On Single-Sequencand Multi-SequenceFactorizations

Lihi Zelnik-Manor Michal Irani
Departmentf ElectricalEngineering  Departmenbf ComputerScienceandApplied Math
Californialnstituteof Technology The Weizmanninstituteof Science
PasadenaCA 91125,USA Rehwot, 76100,Israel
lihi@vision.caltech.edu michal.irani@weizmann.ac.il

http://www.vision.caltech.edu/lihi/Demos/MultiSeg&torization.html

Abstract

Subspackasedactorizationmethodsare commonlyusedfor a variety of applications,sud as3D reconstruc-
tion, multi-bodysegmentatiorandoptical ow estimation.Theseare usuallyappliedto a singlevideosequenceln
this paperwe presentan analysisof themulti-sequenceaseandplaceit undera singleframeavork with thesingle
sequencease In particular, we start by analyzingthe characteristicsof subspacéasedspatial and tempoal
seggmentation e showthat in manycasesobjectsmoving with different3D motionswill be capturedasa single
objectusing multi-body (spatial) factorizationappmoades. Similarly, framesviewing different shapesmight be
groupedas displayingthe sameshapein the tempoal factorizationframevork®. We analyzewhat causeshese
degeneraciesand showthat in the caseof multiple sequencethesecan be madeusefuland provide information
for bothtempoal syndironizationof sequenceand spatial matcding of pointsacrosssequences.

1 Intr oduction

Whena singlevideo cameraviews a dynamicscenewe areinterestedn two differentsggmentatiortasks: (i)
Separatspatiallybetweerobjectsmaoving with differentmotions.We referto this asthe“multi-body factorization
problem”, which waspresentedn [3, 4]. (i) Separateemporallybetweernframeswhich capturedifferentrigid
shapesi.e., “temporalfactorization’[14]. Whenmultiple video camerassziew the samesceneat the sametime,
in additionto the sggmentatiorproblems we areinterestedalsoin matchingacrosscameras.This canbe either
temporalmatching(i.e., temporalsynchronizationpr spatialmatching(i.e., point correspondencesyVe referto
this asthe “multi-sequencédactorizationproblem”.

The body of work on multi-bodyfactorization(e.g.,[3, 4, 5, 1, 8]), suggesemplo/ing multi-framelinear sub-
spaceconstraintgo separatdetweerobjectsmoving with independeninotions.We rst shav thatoftenobjects
moving with different3D motionswill be capturedasa singleobjectusingpreviously suggesteépproacheswWe
shaw thatthis happensvhenthereis partiallineardependencbetweertheobjectmotions.In mary of thesecases,
althoughthe motionsarepartially dependenthey areconceptuallydifferentandwe would lik e to separatehem.

We useequialentargumentdo reveal degeneracies temporalfactorization.Previouswork on temporalfac-
torizationutilized multi-framelinearsubspaceonstraintgo groupframesviewing thesamerigid shapg14]. This
resultsin atemporalsegmentatiorwherecutsaredetectedat non-rigidshapechangesFor example,in asequence
shaving a face smiling and seriousintermittently temporalfactorizationwill group togetherall the “smiling”
framesseparatelyfrom all the “serious” frames. In this paperwe shav thatjust like dependencéetweenmo-
tionscanresultin degeneracief spatialsggmentationdependencbetweershapesanresultin framesviewing
differentshapedeingcapturedasdisplayingthe sameshape.

Temporalfactorizationprovides temporalgroupingof framesby employing a subspacéasedapproactto capturenon-rigid shape
changeg$14].



Interestingly the samedependencevhich causesiegeneraciesn the single-sequenceggmentationsan be-
comeusefulin the multi-sequencease Whenmultiple video sequencesf the samedynamicsceneareavailable
(whichincludeseithera single objector multiple objects)therecanalsobe dependencéetweerthe motionsor
shapescapturedby the sequencesA rst attempttoward utilizing suchdependencevas suggestedy Wolf &
Zomet[12] who shavedthata dependencbetweerthe motionscanbe usedfor temporalsynchronizatiorof se-
guencesWe extendtheir analysisandshav thateven partial dependencsufces for synchronizatiorpurposes.
This canbe appliedto synchronizesequencewith only partially overlapping elds of view. Moreover, we shov
thatwhenthe sequencesharesomespatialoverlap one getsa dependencahich canbe oftenusedto nd the
spatialmatchingof pointsacrosssequences.

For completenessf the text we additionally suggesta methodfor separatingobjects/framesn the single-
sequencease gvenfor caseswhich aredegenerate@ndnon-separablby previousmethods.

Therestof the paperis organizedasfollows. In Section2 we de ne the the typesof dependencef interest
andexplore what causeghem. Then,in Sections3 and4 we shav that someof casesf dependenceanresult
in awrong spatialor temporalseggmentation.In Section5 we presenthe multi-sequenceaseandshov how the
sametypesof dependenceanbe madeuseful. Finally, anapproacto segmentatiorundersuchdegenerateases
is suggestedh Section6.

A preliminaryversionof this paperappearedn [13].

2 Dependencéetweenimage Coordinate Matrices

the coordinateof pixel (x;;y;) in framel; (i = 1;:::;N ,f = 1;:::;F). Let X andY denotetwo F £ N
matricesconstructedrom theimagecoordinate®f all the pointsacrossall frames:
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Eachrow in thesematricescorrespond$o asingleframe,andeachcolumncorrespond$o asinglepoint. Stacking

é . It hasbeenpreviously shavn that

undervariouscameraandscenemodel [10, 6, 2] theimagecoordinatematrix of asingleobjectcanbefactorized

thematricesX andY of Eq. (1) vertically resultsin a2F £ N matrix

into motionandshapematrices: = Mar£rSren - Whenthe scenecontainsmultiple objects(see[3, 4]) we

Y
still geta factorizationinto motionandshapematrices é
all objectsandS;, containsshapanformationof all objects.

