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Keywords and phrases: Q-type Lie superalgebra, Shapovalov forms.
2000 Mathematics Subject Classification 17B20, 17B35.


http://uk.arXiv.org/abs/math/0511623v1

2 MARIA GORELIK

1. INTRODUCTION

1.1. In 1972 N. Shapovalov [Sh] suggested a powerful method for studying highest weight
modules of a finite dimensional simple Lie algebra. He elucidated the description of a
bilinear form on the enveloping algebra of a simple finite dimensional complex Lie algebra
g introduced by Gelfand and Kirillov in [GK]. The kernel of this form (Shapovalov form) at
a given point A € h* determines the maximal submodule M (\) of a Verma module M (\).
In particular, a Verma module M () is simple if and only if the kernel of Shapovalov
form at A is equal to zero. The Shapovalov form can be realized as a direct sum of forms
S,; for each S, one can define its determinant (Shapovalov determinant). The zeroes of
Shapovalov determinants determine when a Verma module is reducible. N. Shapovalov
computed these determinants for the finite dimensional simple Lie algebras: he presented
them as products of polynomials of degree one. As a consequence, a Verma module M (\)
is simple if and only if A does not belong to a union of hyperplanes.

Shapovalov’s method was generalized by V. Kac, D. Kazhdan in [KK] to Kac-Moody Lie
algebras with symmetrizable Cartan matrix, by V. Kac ([K2], [K4]) to Lie superalgebras
with symmetrizable Cartan matrix, and by C. De Concini, V. Kac ([DK]) and A. Joseph
([J]) to quantum case. The formula for Shapovalov determinants for Lie superalgebras
with symmetrizable Cartan matrix is given in [K4].

1.2. By the term “@Q-type superalgebras” we mean four series of Lie superalgebras: q(n)
(n > 2) and its subquotients sq(n), pq(n), psq(n) (the last one is a simple Lie superal-
gebra for n > 3 in the notation of [K1] it is @Q(n)). The @Q-type Lie superalgebras are
rather special. First, their Cartan subalgebras are not abelian and have non-trivial odd
components. Second, they possess a non-degenerate invariant bilinear form which is odd
and they do not have quadratic Casimir elements.

1.2.1. The first peculiarity leads to the existence of two different candidates for a role
of Verma module of the highest weight A € h%: a module M()) which is induced from a
simple hg-module C, and a module N(A) which is induced from a simple h-module. The
character of M(A) nicely depends on A; we call M(\) a Verma module. We call N(\)
a Weyl module. Observe that each Verma module M () has a finite filtration with the
factors isomorphic to N(A) up to a parity change. Each Weyl module has a unique simple
quotient.

1.2.2. In this paper we define a Shapovalov map for ()-type superalgebras. Its kernel
at a given point A € b5 determine the maximal submodule M (\) which does not meet
the highest weight space. The above observation implies that the Weyl module N()) is

simple if and only if M(\) = 0.



SHAPOVALOV DETERMINANTS OF @Q-TYPE LIE SUPERALGEBRAS 3

1.2.3. It turns out that the Shapovalov determinants again admit linear factorization
(i.e., are the products of polynomials of degree one) and so a Weyl module N () is simple
if and only if A does not belong to a union of hyperplanes.

1.2.4. In all cases mentioned in 1.1 the calculation of Shapovalov determinants uses an
explicit formula for a quadratic Casimir element which implies a linear factorization for
Shapovalov determinants.

In the present work the calculation is based on an observation which allows one to de-
duce the linear factorizability of the Shapovalov determinants without using the quadratic
Casimir elements— see 1.3.

1.2.5. Determinants versus reduced norm. Let g be a Lie superalgebra of Q-type and
h = by @ by be its Cartan subalgebra. Each Shapovalov map S, is a map between two
bimodules over the non-commutative algebra R :=U(h). As left and as right R-modules
the source and the target of S, are free of the same finite rank. Viewing S, as an
S(ho)-homomorphism between free S(hp)-modules we define det S, € S(hg). Similarly to
the case of endomorphisms of modules over an Azumaya algebra, det S, € S(hy) turns
out to be a power of another polynomial Norm S, (reduced norm) which we propose
as an analogue of Shapovalov determinants for @)-type superalgebras. Notice that the
resulting formulas for Norm S, look like the formulas for Shapovalov determinants for
contragredient Lie superalgebras (see [K4]). We leave to Appendix a thorough definition
of reduced norm which would cover our setup.

1.3. Computation of det S,. The computation of Shapovalov determinants in [KK],[J]
has the following steps. The first one is to show that each determinant admits a linear
factorization; this easily follows from the existence of a quadratic Casimir. The second step
is to construct the Jantzen filtration on Verma modules which provides some information
about the multiplicity of each linear factor. Finally, one computes the leading term of
det S, and then obtains the multiplicities.

1.3.1. Linear factorizability. Let g be a classical Lie superalgebra which is not of type P.

Denote by W the Weyl group of gz and by Z(g) the centre of the universal enveloping
algebra U(g). A Harish-Chandra projection identifies Z(g) with a subalgebra Z of W-
invariant polynomials on bg; if g is a semisimple Lie algebra one has Z = § (ho)V. For
any g there exists a non-zero homogeneous polynomial z, € Z such that

Za8<bO>W C Z. (**)

The property (**) could be easily deduced (see [P]) from the explicit description of Z
given in [S1], [K3],[S2]. One can also obtain (**) by describing the anticentre of U(g)
which is much easier to describe than Z itself (see [G1]) and then taking z, := T* where
T is an anticentral element of the minimal degree.
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Now the linear factorizability of Shapovalov determinants can be achieved as follows.
Let C' € S(ho)" be the standard quadratic element given by C'(\) = (A, ). By (**) Z
contains z,C. If det S,(\) = 0 for some p, then a Verma module M (\) has a primitive
vector of weight A — v for some 0 < v < p that is (z,C)(A) = (2C)(A — v) (here < is
the standard partial order on hz). If 2,(A) # 0 this implies (A, \) = (A — v, A — v) that
is 2(\,v) = (v,v). Let QT be the positive part of root lattice Q(w). For each v € Q%
the last equation defines a hyperplane. Hence det S,(\) = 0 implies 2(\,v) = (v, v) for
some v € Q1 or z,(\) = 0. This means that det S, admits a factorization where each
factor is either linear or one of irreducible factors of z,. Notice that instead of Casimir C
we could use all elements of S(ho)"'. This would reduce the above set of hyperplanes to
those corresponding to v = na where « is a positive root.

The computation of the leading term of det S, shows that it admits a linear factoriza-
tion. Hence an irreducible homogeneous polynomial of a higher degree can not be a factor
of det S,. Since z, is homogeneous, this implies that det S, admits a linear factorization.

1.3.2. To find the multiplicities of linear factors we compute the leading term of det .S,.
Then we define a Jantzen-type filtration on a Verma module M (A) and prove a sum
formula for the multiplicities. Comparing the leading term and the sum formula we
determine the multiplicities.

The leading term can be computed by various methods. In this text we use a reduction
to the minimal rank case which is sq(2) for Q-type algebras.

1.4. Applications. The computation of Shapovalov determinants gives us immediately
a criterion of irreducibility of a Weyl module.

We also obtain a description of Jantzen filtration at the points A € b5 corresponding
to a generic reducible Weyl module. This is essential for the computation of Z(g), see
below.

The Harish-Chandra projection HC provides an embedding Z(g) — S(hp). Explicit
knowledge of the Shapovalov determinants allows us to describe the image of this em-
bedding following a Kac approach [K3]; we give some details in 1.4.1,1.4.2. The result is

similar to the one for contragredient Lie superalgebras (see [K3]). For the case g = q(n)
the centre Z(g) was described in [S2], [NS].

1.4.1. The main idea is to recover a central element by its action on Verma modules.

In Section 12 we introduce a certain completion UoftU (g); roughly speaking, U is an
algebra which acts on all g modules which are locally nilpotent over n™. We show that the

A

centre Z(U) coincides with Z(g). This follows from the following statement suggested to

the author by J. Bernstein: for any a € Z(U7) one has deg HC(a) = deg(a). This statement
can be viewed as an analogue of Chevalley’s theorem stating that for a semisimple Lie

algebra the restriction of a non-zero g-invariant regular function on g to b is non-zero.
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The formula deg HC(a) = deg(a) implies that Z(U) = Z(g) if g is a finite-dimensional
contragredient or Q)-type Lie superalgebra.

In 1.5.2 we define a g-h bimodule M which plays role of a generic Verma module (so
that a Verma module M(\) can be viewed as the evaluation of M at \). The g-action
on M can be extended to an action of U. It turns out that M is a faithful U -module;
moreover, z € U is central iff the action of z on M coincides with the right action of

HC(z): zv = vHC(2) for all v € M. Using this property, we compute the centre Z(U),
see 1.4.2 for details.

1.4.2. Knowledge of submodules of a generic reducible Weyl module gives us necessary

~

conditions on HC(z) for z € Z(U). Then for each ¢ € S(hy) satisfying these necessary
conditions we construct an element z = Yz, € Z(U) with HC(z) = ¢ by a recursive
procedure introduced in [K3]. The key ingredient is that S, is invertible over the field of
fractions of S(hy) and that S, ! has poles of order at most one at a subset of codimension
two in b5. The fact that S, ! has poles of order at most one at \ is equivalent to the
statement that the Jantzen filtration of M (\) has length at most two; the latter holds for

the regular and subregular points A € bg.

In [G2] we have checked the finiteness of the recursive procedure by an estimation of

A~

degrees and thus show that the central element z € Z(U) lies in Z(g). In the present

~

paper we use the equality Z(U) = Z(g) which is proven independently.

1.5. Construction of Shapovalov maps. The Shapovalov forms can be naturally inter-
preted in terms of Shapovalov maps which we define below. This approach was suggested
to us by J. Bernstein.

In [K1] V. Kac introduced a notion of contragredient Lie superalgebra. These are
Lie superalgebras which can be constructed by a standard procedure from their Cartan
matrices. Let g =n~ + b +n' be a contragredient or a Q-type Lie superalgebra. Denote
by o the antiautomorphism of U(g) equal to —id on g.

Let C be the category of h-modules and D be the category of g-modules graded by
elements of Q= := —Q™ (the grading is consistent with the natural Q(r)-grading on U(g)).
We denote by N, the vth homogeneous component of N. Let ®q: D — C be the functor
given by ®g(N) = Ny. The functor &y admits a left adjoint functor Ind : C — D and a
right adjoint functor Coind. For any L € C the adjunction morphisms L — ®q(Ind(L))
and ®¢(Coind(L)) — L are, in fact, isomorphisms. In particular,

Homp(Ind(L), Coind(L)) = Home (L, L).

Let Z(L) : Ind(L) — Coind(L) correspond to the identity map L — L; in this way we
obtain a morphism of functors = : Ind — Coind. The kernel of Z(L) is the maximal
graded submodule of Ind(L) which does not meet its zero component.
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1.5.1. Set R:=U(h),A :=S(ho) (A = R if g is not of Q-type). View R as an object
of C. We check that the canonical morphisms Ind(F) — Ind(R) ®g E, Coind(R) Qg
E — Coind(F) = Coind(R) ®p E are isomorphisms; they allow to identify Z(E) with
E(R) ®idg . We call S := Z(R) a Shapovalov map.

Both g-h bimodules Ind(R), Coind(R) viewed as hg-bimodules are isomorphic to U(b™)
(where b~ := h + n~). Their homogeneous components are R-bimodules which are free
A-modules of the same finite rank. Thus we can decompose S = > S, where

S, : Ind(R)_, — Coind(R)_,

is an R-bimodule homomorphism. Viewing the source and the target as left A-modules
we realize S, as an A-homomorphism between two free A-modules of the same rank. A
matrix of S, (with entries in A) is called a Shapovalov matriz and its determinant is
called a Shapovalov determinant (this is an element in A = S(ho) which is defined up to
an invertible scalar).

1.5.2. Define M(A) and N(A) as in 1.2.1 (M(A) = N(A) if g is not of Q-type). The
family of M (\) can be obtained from M := Ind(R) by evaluation. Denote by S(\) the
evaluation of the Shapovalov map S at A\. The kernel of S(\) is the maximal submodule
of M(\) which does not meet the highest weight space. We denote this submodule by

M () and define similarly N(\).

1.5.3. Recall that M (A) (resp., M(\)) has a finite filtration whose factors are isomorphic

to N(A) (resp., to N(A)) up to parity change. As a consequence,

KerS(A\) =0 <= M(\) =0 <= N(\) =0.

Each N(A) has a unique simple quotient V() and V(\) = N(A)/N(X). Hence
V(A) = N(\) <= detS,(A\) #0 for all v.

1.6. Shapovalov forms. Historically, the Shapovalov map was introduced as a bilinear
form. This can be described as follows. The module Ind(R) identifies with U(b~) as b™-R
bimodule. The module Coind(R) can be realized (up to a parity change) as a graded
dual of U(b™). More precisely, Coind(R) identifies with the maximal graded submodule
of Hompg(U(b™), R”) where R° is an R bimodule obtained from R by the shift by o. Using
this identification, we realize the Shapovalov map as S : U(b~) — Hompg_ (U(b™), R?); the
formula for S'is
S(u_) (1) = (—1PO- P HO o (Yo )
where uy € U(b%).
If h = by (that is R = A) then R = R* := Homy (R, A).

If b # by (ie., g is of Q-type) the right-hand side of the above formula is an element
of a non-commutative algebra R which is not very convenient. Fortunately, there exists
amap [ : R — A (see 1.6.1) which induces an isomorphism R% — II%™7(R*). In this
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way, Coind(R) identifies (up to a parity change) with the maximal graded submodule of
Hom 4 (U(b"), A). The last identification gives rise to another realization of the Shapovalov
map B : U(b™) — 9™ Hom 4 (U(b), A). Tt is given by the formula

B(u_)(uy) = (—1)Plu-)plus) /HC(O’(U+)U_).

The map B is instrumental in the computation of the centre of U(g) (see 1.4).

1.6.1. Let g be a Q-type Lie superalgebra. The algebra R = U(h) is a Clifford super-
algebra over the polynomial algebra A = S(hg). For each \ € b5 the evaluation of R
at A is a complex Clifford superalgebra. Notice that a non-degenerate complex Clifford
superalgebra is either the matrix algebra (if dim bt is even) or the algebra Q(n) (this is
an associative algebra whose Lie algebra is q(n)). In particular, it possesses a supertrace
which is even if dim by is even and odd if dim by is odd. In both cases, there exists a map

/:R—>A.

satisfying [[R, R] = 0; the evaluation of | at X is proportional to supertrace on the
complex Clifford superalgebra if the latter is non-degenerate.

1.7. Content of the paper. In Section 3 we recall definitions and some properties of
main objects.

In Section 4 we propose definition of Shapovalov map for Q)-type Lie superalgebras
which was briefly explained in 1.5, 1.6.

In Section 5 we compare Shapovalov determinants for various algebras.
In Section 6 we construct a non-graded isomorphism M — M#.

In Section 7 we consider an example g = 5q(2).

In Section 8 we calculate the leading terms of Shapovalov determinants.

In Section 9 we adapt the definition of Jantzen filtration (see [Ja]) to the Q-type Lie
superalgebras. As in the contragredient case, the Jantzen filtration is instrumental for
computations of Shapovalov determinants.

In Section 10 we describe the anticentres of ()-type Lie superalgebras.

In Section 11 we compute Shapovalov determinants (see Theorem 11.1). We also show
that the Jantzen filtration have length 2 for subregular (see 11.1.1) values of A.

In Section 12 we describe a certain completion U of U(g). We show that for any
a € Z(U) one has deg HC(a) = deg(a). As a consequence, Z(U) = Z(g) if g is a finite-
dimensional contragredient or Q)-type Lie superalgebra.

A

In Section 13 we describe the centre Z(U) = Z(g). In 13.3 we prove that Z(sq(n)) =
Z(q(n)) and Z(psq(n)) = Z(pq(n)).
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In the appendix A we analyze the structure of U (h) which is a Clifford algebra over the
polynomial algebra S(ho). We recall some basic facts on Clifford algebras and introduce
the map [ : U(h) — S(ho). We adapt a notion of reduced norm to U(h).

1.8. Acknowledgment. I am grateful to J. Bernstein for explaining the functorial ap-
proach to construction of Shapovalov maps and for numerous suggestions. A part of this
work was done during my stay at Max-Planck Institut fiir Mathematik at Bonn. I am
grateful to this institution for stimulating atmosphere and excellent working conditions.

2. INDEX OF NOTATIONS

Symbols used frequently are given below under the section number where they are first
defined. Notation used in Appendix are defined there.

