifm>n,

where S, C W# is the symmetric group, consisting of the permutations of £y, . .., &, (that
is for w € Sy one has we; = ¢;, and j; =@ for i > k).
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6.4.2. Take w € Staby# p such that wS C A, . Let us show that w = id.

Consider the case when g # B(n,n), D(n,n). Then S = {¢; — §;}",. Combining (§)
and the fact that ¢; —6; € Ay iff 7 <4, we conclude that we; = ¢, for j; <iif 7 <n and
Ji =1 for i >n+ 1. Hence w = id as required.

For g = D(n,n) one has S = {e; — d;}I;. Since —¢; —9; ¢ A, for all 4, j, the condition
wS C Ay forces w € S, (see 64Tl for notation). Repeating the above argument, we
obtain w = id.

For g = B(n,n) one has S = {§; —¢;}!_,;. Combining (8) and the fact that §;, —¢; € Ay
iff j > 4, we obtain for all 7 = 1,...,n that we; = ¢;, for some j; < i. Hence w = id as
required. This establishes (@) and (ii) for the case (&, + d,) & Il

6.5. Step (ii): the case (g,,+0,) € II. Consider the case D(m,n), m > n, (e,+9,) € IL
We retain notation of £.21and choose a new pair (S,1I): S = {&; — &} U {e,n + 6, } and

II:={e1 — 61,01 — €2, ..., 0no1 — e} U{ei — e 112 U {Emot — On, O — €y O + Em }-

The assumptions (6) are satisfied. By [6.1.2] the coefficient of e” in the expansion of
X is equal to ) . sgn(w), where A := {w € Staby#p| wS C A,}. Let us show
that A = {id, s.,,_, e, Se,,_1—enSen_14em 1; this implies that the coefficient of e” in the
expansion of X is equal to 1.

Take w € W# such that wS C A, . Note that —e; —§; € A for all i,j and for i < n
one has €, —6; € Ay iff j <4. The assumption wS C Ay means that we; —0; € A, for all
i < n and we,, + 6, € Ay. For ¢ < n this gives we; = ¢;, for some j; < ¢. Hence we; = ¢,
for i =1,...,n — 1. The remaining condition we,, + J,, € Ay means that we,, = ¢;,, or
WEp = —Em,.

Form =n-+1onehas p=0,s0w € Aiff we W#, wS C A,. Thus, by above, w € A
iff we; =¢; fori <n=m —1 and we,, € {£em,em_1}-

Take m > n+ 1. The roots 8 € Af such that (p, f) = 0 are of the form g =¢; —¢; for
1<j<norf=e¢e,1+te,. From Lemma we conclude that the subgroup Staby,# p
is a product of S,, defined in and the group generated by the reflections s, _ 4., .
By above, w € A iff we; = ¢; for i < m — 1 and we,, € {£em,em_1}-

Since W# is the Weyl group of D(m), i.e. the group of signed permutations of {&;}1,,
changing the even number of signs, the set

{fweW#|we; =¢; fori <m—1& wey, € {Fem, em1}}

is {id, Se,,_y—em> Sep1—emSepm_iten - Hence A = {id, s, —c,s Sep i Sepmorten ) S TE-
quired. This establishes (ii) for the case (e, + 6,,) € 1L
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6.6. Step (ii’). Consider the case gl(n|n). One has p = 0. Set § == > ;.48 =) & —
>~ 0;. Let us verify that

(9) Q¢ Nsupp(Re” — X) = 0.

Indeed, it is easy see that £ has a unique presentation as a positive linear combination of
positive roots:

(10) §:Zmaa,m020 = mg=1for €S, my,=0fora¢gbs.

acAL
This implies that for s € Z>q the coefficients of e~ in Re? = R and in X are equal to
zero, and that the coefficient of e7*¢ in R is equal to (—1)*" for s € Zso. It remains to
show that the coefficient of e™*¢ in X is (—1)*" = (—1)™9, It is enough to verify that
lw|p — p(w) = s€ for w € W# implies w = id. Assume that |w|p — p(w) = s€. By
definition, |w|u, —p(w) € QT. From (I0) we conclude that |w|u, —p(w) € Z>oS. Recall
that o(w) = > scqmpen. WP By (), —p(w) € ZxoS implies (—wf) € S for each
B € S such that w3 € A_. However, (—wfB) € S for any w € W#, 8 € S, because
—w(g; — 0;) = 6 —we; € S. Thus wS C Ay that is we; = ¢;; for i; < 4. Hence w = id.
This establishes ().

7. W-INVARIANCE: STEP (III)

In this section we prove that X defined by the formula (2)) is W-skew-invariant for a
certain admissible pair (S, IT); for the case D(m,n) m > n we prove this for two admissible
pairs (S,1II) and (S’,11'), which are representatives of the equivalence classes defined in
Sect. Bl

Recall that X is W#-skew-invariant and that A = A% [] A,, that is W = W# x W,.

7.1. Operator F'. Recall the operator F' : R — R given by the formula F(Y) :=
Y wew sgn(w)wY . Clearly, w(F(Y)) = F(wY) for w € Wy and F(wY) = w(F(Y)) =
sgn(w)F(Y) for w € W#. In particular, F(Y) = 0 if wY =Y for some w € W# with
sgn(w) = —1. One has

P

[[es(1+e77)
Suppose that B € R is such that wow;B = B for some w; € W# wy, € W,, where
sgn(wiwsy) = 1. Then
wy 'F(B) = F(wy,'B) = F(w,B) = sgn(w,)F(B),
that is we F'(B) = sgn(wsy) F(B).