A similar factorizationwasalsoshaovn for the horizontally stacked matrix, i.e., [X; Y] [7, 2, 9]. To simplify

= Mg Sar whereM g4 is the matrix of motionsof

)é matrix case.ln Section2.2we presenthe[X; Y] caseand

thetext we startby shawing resultsonly for the
analyzeits characteristics. _
X1’

Yy and

Let W (of size2F1 £ N;) andW, (of size2F, £ N») betwo imagecoordinatematrices( Wy =
. X,

W2 = Y2

). In the caseof the multi-body singlesequencéactorizationgachof thesewould correspondo an

%In generaloncecould saythe following factorizationholdsfor af ne camerasandnot for perspectie ones.Neverthelessit hasbeen
utilized successfulljor applicationdik e motionbasedsegmentatiorand3D reconstructioron avariety of sequencetakenby off-the-shelf
camerase.g.,[10, 6,4, 2, 9].



independentlynaving object,i.e., W1 = Wqpj1; W2 = Wopj2. Theobjectscanhave a differentnumberof points,
i.e.,N1 6 N, but aretrackedalongthe samesequencauchthatF; = F». In the caseof temporalfactorization
(singlesequencegachof thesematriceswould correspondo a subsebf framesviewing anindependenshape,
i.e.,W1 = Wsrames1 andWy = Wi rames2. Bothframesubsetview the samenumberof pointsN1 = N, but can
be of differentlengths,i.e.,F1 6 F». Finally, in the caseof multi-sequencéactorizationeachof thesematrices
correspondso asinglesequencéi.e., thetrajectoriesof all pointson all objectsin eachsequence)W; = Wseqt
andW; = Wseq. Hereboththenumberof pointsandthe numberof framescanbe differentacrosssequences.

Letr; andr, bethetrue(noiselessjanksof W1 andW,, respectiely. Then,in all threecasegi.e., multi-body,
temporaland multi-sequencéactorization)thesematricescan be eachfactorizedinto motion and shapeinfor-
mation: [Wilor,eny, = [Milorier [Silren, @and[Walor,en, = [M2lor,er,[S2lr,e N, WhereM1; M, contain
motioninformationandS;; S, containshapanformation.In the multi-sequencéactorizationcasethe motionand
shapeamatriceswill includeinformationof all the objectsacrossall framesin the correspondingcene.

In this paperwe will examinethe meaningof full and partial linear dependencketweenwW, and W5, and
its implicationson multi-body, temporal(single sequenceand multi-sequencdactorizations.We will seethat
in the single sequenceasethis dependencéeadsto degeneraciegandthereforeis not desired) whereasn the
multi-sequencéactorizatiorthis dependencis usefulandprovidesadditionalinformation. In particular thereare
two possibletypesof linear dependenceetweenwW; andW,: (i) Full or partial linear dependencéetweenhe
columnsof W1 andW,, and(ii) Full or partiallineardependencbetweertherowsof W1 andW,. We will shav
that:

1. In themulti-bodyfactorizationcase:
- Dependencdetweenthe columnsof W; andW, causeslegeneraciesnd hencemisbehaior of multi-
body segmentatioralgorithms.
- Lineardependencbetweertherows hasno effect on the multi-bodyfactorization.

2. In thetemporalfactorizationcase:
- Dependencéetweenthe rows of W1 andW, causeslegeneracieand hencemisbehaior of temporal
factorizationalgorithms.
- Lineardependencbetweerthe columnshasno effect on thetemporalfactorization.

3. In themulti-sequencéactorizationcase:
- Linear dependencéetweenthe columnsof W; andW», (assumingF1 = F») provides constraintsfor
temporalcorrespondencg.e., temporalsynchronizationpetweersequences.
- Lineardependencbetweerntherows of W1 andW, (assumingN; = N3) providesconstraintdor spatial
correspondencg.e., spatialmatchingof points)acrosshe sequences.

2.1 De nitions and Claims

Beforewe continuewe needto mathematicallyde ne whatwe meanby full andpartial dependencéetween
matrices. We outline the de nitions for dependencéetweencolumnspaces.Equivalentde nitions on the row
spacescanbe easily derived and arethusomitted. Let %4, ¥» be the linear subspacespannedy the columns
of W1 andW,, respectiely, andri andr, betheranksof W; andW,, respectiely (i.e.,r; = rank(W,) and
r, = rank(W5)). Thetwo subspaceXy and¥, canlie in threedifferentcon gurations:

1. Linearindependencéhen, and¥s aretwo disjointlinearsubspace®\ ¥ = f 0gandrank([W1jW>]) =
ri{+ ro.

2. Full Linear DependenceWhen one subspacés a subsetof (or equalto) the other(e.g.,¥% U %), then
W, = W;C andrank([W1jWz]) = max(ry;rp).

3. PartialLinearDependenceiVhen¥, andYs intersecpartially (f Og %2 Ya\ ¥ Y2 Y4[ Ys), thenmax(rqi;rp) <
rank([WyjWa]) < ry+ ro.



Theanalysisin thefollowing sectionswill be basedn the following two claimson thefull/partial dependence
betweenthe columnsand betweenthe rows of W; and W,. The proofs of theseclaims are provided in the
Appendix.

Claim 1 LetF; = F,. Thecolumnsof W; andW,, are fully/partially linearly dependeniff the columnsof M 1
andM , are fully/partially linearly dependent.

Note,thatin the caseof full lineardependencthis reducego:
9C s.t.Wo = W4 C iff 9C%s.t. M» = M1C%(C isaN1 £ N, coefcient matrix,andCCis amatrixof sizer1 £ r»
whichlinearly depend®n C).