3.1 Z207Z’>07p(u)7nadegua V@T’gr

321 o 4.1.1 &g, Ind, Coind, =

3.3.2 ha, ha, €a, fo, Ho, Eo, F 412 M, M,,R°, M#* N* S B
3.3.3 Qt,v>p 414 S,,B,,NormS,

34 A R,CLN),c(N), E(N) 8.1 7(v), k, P(v), 7a(v), K|
341 M(N),N()\),V()) 1022 T,

342 N 104 ty, g

3.5 HC 11.1.1 T,y

41 C,D,D4,N, A42 [,

3. PRELIMINARIES

3.1. The symbol Z>, stands for the set of non-negative integers and Z- for the set of
positive integers. We denote by |X| the number of elements in a finite set X.

Let V = V5 ® V4 be a Zy-graded vector space. We denote by dim V' the total dimension
of V. For a homogeneous element u € V' we denote by p(u) its Zs-degree; in all formulae
where this notation is used, u is assumed to be Zs-homogeneous. For a subspace N C V
we set N; ;= NNV, for i = 0,1. Let II be the functor which switches parity, i.e.
(IV)g = V4, (ITV)1 = V5. We denote by V@ the direct sum of r-copies of V.

For a Lie superalgebra g we denote by U(g) its universal enveloping algebra and by
S(g) its symmetric algebra. Recall that S(g) = gri(g) with respect to the canonical
filtration F*(g) := g*. For u € U(g) denote by degu the degree of gru in S(g).

Throughout the paper the base field is C and g = g5 @ g7 denote one (unless otherwise
specified, an arbitrary one) of Q-type Lie superalgebras q(n), sq(n) forn > 2, pq(n), psq(n)
for n > 3.
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Throughout the paper we are often dealing with homomorphisms between two iso-
morphic free R-modules where R is a commutative algebra. The determinant of such a

homomorphism is defined up to an invertible element of R; in all our examples the set of
invertible elements of R is C*.

3.2. Q-type Lie superalgebras. Recall that q(n) consists of the matrices with the block
form

A | B
Xapi=|-— — ——
B | A

where A, B are arbitrary n x n matrices; q(n)g = {Xao0} = gl(n), q(n); = {Xo.5} and

[(Xa0, Xao] = X(4,4,05 (X 4,0, Xo0,8] = Xo,[4,B]; (Xo,8, Xo,p'] = XoBp+58-

Define tr' : q(n) — C by t1'(X4 5) = tr B. In this notation,

sq(n) 1 ={z € q(
pa(n) : = q(n)/(I1d)
psq(n) 1 =sq(n)/(

where Id is the identity matrix.

These definitions are illustrated by the following diagram

N

pa(n)

5q<n)\ /

psa(n)
Clearly, the category of pg(n)-modules (resp., psq(n)-modules) is the subcategory of
q(n)-modules (resp., of sq(n)-modules) which are killed by the identity matrix Id.

The map (z,y) — tr'(zy) gives an odd non-degenerate invariant symmetric bilinear
form on q(n) and on psq(n).

For the quotient algebras pq(n), psq(n) we denote by X4 p the image of the correspond-
ing element in the appropriate algebra.
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3.2.1. Recall that a linear map o is called an antiautomorphism of a Lie superalgebra
(resp., of an associative superalgebra) if it satisfies the rule o([z, y]) = (—1)P@P*W [ (y), o(z)]
(resp., o(zy) = (—=1)P@PWg(y)o(z)). A Lie superalgebra g admits an antiautomorphism
o given by o(z) = —x; we denote by o also the induced antiautomorphisms of U(g).

If g is a classical Lie superalgebra which is not of type P, it admits a “naive antiau-
tomorphism” z — 2! satisfying the rule [z,y]" = [y’, 2']. In an appropriate basis, this
antiautomorphism is given by the matrix transposition. It preserves the elements of a
Cartan subalgebra.

3.2.2.  For Q-type Lie superalgebras the set of even roots (A%r ) coincides with the set of
odd roots (A;r ). This phenomenon has two obvious consequence. The first one is that
all triangular decompositions of a Q)-type Lie superalgebra are conjugate with respect to
inner automorphisms (this does not hold for other simple Lie superalgebras). The second
one is that the element p := %(ZaeAg a— Zaea; «) is equal to zero.

We choose the natural triangular decomposition: q(n) = n~ @b @ n' where by consists
of the elements X4 where A is diagonal, hy consists of the elements X, p where B is
diagonal, and n* (resp., n”) consists of the elements X4 p where A, B are strictly upper-
triangular (resp., lower-triangular). We consider the induced triangular decompositions
of sq(n), pa(n), psq(n).

The “naive antiautomorphism” z +— x! preserves the elements of § and interchanges
nt with n™.

3.3. In the standard notation the set of roots of gl(n) = q(n)g can be written as
AT = {e; — gj}1<icjzn
and the set of simple roots as 7 := {e1—¢€3,...,6,_1—¢,}. Each root space has dimension
(1]1).
Fora € A* let s, : bz — bz be the corresponding reflection: s, . (€:) = €j, s¢,—¢; (k) =
e for k # i,7. Denote by W the Weyl group of gz that is the group generated by
Sq @ € AT, Recall that W is generated by s, : a € .

The space b= has the standard non-degenerate W-invariant bilinear form: (g;,¢;) = dy;.
3.3.1. Let E,4 be the elementary matrix: F,; = (5”5%-)?’]-:1.
The elements
hi == Xg, 0
form the standard basis of by for g = q(n),sq(n). We use the notation h; also for the
image of h; in the quotient algebras pq(n), psq(n).
)

The elements H; := Xo g, (i = 1,...,n) form a convenient basis of hy C q(n); they
satisfy the relations [H;, H;] = 20;;h;.
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3.3.2.  For each positive root o = ¢; — €; we define

All above elements are non-zero in sq(n),pq(n),psq(n) (since we excluded the cases
pa(2), psq(2)).

The elements hy, €4, fo (@ € A1) form the standard basis of sl(n) = [gl(n), gl(n)]; the
elements E, (resp., F,) form the natural basis of nf (resp., of n7) and the elements H,

span hy Nsq(n).
For each « the elements hy, €y, fo, ha, Ha, Eo, F, span sq(2) and one has

[eomfa] = hom [EomFoz] = h@a [HaaHa] = 2ha
[Ey, fol = ea, Fu]| = Ha.

3.3.3. Set
Q(m) = Z Zo, QT := Z Z>pa.

acAt acAt

Define a partial order on b by v > piff v — p € Q*.

3.4. Set
A:=8(ho), R:=U(b).

Identify U (hg) with A. The algebra R is a Clifford algebra over A: it is generated by the
odd space hy endowed by the A-valued symmetric bilinear form b(H, H') = [H, H']. We
will describe some properties of this algebra in Appendix.

For A € b let C(A) be the corresponding one-dimensional hg-module. Set
CL(A) :==U(h) @y, Cy.

Clearly, C¢(\) is isomorphic to a complex Clifford algebra generated by h; endowed by
the evaluated symmetric bilinear form by(H, H') := [H, H'|()\). Set

¢(A) := dim Ker b,.
For g = q(n), ¢(A) is the number of zeros among hy(\), ..., h,(A\). The complex Clifford
algebra C/(\) is non-degenerate iff ¢(\) = 0.
Denote by E(A) a simple C¢(\)-module (up to a shift of grading, such a module is

im hT‘Fl*C()\)

d
unique— see A.3.2). One has dim F(\) = 2= =2 1.



12 MARIA GORELIK

3.4.1. Set b:=h+n" b" :=bh+n". Endow Cl(\) with the b-module structure via the
trivial action of n™. Set

M(X) :==IndiCl(N), N(A) :=Indi E(N).

Clearly, M(\) has a finite filtration with the factors isomorphic to N(\) up to parity
change. We call M(\) a Verma module and N () a Weyl module. A Weyl module N(\)

has a unique maximal submodule denoted by V().

As a gg-module N () has a filtration whose factors are gg-Verma modules. In particular,

N(X) has a finite length.

3.4.2. For a diagonalizable hg-module N and a weight p € b5 denote by N, the corre-
sponding weight space. Say that a module N has the highest weight \ if N = ZMS)\ N,
and N, # 0. If all weight spaces N, are finite-dimensional we put ch N := " , dim N et

If N has a highest weight we denote by N the sum of all submodules which do not meet
the highest weight space of N. One has V/(A) = N(\)/N()).

3.5. Harish-Chandra projection. Denote by HC the Harish-Chandra projection HC :
U(g) — U(h) along the decomposition U(g) =U(h) @ (U(g)nT +n~U(g)).

3.5.1. Lemma.

(i) If u € U(g) is the product of n_ elements of n=, n, elements of n and nyg
elements of b then deg HC(u) < min(n_,n) + ne.

(i) Fori=1,...,k let x; be an element of weight a; and y; be an element of weight
—0B;, where oy, 3; € A1, If HC(Hf:1 X Hle y;) has degree k then the multisets
{a;}r_, and {B;}F_, are equal.

Proof. The proof of (i) is an easy induction on n_ + ny + ng. Indeed, write u = v’z or
u=uvzy ...y, withz € (h+n"),y;...y. € n7,u € U(g). If u = vz then HC(u) =
HC(u') HC(x) and the assertion follows from by induction. In the case u = vw'zy; ...y,
write

u=tu'y ... yx+ Z Tu'yr .y ((@d 2)yi)Yisr - - Yy
i=1

As we have already checked deg HC(u'y; ...y,x) < min(n_,n.) + ng. The remaining
summands are the products of n’_ elements of n™, n/, elements of n* and n{, elements of h
where n”_ +n/, +n5 =n_+ny +no—1. In all cases min(n’_, n/,) +ny < min(n_, ny) +ng
which implies (i); (ii) easily follows from (i). O



SHAPOVALOV DETERMINANTS OF @Q-TYPE LIE SUPERALGEBRAS 13

4. SHAPOVALOV MAP

In this section we construct a Shapovalov map and define an analogue of Shapovalov
determinants. In 4.1 we define the main objects and formulate the results of this section.
The proofs are given in 4.2—4.4.

In this section g = n~ @& b ® n' is a classical Lie superalgebra. If g is a Q-type
superalgebra we keep the above notation. Otherwise ht = 0 and we set M () := N())
for A € bh*.

4.1. Brief description of the main results. View U(g) as a Q(7)-graded algebra via
the adjoint action of hg. Let D be the category of left Q(m)-graded g-modules. Let Q~
be the set of weights of U(n~) that is Q= = —Q™. Let D (resp., Dy ) be the subcategory
of D where the objects are graded g-modules for which the graded components outside
Q™ (resp., outside Q1) vanish. Let C be the category of left h-modules. For K, L € D
let Homp(K, L) be the space of degree zero homomorphisms. For N € D we write
N = Zule N,. View M () as an object of D: the )~ -grading is defined by assigning
degree zero to the highest weight vectors.

4.1.1. Let &y : D — C be the functor given by ®o(N) = Ny. The functor &, admits a
left adjoint functor Ind : C — D given by Ind(L) = Indj L where the action of n* on L
is supposed to be trivial. It turns out that &, also admits a right adjoint functor which

we denote by Coind. The adjunction morphism L — Ind(L), is an isomorphism for any
L € C; thus

Homp(Ind(L), Coind(L)) = Home(Ind(L)g, L) = Home(L, L).

Let (L) : Ind(L) — Coind(L) be the morphism corresponding to the identity map
idy; in this way we obtain a morphism of functors = : Ind — Coind. The following claim
is proven in 4.2.2 below.

Claim. Ker Z(L) is the maximal graded submodule of Ind(L) which does not meet the
zero component.

View R = U(h) as an h-bimodule. As a left module R belongs to C; both Ind(R), Coind(R)
inherit the right action of h and =(R) : Ind(R) — Coind(R) is a g-h bimodule map. We
call S := Z(R) the Shapovalov map. The following claim is proven in 4.2.1 below.

Claim. One has canonical isomorphisms Ind(E) — Ind(R) ®x E, Coind(R)®r E —
Coind(F) identifying Z(F) with Z(R) ®g idg.

4.1.2. Notice that Ind(R) has a nice structure: it can be identified with U(b~) as b™-R
bimodule. Set

M = Ind(R).
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The vth homogeneous component with respect to (Q~-grading takes form

M, ={ve M| hv—vh=—pu(h)v for all h € bg}.

We shall now present convenient realizations of Coind(R). The proofs are given in 4.2.1
below.

Denote by Hompg, (—, —) the set of homomorphisms of right R-modules. Define on R
a new bimodule structure R via v.r := (—1)PMPOo(r)y, ro = (=1)POPCyo(r) where
the dot stands for the new action, ¢ is the antiautomorphism introduced in 3.2.1, r
is an element of the algebra R and v € R?. It turns out that R’ is isomorphic to
R* := Homy (R, A) up to a change of parity. In A.5 we exhibit various connections
between R’ and Hompg, (R, —).

Define the functor Ind, : C — D, similarly to Ind. Let M7 be the maximal graded
subspace of Homg, (Ind, (R), R?) that is

M# — Dreg+ Mi, where Mi, := Hompg, (Ind, (R),, R?).

Convert the natural structure of R-g-bimodule on M# to a g- R-bimodule structure via the
antiautomorphism o. Then M# € D and, moreover, M* 2 Coind(R) as g- R-bimodules.

For a g-R bimodule N define a dual module N* as Hom4 (N, A) (where A = S(ho))
endowed by the g- R bimodule structure via o. In A.4.2 we describe an A-homomorphism
[+ R — A whose parity is equal to the parity of dimby. For N being a free R-module,
the map ¢ — [ 1 provides a map Hompg, (N, R7) — 1457 (N*). Both maps are isomor-
phism of g-R bimodules (see A.5). Putting N := Ind, (R) we obtain M# - Ind (R)* if
dim b7 is even and M#* = TI(Ind (R)*) if dim by is odd. Thus we obtain two realizations
of Coind(R): M¥* and T19™ 57 (Ind, (R)*).

4.1.3. The above realizations of Coind(R) give the following realizations of the Shapo-
valov map: S : Ind(R) — Homg, (Ind, (R), R°) and B : Ind(R) — [4™b(Ind, (R)*).
Using the natural identification Ind(R) = U(b7),Ind; (R) = U(b") we obtain the follow-
ing formulas:

(1) S(u)(us) = (—1)P00) HO (o (uy ).

@) Bu-)(us) = (-1 70 [HC(o(u)ue-).

4.1.4. Recall that S is homogeneous of degree zero and write S = ZVEQ+ S,,B =

ZVGQJr B, where S, : M_, — Mi is the restriction of S and B, is defined similarly. Ob-
serve that S, is an A-homomorphism between two free A-modules of the same finite rank.



SHAPOVALOV DETERMINANTS OF @Q-TYPE LIE SUPERALGEBRAS 15

Thus det S, € A = S(hy) is defined up to an invertible scalar. If g is a contragredient Lie
superalgebra, det S, is called a Shapovalov determinant.
In 4.3.1 we show that for a Q-type Lie superalgebras

2dim hT

det S, = (Norm S,)

where Norm S, € A is a reduced norm of the operator S,. We suggest Norm S, as an
analogue of Shapovalov determinant for Q)-type superalgebras.

Since B is the composition of S and a g-R isomorphism, one has
det S, = det B,.

The map B is more convenient than S because the matrices of B, have entries in the poly-
nomial algebra A. In particular, det B, is equal to the determinant of the corresponding
matrix which we also denote as B,,.

4.1.5. Observe that M(\) = Ind(C¢()\)). The map Z(C¢(N)) is obtained from =Z(R) by

the evaluation at A. Its kernel is M (\) (see 3.4.2 for the notation) and it coincides with
Ker B(\). This gives

(3) W = {uw,| (/ HC(u'u))()\) =0 forallueU(bh)}

where v, is the canonical generator of M(\) (i.e., the image of 1 € R).

Recall that M (A) has a filtration with factors isomorphic to N(A) up to the change of

parity. Thus M (A) = 0 if and only if N(A) = 0. Hence N(A) = 0 if and only if S(\) is

injective.
Corollary. N(X) is simple iff Norm S, (\) # 0 for all v € Q.

Notice that the matrices of the evaluated maps B, (\) have complex entries. In partic-
ular, the dimension of the kernel of the evaluated map B, () is equal to the corank of the
corresponding matrix.

Corollary. dim M(\), = corank B, (\).

4.1.6. Let g be a Q-type Lie superalgebra. As we show later Mens Ann N(\) = 0. Since

N(X) is a subquotient of M one has Anny g M = 0. We will use the module M for the
calculation of the centre of U(g) in Sect. 13.

4.2. The proofs of the claims 4.1.1. Retain the notation of 4.1. It is easy to check
that Ind is left adjoint to ®y and one has a canonical isomorphism

Ind(L) — Ind(R) ®p L.
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Recall that M# € D is the maximal graded subspace of Homp, (Ind (R), R7). We will
identify R? with R and use the dot to indicate the R-bimodule structure on R?. Then
g-R-bimodule structure is given by the following formulas

Y(zr) = (x)r = (_l)p(r)p(w(r))g(rw(;p),
(4) (g¥)(z) = (=1)POPOy(a(g)x),
(¢r)(z) = (=1)PPWa(r)ap(x) = (=1)POP@p(x)r,
€

where g € U(g),r € R,v» € M¥ x € Ind,(R).

