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Abstract
Subspacebasedfactorizationmethodsarecommonlyusedfor a varietyof applications,such as3D reconstruc-

tion,multi-bodysegmentationandoptical �ow estimation.Theseareusuallyappliedto a singlevideosequence. In
thispaperwepresentananalysisof themulti-sequencecaseandplaceit undera singleframeworkwith thesingle
sequencecase. In particular, we start by analyzingthe characteristicsof subspacebasedspatial and temporal
segmentation.We showthat in manycasesobjectsmoving with different3D motionswill becapturedasa single
objectusingmulti-body(spatial) factorizationapproaches. Similarly, framesviewing different shapesmight be
groupedas displayingthe sameshapein the temporal factorizationframework1. We analyzewhat causesthese
degeneraciesandshowthat in thecaseof multiplesequencesthesecanbemadeusefulandprovide information
for bothtemporal synchronizationof sequencesandspatialmatchingof pointsacrosssequences.

1 Intr oduction
Whena singlevideocameraviews a dynamicscenewe areinterestedin two differentsegmentationtasks:(i)

Separatespatiallybetweenobjectsmoving with differentmotions.Wereferto thisasthe“multi-body factorization
problem”,which waspresentedin [3, 4]. (ii) Separatetemporallybetweenframeswhich capturedifferentrigid
shapes,i.e., “temporalfactorization”[14]. Whenmultiple videocamerasview thesamesceneat thesametime,
in additionto thesegmentationproblems,we areinterestedalsoin matchingacrosscameras.This canbeeither
temporalmatching(i.e., temporalsynchronization)or spatialmatching(i.e., point correspondences).We refer to
thisasthe“multi-sequencefactorizationproblem”.

Thebodyof work on multi-bodyfactorization(e.g.,[3, 4, 5, 1, 8]), suggestemploying multi-framelinearsub-
spaceconstraintsto separatebetweenobjectsmoving with independentmotions.We �rst show thatoftenobjects
moving with different3D motionswill becapturedasa singleobjectusingpreviously suggestedapproaches.We
show thatthishappenswhenthereis partiallineardependencebetweentheobjectmotions.In many of thesecases,
althoughthemotionsarepartiallydependentthey areconceptuallydifferentandwewould like to separatethem.

We useequivalentargumentsto revealdegeneraciesin temporalfactorization.Previouswork on temporalfac-
torizationutilizedmulti-framelinearsubspaceconstraintsto groupframesviewing thesamerigid shape[14]. This
resultsin a temporalsegmentationwherecutsaredetectedatnon-rigidshapechanges.For example,in asequence
showing a facesmiling and seriousintermittently temporalfactorizationwill group togetherall the “smiling”
framesseparatelyfrom all the “serious” frames. In this paperwe show that just like dependencebetweenmo-
tionscanresultin degeneraciesin spatialsegmentation,dependencebetweenshapescanresultin framesviewing
differentshapesbeingcapturedasdisplayingthesameshape.

1Temporalfactorizationprovidestemporalgroupingof framesby employing a subspacebasedapproachto capturenon-rigid shape
changes[14].

1



Interestingly, the samedependencewhich causesdegeneraciesin the single-sequencesegmentationscanbe-
comeusefulin themulti-sequencecase.Whenmultiple videosequencesof thesamedynamicsceneareavailable
(which includeseithera singleobjector multiple objects)therecanalsobedependencebetweenthemotionsor
shapescapturedby the sequences.A �rst attempttoward utilizing suchdependencewassuggestedby Wolf &
Zomet[12] who showedthata dependencebetweenthemotionscanbeusedfor temporalsynchronizationof se-
quences.We extendtheir analysisandshow thatevenpartialdependencesuf�ces for synchronizationpurposes.
This canbeappliedto synchronizesequenceswith only partially overlapping�elds of view. Moreover, we show
that whenthe sequencessharesomespatialoverlaponegetsa dependencewhich canbe often usedto �nd the
spatialmatchingof pointsacrosssequences.

For completenessof the text we additionally suggesta methodfor separatingobjects/framesin the single-
sequencecase,evenfor caseswhicharedegenerateandnon-separableby previousmethods.

The restof the paperis organizedasfollows. In Section2 we de�ne the the typesof dependenceof interest
andexplorewhatcausesthem. Then,in Sections3 and4 we show thatsomeof casesof dependencecanresult
in a wrongspatialor temporalsegmentation.In Section5 we presentthemulti-sequencecaseandshow how the
sametypesof dependencecanbemadeuseful.Finally, anapproachto segmentationundersuchdegeneratecases
is suggestedin Section6.

A preliminaryversionof thispaperappearedin [13].

2 DependencebetweenImageCoordinate Matrices

Let I 1; : : : ; I F denotea sequenceof F frameswith N pointstrackedalongthesequence.Let (x f
i ; yf

i ) denote
the coordinatesof pixel (x i ; yi ) in frameI f (i = 1; : : : ; N , f = 1; : : : ; F ). Let X andY denotetwo F £ N
matricesconstructedfrom theimagecoordinatesof all thepointsacrossall frames:
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Eachrow in thesematricescorrespondsto asingleframe,andeachcolumncorrespondsto asinglepoint. Stacking

thematricesX andY of Eq. (1) vertically resultsin a 2F £ N matrix
·

X
Y

¸
. It hasbeenpreviously shown that

undervariouscameraandscenemodels2 [10,6,2] theimagecoordinatematrixof asingleobjectcanbefactorized

into motionandshapematrices:
·

X
Y

¸
= M 2F £ r Sr £ N . Whenthescenecontainsmultiple objects(see[3, 4]) we

still geta factorizationinto motionandshapematrices
·

X
Y

¸
= M al l Sal l whereM al l is thematrix of motionsof

all objectsandSal l containsshapeinformationof all objects.
A similar factorizationwasalsoshown for the horizontallystacked matrix, i.e., [X ; Y ] [7, 2, 9]. To simplify

thetext we startby showing resultsonly for the
·

X
Y

¸
matrix case.In Section2.2we presentthe[X ; Y ] caseand

analyzeits characteristics.