X =F(Y), whereY :=

As a result, in order to verify W-skew-invariance of F'(B) for an arbitrary B € R, it is
enough to show that for each generator y of W, there exists z € W# such that sgn(yz) = 1
and yzB = B (we consider y running through a set of generators of W5).
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7.2. Root systems. We retain notation of 6.2 for Ay ;. and Ay, but, except for A(m —
1,n — 1) we do not choose the same pairs (5,1I) as in [6.3

For A(m—1,n—1) we choose S, 1T as in[63] (S := {e; — d;}). For other cases we choose
S = {0n—i — Em—i ?:_01 and

II:=PU{e,} for B(m,n), B(n,m)

II:=PU{e, +6,} for D(m,n) m>n,

IT:= PU{2e,}, for D(n,m) m > n,
where P := {51 —€2 -, €m—n—-1"Em—n,Em—n — 517 51 —Em—n+1)Em—n+1 — 52a B 571 - Em}
form > n, and P := {6, —e1,61— 09, ...,0, —€,} for m = n. For D(m,n), m > n case we

consider two admissible pairs: (S, II) and (S, ), where S := {0, s —&pm i} U{6pn+Em}-
Recall that (g;,¢;) = —(6;,0;) = J;; and notice that (a, o) > 0 for all o € IL.

7.3. Sp-invariance. Let S,, C W5 be the group of permutations of dy,...,d,. In all cases
S is of the form S = £{6; — e,4;} forr =0o0orr=m —n. Fori=1,...,n— 1 one has
(p,0; —6it1) = (p, Eryi —Erqit1) = 0. Therefore the reflections s. ., ., 5s,—s,,, stabilize
p. Since s., ¢ ... Ss5,—5., stabilizes the elements of S, one has s. . ... ,55,-5,,Y =Y
for i = 1,...,n — 1. Using [[1] we conclude that X is S,,-skew-invariant. In particular,
this establishes W-invariance of X for A(m,n)-case.

For D(m,n), m > n case consider the admissible pair (S’,II). Arguing as above, one
sees that ss5,5,,,(X) = =X fori=1,...,n—2. Since 0,_1 —€m—_1, 0 +E» € S’ the product
W = S, _ienSs, s, Stabilizes the elements of S’. Since (p,d;) = (p,em_nsi) = 0 for
1 =1,...,n, w stabilizes p. Thus wY =Y and so s; X = —X, by[1l Hence X is
S,-skew-invariant.

n—1—0n

7.4. B(m,n), B(n,m),D(m,n),m > n cases. In this case W5 is the group of signed
permutations of {§;} , so it is generated by ss, and the elements of S,. In the light
of [Tl and [Z.3] it is enough to verify that ss, s.. Y =Y. Set

B:=0,—¢em€S.

Consider the cases B(m,n), B(n,m). In this case W# is the group of signed permuta-
tions of {&;}1,. Since 3, ¢,, € II, one has (p,en) = (p, 6n) = 3 80 85, 5¢,,p = p+ . Clearly,
S5, Se,,, stabilizes the elements of S\ {8}, and s;,5.,,6 = —5. As a result, s5,5.,Y =Y
as required.

Consider the case D(m,n),m > n. In this case W# is the group of signed permu-
tations of {g;}, which change even number of signs. Notice that s. _ s.. € W# and
sgn(se,, . Se,,) = 1. Set w := s, _ S, Ss,. One has (p,0,) = (p,em) = (p,€m—n) = 0 s0
wp = p. Since w stabilizes the elements of S\ {8}, one has wY = e~?Y. We obtain

55, F(Y) = 85, F(sc,,_.5.,.Y) = F(s5,5., 5., Y)=F(wY) = F(e?Y)
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and so
o

~) =0,
[Tsesp(l+e” ))

where the last equality follows from the fact that the reflection s, _, ., stabilizes p and
S\ {B}. Hence (1+ s5,)F(Y) =0 as required.

For the admissible pair (S’,II) we obtain the required formula (1 + s,)F(Y) = 0 along
the same lines substituting 8 by 9, + €.

(1+s5,)F(Y)=F((1+e?)Y) =F(

7.5. Case D(n,m),m > n. In this case W# is the group of signed permutations of {&;},
and W is the group of signed permutations of {d;}7_;, which change even number of signs.
Note that the reflection ss, does not lie in Wy, but s5; A = A, so s45, acts on R and this
action commutes with the operator F. Since W5 is generated by ss, 55, and the elements
of S, it is enough to verify that ss ss, F(Y) = F(Y). Set 5; :== 6; — €m_n+i € S. One has
(0, Emonsi) = (0,0;) = 1 50 85,5, 1n_ip = p+ 203; that is ss,8., 1n_;Y = €?Y. Therefore
ePThi

ja 0,
(HBES\{5¢}<1 +ef ))

because s.,, ,_; € W stabilizes p+; and the elements of S\{3;}. Thus s, F(Y) = F(Y)
80 85,85, F'(Y) = F(Y) for any 4, j. Hence X = F/(Y') is Ws-skew-invariant.

(1=55)F(Y)=F(Y)+ F(s55:4n—Y) = F((L+e7)Y) =
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