4.2.1. Proposition.

(i) The functor ®y admits a right adjoint functor Coind which is exact.
(ii) For any K € C the adjunction map Coind(K )y — K is an isomorphism.
(iii) One has a g-R-bimodule isomorphism 3 : M# — Coind(R) satisfying 5~ (x)(y) =
(—1)P@PW g (y)x for each x € Coind(R)y = R and y € Ind, (R)y = R.
(iv) One has a canonical isomorphism Coind(R) ® g L — Coind(L).
(v) Under the above identifications Z(L) identifies with Z(R) Qg id,.

Proof. (i) The functor ®, is exact. By Freyd Theorem (see [ML] Ch. V), ®; admits a
right adjoint functor. The functor Coind is left exact as it admits left adjoint. It remains
to check that an epimorphism L — L’ induces an epimorphism Coind(L) — Coind(L’).

Below we construct a family of modules X (v) € D (v € @) with the following prop-
erties:

e X (v)p is a free R-module and
e one has a natural isomorphism Homp(X(v), N) — N_, for all N € D.

To check the surjectivity of Coind(L) — Coind(L’) it is enough to check it on the homo-
geneous components that is to verify the surjectivity of the map

Homp (X (v), Coind(L)) — Homp(X (), Coind(L")).
The latter amounts to the surjectivity of Home(X (v)o, L) — Home(X(v)o, L') which
follows from the freeness of X (v),. We construct X (v) € D as follows: fix a Q(7)-grading
on U(g) by assigning to 1 degree —v and then take the maximal quotient belonging to D;
in other words, X (v) := U(g)/ X5z, U(g)U(g)x with the grading shifted by v. One can

easily see from PBW theorem that X (v)o can be identified with ¢ (6"),. Hence X (v)o is
a free left R-module; the second property is clear. This proves (i).

Observe that X (v) is a cyclic g-module and that X (v) is a finitely generated R-module.
(ii) Identify Ind(R)o with R (see 4.2). One has
K = Hom¢(R, K) = Homp(Ind(R), Coind(K')) = Home (R, Coind(K)y).
Hence K = Homy(R, Coind(K)y) = Coind(K)y as required.
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(iii) One has an R-bimodule isomorphism R — M# = Homg, (R, R?) given by = — r,
where r,(y) = o(x)y. Observe that the evaluated map C¢(A\) — Hompg, (R,Cl(N)) is
bijective for any A. The inverse map 3 : M# — R induces an g-R homomorphism
3 : M* — Coind(R) satisfying 8y = (. We show below that 5_, M*, — Coind(R)_, is
a morphism of free A-modules of the same finite rank and that the evaluated maps (G(\)
are injective for all A\. Thus det 5_, has nonzero evaluations at all points and hence is
invertible. Therefore (5_, is bijective for all v and so (3 is bijective as well.

For each A € b the evaluated map 3(A) has the source M#()) := Hompg, (Ind, (R),CL(N)?).

It is easy to see that any non-zero submodule of M#()\) meets M#(\)o. Since 3(\)y =
B'(A) is injective, the map F(A) is injective as well.

Using (i), one obtains the natural isomorphisms of right R-modules
Coind(R)_, = Homp(X (), Coind(R)) = Home(X (), R) = Homy(U(67),, R) = M¥,
where the right action of R on ¢ € Hom(X,Y') is induced by the right action of R on Y.

Hence the source and the target of 3_, are free A-modules of the same finite rank. This
establishes (iii).

(iv) Define a canonical map
(5) Coind(R) ® g L —— Coind(L)
as the one adjoint to the map
(Coind(R) ®g L)g — L

obtained from the identification Coind(R)y = R (see (ii)).

Recall that Coind is an exact functor (see (i)). It is easy to show that the map in (5) is
an isomorphism for each L iff the functor Coind commutes with infinite direct sums. To
verify the latter observe that

Homp (X (v), Coind(8Y;)) = Home (X (v)o, ®Y;) = & Home (X (v)o, V3)

because X () is a finitely generated R-module. On the other hand, since X (v) is finitely
generated g-module one has

Homp (X (v), ® Coind(Y;)) = & Homp (X (v), Coind(Y;)) = & Home (X (v)o, Yi).

This finally yields a bijection of the vth graded components of Coind(®Y;) and @ Coind(Y;)
(see the proof of (i)). Now (iv) follows.
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(v) The last claim amounts to checking the diagram below is commutative for each L.

=(L)

Ind(L) ~ Coind(L)

Z(R) ®id

Ind(R) ®p L Coind(R) ®g L

Since the functors Coind and X — X are adjoint, this follows from the commutativity
of the diagram
Ind(L)g L

(Ind(R) ®g L)g — (Coind(R) ®r L)o

which is obvious. U

4.2.2. Proposition. Ker=(L) is the mazimal graded submodule of Ind(L) which does
not meet L.

Proof. A composition
X —— Ind(L) 2% Coind(L)
is zero if and only if the adjoint composition
Xo — Ind(L)g = L — Coind(L)

is zero. This implies the statement. O]

4.2.3. Let us identify Coind(R) with M#* C Hompg, (Ind,(R), R?) via 3 (see Proposi-
tion 4.2.1). By Proposition 4.2.1, the restriction of S : M — M?% to My = R is given
by x +— 7, where r.(y) = (=D)p(z)p(y)o(y)z if y € Ind;(R)g = R and r.(y) = 0 if
y € Ind(R), for v # 0.

Viewing 1 as an element of Ind(R) (resp., Ind, (R)) via the identification R = Ind(R),
(resp., R = Ind(R)) write an element of Ind(R) as ul and an element of Ind, (R) as
u'l (u, v € U(g)).

4.2.4. Claim.
S(ul)(u'l) = (—1)”(“)”(“/) HC(a(u’)u)l.
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Proof. Since S is an even g-homomorphism one has

S(ul)(u'1) = (=P (o () S) (ul)(1) = (=1)PPS (0 (u)u_ul)(1)
= (—1)P@PE) S(HC (o (u)u)1)(1) = (—1)PPE) HC (o (u Yu)1.

Identifying M with ¢(b~) and M¥ with (b") we obtain the formulas (1), (2).

4.3. Shapovalov determinants. Let S, : M_, — Mi, be the restriction of S to M_,.
Viewed as left A-modules M_, and Mﬁ, are free of the same finite rank. Thus det S,
is an element of A defined up to the multiplication by an invertible element, i.e. by an
element of C*.

If g is a contragredient Lie superalgebra, det S, is called a Shapovalov determinant.

4.3.1. Reduced norms. Let g be a Q-type Lie superalgebra.

Set R := R ® R where the tensor product means that of the graded algebras. View
R as a non-graded algebra. Notice that R is a Clifford A-algebra whose evaluation at
a generic point is isomorphic to the matrix algebra Mat(k, C) where k = 24mbr As we
will explain in A.6, for any R-module L which is free over A there exists a unique map
Norm : End3(L) — A which satisfies the properties

Norm(id) = 1, Norm(¢¢/') = Norm ¢ Norm, det ¢ = (Norm ).

Convert R-bimodules M_, and M¥ to left (non-graded) R-modules via the antiauto-
morphism o; denote these modules by X and Y respectively. In Sect. 6 we will construct
an isomorphism W : X — Y. This allows us to define a map Norm : Homz(X,Y) — A
by setting Norm ¢ := Norm(¥~'4). One has

dim b

det 1) = (Norm))?

Since S, is an even homomorphism of R-bimodules, it can be viewed as an element of
Homp(X,Y). We call Norm S, a Shapovalov determinant.

4.3.2. The results presented in 4.1.5 immediately follow from the above.

4.4. Applications to Verma modules M ()). Recall that C{(\) has a filtration with
the factors of the form E(\),I[I(EF(A)). This filtration induces a filtration on M (A) which
has the same number of factors and each factor is either N(A) or II(N(X)). In its turn,

M () admits a filtration with the factors of the form N(A) or I[I(N (X)) and the number
of factors is not greater than one for the previous filtrations. Therefore

_ - 2dimbf
ch M(X\) = mch N(X), for some 1 <m < leE(l)\)
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The example g = 5q(2), A = 0 (see 7.3.4) illustrates that the numbers of factors in the
above filtrations can be not equal. Indeed, the module N(0) has the filtration of length

two: N(0)/M(0) = II(M(0)), but N(0) = M(0). We have dim hy = 1,dim E(\) = 1 and
m = 1.

4.4.1. If ¢(X\) = 0 (see 3.4 for the notation), we conclude from A.3.2 below that for dim by
being even

M) = NN)®@II(N(N))®,

M) = M= @ M),
and for dim b1 being odd

N(A)

(A
(A)

(N (A)),
N,
NO\)EBS

R 1

M
M

1%

dith—l
where s := 2[—=—1,

4.4.2. Combining 4.1.5 and the above analysis of filtrations we conclude

dim M(X),_, = corank B, ()),

(6) corank B, (\)/r < dim N(X),_, < corank B, (),
dim V(A)x—, = rank B, (A) /7 if ¢(A) =0

where r = 24mb1 / dim E()). Recall that the condition ¢(\) = 0 simply means that C£()) is
a non-degenerate Clifford algebra; the example 7.3.4 shows that this condition is essential
in the last formula.

4.4.3. Corollary.

(i) M(A), ,=0 <= N(\), ,=0 <= NormS, # 0,
(il) N(N) is simple iff Norm S, # 0 for allv € Q7.

4.4.4. FEzample: v = 0. In this case Y = R and the map Sy : R — Homu (R, A) coincides
with a. From the formula (36) we see that the matrix By written with respect to an
appropriate basis have zero entries everywhere except the secondary diagonal; the entries
of this diagonal are equal to +1. Thus det By = £+1 and Norm Sy = 1.

5. ON SHAPOVALOV DETERMINANTS FOR VARIOUS ALGEBRAS

5.1. Assumptions. The construction described in Sect. 4 is applicable to a large class
of Lie superalgebras admitting “nice triangular decompositions”. The main assumption

is that [hg, h] = 0.

Let g =n"+h+nt, g = (n7)+b'+(n") be Lie superalgebras satisfying the assumption.
Let 1 : g — g’ be a homomorphism such that the restriction of ¢ gives bijections n* —
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(n*)’. In this section we show that Norm S/ = 1)(Norm S, ); notice that det S! # 1(det S,,)
if dim by # dim bZ.

5.1.1. Retain notations of Sect. 4; set R’ :=U(h’), M := Ind(R’) and so on. Extend 1 to
the homomorphism U(g) — U(g'). The module M’ inherits a structure of g-R bimodule
and it lies in the category D. The restriction of ¥ to R induces g-R-maps M — M’ and
(M#*) — M#*. The following diagram is commutative

S

M M*

S/

M (MY

In particular, M’ (M#*)" inherit Q-gradings and S’ = > vegr Sy (Q@F,Q7 C Q where
@ stands for the root lattice corresponding to g).

5.2. Theorem. One has Norm S], = ¢)(Norm S,)) for each v.

Proof. Let Hy, ..., H, (resp., Hy,..., H, ) be a basis of by (resp., of b-) and o (H;) = H;
fori=1,...,s,v(H;) =0 for = s+1,n. Normalize f,f, is such a way that [ Hy...H, =
["H,...H =1 ForJC{l,...,n}set Hy := [I;c; Hj (Hy = 1) and define H similarly.
Clearly, H; form a free basis of U(h) over S(ho). Fix bases {x1,...,2,} in U(n")_, and
{y1,...,y:} in U(n"),. Then the products z; H; form a basis in U(b~) and the products
y;H; form a basis in U(b"). Consider Shapovalov matrices B, B!, corresponding to this
choice of bases. More precisely one has

B, = (brj.))s Diirgy = (=1)Pedinp@ills) / HC (o (a;Hr)y;Hy)

and the similar formulas for BJ.
Consider three cases:
(i) the restrictions of 1) gives bijection by — b’
(ii) the restrictions of 1) gives a monomorphism h — bz and dim bz — dim by = 1;
(iii) the restrictions of 1 gives an epimorphism bt — b~ and dim by — dim bz = 1.

In the first case Kerty C by and so the matrix B), is the evaluation of the matrix B,.
In particular, det B], = ¢(det B,) and so Norm S, = ¢(Norm 5)).

In the second case n = s = m — 1. One has ["¢(a)H,, = [a for all a € U(h). Then
J (@) ) Hy = [ab =+ ["Hytp(a)i(b) and [ (a)p(b) = [" Hup(a)$(b) Hp = O for
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all a,b € U(g). Therefore
(0 By
B, = <iBy 0 )
Thus det B/, = +(det B, )? and so Norm S, = Norm 5.

The third case m = s =n — 1 is similar to the second one.

Finally, remark that general 1) can be presented as the composition of maps of the form
(i)—(iii). Indeed, by the assumption on g one has [hg, h] = 0. Since Ker is a subspace
of h and an ideal, Kervy N by is an ideal as well. Thus ¥ = 15 o 1)1 where 91 is of the
form (i) and the restriction of v, gives a bijection h — bg. Therefore in is enough to
show that 1) satistying Ker N bhg = 0 an be presented as the composition of maps of the
form (ii), (iii). It suffices to construct a chain of ideals Iy C I, C ... C I, = Kery) C g
satisfying dim I; = j and a chain of subalgebras Im ) =po C p; C ... C p; = ¢’ satisfying
dimp; = dimp; 1 + 1. Recall that Ker¢y C by and so all elements of Ker are central
and so any subspace of Ker is an ideal. Similarly, the assumption | o '] = 0 implies
that the sum Im 1 + X is a subalgebra for any X C hy. The statement follows. OJ

5.3. Shapovalov determinants for various Q-type algebras. Recall that pg(n), psq(n)
are quotients of q(n) and sq(n) respectively, by a one-dimensional centre Chy. As a con-
sequence, the Shapovalov determinants for pq(n), psq(n) are evaluations at hg = 0 of the
corresponding Shapovalov determinants for q(n),sq(n).

Let S, be the Shapovalov map for q(n) and S! be the Shapovalov map for sq(n). The
natural embedding sq(n) — q(n) gives Norm S, = Norm 5/,

6. COMPARING M TO M7,

The modules M and M# are not isomorphic as R-bimodules. In this section we show
that they become (non-canonically) isomorphic when considered as non-graded R ® R-
modules. This fact is used in the definition of reduced norms in 4.3.1.

6.1. M and M?¥ as R-bimodules. Set R := R ® R where the tensor product sign
stands for the tensor product of graded algebras.

Any R-bimodule V can be viewed as a left R module via the antiautomorphism o

(u® 1) :=uv, (1®@u)v:=(—1)POPWyg(y).

View R as a non-graded algebra; we will prove that M = M# as (non-graded) R-
modules.
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6.1.1. Recall that as R-bimodules M = /(b~) and M¥* = > veq+ Homp, (U(67),, R7).
As modules over 1 ® R both M, M# can be decomposed as

M=(1@R)UN), MF=(1®R)Un)
where U(n*)# is the image of a natural embedding Hom(}" .+ U(n"),,C) — M*. Tt is
easy to see that both U(n~) and U(n")# are ad h-stable.

We construct in 6.2 below an isomorphism ¥’ : U(n~) — U(n*)# of non-graded
ad h-modules.

Finally, the following Lemma 6.1.2 implies that an isomorphism of ad h modules ¢/ (n7)
and U(n")# extends canonically to an R-isomorphism M —— M?¥.

6.1.2. Lemma. Letp be a Lie superalgebra, U := U(p) and let A : U — U @ U be
the comultiplication. Let XY be non-graded modules over U ® U which, as modules over
1®@U CU®U, have the form

X=(1e)eX, Y=10U)®Y"

where X', Y" are A(p)-stable subspaces.

Then any homomorphism of A(p)-modules V' : X" — YY" can be uniquely extended to a
U ® U-homomorphism ¥ : X — Y.

Proof is straightforward.

6.1.3. Let us rewrite the above lemma in terms of bimodules.

Let X,Y be U-bimodules and X,Y are corresponding U ® U-modules (defined via the
antiautomorphism o) viewed as non-graded modules. Notice that the action of A(p) on
X,Y corresponds to the action of adp on X,Y.

Assume that X = X’ @ U, Y =Y’ ® U as right modules where X’,Y” are ad p-stable.
Lemma 6.1.2 says that any non-graded ad p-homomorphism W' : X’ — Y can be uniquely
extended to a U ® U-homomorphism ¥ : X — Y.

Thus, we have proven the following
6.1.4. Corollary. M and M¥ are isomorphic as non-graded R-modules.