Let W1 (of size2F1 £ N1) andW2 (of size2F2 £ N2) betwo imagecoordinatematrices( W1 =
·

X 1

Y1

¸
and

W2 =
·

X 2

Y2

¸
). In thecaseof themulti-bodysinglesequencefactorization,eachof thesewould correspondto an

2In generaloncecouldsaythefollowing factorizationholdsfor af�ne camerasandnot for perspective ones.Nevertheless,it hasbeen
utilizedsuccessfullyfor applicationslikemotionbasedsegmentationand3D reconstructiononavarietyof sequencestakenby off-the-shelf
cameras,e.g.,[10, 6, 4, 2, 9].
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independentlymoving object,i.e.,W1 = Wobj1; W2 = Wobj2. Theobjectscanhave a differentnumberof points,
i.e., N1 6= N2 but aretrackedalongthesamesequencesuchthatF1 = F2. In thecaseof temporalfactorization
(singlesequence)eachof thesematriceswould correspondto a subsetof framesviewing an independentshape,
i.e.,W1 = Wf r ames1 andW2 = Wf r ames2. Both framesubsetsview thesamenumberof pointsN1 = N2 but can
beof differentlengths,i.e., F1 6= F2. Finally, in thecaseof multi-sequencefactorization,eachof thesematrices
correspondsto a singlesequence(i.e., thetrajectoriesof all pointson all objectsin eachsequence):W1 = Wseq1

andW2 = Wseq2. Hereboththenumberof pointsandthenumberof framescanbedifferentacrosssequences.
Let r1 andr 2 bethetrue(noiseless)ranksof W1 andW2, respectively. Then,in all threecases(i.e.,multi-body,

temporalandmulti-sequencefactorization)thesematricescanbe eachfactorizedinto motion andshapeinfor-
mation: [W1]2F1£ N 1 = [M 1]2F1£ r 1 [S1]r 1£ N 1 and[W2]2F2£ N 2 = [M 2]2F2£ r 2 [S2]r 2£ N 2 , whereM 1; M 2 contain
motioninformationandS1; S2 containshapeinformation.In themulti-sequencefactorizationcasethemotionand
shapematriceswill includeinformationof all theobjectsacrossall framesin thecorrespondingscene.

In this paperwe will examinethe meaningof full andpartial linear dependencebetweenW1 andW2, and
its implicationson multi-body, temporal(singlesequence)andmulti-sequencefactorizations.We will seethat
in the singlesequencecasethis dependenceleadsto degeneracies(andthereforeis not desired),whereasin the
multi-sequencefactorizationthisdependenceis usefulandprovidesadditionalinformation.In particular, thereare
two possibletypesof lineardependencebetweenW1 andW2: (i) Full or partial lineardependencebetweenthe
columnsof W1 andW2, and(ii) Full or partial lineardependencebetweentherowsof W1 andW2. We will show
that:

1. In themulti-bodyfactorizationcase:
- Dependencebetweenthe columnsof W1 andW2 causesdegeneraciesandhencemisbehavior of multi-
bodysegmentationalgorithms.
- Lineardependencebetweentherowshasnoeffecton themulti-bodyfactorization.

2. In thetemporalfactorizationcase:
- Dependencebetweenthe rows of W1 andW2 causesdegeneraciesandhencemisbehavior of temporal
factorizationalgorithms.
- Lineardependencebetweenthecolumnshasnoeffecton thetemporalfactorization.

3. In themulti-sequencefactorizationcase:
- Linear dependencebetweenthe columnsof W1 andW2 (assumingF1 = F2) providesconstraintsfor
temporalcorrespondence(i.e., temporalsynchronization)betweensequences.
- Lineardependencebetweentherows of W1 andW2 (assumingN1 = N2) providesconstraintsfor spatial
correspondence(i.e.,spatialmatchingof points)acrossthesequences.

2.1 De�nitions and Claims
Beforewe continuewe needto mathematicallyde�ne whatwe meanby full andpartialdependencebetween

matrices.We outline the de�nitions for dependencebetweencolumnspaces.Equivalentde�nitions on the row
spacescanbe easilyderived andarethusomitted. Let ¼1, ¼2 be the linear subspacesspannedby the columns
of W1 andW2, respectively, andr 1 andr 2 be the ranksof W1 andW2, respectively (i.e., r 1 = r ank(W1) and
r2 = r ank(W2)). Thetwo subspaces¼1 and¼2 canlie in threedifferentcon�gurations:

1. LinearIndependence:When¼1 and¼2 aretwodisjointlinearsubspaces¼1\ ¼2 = f 0gandr ank([W1jW2]) =
r1 + r2.

2. Full Linear Dependence:Whenonesubspaceis a subsetof (or equalto) the other(e.g.,¼2 µ ¼1), then
W2 = W1C andr ank([W1jW2]) = max(r 1; r2).

3. PartialLinearDependence:When¼1 and¼2 intersectpartially(f 0g ½ ¼1\ ¼2 ½ ¼1[ ¼2), thenmax(r 1; r2) <
r ank([W1jW2]) < r1 + r2.
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Theanalysisin thefollowing sectionswill bebasedon thefollowing two claimson thefull/partial dependence
betweenthe columnsand betweenthe rows of W1 and W2. The proofs of theseclaims are provided in the
Appendix.

Claim 1 Let F1 = F2. Thecolumnsof W1 andW2 are fully/partially linearly dependentiff thecolumnsof M 1

andM 2 are fully/partially linearly dependent.

Note,thatin thecaseof full lineardependencethis reducesto:
9C s.t.W2 = W1C iff 9C0s.t.M 2 = M 1C0(C is aN1 £ N2 coef�cient matrix,andC0 is amatrixof sizer 1 £ r2

which linearlydependsonC).

Claim 2 Let N1 = N2. Therows of W1 andW2 are fully/partially linearly dependentiff therows of S1 andS2

are fully/partially linearly dependent.

