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Notation.
g semisimple, 7 simple roots, p = p_ : © C 7 parabolic

Underlying theme. The (semi) invariant algebra Sy(p) should
exhibit the same good properties as the invariant algebra Y (g).

Conjecture 1. Sy(p) is polynomial

Theorem (FJ2). Conjecture 1 is true in most cases.
For example, all parabolics in type A or C.



Question. What are the degrees of the invariants?

The degrees are known for p = g (Chevalley-Kostant).

The degrees are known for p = b (Prep. thm. 1977.)

The recipe in the two cases is very different.



In our work (FJ1) the generators are parametrized
by a set 1 of orbits in w under a finite group
action depending on =’

To each I' € Il we assign a ‘“‘false degree” d{i.

In principle the generators have degrees
f c€|‘ S {27 1}



Theorem (FJ2). When ¢ = 1,V I € I, then Sy(p) is
polynomial and the generators have degrees dJF e Tl.

When p = b, the generators have degree e,Qd{i I eTrl.

The above “principle” fails when p = g, yet the degrees
of the generators have the same sum as } cn d{i.



Since p is algebraic, it admits a unique subalgebra pp
containing p’ such that Sy(p) = Y (pn).

For any finite dimensional Lie algebra a, let
iIndex a be the codimension of a coadjoint orbit
of maximal dimension.

Set c(a) = %(dim a + index a).

Theorem (FJ3)

c(p) =clpn) = Y di

[ el



If a is algebraic and Sy(a) = Y (a), then
GK dim Sy(a) = indexa (Chevalley-Dixmier).

Let A C S(a) be Poisson commutative, then
GKdmA <c(a).

The above bound can always be reached (S.T. Sadetov).

For g semisimple, the above bound can be reached by
“shift of argument’” . The resulting algebra is polynomial
and maximal Poisson commutative.



Identify pn with (pn)* through the Killing form.
Let hp be the Cartan subalgebra of pp. In FJ3,
hn is computed explicitly. Call y € pn regular
if codim [pp,y] = index pn

Set N =V(S(p;)Y (py)+)- the nil fibre.

Remark. Nreg Can be empty



Conjecture 2. Suppose Nyeg #= 0. Then there
exists h € hp,y € (pn)reg such that [h,y] = —y.

Choose an h stable complement V' to [pq,y] in
pr. T he eigenvalues of h on V shall be called
the parabolic exponents €7|£/ el

Conjecture 3. Y (pp) is polynomial with generators
having degrees e7|3, +1:1 €Tl.



Corollary (to conjectures 2,3). Restriction of
functions gives an isomorphism of algebras

Y(pn)—Rly+ V]

Remark
P (y+ V) C (pn)reg, but the inclusion may be strict.

Conjecture 4. dim(pn)>o = c(pn)

Remark.
Conjecture 4 is equivalent to [z,y] =0:z € (pn)>0 = = =0.



Remark. Sp := (pn)oN(pn)reg is usually empty.

Conjecture 5. Suppose Sy #= . Then there exists z € S
for which the z shift T (p) of Y (p) satisfies

T.(pn)—Rly + (rn) >0l
by restriction of functions.

Corollary T>(pp) is maximal Poisson commutative
and, of course, polynomial on c(p) generators.



Results
Conjectures 1,2,3,4 are true if rank g < 2.

Set j = —wql|r, wgo being the longest element in W
Conjectures 2,3,4 are true in type A given

j(7") = #’. In particular if 7/ = (. They are
also true in type A up to rank < 5.

Conjecture 5 is true in type A if #/ = 0.



The case of G». Set # = {a, 8}, 7 = {a},a short.

One can easily construct two algebraically independant
elements of Y (pp), namely the lowest root vector x
and a second invariant =’ of degree < 4

by modifying the Casimir of the Levi factor for PR

Let Y be the subalgebra they generate.

Set h =a", y=x443. Then [h,y] = —y and [pp,y] is complemented
in pn by V = kx3a+25@kx3a+5.
Thus the parabolic exponents are 0O, 3.

Conclusion. The restriction map gives an isomorphism Y—=R][y + V].
Moreover degz’ = 4. As a consequence Y =Y (pp).

By contrast, the false degrees are 2, 3.



Some examples in type A.
We can assume h to be n’ dominant.

In all cases we found we could choose y in the form

Yy — ZaES Loy
where S C AT UA s such that S|, is the basis for h.

Call S the support of y