6.2. An isomorphism U(n~) — U(n")#. In this subsection we will construct a non-
graded h-isomorphism U (n~) — U(n")#. All h-module structures in this subsection are
induced by the adjoint action.
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6.2.1. Denote by U(g,)” the maximal h-invariant submodule of Hom(U(g,),C). We
claim that U(g_,) and U(g,)* are isomorphic as non-graded h-modules. Indeed, U(g_,)
and U(g,)" are isomorphic as hg-modules and their weights are of the form —ra; their zero
weight spaces are even trivial h-modules and for » > 0 the corresponding subspaces are
simple two-dimensional h-modules. The algebra b has at most two non-isomorphic simple
modules of a given hg-weight, these modules are E(—ra) and II(E(—ra)) (see A.3.2).
Thus as non-graded h-modules U(g_,) and U(g,)? are isomorphic (see Remark 6.2.3 for
more details).

6.2.2. The product in U(g) gives the following isomorphisms of graded h-modules:
Z/{(ni) = ®a€A+u<gfa>7 Z/{(nJr) = ®a€A+u<ga>

where ® stands for the graded tensor product. Then U(n*)# is isomorphic to the
maximal h-invariant submodule of the graded tensor product Hom(®,ca+U(ga),C) =
Raea+ Hom(U (g, ), C) that is

Ll(n+)# = ®a6A+u(ga)#'

Now the existence of a non-graded isomorphism U(n*) = U (n™)# follows from 6.2.1.

6.2.3. Remark.  Let us explain why an isomorphism between U(g_o) and U(g,)" is
non-graded. As h-modules, U(g_,) = > 77 8" (g-a) and U(ga)* = > o2 S"(g7,) where S”
stands for the rth symmetric power. It is easy to check that there exists an isomorphism
Y1 ¢ g-o — I(g}). This induces an isomorphism ¥, : S"(g_o) — II(S"(g};)) for all
7> 0. On the other hand, 8°(g_.) % I1(S%(gy)) since S°(g_a), S°(g;,) are trivial even
b-modules. Therefore - 1, : > o0 8" (g-a) — (D272, S"(g)) can not be extended
to an isomorphism U(g_,) — I(U(ga)¥).

7. THE CASE g = 5q(2)

In this section we write down the Shapovalov matrices for the simplest case g := sq(2).

The simple modules V(A) = N(\)/N()\) for sq(2) were described in [P]. We explicitly
calculate the kernels of Shapovalov maps which gives both M(\) and N(\).

The even part gg = gl(2) has the only root «; the elements e,, fo, ho form the standards
basis of s[(2) C gl(2) and I’ := hg is a central element in gl(2). The space by is spanned
by an element H satisfying H? = h'.

We will omit the lower index « writing f instead of f, and etc.

7.1. Verma and Weyl modules. Observe that ¢/(h) has rank two over S(hy) and ¢(\) =
Lif W'(XN) =0, ¢(A) = 0if h'(X) # 0. The superalgebra C/(A) is a simple module over itself
iff ¢(A\) = 0. Therefore M () = N(A) Z II(N(A)) if A/(A) # 0. If A is such that A'(A\) =0
then M(A) has a submodule N(A) (having an odd highest weight vector) whose quotient
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is II(N()N)). Notice that for n > 0 the weight space U(n~),, is two-dimensional. This
gives the following formulae for non-graded characters

chMN\) =er24+4(e™® +e 24 ..)
and

A1+2(e @ +e 2+ ..)), W\ =0,

ch N(A) = { MN244d(e @ +e 2+ ..) W\ #0.

aQ dD

7.2. Shapovalov matrices. Set R :=U(h), A := S(ho). The elements 1, H form a free
A-basis of R; one has [H =1, [1=0.

The weight space U(b™ ) coincides with R. The matrix By written with respect to the

basis 1, H takes form
0 1
me(21).

For k > 0 the elements f*, f*FH, f*'H, f*F form a free A-basis of U(b™)(11)a-
Using the formulas of 7.5 we see that the matrix B(;11)o written in this basis takes form

0 0 (DR Yk + Dhhy  (=1DFY(E A+ 1)y
B _ 0 0 (=1)%(k + 1) hy, (—=1)*h'hy
kDo = (—1)e(k 4+ 1)hhy, (=D*(k + D)W hy 0 0
(=1)F 1 (k + 1) hy, (—1)%+1 R Iy, 0 0

where

ho:=1, hy:=k(h—1)...(h—Fk) for k> 0.
Therefore det By 1ya = (W hihgy1)? and so Norm Sk+1)a = C*W hyhyyq that is
Norm S s1ya = ha(ha — 1)* ... (ho — k)*(ha — (k +1)).
7.3. Structure of M()\) as gg-module. Writing A = (z,a) where x := h()\),a := I/ ()),
we see that N()\) is not simple iff © € Z- or a = 0. Let us describe V/(\) = N(A)/N())
2)

as an s[(2)-module. Denote by Mo (x) (resp., Veyz)(z)) a Verma (resp., simple) s[(2)-
module of the highest weight x.

Recall that the evaluated Shapovalov matrices B, (\) correspond to the restriction of
Shapovalov map S(A) to M(A)y_,. Let E(X) be a simple C/(\)-module. By Claim 4.2.2,
N(A) coincides with the kernel of Shapovalov map Z(F(\)). Since E()) is a submodule
of CL(X\), N(A) is a submodule of M(\) and Z(E())) is the restriction of S(\) to N(A).

Identify M(A) with U (b™). The submodule N(A) is given by the formula

Ub ), a#0,
N((w,a)) = { ugn;H, a=0.
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7.3.1. Take A\ = (m,a) such that a # 0 and m € Z-o. The Shapovalov matrix By,
has rank 4 if 0 < k& < m, B,,, has rank 2 and By, has rank 0 for & > m. Therefore
V(1,a) = Vi) (1) @ Vi) (1) and V(m, a) = Vi) (m)®? @ Vi) (m — 2)®? for m > 1.

7.3.2.  Observe that
N((,0)) = My (x) ® M) (zr —2) for z # 0.

Take A = (z,0) where & ¢ Z>(. The Shapovalov matrices Bi1)a (k> 0) have rank two
and Ker By 11)q is spanned by f*FH, f*(Fh — fH). Therefore Ker Biy1)o NUMT)H is
spanned by f*FH and thus

M((z,0)) = Mae)(z —2), V((@,0)) = Map)(z) = Vag)(z)  for @ & Zz,.

7.3.3. Take A = (m,0) where m € Z~o. For 0 < k < m the Shapovalov matrix B(;1)a
has rank two and Ker B4y is spanned by fEFH, f*(Fh — fH); thus Ker Bi41)a N
U(n~)H is spanned by f*FH. The Shapovalov matrices By1)a (k > m) are equal to
zero. Therefore

M((m,0)) = Mayz)(m = 2) ® Magz)(—=m = 2),  V((m,0)) = Vi) (m).

7.3.4. Finally, take A = (0,0). The module V(0) is one-dimensional. The matrices

Bit1)a (k > 0) have rank 2: the kernels are spanned by f*FH, f*'H. Thus N(0) =
M(0).

7.3.5.  Summarizing we obtain

Vaie) (1) © Vayay (1), r =1, a # 0,
(7) V((z,a)) = ¢ Ve (2)®? @ Vo) (z — 2)%%, 2 € Zsg,x #1, a#0,
‘/;[(2)(.1’), a=20

and V' ((z,a)) = N((z,a)) for z € Z~, and a # 0.

7.4. Corollary. Let g be a Q-type Lie superalgebra and o; be a simple root.

(i) If A € b5 is such that m := A(hq,) € Zso then N(X) has a primitive vector of the
weight so(\) = A — may.

(ii) If A € b is such that A(hg,) = 0 then N(X) has a primitive vector of the weight
A— Q.

Proof. Fix a simple root « := «;. The superalgebra p := g, + 98 o + [ga, §_o] is iSomorphic
to 5q(2). Let U~ (a) be a subalgebra of U(g) generated by f., F,, Hy. Let v € N()\) be
a highest weight vector. Clearly, N’ := U~ (a)v is a Weyl p-module. For \ satisfying
the assumption (i) (resp., (ii)) the formula (7) shows the existence of a non-zero vector
v e N, ., (resp., v € N’ ) such that E,v" = e, v’ = 0. For any simple root o; # « one

has E,, N = eo,N' = 0 because all vectors in N have weights of the form A — ra; and
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N(X) does not have vectors of weight A — ra; + ;. Since {Eg, e : § € w} generate n',
we conclude that v’ is primitive. O

7.5. Useful formulas. In 7.2 we used the following formulas.

Lemma.
(i) HO(ehf*) = Kh(h = 1) ... (h = (k = 1))
(74) HC(Eekko) =KkKW(h—-1)h—=2)...(h—Fk),
(1ii) HC(EeF f*1) = HC(eM! f*F) = (k+1)!(h —1)...(h — k)H,

Proof. By Lemma 3.5.1, HC(e* f¥) has degree k. Note that the term e f* annihilates
Viey(m) for m = 0,1,...,k — 1. Thus, up to a constant, HC( FfYy = h(h—1)...(h —
(k—1)). Let v; be a highest weight vector of Vy)(1) and v{* be the corresponding vector
in Vi) (1)®*. Tt is easy to check that e* f*(vPF) = kI2(vPF). Since v{* is a primitive vector
of weight k this gives HC(e® f¥)(k) = k!? and (i) follows.

For (ii) set ap := HC(e* f*). Modulo the left ideal U(g)e? one can write e* f* = a; +
fbre where by € C[h] (by = 1). Then ap; = HC(e* f*1) = earf + efbref that is
h*b, = apy1 — h¢(ay) where ¢ : C[h] — CJh] is an algebra homomorphism given by
h +— h — 2. Therefore b, = k'k(h — 2)...(h — k). Now HC(Ee*f*F) = HC(E(ay +
fore)F) = W {(ax) + Hbp H = h'((ay) + h'by, which gives (ii). Finally, for (iii) one has
HC (" fRF) = HC(e(ay + fbre)F) = H((ax) + hbpyH = (¢(ax) + hby)H and similarly
HC(Ee* fH1) = (C(ag) + hby)H. O

8. THE LEADING TERM OF SHAPOVALOV DETERMINANT

Recall that det S, = det B, € S(ho) for each v € @T. In this section we calculate the
leading term of the polynomial det S,.

8.1. The main result of the section. The Kostant partition function 7: @) — Zx¢ is
defined by the formula

chtdn) = [ A+e™) JT =) =D rm)e™.
aEA% aEAg neQ

Note that 7(Q \ Q) = 0.

8.1.1. Definition. A vector k = {k,, kg}aca+ is called a partition of v € QT if
v = Z (ko + ka)o; ko € Zso, kg € {0,1} for all a € A™.

aceAt
Denote by P(v) the set of all partitions of v. Clearly, |P(v)| = 7(v).

For each a € AT set
To(v) = {k € P(v)| kz = 0}|.
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In this section we will show that for suitable bases one has the

8.1.2. Claim. The leading term of the polynomial Norm S, s equal to
H h;fnc’:lT(V*ma)h;a(V—a)

acAt

In particular, det S, # 0 for all v € Q. By Corollary 4.4.3, this is equivalent to the
existence of a simple Weyl module.

Claim 8.1.2 is proven in 8.2-8.6.5 below.

Using Lemma 8.6.5 we obtain the following useful formula

(8) deg Norm S, = Z |m]|.
meP(v)

where |m| := " i Mo + Mg

8.2. Outline of the proof. We reduce a computation of leading term of Shapovalov
determinants to the case sq(2). This is done in several steps described below.

As it was explained in 5.3, Shapovalov determinants for various Q)-type algebras can
be expressed via Shapovalov determinants for sq(n). In particular, it is enough to
prove Claim 8.1.2 for g := sq(n). The proof for sq(n) goes as follows. Define a filtration
F on g by setting

F°(g) =0, F'(g) =n" +n" +by, Fi(g)=gfori>1 g:=grpg.

Denote by S (resp., S) the Shapovalov map for g (resp., for §). As we will show later
(8.3.1), Norm S,, is either zero or equal to the leading term of Norm S,.

g’ = H §(@)
acAt
where 5(® = grpsq(2). Observe that [g§,g] = b where h := grph and that h = b as
Lie algebras. As a consequence, g is the quotient of g"" — § by an ideal lying in b
By Theorem 5.2, Norm S, = ¢)(Norm S')) where S'! is the Shapovalov map for g". Hence
the leading term of Norm S, is equal to ¥(Norm S!') provided the latter is non-zero. Since
g'' is the direct product of copies of sq(2), a computation of Norm S} is reduced to the
case §q(2)— see 8.5.

Now let

8.3. The algebras g. Retain notation of 8.2 and extend the filtration F' to U(g). Then
U(g) identifies with the associated graded of U(g); denote by & the image of x € U(g) or
x CU(g) inU(g).

The algebra g = gry g admits a decomposition g = n~ + h+n*. Construct a Shapovalov
map S via the above decomposition. The algebra U (n™) inherit the gradings by Q1 and
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this grading leads to a decomposition S = > S,. In this way we obtain the Shapovalov
matrices B,, and the determinants det B,, — (Norm S'V>2dlth

Let us explain why Norm S/, is either zero or equal to the leading term of Norm S,,.

8.3.1. Recall that the Rees algebra § := @52 ,e"F*(g) is a Lie superalgebra over C[e]
with the bracket induced by the bracket in g; as a Lie superalgebra over C g is graded
with kth homogeneous component £*F*(g).

The evaluation at € = 0 is canonically isomorphic to gry, g and the evaluation at ¢ = 1
is canonically isomorphic to g: g/eg = grpg =49, g/(c —1)g = g.

The algebra g inherits a triangular decomposition where a* := @ e(F*(g) N n*),
b := @2 ,e"(F*(g)Nh). Define the Harish-Chandra projection HC : U(§) — U(h) and the
Shapovalov map S. The algebras U (nF) inherit the gradings by Q* and these gradings
leads to a decomposition S = > S,. In this way we obtain the Shapovalov matrices B,
and the determinants det B, = (Norm 5,)2"" ™.

The evaluation of B, at & = 0 (resp., at ¢ = 1) is the Shapovalov matrix B, for g (resp.,
B, for g).

8.3.2. For each h € b one has h := 2h € b; the reduction modulo ¢ identifies h with h €
f and the reduction modulo e—1 identifies & with h. Observe that the entries of Shapovalov
matrices are polynomials homogeneous in €. As a consequence, the leading term of B, is
equal to det B, providing that the latter is non-zero via the obvious identification h — h

of hy with bg.

For instance, for g = s[(2), one has By, = 2(2h)? —2e*h = 2h? —22h; the identification
§/e@ with g gives By, = 2h? —2h and the identification g/(c —1)g with § gives By, = 2h2.

8.4. The algebra g". For each a in A% let s(® be a subalgebra of g generated by giq
and let 5 be its image in g. Clearly, 5 = 5q(2).
Consider a Lie algebra g™ := [ $® (the direct product of Lie superalgebras). Set
acAt
b = Tloear @ where (@ C 5 is the image of h N s(®

8.4.1. Consider the triangular-type decomposition g" = (n)~ + b + (n')*" where
(0)* := [1aea+ 8+a- Let S be the Shapovalov map; write S™ = 3 ., S} as above.
In 8.5 we will prove the following formula

9) Norm S} = H hm=1 7= m“)hTa(V )
acAt

where ha, ha stand for the images of these elements in §@ ¢ g
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8.4.2. Recall that s = (2) has a (2|1)-dimensional Cartan algebra with a basis
he, hz, Hy. Observe that (n ) =~ n* since they are commutative Lie superalgebras. This
implies g = g"'/I where

I:= span{ha+5 — By — hg, h——s — he — hg, Ha+5 —H, — H5| a,B,a+ 3 €At}

at+f

Now using Theorem 5.2, we obtain Claim 8.1.2 from the formula (9).

8.5. Proof of (9). Define the equivalence relation on P(r) by setting
m~m < VYaeAt m,+mg=m, +m..

Denote by P(v) the set of of equivalence classes in P(v). For k € P(v) set ky = mq +my
where m € P(v) belongs to the class k. For m € P(v) set

suppm = {a € AT 1 m, +mg # 0}.
Then supp is well-defined for k € P(v) and suppk := {a € AT : k, #0}.

8.5.1. Recall that g7 := [[,cps $@. Let S@ : M@ — (M#)@ be the Shapovalov
map for §(). It is easy to see that M™ = @,cat MY (M) = @ ca+ (M*)@ and
ST = ®uea+S@. Choose the integral [ on g™ to be ®quea+ f(a) where f(a) is the integral
for §(®. Recall that B is the Composition of S and a map induced by [. We obtain
B"™ = ®4eat B where B™ (resp., B(¥) is the map B for g™ (resp., for 5(®)).