Note,thatin thecaseof full lineardependencethis reducesto:
9C s.t. W2 = CW1 iff 9C0s.t. S2 = C0S1 (C is a N2 £ N1 coef�cient matrix,andC0 is a matrix of sizer 2 £ r1

which linearlydependsonC).

2.2 The [X ; Y ] case
As discussedin the previous sectiononecanobtaina factorizationinto motion andshapealso for the hori-

zontally stacked matrix, i.e., W = [X ; Y ] = M S (see[7, 2, 9]). Thesematricesareof differentdimensions:
W = [X ; Y ] is of sizeF £ 2N , themotionmatrix M is of sizeF £ r andtheshapematrix is of sizer £ 2N

wherer is theiractualrank.Therankr canalsobedifferentfrom therankof thematricesin the
·

X
Y

¸
case.Nev-

ertheless,all theclaimsandobservationsregardinglineardependenceof Section2 hold alsofor the[X ; Y ] case.
This is sincethemeaningof dependencebetweenrowsor columnsdoesnotdependin any wayon thedimensions
of theimagecoordinatematrixmatrixW noron thedimensionsof themotionandshapematrices.

In thefollowing sectionswe examinethemeaningandthe implicationsof eachof thesetypesof dependence,
bothfor thesingle-sequencecase(multi-bodyandtemporalfactorizations)andfor themulti-sequencecase.

3 SingleSequenceMulti-Body Factorization
We next examinethe implicationsof lineardependencebetweenthecolumnsor rows of W1 andW2 (of obj1

andobj2) on thefamiliarmulti-bodyfactorizationproblem.Weshow (Section3.1)thatfull or partialdependence
betweenthecolumnsof W1 andW2 resultin groupingtogetherof objectswhile a dependencebetweentherows
of W1 andW2 hasnoeffecton thesegmentation(Section3.2).

3.1 DependenceBetweenObject Motions
Let W1 (of size2F £ N1) andW2 (of size2F £ N2) betheimagecoordinatessub-matricescorrespondingto

two objects(W1 = Wobj1 andW2 = Wobj2) acrossF frames.We wish to classifythecolumnsof thecombined
matrix [W1jW2] accordingto objects.Let ¼1, ¼2 bethelinearsubspacesspannedby thecolumnsof W1 andW2,
respectively, andr 1 andr 2 betheranksof W1 andW2, respectively (i.e., r 1 = r ank(W1) andr 2 = r ank(W2)).
Thesubspaces¼1 and¼2 whicharespannedby thecolumnsof W1 andW2, respectively, canlie in threedifferent
con�gurations:
I. LinearIndependence:Whenthecolumnsof W1 andW2 arelinearly independent,thenaccordingto Claim1 the
motionsM 1 andM 2 of the two objectsarelinearly independentaswell. Algorithmsfor separatingindependent
linearsubspacescanseparatethecolumnsof W1 andW2.
II. Full LinearDependence:Whenthe columnsof W1 andW2 arefully linearly independent,thenaccordingto
Claim1 themotionsM 1 andM 2 of thetwo objectsarefully linearlydependentaswell, i.e.,M 2 = M 1C0. In this
caseall subspacebasedalgorithmsshouldgrouptogetherthecolumnsof W1 andW2.
III. Partial LinearDependence:When the columnsof W1 andW2 arepartially linearly independent,thenac-

cordingto Claim 1 the motionsM 1 andM 2 of the two objectsarepartially linearly dependentaswell. In this
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(a) (b) (c)

(d) (e) (f) (g)

Figure 1. Degeneracies in multi­bod y (single sequence) factorization: (a)-(c) Sampleframes(at
timest=1,17,34)froma syntheticsequenceshowingpartially dependentobjects(trackedpointsmarked in
black). Both objectsrotatecounter-clockwise, but the yellow anchor also translateshorizontallywhereas
the cyan crosstranslatesvertically. (d) The distancematrix usedby previous algorithmsfor segmenta-
tion (the “shape interaction matrix” Q) after sorting the points according to objects. (e) The matrix Q̂
we suggest to use, after sorting the points according to objects. (f) Segmentationinto two objectswhen
using the classicalshapeinteraction matrix Q. Points in differently detectedclusters are marked by dif-
ferent markers (circlesand triangles)and colors (red and blue). Thesegmentationis obviouslyerroneous
and mixesbetweenthe objects. (g) Thecorrespondingsegmentationresultwhenusingour proposedma-
trix Q̂. The points on the red and the cyan objectsare separated correctly. Video can be viewed at
http://www.vision.caltech.edu/lihi/Demos/MultiSeqFactorization.html

casesubspacebasedapproachescanin generalseparatebetweentheobjects,however, mostpreviously suggested
algorithmswill grouptheminto asingleobject.This is explainednext.

CosteiraandKanade[3] have estimatedthe SVD of [W1jW2], i.e., [W1jW2] = U§ V T (whereU andV are

unitarymatrices)andshowed that the “shapeinteractionmatrix” Q = VV T =
·

ST
1 ¤ ¡ 1

1 S1 0
0 ST

2 ¤ ¡ 1
2 S2

¸
hasa

block diagonalstructure.The algorithmthey suggested(aswell asthosesuggestedin [3, 5, 1, 8]) reliedon the
block diagonalstructureof Q which occursif andonly if V is block diagonal.However, the columnsof V are

theeigenvectorsof [W1jW2]T [W1jW2] =
·

ST
1 M T

1 M 1S1 ST
1 M T

1 M 2S2

ST
2 M T

2 M 1S1 ST
2 M T

2 M 2S2

¸
. Hence,V andthereforeQ will have

a block diagonalstructureif andonly if themotionmatricesM 1 andM 2 arelinearly independent.WhenM 1 and
M 2 arepartiallydependenttheoff-diagonalblocksST

1 M T
1 M 2S2 andST

2 M T
2 M 1S1 arenon-zero.Algorithmslike

[3, 5, 1, 8], which rely on theblock diagonalstructureof Q will fail to separatebetweentheobjects.Note, that
partialdependenceoccurseven if only a singlecolumnof themotionmatrix of oneobjectis linearly dependent
on thecolumnsof themotionmatrixof theotherobject.Thiscanoccurquiteoftenin realsequences.