Claim 2 LetN1 = N2. Therows of W1 and W, are fully/partially linearly dependeniff therows of S; and S,
are fully/partially linearly dependent.

Note,thatin the caseof full lineardependencthis reducedo:
9C s.t. W, = CW;q iff 9C0%s.t.S, = C%; (CisaN, £ Ny coefcient matrix,andCCis a matrix of sizer, £ rq
whichlinearly depend®n C).

2.2 The[X;Y]case

As discussedn the previous sectionone can obtain a factorizationinto motion and shapealsofor the hori-
zontally stacled matrix, i.e., W = [X;Y] = MS (see[7, 2, 9]). Thesematricesare of differentdimensions:
W = [X;Y]isof sizeF £ 2N, themotionmatrix M is of sizeF £ r andthe shapematrix is of sizer £ 2N
wherer is theiractualrank. Therankr canalsobedifferentfrom therankof the matricesin the )é case Nev-
erthelessall the claimsandobsenationsregardinglineardependencef Section2 hold alsofor the [X; Y] case.
Thisis sincethe meaningof dependencbetweerrows or columnsdoesnotdependn ary way onthedimensions
of theimagecoordinatematrix matrix W nor on thedimensionf the motionandshapeamatrices.

In the following sectionswe examinethe meaningandtheimplicationsof eachof thesetypesof dependence,
bothfor the single-sequencease(multi-bodyandtemporalfactorizationspandfor the multi-sequencease.

3 SingleSequenceMulti-Body Factorization

We next examinethe implicationsof lineardependencbetweenrthe columnsor rows of W, andW, (of obj1
andobj2) onthefamiliar multi-bodyfactorizationproblem.We shav (Section3.1) thatfull or partialdependence
betweerthe columnsof W1 andW- resultin groupingtogetherof objectswhile a dependenceetweerthe rows
of W; andW; hasno effect on the sggmentationSection3.2).

3.1 DependenceBetweenObject Motions

Let Wq (of size2F £ N1) andW, (of size2F £ N,) betheimagecoordinatesub-matricesorrespondingo
two objects(Wy = Wqpj1 andW; = Wopjo) across frames.We wish to classifythe columnsof the combined
matrix [W1jW5] accordingto objects.Let ¥4, ¥» bethelinearsubspacespannedy the columnsof W1 andWo,
respectrely, andri andr, betheranksof W, andW,, respectiely (i.e.,r1 = rank(W1) andr, = rank(W,)).
Thesubspace®; and¥» which arespannedy the columnsof W1 andW,, respectiely, canlie in threedifferent
con gurations:

I. LinearIndependenca¥henthecolumnsof W; andW- arelinearlyindependenthenaccordingo Claim 1 the
motionsM 1 andM , of the two objectsarelinearly independenaswell. Algorithmsfor separatingndependent
linear subspacesanseparatehe columnsof W1 andWo.
II. Full LinearDependenceWhenthe columnsof W1 andW, arefully linearly independentthenaccordingto
Claim 1 themotionsM ; andM , of thetwo objectsarefully linearly dependenaswell, i.e.,M» = M;CP° In this
caseall subspac®asedalgorithmsshouldgrouptogetheithe columnsof W; andWo.

lll. Partial LinearDependenceWhenthe columnsof W, and W, are partially linearly independentthen ac-
cordingto Claim 1 the motionsM ; andM , of the two objectsare partially linearly dependenaswell. In this
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Figure 1. Degeneracies in multi-bod y (single sequence) factorization: (a)-(c) Sampleframes(at

timest=1,17,34)from a syntheticsequenceshowingpartially dependenbbjects(tradked pointsmarked in

bladk). Both objectsrotate counterclockwise but the yellow andhor also translateshorizontallywhereas
the cyan crosstranslatesvertically. (d) The distancematrix usedby previous algorithmsfor segmenta-
tion (the “shape interaction matrix” Q) after sorting the points according to objects. (e) The matrix O

we suggestto use after sorting the points accoding to objects. (f) Segmentationinto two objectswhen
using the classicalshapeinteraction matrix Q. Pointsin differently detectedclustess are marked by dif-

ferent marlkers (circlesandtriangles)and colors (red and blue). The sgmentationis obviouslyerroneous
and mixesbetweerthe objects. (g) The correspondingsggmentationresultwhenusing our proposedma-

trix Q. The points on the red and the cyan objectsare sepaated correctly Video can be viewed at

http:/mwwvision.calteb.edu/lihi/Demos/MultiSeg€torization.html

casesubspacdasedapproachesanin generakeparatdetweernhe objects however, mostpreviously suggested
algorithmswill grouptheminto asingleobject. Thisis explainednext.

Costeiraand Kanade[3] have estimatedhe SVD of [W1jWo], i.e., [W1jW3] = U8VT (whereU andV are
Sfoils 0

0 Sjabls,
block diagonalstructure. The algorithmthey suggestedaswell asthosesuggestedn [3, 5, 1, 8]) relied on the
block diagonalstructureof Q which occursif andonly if V is block diagonal. However, the columnsof V are

TmT T\ T ;
the eigervectorsof [W1jWo]T [W1jW,] = % m iT m igi gir m ir m zgz
ablock diagonalstructureif andonly if themotionmatricesM 1 andM , arelinearly independentWhenM ; and
M arepartially dependenthe off-diagonalblocksS{ M { M S, andS] M J M1S; arenon-zero Algorithmslike
[3, 5, 1, 8], which rely on the block diagonalstructureof Q will fail to separatdetweenthe objects. Note, that
partialdependenceccursevenif only a single columnof the motion matrix of one objectis linearly dependent
on the columnsof the motionmatrix of the otherobject. This canoccurquite oftenin realsequences.