Recall that M (resp., M'¥) is a free module over a polynomial algebra U (bg) (resp.,
over U(H®)). If L is a free submodule of M (resp., of M®) we will use the notation

“rank L” for the rank over this polynomial algebra.
8.5.2.  One has
Mljy = OxeP () Mlljv where MII: = Qaeat M(jc)aa
with a similar formula for (M#)" . Let Bf be the restriction of B™ to M}]. One has
(10) Bl = ®a€A+B(ana

where B2 is the restriction of B® to M), Since B® maps M, to (M#)“ . B

maps M} to M”f . As a consequence,

—T’Oé —T’Oé

(11) det B! = H det By
keP(v)
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8.5.3. Fix k € P(v) and let us compute det By using the decomposition (10). Recall
that for ¥; € End(V;) one has det(®1;) = [](det ¢;)™™ where n; := dim V;,n := [[n; =
dim ®V;. The module /\/l(f;)a has rank 2 for » = 0 and rank 4 for r > 0 (see 7.2). Therefore
det BE = l_IozESuppk(det Bl(cz)a)r(k)/47
where 7(k) := rank M, .

@)

Recall that §(®) = grp.sq(2). By 8.3, the entries of B((kﬂ
entries of Shapovalov matrix By, for sq(2). Shapovalov matrices By, were computed
in 7.2; using the formulas there we get

det B =1, det B") = (ko — 1)1?h2h%*=~2 for k, > 0.

Jo are the leading terms of the

Substituting our formulas in (11) we obtain, up to a non-zero scalar,

det B = [ Il h"@pd,
keP(v) a€AT
where d(a> = %Zkef(l/):aesuppk rankME,

d(a) = Ekef(u)::o&suppk 416?1_2 ranle:l :

We will simplify the expressions for d(@), d(«) in 8.6 below.

(12)

8.6. The multiplicities d(«a), d(@).

8.6.1. For a partition m € P(v) view ™ := [[ f7«F"= as an element of g"'. Identify
M with U(h" + (n")7) and for each m € P(v) denote by My}, the space U(h™)f™ C M.
Recall that P(v) = P(v)/ ~. For any k € P(v) one has

L= ® My,

meP(v), mek

Recall that U(h™) is a Clifford algebra over the polynomial algebra U(h™)5) and so M.
is a free module of rank 2V over this algebra where N := dim bl = |AT].

8.6.2. Let us simplify the expression d(@) = & rank D keP(v)acsuppk M, obtained in (12).

One has i
d(@) =2"""{m € P(v) : mq + mg # 0}
because Zkeﬁ(u):aesupple:l = Zmep(y):aeSuppmMrﬂn. Observe that
{m € P(v) :mo +ms # 0} =2{m € P(v) :mg # 0} =2 > ma.
meP(v)
Using Lemma 8.6.5 (ii) we obtain

(13) d@) =2V Y mg=2"1.(v - ).
meP(v)
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8.6.3. Let us simplify the term d(«). One can rewrite (12) as
d(a) +d(a Z ko rank My = Z (Mg + mg) rank M = 2V Z (Mo + mz).

keP(v) meP(v) meP(v)

Using Lemma 8.6.5 (i) we get
(14) () =2V " 7(v —ra).
r=1

8.6.4. Finally, recalling that N = dim b7 and substituting (13),14) into (12) we obtain
the formula (9).

8.6.5. Retain notation of 8.1.

Lemma. For alla € AT one has

(i) Z ko —Z (v — ma);

keP(v) m=1
(ii) Z ke =T17(V) — To(Vv) = To(v — )
keP(v

Proof. For v 2 « the assertions obviously hold since both sides of both equations are
equal to zero. Fix v > « and assume that (i) holds for all g < v. The map k — (k — «)
gives a bijection from the set {k € P(v)| k, # 0} onto P(v — «). Therefore

Y ke = > (kat1)=) 7(v—a—ma)+[Pv-a)
keP(v) kgop(u—a) m=1 .
= ZT(V—ma)+T(V—a):ZT(V—ma)

and (i) follows. The map k — (k — «) gives a bijection
{(kePW)| ka=1} — {k € P(v— )| kg = 0}.
This gives (ii). O

9. JANTZEN FILTRATION

The Jantzen filtration and sum formula were described by Jantzen in [Ja] for a Verma
module over a semisimple Lie algebra. In this section we adapt this construction for
Q-type superalgebras.

Throughout this section we assume that all Shapovalov determinants are non-zero poly-
nomials that is det B, # 0 for all v.

We define the Jantzen filtration in 9.2.
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9.1. Main properties of Jantzen filtration. The construction of Jantzen filtration
depends on a “generic vector” p’ € h% satisfying the following property

(J1) the hypersurfaces det B, =0 do not contain straight lines parallel to p'.

In other words, VA € bz 3e € C such thatdet B, (A + ¢p’) # 0. It is not hard to show
that the condition det B, # 0 for all v ensures the existence of p’ satisfying (a). For
semisimple Lie algebras one can take p' := p.

For each A € bz the Jantzen filtration {F"(M(A))} is a finite decreasing filtration by
g-submodule; one has

FO(M(N) = M(A),  FY(M(N) = M(\).

9.1.1.  Define the order [ of zero of a polynomial ¢ € S(ho) at p € b7 as follows: [ = 0 if

q(p) # 0; 1 = 11if g(u) = 0 and there exists a non-zero partial derivative %(,u) # 0 and

SO On.

Denote by m, (), p') the order of zero of det B, (A + xp’) € C[z] at x = 0 and by m, ()
the order of zero of det B,. Let I' be the set of irreducible components of hypersurfaces
det B, = 0 and d,(v) be the multiplicity of v in det B, = 0 (thus d,(v) is a non-negative
integer). Then, if all v € I are smooth at A one has

m,(N) = Y dy(v).

yel: ey
Note that the formula remains valid if A\ ¢ v for v € T.

Clearly,
corank B,(A) < m,(\) <m,(\ o).
Moreover
my (A, p') = my ()
if the vector p’ is transversal to the hypersurface det B, = 0 at point A i.e., it is transversal
to all irreducible components passing through .

9.1.2. The following property is proven in [Ja]
(15) my (X p) =Y dim F"(M(\))sy.
r=1

Assume that A is such that
(J2) the vector p' is transversal to the hypersurfaces det B, = 0 at point .
Then the following “sum formula” holds

(16) > dy(v) =D dim F"(M(A)r-p.

yel: ey
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It is not always possible to find p’ such that (J2) holds for all A: for instance, for
det B, = h? + h3 — 1 there is no p’ with this property. However, one can always choose
p’ transversal to the hypersurface det B, = 0 at all points A € h5 \ X where X is a set
of codimension two. Thus the sum formula holds for a generic point of each hypersurface
det B, = 0.

9.1.3. Remark.  Since F*(M(\)) = M()) one has corank B,(\) = dim FY(M()\))r_,.
Using (15) we get

F2(M(\) =0 <= m,(\ p)=corank B,(\) Vv e Q.

9.1.4. Later on we show that the Shapovalov determinants for Q)-type Lie superalgebras
admit linear factorizations. In other words, the union of the hypersurfaces det B, = 0 is
the union of countably many hyperplanes. We choose p’ which is not parallel to these
hyperplanes. Clearly, p’ satisfies the condition (J2) for all A\. Hence the sum formula (16)
holds for all A € bs.

9.1.5. Interesting questions are whether the Jantzen filtration depends on p’ and whether
for given p’ the filtration induces a unique filtration of N(A). For semisimple Lie algebras
the Jantzen filtration does not depend on a “generic vector”, see [BB], 5.3.1.

9.2. A construction of Jantzen filtration. Let x be an indeterminate, L be the local
ring C[z] ), and F' be its field of fractions. Endow L and F' with the trivial Z,-grading:
Ly=F=0.

We shall extend the scalars of ”our favorite objects” from C to L and to F'. For a C-
vector superspace V' denote by V}, the L-module L&V and by Vg the F-vector superspace
F®V. We identify U(g,) with the superalgebra U(g),. Retain notation of 4.1 and define
the Shapovalov map Zp. Clearly, M = Ind(Ry). For any p € (b%) define a gr-by,
bimodules M, (u) := Ind(C¢(p)) and Coind(C¢(1)) Observe that a Shapovalov matrix for
g written with respect to a bases lying in g coincides with the Shapovalov matrix for
g written with respect to the same bases. Consequently, the Shapovalov determinants
det B, € S(ho) viewed as elements of the algebra S(ho);, coincide with the Shapovalov
determinants det B, constructed for U(gy).

The vector space g admits the natural structure of a Lie superalgebra and U(gr) :=
U(g)r is its enveloping superalgebra. For any pu € (%) the localized module My (u) @y, F
is naturally isomorphic to the gp-module Mp (1) where p is viewed as an element of (h%)r

via the natural embedding (%) — (b5)r.
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9.2.1. Fix A € b5 and set
M = Mp(A+xp'), M := Coind(Cl\+ xp)), ¢:=S\+zp).
Thus ¢ : M — M’ is the evaluation of the Shapovalov map at A + xp’.
Define a decreasing Z-filtration on M by setting F"(M) = M for r < 0 and
F'(M) := {v|p(v) € (" )M'} for r > 0.

Notice that each term F"(M) is a gz-h, bisubmodule because ¢ is a gr-;, homomorphism
by 4.4. Due to the condition (J1) of 9.1 det B, (A+xp’) # 0 for all v € Q. Thus Kerp =0
and so

ﬁ Fr(M) =0.

9.2.2.  Observe that M(\) = M/(zM) and ¢/(zp) = S(N\) : M(A\) — Coind(Cl(N)). Let
FT(M()\)) be the image of F"(M). We get a decreasing g-h filtration on M(\) with the
property

() Fr(M(N) = 0.

The filtration is finite since M(\) has a finite length.

One has
FO(M(N) = M(N),
FYM(N) =Ker S(\) = M()\).

The filtration F"(M (X)) is an analogue of the Jantzen filtration for the module M (A).

9.3. Example: The case g = 5q(2). Retain notation of 7.3. In 7.3 we described N(\)

and M(\) = F1(M())). Below we describe the Jantzen filtration on M(\).
For A = (z,a) where @ & Z~, and a # 0 the module M(\) = N () is simple.

For A = (m, a) where m € Z~y and a # 0 the module M (\) = N()) has length two and
its Jantzen filtration has length two: F2(M())) = 0. More precisely, M(\) has a unique
non-trivial submodule N(s,\) = M (s,A\) = FYH(M(N)).

For A = (2,0) where x ¢ Z~( one has F*(M(\)) = 0. The module F'(M())) has a
basis fiFH, f(Fh — fH) with i > 0 and so F'(M()\)) & M(A — a)/M(X\—«). The
module N()) has length two: its unique non-trivial submodule is N(A) 2 V(X — ). The
module M (A) has length four because it admits a submodule isomorphic to N(\) with

the quotient isomorphic to II(NV(A)).

For A = (m,0) where m € Z~( one has F?(M(\)) = 0. The term F'(M()\)) contains
the weight spaces M(\), for u < s, and the vectors f'FH, f'(Fh — fH). The term
F2(M())) is spanned by f™™*FH (k > 0) and thus F?(M()\)) = V(sa ).
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9.4. The sum formulas. The formula(15) is an immediate consequence of the following
fact proven in [Ja]. Let L be the local ring C[z],) and let N, N’ be free L-modules of a
finite rank r. Let ¢ : N — N’ be an injective linear map. Define a decreasing filtration
on N by setting

FI(N) :={v e N| ¢(v) € (27)N'}.

The claim is that the sum > 2 | dim (FI(N)/(F/(N)NnaN)) is equal to the order of zero
of det D at the origin where D € Mat, (L) is a matrix corresponding to ¢. Observe
that for different choice of free bases in N, N’ the determinants of corresponding matrices
differ by the multiplication on an invertible scalar and so have equal orders of zero at
the origin. It is easy to see that we can choose free bases vy,...,v, in N and vy, ..., v.
in N’ in such a way that ¢(v;) = t%v, for some s; € Zso. Let D be the matrix of
¢ with respect to these bases. The order of zero of det D at the origin is >, s; and
dim F/(N)/(F/(N) N aN) = [{i : s; > j}|. Since > ;s = 372, [{i : 8; > j}|, the claim
results.

10. THE ANTICENTRE

For a finite dimensional Lie superalgebra p the anticentre A(p) can be defined as the
set of invariants of U(p) with respect to a twisted adjoint action: A(p) := U(p)*? P where
ad’ is given by the formula

(ad’ g)u = gu — (_1)p(g)(p(u)+1)ug.

We see that the odd elements of the anticentre A(p) commute with all elements of U(p)
and the even elements of A(p) commute with the even elements of U (p) and anticommute
with the odd ones. Clearly, the product of two anticentral elements is central.

In this section we describe A(g), see Theorem 10.4. This provides us a bunch of central
elements (see Corollary 10.4.2). As it was indicated in 1.3.1, the central elements are useful
for the proof of linear factorizability of Shapovalov determinants, see Sect. 11 below.

10.1. Schur’s lemma. Recall that Schur’s lemma for Lie superalgebras takes the follow-
ing form: for a simple p-module V = V5 & V5 either End(V)*® = Cid or End(V)? =
Cid ®Cv where v is odd and satisfies v? = id.

Let § : V — V be the map v — (—1)?™y. It is easy to see that the action of z on a
simple p-module V' is proportional to

id, if z € Z(p) and z is even,

(17) 0, if z€ Z(p) and z is odd,
(p)
(p)

0, if z € A(p) and z is even,

v, if z € A(p) and z is odd.
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10.1.1. For p being a basic classical or Q-type Lie superalgebra the formula (17) holds for
Weyl modules as well. This follows from the fact that the action of z on a Weyl module
is determined by its action on the highest weight space which is a simple h-module.

10.2.  Assume that p satisfies the following condition
/\mppT is a trivial pg-module. (%)
Then the anticentre A(p) admits the following description (see [G1], Sect.3).

Let Cv be the even trivial pg-module. The induced module Indga Cv contains a unique
trivial p-submodule; let uy € U(p) be such that ugv generates this submodule. The map

Uz (ad up)(2)

is a linear isomorphism from Z(pg) to A(p). The map ¢ is defined up to a multiplicative
scalar: if ug,u; are such that p(upv) = p(ugv) = 0 and J,¢' are the corresponding
isomorphisms then 9 = ¢ for some ¢ € C*. One has gr(¥(2)) € A* pyer 2. In particular,
the anticentre is pure even if dim py is even and is pure odd otherwise.

10.2.1.  Define a filtration F/, of U(p) by letting the odd elements of p have degree 1/2
and the even elements of p have degree 1. Denote by deg, , u the degree of u € U(p) with
respect to F/p. Observe that deg;, u = degu for u € U(pg).

We claim that

dim pt
(18) degy 5 ¥(2) < I Py + deg z.
Indeed, let X be a basis of p;. The module Ind§6 Cv has a basis of the form {uzv}
(k =1,...,24m%1) where each uy, is a product of distinct elements of X and so degy o up <

and

. . . dim p+
5. One can choose ug to be a linear combination of u;. Then deg1/2 ug < 2p1

hence (18).

10.2.2. Element T,. By 10.2, A(p) contains a unique (up to a scalar) element 7} such
that gr 7, € A*P pr. One has T, = (ad’ u)(1) and so degy ;o Ty < dlLQPT.

10.3. Let g be a Q-type Lie superalgebra. The algebras p = g, b satisfy the condition
(*). In A.2 we show that A(h) = S(ho)T, where T} is given by the formula (35). We
describe T and A(g) in Theorem 10.4 below.

10.3.1.  The following proposition is proven in [LM] (Cor. D):
Proposition.  For any Zariski dense subset ) of bz one has

ﬂ Annu(g) N()\) = 0.
AEQ
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The proof in [LM] is based on the similar assertion for semisimple Lie algebras. The
assertion for semisimple Lie algebras can be deduced (see, for instance, [J], 7.1.9) from
the fact that the determinants of all Shapovalov forms are not equal to zero. The same
reasoning as in [J], 7.1.9 works in our case: Proposition 10.3.1 can be easily deduced from
the inequalities det B, # 0 (for all v € Q%) obtained in 8.1.2.

10.3.2. Lemma.

(i) The restriction of HC to Z(g) is injective and its image lies in S(ho)V. In
particular, Z(g) is pure even.
(ii) The restriction of HC to A(g) is injective and its image lies in A(b).

Proof. Obviously, HC(Z(g)) C Z(U(h)),HC(A(g)) C A(h). It is easy to see that Z(U(h)) =
S(ho). Observe that z € Z(g) U A(g) kills a Weyl module N(X) iff z kills its highest
weight space N(A)y. For v € N(\), one has zv = HC(z)v. Combining the above obser-
vation with Proposition 10.3.1 we get HC(z) # 0 for z # 0. Hence (ii). The inclusion
HC(Z(g)) C S(ho)" follows from Corollary 7.4 (i) and the fact that zv = HC(2)(A)v for

v being a primitive vector of weight . O

10.4. Recall that T} is defined up to an invertible scalar.

Theorem.

(i) We can choose Ty such that

HC(Ty) =Ty [] ha

+
aeAa

(ii) The restriction of HC to A(g) is a linear isomorphism A(g) — S(ho)" HC(Ty).