An examplefor this is given in Fig. 1. The syntheticsequencedisplaysa planarscenewith two objects(a
yellow anchoranda cyan cross)moving with the samerotationsbut with independenttranslations.Puttingto-
getherall the imagecoordinatesof all pointscorrespondingto theyellow anchoryieldsa matrix Wanchor where
r ank(Wanchor ) = 3. Similarly, thematrix of imagecoordinatesof thecyancrosshasr ank(Wcross) = 3. Com-
bining theimagecoordinatesof all pointson bothobjectsinto a singlematrix givesW = [Wanchor jWcross] with
r ank(W) = 4. This impliesthatthecolumnsubspacescorrespondingto theyellow anchorandto thecyancross
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(a) (b) (c) (d) (e)

Figure 2. Degeneracies in temporal factorization: (a)-(b)Sampleframes(at timest=1,30)froma synthetic
sequenceshowinga smiley face, with two differentexpressions,translatingandrotatingin theimage plane.
(c) An overlay of the points in the two expressionsshowsthat the non-rigid transformationbetweenthe
two expressionsis only in the vertical direction. (d) Thedistancematrix usedby previousalgorithmsfor
segmentationafter sorting the framesaccording to expressions. (e) The matrix we suggest to use, after
sorting the framesaccording to expressions.Now the block diagonal structure is evident. Video can be
viewedat http://www.vision.caltech.edu/lihi/Demos/MultiSeqFactorization.html

intersect.Fig. 1.d shows that the matrix Q hasno block-diagonalstructure.Therefore,mostprevious subspace
basedsegmentationalgorithmswill groupthetwo objectsasonealthoughtheirmotionsareobviouslydifferent.

3.2 DependenceBetweenObject Shapes
As wasshown in Section2, a dependencebetweenthe rows of W1 andW2 implies that S2 = C0S1. This

implies that both objectssharethe sameshapeup to a selectionof the objectcoordinateframe. Whenonly the
shapesaredependentandthemotionsarestill independent,thetwo objectswill still beseparatedin all multi-body
segmentationalgorithms,since:

[W1jW2] = [M 1jM 2]

"
S1 0
0 CS1

#

andr ank([W1jW2]) = r1 + r2. Wecanconcludeandsaythatadependencebetweentherowsof W1 andW2 has
noeffecton themulti-bodysegmentation.

4 SingleSequenceTemporal Factorization
In thecaseof temporalfactorizationourgoalis to groupframesviewing thesameshapeseparatelyfrom frames

viewing differentshapes.For exampleonewould like to groupframesaccordingto expression(see[14] for more
details).HerethematricesW1 = Wf r ames1 andW2 = Wf r ames2 correspondto thesameN pointstrackedalong
a singlesequencewith F 1 framesdisplayingonecon�guration of the points(e.g.,“smile” expression)andF 2
framesdisplayinga differentcon�gurationof thepoints(e.g.,“angry” expression)3. We wish to classifytherows

of thecombinedmatrix
·

W1

W2

¸
accordingto shape.As wasshown in [14], whentheshapescapturedby the two

framesubsetsareindependenttheobtainedfactorizationresultsin amotionmatrixwith ablockdiagonalstructure:

W =
·

W1

W2

¸
=

·
M 1 0
0 M 2

¸ ·
S1

S2

¸

Theanalogyto themulti-bodyfactorizationcasecanbeseenif onetakesthetransposeof thatmatrix:

W T = [ W T
1 W T

2 ] = [ ST
1 ST

2 ]
·

M T
1 0

0 M T
2

¸

3In thecaseof temporalfactorization,sincethegroupingis on framesandnot on points,it is morenaturalto usethematricesW1 =
Wf r ames 1 = [X 1 ; Y1 ] of sizeF1 £ 2N andW2 = Wf r ames 2 = [X 2 ; Y2 ] of sizeF2 £ 2N . As wasshown in Section2.2all our claims
andobservationshold for thesematricesjustaswell, thustheanalysisis thesame.
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That is, the matrix W T canbe factoredinto a productof two matriceswherethe matrix on the right is block
diagonal.This is equivalentto theassumptionmadein themulti-bodyfactorizationcaseto obtaincolumncluster-
ing. Zelnik-ManorandIrani [14] usedthis observationto separatebetweenframescorrespondingto independent
shapes.They showedthatonecanuseany of thealgorithmssuggestedfor multi-bodysegmentation,but applying
themto thematrixW T insteadof W.

The duality to the multi-body factorizationcaseimplies also a dual effect of dependencebetweenmotions
andshapeson temporalfactorization.We next show that in thetemporalfactorizationcasedependencebetween
motionswill havenoeffectwhereasdependencebetweenshapeswill resultin awrongsegmentation.

4.1 DependenceBetweenMotion AcrossFrames
As wasshown in Section2 dependencebetweenthecolumnsof W1 andW2 implies thatM 2 = M 1C0 while

theshapesS1 andS2 areindependent.Thiscorrespondsto differentframescapturingdifferentshapes,but moving
with thesamemotion(up to aselectionof thecoordinateframe).Wecanthuswrite

W =
·

W1

W2

¸
=

·
M 1 0
0 M 1C0

¸ ·
S1

S2

¸

andr ank(
·

W1

W2

¸
) = r1 + r2. Thetwo framesubsetscanstill beseparatedin all subspacebasedalgorithms.

4.2 DependenceBetweenShapesAcrossFrames
Unfortunately, adifferentresultis obtainedfor dependencebetweenshapes.As wasshown in Section2 depen-

dencebetweentherows of W1 andW2 implies thatS2 = C0S1, i.e., both framesubsetscapturethesameshape
up to aselectionof thecoordinateframe.In thatcasewecanwrite

W =
·

W1

W2

¸
=

·
M 1

M 2C0

¸
[ S1 ]

andthe two framesubsetswill be groupedtogetherascapturingthe sameshape.As in the caseof multi-body
factorization,partial dependencewill completelydestroy theblock diagonalstructurejust aswell. This is illus-
tratedin Figure2. Thesyntheticvideosequenceshowsasmiley facein two differentexpressions,smilingandsad
(Figures2.a,b).Thenon-rigidtransformationbetweenthetwo expressionswasobtainedby �xing thex coordinate
of all thepointswhile changingthey coordinateof only themouthpoints(seeFigure2.c). Thematrix Q, which
is theequivalentto the“shapeinteractionmatrix” only obtainedusingW T insteadof W, hasno block diagonal
structureandthuscontainsno informationfor segmentation(Figure2.d).