An examplefor this is givenin Fig. 1. The syntheticsequencealisplaysa planarscenewith two objects(a
yellow anchoranda cyan cross)maoving with the samerotationsbut with independentranslations.Puttingto-
getherall theimagecoordinate®f all pointscorrespondingo the yellow anchoryields a matrix Wanchor Where
rank(Wanchor ) = 3. Similarly, the matrix of imagecoordinate®f the cyancrosshasrank(Weross) = 3. Com-
bining theimagecoordinateof all pointson both objectsinto a singlematrix givesW = [Wanchor jWeross] With
rank(W) = 4. Thisimpliesthatthe columnsubspacesorrespondingo the yellow anchorandto the cyancross

unitary matrices)andshaved that the “shapeinteractionmatrix”’ Q = VVT = hasa

. Hence vV andthereforeQ will have



(a) (b) T (e

Figure 2. Degeneracies in temporal factorization: (a)-(b) Sampldramegattimest=1,30)froma synthetic
sequencshowinga smiley face with two differentexpressionstranslatingandrotatingin theimage plane

(c) An overlay of the pointsin the two expressionsshowsthat the non-rigid transformationbetweenthe
two expressionds only in the vertical direction. (d) The distancematrix usedby previous algorithmsfor

sgmentationafter sorting the framesaccoding to expressions. (e) The matrix we suggestto use after
sorting the framesaccoding to expressions. Now the blodk diagonal structuie is evident. Video can be
viewedat http://wwwvision.caltet.edu/lihi/Demos/MultiSegi€torization.html

intersect.Fig. 1.d shavs thatthe matrix Q hasno block-diagonaktructure. Therefore mostprevious subspace
basedsgymentatioralgorithmswill groupthetwo objectsasonealthoughtheir motionsareobviously different.

3.2 DependenceBetweenObject Shapes
As was shavn in Section2, a dependencéetweenthe rows of Wy andW, impliesthatS, = C%;. This
implies that both objectssharethe sameshapeup to a selectionof the objectcoordinateframe. Whenonly the
shapesredependenandthemotionsarestill independenthetwo objectswill still beseparateth all multi-body
segmentatioralgorithms since: ) s 0 #
[WijWo] = M1jM2] 5" g

andrank([W1jW>]) = r1 + r,. We canconcludeandsaythata dependencbetweertherowsof W1 andW, has
no effecton the multi-body segmentation.

4 Single Sequencelemporal Factorization

In thecaseof temporalfactorizationour goalis to groupframesviewing thesameshapeseparatelyrom frames
viewing differentshapesFor exampleonewould lik e to groupframesaccordingto expressionsee[14] for more
details).HerethematricesWi = Wi ames1 andWs = Wi ames2 correspondo thesameN pointstrackedalong
a singlesequencavith F 1 framesdisplayingone con guration of the points(e.g.,“smile” expression)andF 2
framesdisplayinga differentcon guration of the points(e.qg.,“angry” expressiony. We wish to classifytherows
Wy’
W>
framesubsetareindependentheobtainedactorizatiorresultsin amotionmatrix with ablock diagonalstructure:

of the combinedmatrix accordingto shape.As wasshawn in [14], whenthe shapesapturedby the two

‘Wit M; 0S¢

W= W, T 0 M, S

Theanalogyto the multi-bodyfactorizationcasecanbe seenf onetakesthetransposef thatmatrix:

‘M] 0"

WT=wl wil=(sf I ) s

3In the caseof temporalfactorization sincethe groupingis on framesandnot on points, it is morenaturalto usethe matricesw, =
Wi rames 1 = [X1;Y1] of sizeF1 £ 2N andW; = Wi rames 2 = [X2; Y2] of sizeF; £ 2N . As wasshavn in Section2.2 all our claims
andobsenationshold for thesematricegust aswell, thustheanalysids thesame.



Thatis, the matrix W T can be factoredinto a productof two matriceswherethe matrix on the right is block
diagonal.Thisis equialentto theassumptionmadein the multi-bodyfactorizationcaseto obtaincolumncluster
ing. Zelnik-Manorandlrani [14] usedthis obsenationto separatdetweerframescorrespondingo independent
shapesThey shovedthatonecanuseary of thealgorithmssuggestedor multi-body segmentationput applying
themto thematrix W T insteadof W

The duality to the multi-body factorizationcaseimplies also a dual effect of dependencéetweenmotions
andshapesn temporalfactorization.We next shaw thatin the temporalfactorizationcasedependenceetween
motionswill have no effectwhereaslependencbetweershapewill resultin awrongsegmentation.

4.1 DependenceBetweenMotion AcrossFrames

As wasshawvn in Section2 dependencbetweerthe columnsof W, andW, impliesthatM, = M ;C°while
theshapes$; andS, areindependentThis correspondso differentframescapturingdifferentshapesbut moving
with the samemotion (up to a selectionof the coordinatdrame). We canthuswrite

Wit M; 0 Sy

W= W, T 0 M0 s

andrank( val ) = r1 + ry. Thetwo framesubsetganstill be separatedh all subspacéasedalgorithms.
2

4.2 DependenceBetweenShapesAcrosskFrames

Unfortunately a differentresultis obtainedfor dependencbetweershapesAs wasshavn in Section2 depen-
dencebetweerthe rows of W1 andWs impliesthatS, = C%;, i.e., both framesubsetsapturethe sameshape
upto aselectionof the coordinatedrame. In thatcasewe canwrite

.Wl’_. My

W= W, T M,co

[S1]

andthe two frame subsetawill be groupedtogetheras capturingthe sameshape.As in the caseof multi-body
factorization partialdependencill completelydestry the block diagonalstructurejust aswell. This s illus-
tratedin Figure2. Thesyntheticvideosequencshavs asmiley facein two differentexpressionssmilingandsad
(Figures2.a,b).Thenon-rigidtransformatiorbetweerthetwo expressionsvasobtainedoy xing thex coordinate
of all the pointswhile changingthey coordinateof only the mouthpoints(seeFigure2.c). The matrix Q, which

is the equivalentto the “shapeinteractionmatrix” only obtainedusingW T insteadof W, hasno block diagonal
structureandthuscontainsno informationfor segmentationFigure2.d).