Proof. Let ¥ : Z(g5) — A(g) be the map described in 10.2. Recall that HC(A(g)) C
A(h) = S(ho)Ty. This gives an injective linear map Z(gg) — S(ho)

z+— u, such that HC(J(2)) = Tyu,.

Retain notation of 3.3.1. In A.2.2 we obtain the formula

o [ Dy for g = q(n), pq(n)
(19) ty: =Ty = { +> hy...hi...h, forg=sq(n),psq(n).

Let us estimate degu,. Observe that deg;,, u. = degu, because u, € S(ho). Taking
into account that gry , U(h) = U(h) and that u, € S(ho) is a non-zero divisor in U(h), we
conclude that gry 5 u. is a non-zero divisor in gry , U(h) and so degy ,(u.Ty) = degy /o u. +

degy /o Ty. By (18), degy /s Ty < dm;hT. Since ty = Tf32 € S(ho) and degty, = dim by one
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has deg; 5ty = dim by. Therefore deg; ;o Ty = dm; "I Using (18) we obtain the following
estimation

dim g7
(20) degu, < e deg z — deg, j, Ty = dim n} + deg 2.

We claim that u, is divisible by hgz for any root a € A%’ . Since tj is not divisible by
ha, it suffices to show that p := HC(¥J(2))? = tyu? is divisible by hg for any root a € AZ.
Since ¥(z2)? € Z(g) Corollary 10.3.2 gives p € S(ho)". As a consequence, it is enough
to verify that p is divisible by hg for any a € 7. Fix o € 7. In the notation of 3.3.1
one has hg = h; + h;y, for some i. Take A € h% such that hi(A) = hiy1(A) = 0. Observe
that ¢(A) = 0 and so p(A\) = 0. For any ¢ € C one has hg(A — car) = 0 and therefore,
by Corollary 7.4 (ii), N(A—ca) has a primitive vector of the weight A—(c+1)a. This gives
p(A — ca) = p(A — (c+ 1)a) because 9(z)? is central. Now p(\) = 0 forces p(A — ca) =0
for all c € C. Any X' € bz satisfying hz(\') = 0 takes form X' = \" —ca where ¢ = =\ (h;)
and X\ is such that h;(\) = hjx1(A) = 0. Thus p(\') = 0 for all X satisfying hz(\') = 0.
This means that p is divisible by hg and the claim follows.

Hence u, = [[,ca+ hat,. By (20), degu’, < degz. In particular, for = € C one has
0
degu’, = 0 that is u, € C and thus u; =[], .o+ ha up to a scalar. Since Ty = ¥(1) up to
0

an invertible scalar, this implies (i).

Now we have HC()(2)) = HC(T,)u),. One can easily deduce from Corollary 7.4 (i) that
u,, € S(ho)"W. Define the map ¥ : Z(g5) — S(ho)" by 2 +— u.. Obviously, ¥’ is a linear
injective map. Since dim{z € Z(gg)| degz = m} = dim{s € S(hy)"| degs = m} and
degu! < deg z, the map 1) is surjective. This proves (ii). O

10.4.1. We obtain
2
(21) tg :=HC(T?) = ty( ] ha)”

ozeA%L
where t, = T} is given by the formula (19).

Since the product of two anticentral elements is central, Theorem 10.4 implies the
following corollary.

10.4.2. Corollary. The restriction of HC induces an algebra monomorphism Z(g) —
S(ho)" whose image contains t,S(ho)" .

11. COMPUTATION OF SHAPOVALOV DETERMINANTS

In this section we calculate Shapovalov determinants, see Theorem 11.1. Then, in 11.4,
we study Weyl modules N(\) for A having the smallest possible degeneracy. Results
of 11.4 are used for the calculation of Z(g) in Sect. 13.
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11.1. Theorem. Up to a non-zero scalar,

det B, = ( H (h@)Ta(”*a) H H(ha . T)T(ufm))

aeAg aeAg r>1

2dim hT

Corollary.

Norm S, = H (hg) =) H H(h“ — p)Tlore),

aeAg aeAg r>1

This theorem is proven in 11.2,11.3 below. First in 11.2 we deduce from Corollary 10.4.2
and Claim 8.1.2 that det B, admits a linear factorization. Then using the sum formula (16)
we compute the multiplicities of linear factors of det B, in 11.3.

11.1.1. For h € b, c € C set
Yo = {C € bgl h(() =0}, e = {C € byl h(¢) = c}.

Set
I':= ‘Haa%miaéﬁg,r: 1,2,}

Say that A\ € b is regular if A\ ¢ « for any v € I'. Note that N()) is simple iff A is
regular.

Say that A € b= is subregular if it belongs to exactly one of the hyperplanes from I'.
Theorem 11.1 implies that N()) is simple iff A is regular.

In 11.4 we will show that the Jantzen filtration of M (\) has length two if A is subregular.
This fact is used in the computation of the centre (see Sect. 13).

11.2. Proof of Theorem 11.1: set of zeros. In this subsection we show that det B,
admits a linear factorization of the form (22).

11.2.1. Fix v € Q. Assume that A € b is such that #4(\) # 0 and det B,(\) = 0.

By Corollary 4.4.3, det B,(\) = 0 iff N(\),_, # 0. The last implies the existence of a
primitive vector in N(A)y—_, for some 0 < p < v. Then HC(2)(A) = HC(2)(A — p) for any
z € Z(g). By Corollary 10.4.2, HC(Z(g)) D t4S(ho)". Now t4(A\) # 0 gives A — pp = w
for some w € W. In particular, (A — p, A — ) = (A, A) where (—, —) stands for the
standard W-invariant bilinear form on h%. We conclude that (X, 1) — 5(p, 1) = 0 for some
0<pu<uw.

Using the formula tg =ty [[,ca+ he We get
det B,(A) =0 = t,(\) =0 or A€ | Jy

yer
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where T is the following set of hyperplanes

Fe= U {Cebil € —5mm =000 | (¢ € b3l ha(Q) =0},

HEQT, u7#0 aEAT

As a consequence, the hypersurface det B, = 0 is the union of some hyperplanes from
I and some irreducible components of the hypersurface ty = 0. Consider the case g =
sq(n), psq(n) where n > 3. Then ty = £ S Ry ... h;...h, and so the hypersurface ty = 0
is irreducible. From the formula for leading term of det B, given in 8.1.2 we see that the
hypersurface ¢, = 0 is not a component of the hypersurface det B, = 0. For g = sq(2)
the hypersurface t, = 0 coincides with the hyperplane hz = 0. Now consider the case
g = q(n),pq(n). Then ty = xhy...... h, and from 8.1.2 we see that the hyperplanes
h; = 0 are not components of the hypersurface det B, = 0. Finally we get

det B,(A\) =0 = Xe | Jr.

yer

11.2.2. Let us analyze the set of zeros of det B, more carefully.

Let 1 € b be such that the hyperplane v := {¢ € b%| (¢,p) — (1) = 0} is a
component of the hypersurface det B, = 0 and is not a component of the hypersurface
tg =0. By 11.2.1 for any ¢ € + satisfying ¢4(¢) # 0 there exists w € W such that {( —p =
w(; in other words, v C Uyew Xuw U {C] 14(¢) = 0} where X,, :== {n € bz| n — p = wn}.
Since each X, is a proper linear subspace of b we get v = X, for some w € W. Writing
v = /2 + 9" where v := {( € bZ| (¢, ) = 0} we obtain w(u/2+ () = —u/2 + ¢ for any
¢ € 4. In particular, wy = —p and so w¢ = ( for all { € 7/. Hence w is the reflection with
respect to p. Since the only reflections in the symmetric group S, are transpositions (i7)
which correspond to the reflections with respect to the roots, we conclude that u = ra
for some r € C,a € A". Taking into account that 0 < u < v, one obtains r € Z,.
Consequently,

{Ce bl () — 5mp) = 0} = {C € b3l (Coa) —r = 0},

11.2.3.  Summarizing 11.2.1 and 11.2.2 we conclude that up to a non-zero scalar

(22) det B, = H hga(l’) H (he — T>dm(u).

aEA%r aeA%L,rzl

Comparing the above formula with the formula for leading term of det B, (see 8.1.2) we
obtain

d (v) =24mr (v —a) Z dyo(v) = 24m b1 Z (v — ma).

r>1 m>1

for all a € Ag.
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11.3. Proof of Theorem 11.1: computation of multiplicities. In this subsection we
compute the multiplicities d,.(v). Fix o € Ag, r € Z~o and set v := 7,,. Let 7 be the
set of subregular points A in v satisfying ¢5(\) # 0. Observe that ¥ is dense in 7.

Let s, € W be the reflection with respect to a. For A\ € v one has s, A\ = A — ra.

11.3.1. Lemma. If\ € 7 then

(1) Homg(N(p), N(A)) =0 for all p # X, sa A = X — ray;
(i) N(sqA) is simple and ty(saA) # 0.

Proof. Suppose that Homg(N (1), N(N)) # 0 and g # A. Then A — p € Q@ and moreover
€ WX by Corollary 10.4.2 since t4(\) # 0. Take w € W such that 4 = wA. There
exist linearly independent positive roots fi,..., 0 such that w = sg, ...ss, (see, for
instance, [J], A.1.18). One has A — wX = (A, 5k) Bk + (A, 88, 0k-1) k-1 + ... € Q. Recall
that (A, 3) € Z for § € AT forces 3 = . Therefore k = 1 and 3; = o. Thus pu = s, and
(i) follows.

Since t4 is W-invariant one has t4(saA) # 0. Now to verify the simplicity of N(s,\), we
need to check that for any § € AT the value hs(sa\) = (a5, \) is not a positive integer.
If s, € A" then (so0,\) € Zq since A is subregular. One has (s,a,\) = —r & Z-,.
Finally, if s,0 € AT and a # (8 then s,0 =  — ma for some m > 0 and so (s,0,\) =
(B,\) —mr & Z~q because (8, \) & Zo. O

11.3.2. Take A € ¥ and consider the Jantzen filtration on M(A). Since v = 7, is the
only element of I' which contains A, the sum formula (16) gives

(23) (V) =) dim FI(M(\))sy

Jj=1

for any v € Q. Lemma 11.3.1 implies that any proper submodule N of N()\) satisfies
ch N =ich M(s,\) for some ¢ > 0. Therefore for each j > 1 we have

ch FI(M()\)) = kjch N(\ — ra)
for some k; > 0. Putting m, := 2]21 k; one obtains
dyo (V) = mu1(v — rar)

for all v € QT.

11.3.3. By 11.2.3 we have )_  dra(v) =297 37 7(v — ja) that is

Z m,7(v —ra) = 24mbr Z (v — ja).

r>1 §>1
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Let us show that m, = 249™5 by induction on r. Indeed, substituting v := a we get
my = 2457 Now assuming that m; = ... = m;_; = 24997 and putting v = ia one
concludes m; = 24™Y as required. Hence

dyo(v) = 29m17 (1 — ra)
for all a € Ag,r € Z~p, and v € Q.

This completes the proof of Theorem 11.1.

11.4. The Jantzen filtration in subregular points. In this subsection we show that
the Jantzen filtration in the points having the smallest possible degeneracy has length
two.

Retain notation of 11.1.1. Set
V() = M(p) /M ().

Recall that, by A.3, Verma modules M (\) are the direct sum of Weyl modules if A are
such that t5(A) # 0.

11.4.1. For v = 74, let 7 be the set of subregular points of v satistying t5(\) # 0 (as
in 11.3). Clearly, ¥ is dense in 7.

Recall that g # psq(2) throughout the paper. For v = 4 and g # sq(2), let ¥ be the
maximal set of subregular points of v which does not meet the hypersurface ¢, = 0 and
is invariant under the shift by a: A € ¥ = A\ — a € 4. The condition g # sq(2), psq(2)
ensures that the hypersurface ¢, = 0 does not contain hyperplanes parallel to 7. As a
consequence, g is dense in vg.

For g = 5q(2) let 5 be the set of subregular points of .

11.4.2. Proposition. For any A € ¥ one has

(i) A Jordan-Hélder filtration of module N(\) has length two.
(ii) The Jantzen filtration of M(XA) has length two.
(iii) M(\) = VE(A) where A\ = X —ra if Y = Yo, and A = X\ — a if ¥ = V&

Proof. The case g = sq(2) was treated in 9.3. Suppose g # sq(2).

From the formula for Shapovalov determinants we know that N(A) is not simple if

A € 7. Since A is subregular, dim N(A); # 0. Let E(u) be a simple C/(\)-module

(E(pr) = N()u). One has dim N(X\); = ke where e := dim E()\) and k is a positive
integer. By the construction of 5 one has ty(\), t5(A) # 0. Therefore C4(\), C{(\) are non-

degenerate. Then M(\) is the direct sum of copies of N(A) and of I[I(N (X)) and M(\)

has the similar form with the same number of summands. Then dim M(\); = 24m g,
However det B,, at A has zero of order 24™57 so dim M (), _,,, < 24m07. Therefore k = 1
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so N(\)j is a simple h-module and M(\); = C(\) as h-module. In particular, M(\) has

a subquotient isomorphic to V(). Observe that M(\) = V(X — a) iff N()\) is simple.
Hence (i) and (iii) become equivalent.

Consider the case v = 7,,. Combining Lemma 11.3.1 with the above conclusions we

~Y

obtain (i), (iii) and moreover that M (\) = M (A — ra). The sum formula gives
D ch FI(MN) = er " r(p) = ch M(A = ra) = ch F'(M())).

The equality F'(M()\)) & M(\ —ra) forces F7(M (X)) = 0 for j > 1. This completes the
proof for v = v,

Fix 7 := 75 and take A € 5. Let us prove (iii). Observe that for a subregular point
N € v the sum formula gives

(24) S ch (M) = 37 X, ()
=1 B
and therefore
ch M (A )<Z e o (1),
ch M\ —a) < o er 2ok (1) = > A (u — ).
where ) a,e” > > b,et means that a, > b, for all u. Using the formula 7(v) = 7,(v) +
To(V — @) we get

ch M(A—a)+ch M(X) <ch M\ —«).
On the other hand, since V¥(\ — «) is a subquotient of M()\), we obtain
chM(\) >chV¥(\—a)=chM(A—a)—ch M(\—a).

Comparing the above inequalities, we conclude

(25) ch M(X\) = ch VE(A Ze)‘ =t (u
M()\) = VE(X\ — a) as required. This proves (111) and (i). Finally, combining (25)
h (24) we obtain FV(M (X)) =0 for j > 1. O

11.4.3. Corollary.  Assume that A € b5 is subregular. Then the Jantzen filtration of
M(X) has length two: F2(M(\)) = 0.

Proof. Recall that the Jantzen filtration of M (A) has length two iff, for any v the order
of zero of det B, at point A is equal to the corank of B, at point A. Fix a hyperplane
~v € I' and take a subregular point A € . Observe that for all subregular points of v € T’
the order of zero of det B, is the same number, say, r(v). From Proposition 11.4.2 (ii),
the corank of B, at point A is at least r(v). Since the corank does not exceed the order
of zero, it is equal to r(v). The assertion follows. O
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11.4.4. Take~y el andset v:=raify=1,, and v := o if ¥ = 75. By Theorem 11.4.3,
M()) has 24mb7 Jinearly independent primitive vectors of the weight A — v if A € 7 is a
subregular point. It is easy to see that M (\) has k linearly independent primitive vectors
of a given weight iff a certain matrix with entries in S(fy) at the point A has corank equal
to k. Since the set of subregular points is dense in v, M(\') has at least 24™b7 linearly
independent primitive vectors of the weight A — v for any \ € ~.

11.4.5. Corollary. The module N(X) is simple iff hz(\) # 0 and ho(X) € Zso for all
ae Al
If hg(X) = 0 then N(X) has a subquotient isomorphic to V(A — «) or to II(V(\ — «)).

Ifr := ho(N) € Zsg then N () has a subquotient isomorphic to V (s,\) or to IL(V (s4A)).

12. ON THE CENTRE OF COMPLETION U OF U(g)

A classical theorem by Chevalley states that for a semisimple Lie algebra the restriction
of a non-zero g-invariant regular function on g to b is non-zero, that is for f € S(g*)e,
f # 0 forces fy # 0. This theorem was generalized by A. Sergeev (see [S3]) to all finite-
dimensional Lie superalgebras. If g admits an even non-degenerate invariant bilinear form,
then g = g* as g-modules. Since grz € S(g)? for z € Z(g) the Chevalley theorem can
be reformulated as follows: deg HC(z) = deg(z) for any z € Z(g). In this section we will
prove a similar statement for a certain completion U of U (g) where g is a Kac-Moody
superalgebra with a symmetrizable Cartan matrix or ()-type Lie superalgebra. For a

A~

finite-dimensional case this implies Z(U) = Z(g).
The centre of U for g being a Kac-Moody superalgebra with a symmetrizable Cartan

matrix was described by Kac in [K3]. We elucidate his approach to Q-type algebras in
Section 13; this will give us a description of Z(g).