5 Multi-SequenceFactorization
In theprevioussectionsit wasshown thatlineardependencebetweenmotionsorshapeswithin asinglesequence

canleadtowrongsegmentations.In thissectionweshift to themulti-sequencecaseandshow thatasopposedto the
single-sequencecase,heredependencebetweentheimagecoordinatematricesW1 andW2 of thetwo sequences
doesnot causedegeneracies.On thecontrary, it producesusefulinformation! In particular, dependencebetween
thecolumnsof W1 andW2 suppliesinformationfor temporalsynchronizationof thesequences(Section5.1)and
dependencebetweentherowsof W1 andW2 suppliesinformationfor spatialmatchingof pointsacrosssequences
(Section5.2).

Themulti-sequencecasewaspreviously discussedby Torresaniet al. [11]. Thereit wasshown thatgiventhe
temporalsynchronizationof thesequencesandthespatialmatchingof pointsacrossthesequencesonecanapply
3D reconstructionusingthedatafrom all thesequencessimultaneously. Theanalysisandapplicationssuggested
in thissectionaimat �nding theserequiredtemporalandspatialmatchings.

As we next examinethe caseof multiple sequences,we will denoteby W1 = Wseq1 = M seq1Sseq1 and
W2 = Wseq2 = M seq2Sseq2 the imagecoordinatematricescorrespondingto separatevideo sequences.Each
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sequencecancontainmultiple objectsmoving with differentmotionsandthe correspondingmotion andshape
matriceswill includeinformationof all the objectsin the scene.We further wish to remindthe readerthat the
linear analysissuggestedhereappliesonly to af�ne camerasandthus the applicationsdescribednext apply in
theoryonly to sequencesfor which theaf�ne assumptionholds.

5.1 Temporal Synchronization
Wolf & Zomet[12] showedhow subspaceconstraintscanbeusedfor temporalsynchronizationof sequences

whentwo camerasseethe samemoving objects.We reformulatethis problemin termsof dependencebetween
W1 andW2, andanalyzewhenthis situationoccurs. We further extendthis to temporalsynchronizationin the
caseof partial dependencebetweenW1 andW2 (i.e., whenthe�elds-of-view of thetwo videocamerasareonly
partiallyoverlapping).

As wasshown in Claim1, thecolumnsof W1 andW2 arelinearlydependent4 whenM 2 = M 1C0. StackingW1

andW2 horizontallygives[W1jW2] = M 1[S1jC0S2] andthereforer ank ([W1jW2]) · r1. Note,however, thatwe
getthis low rankonlywhentherowsof W1 correspondto framestakenat thesametime instanceastheframesof
thecorrespondingrowsof W2. Thiscanbeusedto �nd thetemporalsynchronizationbetweenthetwo sequences,
i.e.,thealignmentof rowswith theminimalrankgivesthetemporalsynchronization[12]. Furthermore,evenif the
motionsthatthetwo sequencescaptureareonly partially linearlydependent,wewill still getthelowestrankwhen
the rows of the matricesW1 andW2 of the two sequencesarecorrectlyalignedtemporally. Partial dependence
betweenthemotionscapturedby differentsequencesoccurswhenthe�elds of view of thecorrespondingcameras
have only partialspatialoverlap. Note that thecamerasareassumedto be �x edwith respectto eachother(they
canmove jointly, however), but the pointson the objectsneednot be the samepointsin both sequences(shape
matricescanbeindependent).

5.1.1 Synchronization Results

Figures3,4 show temporalsynchronizationresultson real sequences.In both examplestwo stationarycameras
viewed the samescenebut from differentview pointsandwerenot activatedat the sametime. We testedthe
rank of the combinedmatrix [W1jW2] for all possibletemporalshifts. The rank wasapproximatedby looking
at the rateof decayof the singularvalues. Let ¾1 ¸ ¾2 ¸ ¾3; : : : be the singularvaluesof [W1jW2]. We set
r ank([W1jW2]) = i ¡ 1 wherei is the index of the largestsingularvaluefor which ¾i =¾1 < 0:01. Sincethe
datais noisywe might get this rankfor morethanoneshift. Hence,we additionallyestimatedtheresidualerror
asEr r or =

P N
i= r ank +1 ¾i . The temporalshift yielding minimal rankandminimal residualerror is detectedas

thesynchronizingtemporalshift. Usingthis methodthecorrecttemporalshiftswererecoveredin bothexamples
of Figure3 and 4. Note,thatweobtainedthecorrectresulteventhoughthepointstrackedin eachsequencewere
differentandonly someof themwereon thesameobjects.

Note, that this multi-sequencelow-dimensionalityconstraintcanbeviewedasa behavior (motion)baseddis-
tancemeasurebetweensequences.Thatis, evenfor sequencesviewing differentscenes,thematrix [W1; W2] will
have minimal rank whenthe two sequencescapturethe samemotions,i.e., the samebehavior / action. This is
illustratedin Figure5 wheretwo sequencesshowing differentpeopledancingweresynchronizedso that their
dancewouldbein phase.