5 Multi-SequenceFactorization

In theprevioussectionst wasshavn thatlineardependencketweermotionsor shapesvithin asinglesequence
canleadto wrongsegmentationslin this sectionwe shift to themulti-sequenceaseandshav thatasopposedo the
single-sequencease heredependencbketweerthe imagecoordinatematricesW1 andW, of thetwo sequences
doesnot causedeggeneraciesOnthe contrary it produceausefulinformation! In particular dependencbetween
the columnsof W3 andW» suppliesnformationfor temporalsynchronizatiorof the sequenceéSection5.1) and
dependencbetweertherows of W1 andW, suppliesnformationfor spatialmatchingof pointsacrossequences
(Section5.2).

The multi-sequenceasewaspreviously discussedy Torresanietal. [11]. Thereit wasshavn thatgiventhe
temporalsynchronizatiorof the sequenceandthe spatialmatchingof pointsacrosghe sequencesnecanapply
3D reconstructiorusingthe datafrom all the sequencesimultaneously The analysisandapplicationssuggested
in this sectionaim at nding theserequiredtemporalandspatialmatchings.

As we next examinethe caseof multiple sequencesywe will denoteby W1 = Wseqn = MsequSsequ and
Wso = Wsep = MsepSse the imagecoordinatematricescorrespondingo separatevideo sequencesEach
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sequencean containmultiple objectsmoving with differentmotionsandthe correspondingnotion and shape
matriceswill includeinformationof all the objectsin the scene.We further wish to remindthe readerthat the
linear analysissuggestedhereappliesonly to af ne camerasandthusthe applicationsdescribednext apply in
theoryonly to sequencefor whichtheaf ne assumptiorholds.

5.1 Temporal Synchronization

Wolf & Zomet[12] shaved how subspaceonstraintanbe usedfor temporalsynchronizatiorof sequences
whentwo cameraseethe samemaoving objects. We reformulatethis problemin termsof dependencéetween
W; andW,, andanalyzewhenthis situationoccurs. We further extendthis to temporalsynchronizatiorin the
caseof partial dependencbetweenwW; andW- (i.e.,whenthe elds-of-view of thetwo video camerasareonly
partially overlapping).

As wasshavn in Claim 1, thecolumnsof W1 andW, arelinearly dependerftwhenM, = M 1CC% StackingWs
andW, horizontallygives[W1jW>] = M 1[S1jC%S,] andthereforerank ([W1jW-]) - r1. Note,however, thatwe
getthislow rankonly whentherows of W1 correspondo framestakenat the sametime instanceasthe framesof
the correspondingows of W». This canbeusedto nd thetemporalsynchronizatiorbetweerthetwo sequences,
i.e.,thealignmentof rowswith theminimalrankgivesthetemporalkynchronizatiofl2]. Furthermoreevenif the
motionsthatthetwo sequencesaptureareonly partially linearly dependentyve will still getthelowestrankwhen
the rows of the matricesWw; andW- of the two sequencearecorrectlyalignedtemporally Partial dependence
betweerthe motionscaptureddy differentsequencesccurswhenthe elds of view of thecorrespondingameras
have only partial spatialoverlap. Note thatthe camerasareassumedo be x edwith respecto eachother(they
canmove jointly, however), but the pointson the objectsneednot be the samepointsin both sequence¢shape
matricescanbeindependent).

5.1.1 Synchronization Results

Figures3,4 shav temporalsynchronizatiorresultson real sequencesln both examplestwo stationarycameras
viewed the samescenebut from differentview pointsandwere not activatedat the sametime. We testedthe

rank of the combinedmatrix [W1jW5] for all possibletemporalshifts. The rank was approximateddy looking

at therate of decayof the singularvalues. Let % , % , ¥s;::: bethesingularvaluesof [W1jW,]. We set
rank([W1jW>]) = i j 1wherei is theindex of thelargestsingularvaluefor which %=% < 0:01 Sincethe

datais noisy\I/Dve might getthis rank for morethanoneshift. Hence we additionallyestimatedhe residualerror

asError = N, .1 %. Thetemporalshift yielding minimal rank andminimal residualerror is detectedas
the synchronizingemporalshift. Usingthis methodthe correcttemporalshiftswererecoveredin bothexamples
of Figure3 and 4. Note, thatwe obtainedthe correctresulteventhoughthe pointstrackedin eachsequencevere
differentandonly someof themwereon the sameobjects.

Note, thatthis multi-sequencdéow-dimensionalityconstraintcanbe viewed asa behaior (motion) baseddis-
tancemeasurédetweersequenceslhatis, evenfor sequencesiewing differentscenesthe matrix [W1; W] will
have minimal rank whenthe two sequencesapturethe samemotions,i.e., the samebehaior / action. This is
illustratedin Figure 5 wheretwo sequenceshaving different peopledancingwere synchronizedso that their
dancewould bein phase.

h i
5.1.2 Synchronization Using % vs.[X Y]
Wolf & Zomet[12] have useda someavhatsimilar approacho temporallysynchronizesequenceslin their paper
they useda different notation, however, one canshawv that their algorithmwas basedon nding the temporal

“Herewe implicitly assumehatW,; andW, have the samenumberof rows, i.e., the samenumberof frames.Sincethe sequenceare
obtainedby differentcameraghis might not betrue. In suchcasesye take from eachinput sequencenly a subsef F framessothat
W1 andW; will beof thesamerow size.