We denote by g a Q-type Lie superalgebra. However, all results of this section are valid
for a Kac-Moody superalgebra with a symmetrizable Cartan matrix (see Remark 12.6 for
details).

12.1. A construction U. Define on U (g) a topology where a basis of neighborhoods of
zero are left ideals J(v) := U(g)U(n")>, for v € Q(r). Clearly, J(v) = U(g) for v <0
and J(v) C J(V)if v > 1/. Let U be the completion of U(g) with respect to this topology.
It is easy to see that the structure of associative algebra and the adjoint action of g can
be uniquely extended to U. Clearly, Z(U) = U?.
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Let N be a g-module with locally nilpotent action of n*t . Then the action of g can be
canonically extended to the action of U. In particular, the g—h bimodule M introduced
in 4.1.2 can be viewed as a U-h bimodule.

12.1.1.  Set
J'(v) =Ub)U(nT),.
Then, by PBW theorem, J(v) = 3" ., J'(1) and
(26) U(g) = deg+J'(v), U= [] 7).

vet

We write the elements of U in the form u = > veq+ W Where u, € J'(v).

12.1.2. Put b~ :=n~ + h. Observe that U(h) and U(b~) are closed with respect to our
topology. One has U =U(h) & (n"U(b~) + Un™). Extend the Harish-Chandra projection
to U along the above decomposition.

Take u=3_ o+ u, where u, € J'(v). Then HC(u) = HC(ug) and HC(u) = uy if u has
weight zero, because J'(0) =U(b™).

12.1.3.  The canonical filtration F on U(g) can be naturally extended to U, however, the
resulted filtration is not exhausting: UX F"(U) # U. Let degu be the degree of u € U

~

with respect to this filtration (degu = oo if u & U2, F"(U)).

12.2. Results. The following theorem was suggested to the author by J. Bernstein.

A~

12.2.1. Theorem. For any z € Z(U) one has
deg z = deg HC(2).

In other words, z € Z(U) takes form z = > e+ 2(v) where 2(v) € J'(v) is such that
deg z(v) < deg 2(0).

~

In particular, HC induces an algebra embedding Z(U) — U(h). The image of the
embedding lie in the centre of U (h) which is U (hg). We describe this image in Theorem 13.1
below.

12.2.2. Corollary. One has Z(U) = Z(g).

Proof. From Theorem 12.2.1, 2(v) € F"(U(g)) where r := deg 2(0). Then z(r) =0 if v is
“sufficiently large” that is v € A where AT = {37° ;| a; € At s <r}. Since A is
finite, A" is also finite and thus z is a finite sum of elements of ¢ (g). Hence z € U(g). O

lthis means that dim#(n*)v < oo for any v € N.
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12.2.3. View M as a U—f) bimodule.

Proposition.

(i) M is a faithful U-module.
(ii) For z € U one has

~

z2€ Z(U) < zv=vHC(z) foranyve M.

In other words, we have an embedding of g-modules U— End(M) and the image of a
central element is an endomorphism induced by the right action.

12.3. Proof of Theorem 12.2.1. Take a non-zero z € U? and write z = Y oveqt Zv
where 2, € J'(v). Set r := deg 2. Let us prove the inequality

(27) degz, <r

by induction on ht(r) where the function height on Q% is given by ht (>
The inequality trivially holds for ht(r) = 0.

Q; ET

12.3.1. Suppose that the inequality (27) holds for all v such that ht(r) < k and let us
show that (27) holds for all weights of height k 4+ 1. Take u of height k£ 4+ 1 and write
= v+ ap where o is a simple root and v € QT is such that ht(v) = k.

Denote by p, the projection U — J'(n) with respect to the decomposition (26). Since
z € U® one has [eg, z] = 0 for any simple root 5 and any ez € gg. Therefore

0= pu([eﬂ’ Z]) = pu([eﬂa Zu—ﬁ]) + pu([eﬂv Zu])
The canonical filtration is ad g-stable and p,-stable; thus, by the induction hypothesis,
the first summand has degree at most r. Hence

(28) pulles, zu]) € F7(U(g)).
for all simple roots 3. We need to deduce that z, € F"(U(g)).

12.3.2. Fix a basis {e*} in U(n*),, {h®} in U(h) and write z, = 3, axsh®e where
axs are elements of U(n~)_,. One has
(29) pulles zu)) = Y _les, axs]he* € F7(U(g)).

k,s

by (28). Recall that S(g) = S(b7)®S(n"). As a consequence, for any linearly independent
elements {s/} C S(n") and any elements {s; } C S(b™) the degree of >, s; s/ is the
maximum of deg s; + deg s;. Denoting the degree of € by |k| we obtain from (29)

(30) deg Z[eg, axs)h® <7 — |k

for any k. Identify b~ with g/n*. Then ) _[eg, axs|h® identifies with (adeg) ), ax sh®
where the adjoint action n™ on g/n™ is induced by the usual adjoint action.
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Suppose that degz, > r. Then

(31) deg ) " aysh® >r — [K|

for some k. In the light of Lemma 12.4, the image of > _axsh® in S(g/n™) is not nt-
invariant and thus there exists a simple root 5 such that deg Y _[eg, ax s|h® = deg > ax sh*.
Comparing (30) with (31) we get a contradiction. The statement follows. O

12.4. Putn:=n*,b:=b".

Lemma. View g/n as n-module via the adjoint action. Then S(g/n)" = S(h) where
the embedding b — g/n is induces by the isomorphism b/n — b,

12.4.1. Remark. Assume that g is finite-dimensional Lie algebra. Then g/n iden-
tifies with b* via the invariant bilinear form and S(g/n) identifies with the set of reg-
ular functions on b, and S(g/n)" identifies with the invariant functions. The formula
S(g/n)" = S(b/n) means that for any invariant function ¢ one has ¢(h + n) = ¢(h) for
any h € h,n € n. This is a standard fact. Indeed, let ¢ be an invariant function and N
be the Lie group corresponding to n. If h is a generic element of h then the orbit N.h is
dense in h + n and thus ¢(h + n) = ¢(h) for generic h. Since the set of generic elements
is dense in b, ¢(h 4+ n) = ¢(h) for any h € h,n € n.

Proof of Lemma 12.4. Identify the image of g/n in S(g/n) with b~ and S(g/n) with
S(b7). For an algebra S and its subspaces X, Y denote by XY the span of zy,z € X,y €
Y.

12.4.2. First, let us check that for any a € AT one has S(g_, + h)" = S(h). Let g
be a Q-type. Taking a natural basis (see Sect. 7) in go + §-o + [0a, 9-a)] = 5q(2) we
obtain (ade)(u) = hg—;ﬁ + H2% and (ad E)(u) = H% + B'S% where H* = I'. Thus
(ade)(u) = (ad E)(u) = 0 forces g—;ﬁ = 24 =0 that is u € S(b) as required.

12.4.3. Now let us verify the statement of lemma. Extend the partial order on the root
lattice Q(m) to a total order compatible with the addition that is

B>0 = B+a>F+a

(for instance, take an embedding Q(7) into R). Let A" be the set (not the multiset) of
positive roots and let P := >~ .+ Z>oc be the positive lattice generated by A*. For k €

P set Xi = [[oeas 0°9S(h) C S(b7). Then S(b7) = >, . Xi; let px be the projection
with respect to this decomposition. For u € S(b™) set supp u := {k| px(u) # 0}.

Define a lexicographic order on P by putting k > m if for some 3 € A" one has
kg > mg and k, = m, for all @ > 3. Suppose that u € S(b™)" is such that u & S(h).
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Let k be the maximal element in suppu and let « € AT be the minimal root satisfying
ko # 0. Put k' := k — v and let us compute p(ade)(u) for e € g,. One easily sees that

pie(ad e)(u) = pi(ad e) (pi(u)).
Fix a basis {f;} in g", and write

u) = Zfiaia a; € Xx—koa-
Then for any e € g,

0 = po(ade)(pi(u)) = Y _(ade)(fi)a;
One has S(b7) = S(g-o) ® S(h) ® S’ where S’ := ®3.,S(g—_3). Notice that (ade)(f;) €
S(g-0)S(h) and a; € S(h)S’. Thus > (ade)(fi)a; = 0 forces Y (ade)(f;)b; = 0 for some
non-zero b; € S(h) which is impossible by 12.4.2. O

12.5. Proof of Proposition 12.2.3. For (i) take a non-zero u € U(g), and write u =
> u, where u, € J'(v). Let p € Q* be a minimal element satisfying u, # 0; note
that u > . Retain notation of 8.1 and fix a PBW basis &,k € P(u — \) in U(n")_,.
Write u, = 3y cpn f*%ay where ay are elements of U(b"). Identify ¢(b~) and M as

b~-modules. Thanks to the minimality of u, for v € M_, one has uv = u,v. Then

U = Z frav = Z £k HC(axv).
keP(u—XN)

Take k such that ax # 0. Since the restriction of Shapovalov map to M, is non-
degenerate, there exists v € M_, satisfying HC(axv) # 0. Hence uv = u,v # 0 and
this gives (i).

For (ii) recall that M is generated by the image of 1 € U(h) which is annihilated by
nt. This gives the implication

ze Z(U) = zv=vHC(2) for any v e M.

The inverse implication follows from (i) and the fact that M is a U-h bimodule and so
the map v — v HC(z) lies in Endy(M). O

12.6. Remartk. All constructions and results of this section are valid for a Kac-
Moody superalgebra with a symmetrizable Cartan matrix. In particular, Theorem 12.2.1
gives deg z = deg HC(2) for any z € Z(U) and thus HC induces an algebra embedding
Z(U) — U(h). The image HC(Z(U)) was described by V. Kac in [K3], Remark 3 and
Section 8. Corollary 12.2.2 gives

Z(0) - Z(g)

if g is a finite-dimensional Kac-Moody (contragredient) superalgebra.

All proofs except for the proof of Lemma 12.4 work for the Kac-Moody case. The
only difference occurs in the proof of the formula S(g_, + h)" = S(h), see 12.4.2. If g is
a Kac-Moody superalgebra with a symmetrizable Cartan matrix, this step can be done
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as follows. The algebra g admits a non-degenerate invariant bilinear form (—,—) and
there exists h € b such that [e, f] = (f,e)h for any f € g_n,e € go. Let {e;} C ga
and {f;} C g_, form dual bases with respect to (—,—). Viewing u € S(g_ + ) as
a polynomial in {f;} we obtain (ade;)(u) = hg—;. Thus (ade;)(u) = 0 for all i gives
u € S(h) as required.

13. THE CENTRE OF A ()-TYPE LIE SUPERALGEBRA

In this section we describe the centre of a Q-type Lie superalgebra (see Theorem 13.1).
The central elements correspond to the polynomials in S(hg) which have the same values

at A and )\ provided that A is subregular and A’ is the highest weight of M ().

We also show that Z(q(n)) = Z(sq(n)) and Z(pq(n)) = Z(psq(n)) (see Corollary 13.3).
Notice that Z(g(n)) was described in [S2].

Throughout the section g is a Q-type Lie superalgebra and g # pq(2), psq(2).

13.1. Theorem. Letg be a Q-type Lie superalgebra, g # pq(2),psq(2). The restriction
of HC to Z(g) is an algebra isomorphism Z(g) — Z where Z is the set of W -invariant
polynomial functions on bz which are constant along each straight line parallel to a root
a and lying in the hyperplane hgz(A) = 0. In other words,

Z:=3800)" 0 [ Zas

aEA

where

Za={f € S(bo)| ha()) =0 = f(\) = f(A - ca) Ve € C}.

We prove this theorem using a modification of Kac method presented in [K3]. Actually

~

we prove that HC(Z(U)) = Z (see Section 12 for the definition of /) and then use the

A~

equality Z(U) = Z(g) obtained in Corollary 12.2.2.

A~

13.2. Proof of Theorem 13.1. By Theorem 12.2.1 the restriction of HC to Z(U) is
injective. For z € Z(U) the image HC(z) is central in 2 (h) so HC(z) € S(hy). By Propo-
sition 12.2.3, z acts on M(\) by HC(z)(A). Using Corollary 11.4.5 we conclude that
HC(Z(U)) C Z. To prove the opposite inclusion HC(Z(U)) O Z we assign to each
¢ € Z an element z € U with the property: HC(z) = ¢ and zv = v¢ for all v € M.

By Proposition 12.2.3, z is central.

We construct the element z = > 2, by a recursive procedure; the summands z, € J'(v)
(see 12.1.1 for the notation) are chosen to fulfill the condition }_ _, z,0 = v¢ for all
veEM_,. Forany v € Q" and any v € M_, one has zv = ) zﬂv._ Hence zv = v¢ for
all v e M.

p<v
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Putting z<, 1=} ,_, 2, we can rewrite the above condition as
(32) 2,0 =vp — zov, Yo E M_,.

In the rest of the proof we show the existence of z, satisfying (32).

13.2.1. The term z, lies in U(b™)_, ® U(bT),. Identify U (b~) with Ind(R) = M and
U(b1) with Ind, (R). Under these identifications, z, lies in M_, ® g Ind (R),. The action
of M_, ®gInd, (R), on M_, takes form

(33) (a ®@b)v =aHC(o(b)v) = aS*(b)(v)

where S* : Ind, (R) — Homg, (M, R?) is induced by the Shapovalov map S : M —
Hompg, (Ind; (R), R?). Consider the chain of homomorphisms

id ®5*

M @gInd, (R) M &g, Homp (M, R7) — Endp, (M)

where ¢ is the natural map (¢(v ® f)(v') := vf(v')). Let ¢ be the composed map ¢ :=
to (id®S*) and ¥, : M_, ®rInd, (R), — Endg,(M_,) be the restriction of ¢). In the
light of (33), an element x € M_, ®yInd (R), acts on v € M_, by the formula

70 = 1, (z)(v).

Thus the existence of z, satisfying (32) is equivalent to the inclusion C' € Im 1), where
C € End(M_,) is given by Cv = v¢ — z-,v; notice that C' € Endg, (M_,) because
¢ € S(ho) belongs to the centre of R = U(h). The condition C' € Im 1, can be rewritten
as Im C* C Im S} where C* € Endy(Hompg, (M_,, R7)) is transpose to C. Thus it remains
to verify the inclusion

(34) ImC* C Im S}, where Cv =v¢p — 2z, v.

13.2.2. Since S} and C* are linear maps, the inclusion (34) is equivalent to the linear
equation C* = S*X over the polynomial algebra S(hy). Rewrite C* = S¥*X as V'S, = C
for Y .= X*.

The equation Y'S, = C has a solution over the field of fractions of S(fg), because
S, is a monomorphism between free S(ho)-modules of the same finite rank and thus it
is invertible over F' := FractS(ho). View by as an affine space C". Let us check that
Y := C8S;! is regular.

Retain terminology of 11.1.1. If A € bz is a regular point, S()) is bijective and so Y is
regular at A. Since the union of regular and subregular points in b5 is a set of codimension
two, it is enough to verify that Y is regular in a neighbourhood of any subregular point.
Here we need the following lemma.
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13.2.3. Lemma. LetD = (dw)fjg and E = (dzj)i;l]]\\f be two matrices, where d;;, e;;
are functions in zy, ..., Z, which are reqular on some neighbourhood U of the origin. Put
V :=UnN{z = 0}. Suppose that D is invertible on U\ V and that for any X € V' one has

(a) The order of zero of det D at the point X is equal to dim Ker D(\),
(b) Ker D(X\) C Ker E()).
Then ED™! is reqular on U.

The first assumption means that all poles of D~! at A have order one. The proof is
completely similar to one given in [K3].

13.2.4. Let A € bs be a subregular point. In the light of 9.1.3, the first assumption of
the lemma for the matrix B, follows from Corollary 11.4.3. Recall that B = [ oS where
[ is an invertible map (see Lemma A.4.7 (ii)). Hence the first assumption holds for S,.

For the second assumption, recall that Ker S, (A\) = M(\),_,. By Proposition 11.4.2,
M()\) = V®()) for some A < A. The condition ¢ € Z ensures that ¢(\) = ¢(\). Take

v € M(X\),_,. One has v € V¥(N);_,, where A — v = XA — /. Therefore z.,v = z<,v.

Since v/ < v the induction hypothesis gives z<,,v = v¢ = d(Mv. Thus z-,v = ¢(\)v and
so v € Ker C'(A). This implies the second assumption of Lemma 13.2.3.

Finally, Y is regular and this completes the proof of Theorem 13.1. O

13.3. Corollary.

Proof. Observe that q(n) = sq(n) @ CH where H is odd and [H,sq(n)] C sq(n) (in the
notation of 3.3.1 H = H; + ...+ H,).