5.1.2 Synchronization Using
h

X
Y

i
vs. [X Y ]

Wolf & Zomet[12] have useda somewhatsimilar approachto temporallysynchronizesequences.In their paper
they useda differentnotation,however, one can show that their algorithmwas basedon �nding the temporal

4Herewe implicitly assumethatW1 andW2 have thesamenumberof rows, i.e., thesamenumberof frames.Sincethesequencesare
obtainedby differentcamerasthis might not be true. In suchcases,we take from eachinput sequenceonly a subsetof F framesso that
W1 andW2 will beof thesamerow size.
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shift which providesthe minimal rank of the matrix [X 1; Y1; X 2; Y2]. This is different from our approachin

which Wi =
·

X i

Yi

¸
, i.e., we searchfor theminimal rankof thematrix

·
X 1

Y1

X 2

Y2

¸
. This differenceis signi�cant

aswe explain next. Machlineet al. [9] showed that whenusingthe horizontallystacked matrix W = [X ; Y ]
pointsfall into thesamesubspace(andthereforearegroupedtogetherin asegmentationprocess)whenthey move
with consistentmotionsalongtime,evenif their motionsaredifferent.This wasshown to beusefulfor grouping
pointson non-rigidobjects.However, for thetaskof temporalsynchronizationwe areinterestedin capturingthe
samemotionsandnot differentyet consistentones.This is illustratedin Figure3.bwherethesuggestedtemporal
synchronizationschemewasappliedto the[X 1; Y1; X 2; Y2] matrixandprovidedawrongresult.

5.1.3 Temporal Synchronization Summary

To summarize,thesuggestedapproachto temporalsynchronizationhasthreeusefulproperties:

² Thepointstrackedin eachof thesequencescanbedifferentpointsaslongasthey sharethesamemotion.

² Thisapproachcanbeappliedto sequenceswith only partiallyoverlapping�elds of view.

² Thenumberof trackedpointscanbevery small. For example,in Figure3 only 12 pointson thearmand
leg trackedin onesequenceand15points,on thearm,leg andheadtrackedin thesecondsequence(not the
samepointsin bothsequences)weresuf�cient to obtainthecorrecttemporalsynchronizationbetweenthe
two sequences.

5.2 Spatial Matching
Whenthevideocamerasarenot �x edwith respectto eachotherbut they do view thesamesetof 3D pointsin

the dynamicscene,the spatialcorrespondencebetweenthesepointsacrosssequencescanbe recovered. In this
casethesubspacesspannedby therowsof W1 andW2 areequal5, i.e.,W2 = CW1. As wasshown in Section2,
this occursif andonly if S2 = CS1. Note, that in this casethereis no needfor the camerasto be �x ed with
respectto eachother(they canmove independently),asonly dependencebetweenshapes(S1 andS2) is assumed.

StackingW1 andW2 vertically gives:
·

W1

W2

¸
=

·
M 1

M 2C0

¸
S1 andr ank

µ·
W1

W2

¸¶
· max(r 1; r2). Note, that

we get this low rankonly whenthecolumnsof W1 andW2 correspondto thesamepointsandareorderedin the
sameway. This canbe usedto �nd the spatialcorrespondencebetweenthe pointsin the two cameras,i.e., the

permutationof columnsin W2 which leadsto aminimal rankof
·

W1

W2

¸
givesthecorrectspatialmatching.

Fig. 6.aexaminesthis low rankconstrainton thetwo sequencesof Fig. 7. Thegraphshows theresidualerror
for 1000permutations,999of which werechosenrandomly, andonly onewassetto be thecorrectpermutation

(theresidualerrorhereis again Er r or =
P N

i= r ank +1 ¾i , where¾i arethesingularvaluesof
·

W1

W2

¸
). Thegraph

shows thatthecorrectpermutationyieldsasigni�cantly lowererror.
Wenext suggestapossiblealgorithmfor obtainingsuchaspatialmatchingof pointsacrosssequences.However,

thecross-sequencematchingconstraintpresentedabove is not limited to this particularalgorithm.Onecould,for
example,startby selectingr pointmatches(r = max(r 1; r2)) eithermanuallyor usinganimage-to-imagefeature
correspondencealgorithm(takingonly the r mostprominentmatches).Therestof thepointscouldbematched

automaticallyby employing only temporalinformation:giventhematrix
·

W match
1

W match
2

¸
of thealreadymatchedpoints

5Herewe implicitly assumethat W1 andW2 have the samenumberof columns,i.e., the samenumberof points. Sincetheseare
obtainedby differentcamerasthismightnotbetrue. In suchcases,wetake from eachinputsequenceonly asubsetof N pointssothatW1

andW2 will beof thesamecolumnsize.
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Figure 3. Temporal synchronizationappliedto thesequencesof Fig. 7. Heredifferentpointswere trackedin
each sequence(alsodifferentfromthosetrackedin Figure 7), someon body-partsviewedin bothsequences
(e.g., leg) andsomeviewedin onlyonesequence(e.g., face).(a) Therankresidualerror (seeSection5.1)for

all temporal shiftsusingthematrix
·

X 1
Y2

X 2
Y2

¸
. Theminimalerror is obtainedat thecorrecttemporal shifts,

which was14 frames.(b) Theresidualerror for all temporal shiftsusingthematrix [X 1; Y2; X 2; Y2]. The
minimais obtainedat a wrongtemporal shiftof -20frames.(c) The46'th frameof the�r stsequence. (d) The
46'th frameof thesecondsequence. Asthesecondcamera wasturnedonapproximatelyhalf a secondbefore
the�r st one, this doesnot correspondto the46'th frameof the�r st sequence. (e) The60'th framefromthe
secondsequence, which wasrecoveredasthecorrect temporally correspondingframeto (c) (i.e., a shift of
14 frames).

we adda new point (a new column)by choosingonepoint from the �rst sequenceandtestingthe residualerror
whenmatchingit againstall theremainingpointsfrom thesecondsequence.Thematchwhich givestheminimal
residualerror is takenasthecorrectone.Fig. 6.b illustratesthatusingthis approachthecorrectspatialmatching
wasfoundfor thesequencesof Figure7.

6 Handling Partial Dependence
As wasshown by theexamplesin Figures1 and2 in many casesonewould like to separatebetweensubspaces

with partialdependence.For completenessof the text we next suggestanapproachto doingso. To simplify the
explanationsthedescriptionis givenonly for themulti-bodyfactorizationcase,i.e.,thecaseof separatingbetween
objectswith differentmotions.For thetemporalfactorizationcaseonecanusethesamealgorithmbut applyit to
thetransposedmatrix (aswasshown in Section4).