shift which providesthe minimal rank of the matrix [X 1, Y 1; X 2;Y 2]. This s differentfrom our approachin
which W; = )\({i , i.e., we searchfor the minimal rank of the matrix >\((1 >\((2
i 1 Y2
aswe explain next. Machlineetal. [9] shaved that whenusingthe horizontally staclked matrix W = [X;Y]
pointsfall into the samesubspac¢andthereforearegroupedogethelin asegmentatiorprocessvhenthey move
with consistentnotionsalongtime, evenif their motionsaredifferent. This wasshavn to be usefulfor grouping
pointson non-rigid objects.However, for the taskof temporalsynchronizatiorwe areinterestedn capturingthe
samemotionsandnot differentyet consistenbnes.Thisis illustratedin Figure3.bwherethe suggestedemporal
synchronizatiorschemevasappliedto the[X 1; Y 1; X 2; Y 2] matrix andprovidedawrongresult.

. This differenceis signi cant

5.1.3 Temporal Synchronization Summary

To summarizethe suggeste@pproacho temporalsynchronizatiomasthreeusefulproperties:
2 Thepointstrackedin eachof the sequencesanbe differentpointsaslong asthey sharethe samemotion.
2 Thisapproacttanbe appliedto sequencewith only partially overlapping elds of view.

2 The numberof tracked pointscanbe very small. For example,in Figure3 only 12 pointson thearmand
leg trackedin onesequencandl5 points,onthearm,leg andheadtrackedin the secondsequencénotthe
samepointsin both sequencesyeresufcient to obtainthe correcttemporalsynchronizatiorbetweerthe
two sequences.

5.2 Spatial Matching

Whenthevideocamerasarenot x edwith respecto eachotherbut they do view the samesetof 3D pointsin
the dynamicscene the spatialcorrespondencbetweenthesepointsacrosssequencesanbe recovered. In this
casethe subspacespannedy therowsof W1, andW, areequa?, i.e., W, = CW;. As wasshown in Section2,
this occursif andonly if S, = CS;. Note, thatin this casethereis no needfor the camerago be x ed with
respecto eachother(they canmove independently)asonly dependencb&_tweerﬁhapeisl andsS;) is assumed.

Wp° M1 ° Wy’
W, ~— M,CO W,
we getthis low rank only whenthe columnsof W, andW, correspondo the samepointsandareorderedin the
sameway. This canbe usedto nd the spatialcorrespondencbetweenthe pointsin the two camerasij.e., the
1

2
Fig. 6.aexaminesthis low rank constrainton the two sequencesf Fig. 7. The graphshavs the residualerror

for 1000 permutations999 of which werechoserrandomly andonly onewassetto be the correctpermutation

StackingW; andW, vertically gives: S; andrank max(rqi;r2). Note,that

permutatiorof columnsin W», whichleadsto a minimal rank of w givesthe correctspatialmatching.

. . . P , ’
(theresidualerrorhereis agginError = i'\‘:rankﬂ %, where%; arethe singularvaluesof wl ). Thegraph
2

shawvs thatthe correctpermutatioryieldsa signi cantly lowererror.

We next suggesapossiblealgorithmfor obtainingsuchaspatiaimatchingof pointsacrossequenced-dowever,
the cross-sequenamatchingconstrainpresentedbove is not limited to this particularalgorithm. Onecould, for
example,startby selecting pointmatchegr = max(rq;r»)) eithermanuallyor usinganimage-to-imagdeature

correspondencalgorithm(taking only ther mostprominentmatches).The restof the pointscould be matched
match -

automaticallyby emplgying only temporainformation: giventhematrix of thealreadymatchedoints

1
Wzmatch

*Here we implicitly assumethatW; andW, have the samenumberof columns,i.e., the samenumberof points. Sincetheseare
obtainedby differentcamerashis mightnotbetrue. In suchcasesye take from eachinputsequencenly asubsebf N pointssothatW;
andW; will beof thesamecolumnsize.
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Figure 3. Tempoal syndronizationappliedto the sequencesf Fig. 7. Here differentpointswere trackedin
ead sequencéalsodifferentfromthosetradkedin Figure 7), someon body-partsviewedin bothsequences
(e.0., leg) andsomeviewedin only onesequencée.g., face).(a) Therankresidualerror (seeSectiorb.1)for

all tempoal shiftsusingthe matrix . Theminimalerror is obtainedat the correcttempoal shifts,

Y2Y2
which was 14 frames.(b) Theresidualerror for all tempoal shiftsusingthematrix[X 1, Y 2; X 2; Y 2]. The

minimais obtainedat a wrongtempoal shiftof -20 frames.(c) The46'th frameofthe r stsequence(d) The
46'th frameof the secondsequenceAsthesecondcamen wasturnedon appoximatelyhalf a secondefoe
the r stone this doesnot correspondo the 46'th frameof the r st sequence(e) The60'th framefromthe
secondsequencewhich wasrecovered as the correcttempoally correspondingrameto (c) (i.e., a shift of
14frames).

we adda new point (a nenv column)by choosingonepoint from the rst sequenceandtestingthe residualerror
whenmatchingit againstall theremainingpointsfrom the secondsequenceThe matchwhich givesthe minimal
residualerroris taken asthe correctone. Fig. 6.billustratesthat usingthis approactthe correctspatialmatching
wasfoundfor thesequencesf Figure?.

6 Handling Partial Dependence

As wasshavn by the examplesin Figuresl and2 in mary casenewould like to separatdetweersubspaces
with partialdependencef-or completenessf the text we next suggestn approacho doing so. To simplify the
explanationghedescriptionis givenonly for themulti-bodyfactorizationcasej.e., the caseof separatindetween
objectswith differentmotions. For thetemporalfactorizationcaseonecanusethe samealgorithmbut applyit to
thetransposednatrix (aswasshovn in Section4).