Take z € Z(q(n)) and write z = a + bH where a,b € U(sq(n)). Recall that Z(q(n)) is
pure even and so a is even and b is odd. For any z € sq(n) one has

0=[z,a+bH] = [x,a] + blz, H] + [z, b]H.
Since [z, a] + b[z, H] € U(sq(n)) and [z,b]H € U(sq(n))H, we conclude
[z,b] = 0.
On the other hand,
0=[H,a+bH]=[H, a) 4+ 20H? + [H,b|H

which gives

[H,b] = 0.
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Therefore b € Z(q(n)) and so b = 0 because b is odd. Hence z = a € U(sq(n)). This shows
that Z(q(n)) C U(sq(n)) and so Z(q(n)) C Z(sq(n)). The even parts of Cartan subalge-
bras of q(n) and sq(n) coincide. By Theorem 13.1 one has HC(Z(q(n))) = HC(Z(sq(n))).
This proves (i). The proof of (ii) is completely similar. O

APPENDIX A. THE ALGEBRA U(h)

In this section we study the algebra U(h) which is a Clifford algebra over S(bp). In A.2
we describe the centre and the anticentre of U(h). In A.3 we recall some basic facts
on complex Clifford algebras. In A.4 we introduce a map [ : U(h) — S(ho). In A5
we compare various constructions of dual R-modules. In A.6 we introduce a reduced
norm of an endomorphisms of R-module. This is an analogue of the reduced norm for
endomorphisms of modules over an Azumaya algebra (see [Kn]).

In A2— A.6 we put A= S5(hy) and R =U(hH). Set

n := dim by.

A.1. Notation. Let A be a commutative ring, M be a projective finitely generated A-
module endowed with a quadratic form g : M — A. The Clifford algebra C¢(M, q) defined
by these data is the A-algebra generated by M with the relations: 2% = ¢(x), z € M.
The Clifford algebra corresponding to a non-degenerate form is called non-degenerate.
We view Cl(M, q) as a superalgebra by letting the elements of M to be odd.

A.1.1. Onehas C/(M & M',q+ q') = C{(M,q) @4 CL(M’,q') where the right-hand side
is the tensor product of superalgebras.

In what follows M will be a free A-module of finite rank. In this case C¢(M, q) is free
as A-module and admits a PBW basis. We say that a Clifford algebra C/(M, q) has rank
r if M has rank r over A.

All C4(M, g)-modules we consider below are assumed to be Zy-graded and free over A.

A1.2. Set A := U(hy), R := U(h). Denote by o the antiautomorphism defined by
x +— —x for x € h. It provides an equivalence between the categories of left and right
R-modules.

We can view R as a Clifford algebra over A: M is a free A-module spanned by hy and
q: M — Ais given by q(H) = %[H, H] for H € by (the corresponding bilinear form is
given on by by the formula B(H, H') = [H, H']). The antiautomorphism ¢ defined above
coincides with the restriction of o : U(g) — U(g) defined in 3.2.1.

A.2. The anticentre of U/(h). Retain notation and definitions of Sect. 10. It is easy to
see that Z(h) = S(hy). We describe the anticentre A(h) below.
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A.2.1. In the notation of 10.2, Ty = (ad'ug)(1) and A(h) = (ad ug)(S(ho)) for some
up € U(h). Any z € S(hy) is central in U(h) and so (ad’ ug)(z) = z(ad  ug)(1). Therefore

A(b) = S(bo)Ts.

A.2.2. Retain notation of 3.3.1. The elements H,..., H, form a basis of h; for g =
q(n),pq(n) and Hy — Hy, Hy — Hs, ..., H,—1 — H,, form a basis of by for g = q(n), psq(n).
We can put

5) _ { Hi...H, ) for g = q(n), pa(n)
" SS (<1)'H, .. H;... H, for g=sq(n),psq(n)

since the right-hand side has the degree dim hy and is invariant with respect to the twisted
adjoint action of the basis elements; the invariance easily follows from the formulas

):{0 if i € {iy,..., 0},

!/
(ad’ Hy)(Hy, - H OHH,, ... Hy ifid {i... i}

ir

One has
te = T2: :l:hlhn . forg:q(n),pq(n)
b T +> hy...hi...h, for g=sq(n), psq(n).

Observe that ¢y is equal to the determinant of the bilinear form B introduced in A.1.2.

A.2.3. The centre of U(h). View U(h) as a non-graded algebra and denote its centre by Z.
The definition of the anticentre immediately gives Z = Z(h)y ® A(h)1. Thus Z = U(by)
if n is even and Z = U(by) & U(hy)Ty if n is odd.

A.3. Clifford algebras over C. Set n := dimby, A := S(ho), R := U(h). For A € b
denote by I(\) the maximal ideal of A corresponding to \. Set

Cl(\) := R/(RI(N)).

Denote by sMat, ;(C) the superalgebra of the endomorphisms of a superspace of di-
mension r + se. The elements of q(n) forms a subalgebra in the superalgebra sMat,, ,,(C);
in this section we denote this (associative) algebra by Q(n).

A.3.1. Let Cl(m) be the standard Clifford algebra: it is generated by &, ..., &, subject
to the relations &2 = 1,&&; + &&= 0 for i # j.

If the symmetric form B(\) : (H, H') — A([H, H']) is non-degenerate then C{(\) is
isomorphic to the standard complex Clifford algebra generated by the image of hy. The
observation in A.2.2 gives

CU(N) = Cl(dim by) if ty()) # 0.
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A.3.2. Tt is well known that C/(m) is a simple superalgebra: it has at most two sim-
ple modules which differ by grading (F and II(E)) and all graded C¢(m)-modules are
completely reducible.

If m is even then E is simple as a non-graded module, dim £ = 2%, dim B = dim Fj.
One has E 2 II(F) and C{(m) = End(F) = End(II(£)). Thus, C{(m) is isomorphic to
the superalgebra sMat,.,.(C) where 7 := 2% 1,

m+1

If m is odd then F is not simple as a non-graded module, dim £ =272 and F = [I(F).

Put
r=2"r,

We claim that image of C¢(m) in End(E) = sMat,,(C) coincides with Q(r) in a suitable
basis. Indeed, let dim hy = m. Take A such that t5(\) # 0. Then C/(\) = Cl(m) and the
image of Ty in Cl(\) is a central odd element whose square is the non-zero scalar ty(\).
Therefore the centre of C/(m) contains an odd element z such that 2? = 1. Clearly, we
can choose a basis in £ in such a way that the matrix corresponding to z is X ;q in the
notation of 3.2. It is easy to verify that

{Y € SMatm((C)\ YXO,id = XO,idY} = Q(T)
Since dim Cl(m) = 2™ = dim Q(r) we conclude
Cl(m) = Q(r).

A.3.3. Take an arbitrary A € hZ. One easily sees that C{(\) = Cl(m) @ A(Ker B()))
where m := dim hy — dim Ker B(\).

As a result, C/()) has at most two simple modules (E and II(F)) which are simple as
Cl(m)-modules (where Cl(m) = Cl(m) ® 1 C Cl(m) @ N\(Ker B(\)) = CL(N)).

View Cl()) as a right module over itself via the multiplication. One has II(C{()\)) =
Cl(N) iff X # 0. Indeed, if X # 0 there exists H € by satisfying H? = 1; the map z — Hzx
provides an isomorphism C/(\) — II(C/())). On the other hand, C¢(0) = A(h7) has a
one-dimensional socle A\"® bt which forces II(CL(0)) 2 C£(0).

A.3.4.  Any simple R-module is annihilated by I(A) for some A € h. We see that for each
A € b7 there are at most two simple R-modules annihilated by I()\); we may (and will)
denote them by E(XA), II(E(A)). The total dimension dim F(\) depends on the rank m of
the evaluated bilinear form B(\). For the case g = q(n) one has m = n—|{i : A(h;) = 0}].

A.4. The map [. In this subsection we construct a linear map [ : R — A which
satisfies the properties (i)-(v) of A.4.7. These properties ensure that B(z,y) = [zy
is a non-degenerate invariant bilinear form B : R ®4 R — A (the invariance means
that B([z,y],z) = B(x,[y,z])). This form is even (resp., odd) if n is even (resp., odd).
Moreover supersymmetric that is B(x, y) = (—1)P@PWB(y, ) (if B is odd it is equivalent
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to the symmetricity). For each A € b2 the evaluated form By : C/(A) ®@c C¢(\) — C is a
non-degenerate invariant bilinear form.

A.4.1. In order to express the form B more explicitly, we calculate its evaluation in the
case when C/(\) is non-degenerate.

Recall that if C¢()) is non-degenerate then C(X\) = sMat,.,.(C) for even n and C(\) =
Q(n) for odd n. The superalgebra sMat, ,.(C) has an even non-degenerate invariant bilin-
ear form B'(X,Y) := str XY. The superalgebra (r) has an odd non-degenerate invariant
bilinear form B”(X,Y) := tr' XY (see 3.2 for notation). We show that for C/(\) being
non-degenerate, B’ = /(\)By where ¢/(\)? = 4ty()) if n is even, and B” = ¢’(\) B, where
"(N)? = ty(N) if n is odd. Recall that C£()) is non-degenerate iff t,(\) # 0.

A.4.2. The Clifford algebra R =U(h) over A = S(ho) has the canonical filtration:

FU(R) == A, F'(R) = Aby, F'(R) := (F'(R))".

The associated graded algebra gr R is a commutative superalgebra A ® /\ by with the
grading: (gr R); = A \"by. Take Ty as in A.2.2 and observe that Ty, & F" '(R). There
exists a unique A-homomorphism f : R — A such that

/(Th) =1, Ker/:]-""_l(R).

Since Ty has the same parity as n, the map [ is even (resp., odd) if n is even (resp., odd).
We will write [u instead of [(u).
Notice that

/u:f(grU)

where f: A® A\ by — A is the A-homomorphism given by

flgrTy) =1, Kerf = Z(grR)i =A® Z/\E)T
i=0 i=0

A.4.3. Foreach A € b the evaluated map u — (fu)()) induces a linear map C£()\) — C
which we also denote by [. Thus

where u(\) stands for the image of u € R in Cl(\).
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A.4.4. Define the bilinear form B: R ®4 R — A by setting
B(u,u') := /uu'.

Clearly, B is even (resp., odd) if n is even (resp., odd). Lemma A.4.7 below shows that
B is a non-degenerate invariant form which is supersymmetric. It also shows that the
evaluated form B, is non-degenerate for all \.

A4.5. Clearly, [(H...H]) e C*if H{,..., H) is any basis of hy. Choose a basis { H/ }c;
in such a way that [(Hj...H,)=1. Set I :={1,...,n}. For J C I set Hy :=[[,., H]
(Hyp = 1) where the factors are arranged by increasing of indices. The elements H; form
a system of free generators of R over A.

A.4.6. We claim that
-
(36) /O_<HJ)HJ/ :{ +1, ifJ=1\J

0 otherwise.
Indeed, [o(H;)Hy = f(gro(H,;)Hy) = f(gro(Hy) gr Hy). Evidently, gro(H;) gr Hpy =
teorHyand gro(Hy)gr Hy € Ker f for J' # 1\ J.

A.4.7. Lemma. Foralla,b€ R one has

i) [la,b] =0.
(ii) {fu € R is such that [ua =0 for alla € R then u = 0.
(iii) If u € CL(N) is such that ([ua)(X) =0 for all a € CL(X) then u = 0.
(iv) [la,blc = [alb,].
(v) Jola) = (=1)" [a.

Proof. The assertion (i) follows from the formula [a = f(gra) and (iv) is a reformulation
of (i). The formula (36) imply both (ii) and (iii). The last assertion is an immediate
consequence of the formula o(7") = (—1)"T which can be easily verified. O

A.4.8. Retain notation of A.4.1. Take X such that t5(\) # 0 and thus C/()\) is non-
degenerate. Let T'(\) € CL(\) be the image of Ty. Recall that T'(\) commutes with the
even elements of C/(\) and that T'(\)? = t,(\) € C.

Let n be even. One can easily sees from Lemma A.4.7 (i) that the evaluation of [
on Cl(\) = sMat,,(C) is proportional to the supertrace. The element 7'(\) belongs
to the centre of the algebra sMat, ,.(C); = Mat,(C) x Mat,(C). Since T'(A\) ¢ C and
T(N)? = ty(N\) € C one has T(\) = cid x(—cid) where ¢* = t5(\) and id is the identity
matrix in Mat, (C). In particular, str T'(\) = 2¢. Since [ T'(A) = 1, we conclude 2¢ [ = str
and so B’ = 2¢B.

Let n be odd. It is easy to deduce from Lemma A.4.7 (i) that the evaluation of [
on CL(\) = Q(r) is proportional to the map tr'. The element T'(A\) € Q(r)y belongs to
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the centralizer of Q(r)y. Consequently, T(\) = cid’ where ¢ = ty(\) and id’ € Q(r)y
corresponds to the identity matrix in Q(r); = Mat,(C). Since tr' T'(\) = ¢ we obtain
¢ [ =1t and thus B” = ¢B.

A.5. Realization of N*. Define on R a new bimodule structure R° via
v = (=1)POPO )y = (=1)PIPOye(r)

where the dot stands for the new action, ¢ is the antiautomorphism introduced in 3.2.1,
r is an element of the algebra R and v € R°.

Let U be a superalgebra containing R such that the antiautomorphism ¢ can be ex-
tended to U. Let N be a bimodule over U-R. Let N’ := Hompg, (N, R?) be the set of
homomorphisms of right R-modules. Notice that N’ has the natural structure of R-U-
bimodule which we convert to U-R-bimodule structure via the antiautomorphism o.

A51. Lemma.

(i) The map R° — Hompg, (R, R) given by t — l; where l,(r) := tr is an even R-
bimodule isomorphism.

(ii) The map R — Homg, (R, R°) given by t + I, where l}(r) := (=1)P"POq(r)t is
an even R-bimodule isomorphism.

The proof is straightforward.

A5.2. View N*:=Homy, (N, A) as a U — R bimodule via ¢ where by Hom,, we mean
the set of homomorphisms of right A-modules. Convert U — R bimodules to right (U ® R)-
modules using 0. Define similarly R-bimodule structure on R* := Homa(R, A).

A.5.3. Lemma.

(i) The mapt — [l where [l,(r) := [(tr) is an isomorphism of R-bimodules R° ——
R* if [ is even and R° — II(R*) if [ is odd.

(ii) Let N be a U-R bimodule. The map ¢ — [ where ([¢)(z) = [(¥(x))
is an isomorphism of U — R-bimodules Hompg, (N, R7) — N* if [ is even and
Hompg, (N, R7) — II(N*) if [ is odd.

Proof. (i) is straightforward. Now (ii) follows from the Frobenius reciprocity. O

A.6. Reduced norm. Let A be a polynomial algebra and R := C¢(M,q) be a Clifford
algebra viewed as a non-graded algebra. Suppose that M is a free A-module of an even
rank 2n and that the kernel of bilinear form corresponding to ¢ is zero. Let N be an
R-module which is free of finite rank over A.
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We will construct a reduced norm i.e., a map Norm : Endg(N) — A satisfying the
properties

(37)  Norm(id) = 1, Norm(y¢’) = Norm(z)) Norm(¢)'), Norm(z)*" = det 1

where in the last formula ¢ is viewed as an element of End4 (V) and det : Enda(N) — A
is the determinant map. This map is an analogue of the reduced norm for endomorphisms
of module over an Azumaya algebra (see [Kn]).

A.6.1. Set F':= Fract A. The algebra Rp := R ®4 F’ is an Azumaya algebra over F’
(see [Kn]). Therefore, for a suitable Galois extension F//F’, the algebra Rp := R®,4 F is
isomorphic to the matrix algebra Mat,.(F') where r := 2". The module Np := Rp ®4 N
is an Rp-module and so there is an isomorphism

Ny S EQpV

where E is the simple module over the matrix algebra Mat,(F) and V is a finite di-
mensional vector space over F'. Since E is simple over Rp any Rp-endomorphism of
Np = E®p V takes form idg ®¢" where ¢ € End(V). In this way, we obtain the alge-
bra isomorphism v : Endg, (Nr) — End(V). Viewing Endg(N) as an A-subalgebra of
Endg,. (Np) and set

Norm ¢ := det (o).

Clearly, Norm satisfies the first two properties of (37). The last property follows from the
formula dim E' = r. It remains to verify the

A.6.2. Lemma. Norm¢ € A.

Proof. The Galois group G acts on F, Rp, Ny leaving elements of F’, Rp» and N stable.
This induces the action of G on Endg,.(Ng). On the other hand, G acts naturally on
End(V'). The map v does not commute with these G-action; however, for each g € G the
commutator yg~1y71g is an automorphism of the matrix algebra End(V') which leaves
elements of F stable. Therefore yg~'y~!g is an inner automorphism of End(V) and
thus for any v € End(V) one has det(yg~'v71g(¢))) = dett. In other words, for any
¢ € Endg, (Np) one has

det y(g¢) = det gv(¢) = g(detv(¢)).

Take ¢ € Endg(N). One has g(¢) = ¢ for all ¢ € G. This means that Norm ¢ = det y(¢)
is G-stable that is Norm ¢ € F’. Observe that det ¢ € A and so, by (37) (Norm ¢)" € A.

Since A is integrally closed in F’, Norm ¢ € A as required. O
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