Theapproachwe suggestis similar to that suggestedby Kanatani[8] which groupspointsinto clustersin an
agglomerative way. In Kanatani's approachthecostof groupingtwo clusterswascomposedof two factors.The
�rst factoris basedontheincreasein therankwhengroupingthetwo clusters.Althoughintendedfor independent
objects,this appliesalsoto the caseof partially dependentobjects.This is becauseaddingto a groupof points
of oneobjectmorepoints from the sameobjectwill not changethe rank (i.e., whenthe initial groupof points
spansthe linearsubspacecorrespondingto thatobject),whereasaddingevena singlepoint from anotherobject
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Figure 4. (a) Threesampleframes(at timest=1, 31, 200) froma sequenceshowinga car in a parking lot.
Thetracked pointsare marked in yellow. (b) Framestaken at the sametime instances(i.e., at timest=1,
31,200)by thesecondcamera. Thetrackedpointsare differentform thosein theothersequence. (c) Error
graph for all possibletemporal shifts (seeSection5). Theresultingtemporal shift, which yieldsminimal
error, is 6 frames.(d) A close-uponthegatein framet=400 of the�r stcamera showsit is justopening. (e)A
close-uponthegatein framet=400 fromthesecondcamera showsit is still closedsincethecamerasarenot
synchronized.(f) A close-uponthegatein framet=406 fromthesecondcamera showsthat it is justopening,
asin framet=400 of the�r st camera, implyingthata temporal shift of 6 framessynchronizesthecameras.
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Figure 5. (a)-(b) Two sampleframes(at timest=15, 40) from a 100 framelong sequenceshowinga man
shakinghisbutt. Thetrackedpointsaremarkedin yellow. (c)-(d)Twosampleframes(at timest=15, 40)from
a 100framelong sequenceshowinga womanshakingher butt. Again,trackedpointsare markedin yellow.
Thebutt motionsin thetwo sequencesare not synchronized.(e) Error graphfor all possibletemporal shifts
(seeSection5). Theresultingtemporal shift,which yieldsminimalerror, is -37 frames.Sincebutt shakingis
a cyclic motionthesecondminima,at a shift of 22 framescorrespondsto anotherpossiblesynchronization.
(f)-(g) Framet=3 and t=62 of the womansequence, both showher in the sameposeas the manin frame
t=40 (displayedin (b)). This impliesthat botha temporal shift of -37 framesandof 22 framessynchronize
thesequences.Videocanbeviewedat http://www.vision.caltech.edu/lihi/Demos/MultiSeqFactorization.html
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Figure 6. Spatial matc hing across sequences. Spatialmatching appliedto thesequencesof Fig. 7. (a)
Theresidualerror for 1000different pairings of the featuresacrossthe two sequences(seeSection5.2).
All wrongpairingsgivehigh residualerror (i.e., high rank),whereasthecorrectpairing (markedby a red
arrow) givesa smallresidualerror (i.e., low rank). Thecorrectlyrecoveredpairing of feature pointsacross
thetwosequencesis shownin (b).

will increasethe rank, even if the objectsareonly partially dependent.Whenthe clustersarelarge enoughthe
agglomerativeprocessis likely to continuecorrectly, however, for theinitial stagesto becorrectweneedadditional
information.For this,Kanatani[8] useda secondfactorwhich is basedon thevalueswithin theshapeinteraction
matrix Q (high valuesindicatelow-costwhereaslow valuesindicatea high-cost). However, aswasshown in
Section3.1, whenthe objectsarepartially dependent,the Q matrix loosesits block diagonalstructure.Hence,
relyingon this factorcanleadto erroneoussegmentation.Instead,weusethematrix Q̂ de�ned next.

As wasshown in Section3, to constructthematrixQ = VV T onecomputestheSingularValueDecomposition
W = U§ V T . Thecolumnsof U spanthecolumnsof thecorrespondingmotionmatrix,andtherowsof V arethe
coef�cients multiplying thesingularvectorsin U. Whenthedependencebetweentheobjects'motionsis partial
therewill still beat leastK vectorsin U, whereK is thenumberof objects,eachcorrespondingto themotionof
a singleobjectonly. Therefore,therewill beK vectorsin V which do capturethe independentpartbetweenthe
objects.We thussuggestusingonly theK mostdominantvectorsof V to constructthematrix Q̂ = VdomV T

dom
whereVdom = [v1; : : : ; vK ] andK is thenumberof objects.This is differentfrom thestandardshapeinteraction
matrixQ whichis constructedusingall vectorshencehasnoblockdiagonalstructure.Note,thatwehaveassumed
that thedominantvectorsarethosewhich capturethe independencebetweentheobjects.While this heuristicis
notalwaystrue,wearemostlikely to captureat leastsomeof therequiredstructurein Q̂. SinceQ̂ is usedonly as
anadditionalconstraintin theagglomerativeclusteringprocessthiscansuf�ce to obtainacorrectsegmentationin
thecaseof partialdependence.Nevertheless,weacknowledgethatin somecasesit might fail.

Fig. 1.eshowsthematrix Q̂ for thesyntheticsequenceof Figs.1.a-c.It canbeseenthatQ̂ hasanobviousblock
diagonalstructure,whereasQ doesnot. A similar resultis shown in Figure2.efor the temporalfactorizationof
thesequenceof Figures2.a,b.

Figures1.f,g show a comparisonof the agglomerative clusteringalgorithmdescribedabove, onceusing the
matrix Q, andonceusingthematrix Q̂. UsingQ̂ gave correctsegmentationresults,whereasusingQ mixed the
pointsof thetwo objects.