The approachwe suggesis similar to that suggestedby Kanatani[8] which groupspointsinto clustersin an
agglomeratie way. In Kanatanis approactthe costof groupingtwo clusterswascomposedf two factors. The

rst factoris basentheincreasen therankwhengroupingthetwo clusters.Althoughintendedor independent
objects,this appliesalsoto the caseof partially dependenbbjects. This is becauseaddingto a group of points
of one objectmore pointsfrom the sameobjectwill not changethe rank (i.e., whenthe initial group of points
spanghelinear subspace&orrespondingo that object), whereasaddingeven a single point from anotherobject

10



Firstsequence:

(@)

Secondsequence:

(b)

Error

(d)

tage?
%% B o 5 o s 10 i 2
(C) Size of temporal shift (e) (f)

Figure 4. (a) Threesampleframes(at timest=1, 31, 200)froma sequenceshowinga car in a parkinglot.
Thetradked pointsare marked in yellow (b) Framestaken at the sametime instancegq(i.e., at timest=1,
31,200) by thesecondcamen. Thetracked pointsare differentform thosein the othersequence(c) Error
graph for all possibletempoal shifts (seeSection5). Theresultingtempoal shift, which yields minimal
error, is 6 frames.(d) A close-uponthegatein framet=400 of the r stcamen showst is justopening (e) A
close-uponthegatein framet=400 fromtheseconccamern showst is still closedsincethecamensare not
synatironized.(f) A close-uponthegatein framet=406 fromthe seconccamer showshatit is justopening
asin framet=400 of the r stcamean, implyingthata tempoal shift of 6 framessyndironizeshe cameas.

11



@ G I @

0.019

0.0181

0.017

0.016

0.015

Error

0.014
0.013

+
L+
0012+

(e) b ¥ “ Siéoe of temoporal Sfll?ﬁ “ ¥ “ (f) (g)
Figure 5. (a)-(b) Two sampleframes(at timest=15, 40) froma 100 framelong sequenceshowinga man
shakinghisbutt. Thetradckedpointsare markedin yellow (c)-(d) Two sampleramegat timest=15, 40) from
a 100framelong sequencshowinga womanshakingher butt. Again,tradked pointsare markedin yellow
Thebutt motionsin the two sequenceare not syndironized.(e) Error graphfor all possibletempoal shifts
(seeSectionb). Theresultingtempoal shift, which yieldsminimalerror, is -37 frames.Sincebutt shakingis
a cyclic motionthe secondminima,at a shift of 22 framescorrespondgo anotherpossiblesyndironization.
(f)-(g) Framet=3 andt=62 of the womansequenceboth showher in the sameposeas the manin frame
t=40 (displayedin (b)). Thisimpliesthat both a tempoal shift of -37 framesand of 22 framessyndironize
thesequences/ideocanbeviewedat http://wwwvision.calteb.edu/lihi/Demos/MultiSe@€torization.html
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Figure 6. Spatial matching across sequences. Spatialmatting appliedto the sequencesf Fig. 7. (a)
Theresidualerror for 1000 different pairings of the features acrossthe two sequencegseeSection5.2).
All wrong pairings give high residualerror (i.e., high rank), whereasthe correctpairing (marked by a red
arrow) givesa smallresidualerror (i.e., low rank). Thecorrectly recovered pairing of featue pointsacross
thetwo sequencess shownin (b).

will increasehe rank, evenif the objectsare only partially dependentWhenthe clustersare large enoughthe
agglomeratie processs likely to continuecorrectly however, for theinitial stageto becorrectwe needadditional
information. For this, Kanatani[8] useda secondactorwhichis basedon the valueswithin the shapanteraction
matrix Q (high valuesindicatelow-costwhereadow valuesindicatea high-cost). However, aswas shavn in

Section3.1, whenthe objectsare partially dependentthe Q matrix loosesits block diagonalstructure. Hence,
relying on this factorcanleadto erroneousegmentation Insteadwe usethe matrix @ de ned next.

As wasshavn in Section3, to constructhematrixQ = VV T onecomputeghe SingularValueDecomposition
W = U8V T. Thecolumnsof U spanthe columnsof the correspondingnotionmatrix, andtherows of V arethe
coefcients multiplying the singularvectorsin U. Whenthe dependencbetweenthe objects' motionsis partial
therewill still beatleastK vectorsin U, whereK is the numberof objects,eachcorrespondingo the motion of
asingleobjectonly. Thereforetherewill beK vectorsin V which do capturetheindependenpartbetweernthe

objects. We thussuggesusingonly the K mostdominantvectorsof V to constructthe matrix @ = Vaom Vo

matrix Q whichis constructedisingall vectorshencehasno blockdiagonalstructure Note,thatwe have assumed
thatthe dominantvectorsarethosewhich capturethe independenceetweerthe objects. While this heuristicis
notalwaystrue,we aremostlikely to captureatleastsomeof therequiredstructurein Q. Since® is usedonly as
anadditionalconstrainin theagglomeratie clusteringprocesghis cansufce to obtaina correctsggmentatiorin
the caseof partialdependenceNeverthelessywe acknavledgethatin somecasest mightfail.

Fig. 1.eshavsthematrix @ for thesyntheticsequencef Figs.1.a-c.It canbeseerthat® hasanobviousblock
diagonalstructure whereaxQ doesnot. A similar resultis shovn in Figure2.efor thetemporalfactorizationof
thesequencef Figures2.a,b

Figuresl.f,g shov a comparisonof the agglomeratie clusteringalgorithm describedabore, onceusingthe
matrix Q, andonceusingthe matrix 4. Using o) gave correctsggmentatiorresults,whereasusingQ mixedthe
pointsof thetwo objects.

Fig. 7 shavs an exampleof partial dependencén a real sequence.In this example,two camerasviewed a
personsteppingforward. The non-rigid motion performedby the personcanbe viewed asa groupof rigid sub-
partseachmoving with a differentmotion. In both sequencesve tracked pointson two sub-parts:the arm and
the shin (lower leg). The tracked points are marked in yellow in Figs. 7.a-c,d-f. In both sequenceshe rank
of the image-coordinatenatrix W = [W1jW5] for all the pointson both partsis higher than the rank of the
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image-coordinatenatrix W;(i = 1;2) for eachof the individual partsbut is lower thanthe sumof them, i.e.,
rank(W;) < rank([W1jWz]) < rank(W1) + rank(W,) (seeFig. 7.g). Fig. 7.handFig. 7.i showv theresultof
applyingthis clusteringschemeo the pointstrackedin the sequencesf Figs.7.a-candFigs. 7.d-f, respectrely.
Theresultsof the segmentation(forcing it into two objects)shav thatthe pointson thearmandthe shinwereall
classi ed correctlyto the two differentbody parts.

7 Conclusions

In this papermwe presentednanalysisof lineardependencandits implicationson singlesequencémulti-body
andtemporal)andmulti-sequencéactorizationsThesearesummarizedn thefollowing table:

Dependencéetween:|| Motions \ Shapes
Implicationson Wrongspatial Wrongtemporal
singlesequence: seymentation segmentation
Implicationson Usefulfor Usefulfor spatial
multiple sequences: || temporalsynchronization. matching(acrosssequences)

Our contritutionsare:
2 A singleuni ed framawork for analyzingsingle-sequencandmulti-sequencéactorizationmethods.
2 An analysisof degeneracief singlesequencenulti-bodyandtemporalfactorizations.
2 An approacho separatingbjects/framef suchdegenerateases.
2 An approacho temporalsynchronizatiorevenunderpartially overlapping elds of view.
2 An approacho spatialmatchingof pointsacrosssequences.
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Appendix

Claim: The columnsof W1 and W, are fully/partially linearly dependentff the columnsof M, andM, are
fully/partially linearly dependent.

Proof:

In the caseof full lineardependencthis reducedo:

9C s.t.W> = W4 C iff 9C%s.t. M» = M1C%(C isaN1 £ N, coefcient matrix,andCCis amatrixof sizer1 £ r»
whichlinearly depend®n C).

First Direction: W, = W1C ) M2S; = M1S;C ) M,S,S] = M1S;CS]. S,S] is invertible (seenote
belov)) M,  M;CPwhereC®= S;CSJ(S,S])i L.

SecondDirection: M, = M1C%) M,S, = M1C%,. S;S] is invertible (seenotebelow), hence M 1C%, =
Ml(Slsf)(Slsf)i 1C032 " M;1S:C whereC = SI(Slsz)i 1C(Sz. This impliesthat W, = M,S, =
M]_COSZ =M 1S;|_C = W]_C }

In the caseof partialdependence:

Thecolumnsof W1 andW, arepartially linearly dependeniff we can nd abasisB which spanghe columnsof
thecombinedmatrix [W1jW>] suchthatB = [B1jB12jB2] andWi = [B1jB12]C1 ; W2 = [B12jB2]C2, whereC,
andC, arecoefcient matrices Thisoccursiff M1 = [B1jB12]C1S{ (S1S])i *andM;, = [B12jB2]C,S] (SS] )it
, M1 = [B1jB12]CYandM, = [B15jB2]CS whereC{ = C;1S] (S1S])i tandCf = C,SJ(S,S))i L, the
columnsof M ; andM , arepartially linearly dependent} .

Claim: Therowsof W; andW, arefully/partially linearly dependeniff therowsof S; andS, arefully/partially
linearly dependent.

Proof:

In the caseof full lineardependencthis reducego:

9C s.t. W, = CW;4 iff 9C9%s.t.S, = C%; (CisaN, £ Ny coefcient matrix,andCCis a matrix of sizer, £ rq
whichlinearly depend®n C).

First Direction: W, = CW; ) M2S; = CM;1S;) MJM,S, = MJ CM1S;. MJ M3 is invertible (seenote
below), henceS, = C%; whereC®= (MJM,)i tMJ CM.

SecondDirection: S, = C%S; ) M,S, = M,C%;. M M is invertible (seenotebelaw), hence M ,C%; =
MoCAM M) {(M{M1)S;© CM1S; whereC = M,CA{M{ M1)i IM[. ThisimpliesthatW, = M,S;
Mzcosl = CM 181 = CWl}
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In the caseof paritaldependence:
Therows of W1 andW, arepartially Iinearlg( dependeniff we can nd abasisB which spangherows of the

B 1 ) s N
combinedmatrix "1 suchthatB = 4 B1,5 andW; = C; B1 “W, = Cy B1a whereC; andC, are
Wo B, EP) B2

coefcient matrices. This occursiff S; = (M M1)i IM] Cy :1 andS; = (MJMy)i tMJC, BBlZ ,
. 12 2

Mg = C? 51 andM; = C§ BBlz whereC? = (MJM1)i IMTCy andC9 = (MJM,)i IMJCy, the
12 2

rows of S; andS, arepartially linearly dependent}

Note: The assumptiorthatM ;" M; andS;S (i = 1;2) areinvertible is valid alsoin degeneratecases.M; is

assumedhereto bea2F £ r; matrixandS; isanr; £ N matrix, wherer; is theactualrankof W;. In degenerate

casestherankr; will belowerthanthetheoreticalupperboundrank.
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