Fig. 7 shows an exampleof partial dependencein a real sequence.In this example,two camerasviewed a
personsteppingforward. Thenon-rigidmotionperformedby thepersoncanbeviewedasa groupof rigid sub-
partseachmoving with a differentmotion. In both sequenceswe tracked pointson two sub-parts:the arm and
the shin (lower leg). The tracked pointsare marked in yellow in Figs. 7.a-c,d-f. In both sequencesthe rank
of the image-coordinatematrix W = [W1jW2] for all the points on both partsis higher than the rank of the
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image-coordinatematrix Wi (i = 1; 2) for eachof the individual partsbut is lower thanthe sumof them, i.e.,
r ank(Wi ) < r ank([W1jW2]) < r ank(W1) + r ank(W2) (seeFig. 7.g). Fig. 7.handFig. 7.i show theresultof
applyingthis clusteringschemeto thepointstrackedin thesequencesof Figs.7.a-candFigs.7.d-f, respectively.
Theresultsof thesegmentation(forcing it into two objects)show thatthepointson thearmandtheshinwereall
classi�edcorrectlyto thetwo differentbodyparts.

7 Conclusions
In thispaperwepresentedananalysisof lineardependenceandits implicationsonsinglesequence(multi-body

andtemporal)andmulti-sequencefactorizations.Thesearesummarizedin thefollowing table:
Dependencebetween: Motions Shapes

Implicationson Wrongspatial Wrongtemporal
singlesequence: segmentation segmentation
Implicationson Usefulfor Usefulfor spatial

multiplesequences: temporalsynchronization matching(acrosssequences)
Ourcontributionsare:

² A singleuni�ed framework for analyzingsingle-sequenceandmulti-sequencefactorizationmethods.

² An analysisof degeneraciesin singlesequencemulti-bodyandtemporalfactorizations.

² An approachto separatingobjects/framesin suchdegeneratecases.

² An approachto temporalsynchronizationevenunderpartiallyoverlapping�elds of view.

² An approachto spatialmatchingof pointsacrosssequences.
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Appendix
Claim: The columnsof W1 and W2 are fully/partially linearly dependentiff the columnsof M 1 and M 2 are
fully/partially linearlydependent.
Proof:
In thecaseof full lineardependencethis reducesto:
9C s.t.W2 = W1C iff 9C0s.t.M 2 = M 1C0(C is aN1 £ N2 coef�cient matrix,andC0 is amatrixof sizer 1 £ r2

which linearlydependsonC).
First Direction: W2 = W1C ) M 2S2 = M 1S1C ) M 2S2ST

2 = M 1S1CST
2 . S2ST

2 is invertible (seenote
below) ) M 2 ´ M 1C0whereC0 = S1CST

2 (S2ST
2 )¡ 1.

SecondDirection: M 2 = M 1C0 ) M 2S2 = M 1C0S2. S1ST
1 is invertible (seenotebelow), hence,M 1C0S2 =

M 1(S1ST
1 )(S1ST

1 )¡ 1C0S2 ´ M 1S1C where C = ST
1 (S1ST

1 )¡ 1C0S2. This implies that W2 = M 2S2 =
M 1C0S2 = M 1S1C = W1C }
In thecaseof partialdependence:
Thecolumnsof W1 andW2 arepartially linearlydependentiff wecan�nd abasisB whichspansthecolumnsof
thecombinedmatrix [W1jW2] suchthatB = [B1jB12jB2] andW1 = [B1jB12]C1 ; W2 = [B12jB2]C2, whereC1

andC2 arecoef�cient matrices.Thisoccursiff M 1 = [B1jB12]C1ST
1 (S1ST

1 )¡ 1 andM 2 = [B12jB2]C2ST
2 (S2ST

2 )¡ 1

, M 1 = [B1jB12]C0
1 andM 2 = [B12jB2]C0

2 whereC0
1 = C1ST

1 (S1ST
1 )¡ 1 andC0

2 = C2ST
2 (S2ST

2 )¡ 1 , the
columnsof M 1 andM 2 arepartially linearlydependent.} .
Claim: Therowsof W1 andW2 arefully/partially linearlydependentiff therowsof S1 andS2 arefully/partially
linearlydependent.
Proof:
In thecaseof full lineardependencethis reducesto:
9C s.t. W2 = CW1 iff 9C0s.t. S2 = C0S1 (C is a N2 £ N1 coef�cient matrix,andC0 is a matrix of sizer 2 £ r1

which linearlydependsonC).
First Direction: W2 = CW1 ) M 2S2 = CM 1S1 ) M T

2 M 2S2 = M T
2 CM 1S1. M T

2 M 2 is invertible (seenote
below), hence,S2 ´ C0S1 whereC0 = (M T

2 M 2)¡ 1M T
2 CM 1.

SecondDirection: S2 = C0S1 ) M 2S2 = M 2C0S1. M T
1 M 1 is invertible (seenotebelow), hence,M 2C0S1 =

M 2C0(M T
1 M 1)¡ 1(M T

1 M 1)S1 ´ CM 1S1 whereC = M 2C0(M T
1 M 1)¡ 1M T

1 . This implies thatW2 = M 2S2 =
M 2C0S1 = CM 1S1 = CW1 }
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In thecaseof paritaldependence:
Therows of W1 andW2 arepartially linearly dependentiff we can�nd a basisB which spanstherows of the

combinedmatrix
·

W1

W2

¸
suchthatB =

2

4
B1

B12

B2

3

5 andW1 = C1

·
B1

B12

¸
; W2 = C2

·
B12

B2

¸
whereC1 andC2 are

coef�cient matrices.This occursiff S1 = (M T
1 M 1)¡ 1M T

1 C1

·
B1

B12

¸
andS2 = (M T

2 M 2)¡ 1M T
2 C2

·
B12

B2

¸
,

M 1 = C0
1

·
B1

B12

¸
andM 2 = C0

2

·
B12

B2

¸
whereC0

1 = (M T
1 M 1)¡ 1M T

1 C1 andC0
2 = (M T

2 M 2)¡ 1M T
2 C2 , the

rowsof S1 andS2 arepartially linearlydependent.}
Note: The assumptionthat M T

i M i andSi ST
i (i = 1; 2) are invertible is valid also in degeneratecases.M i is

assumedhereto bea2F £ r i matrixandSi is anr i £ N matrix,wherer i is theactualrankof Wi . In degenerate
cases,therankr i will belower thanthetheoreticalupper-boundrank.
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