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Abstract. The traditional subspace-basedapproachesto segmeration

(often referred to as multi-b ody factorization approaches) provide spa-
tial clustering/segmentation by grouping together points moving with

consistert motions. We are exploring a dual approach to factorization,

i.e., obtaining temporal clustering/segmentation by grouping together
frames capturing consistert shapes Temporal cuts are thus detected at
non-rigid changesin the shape of the scene/object. In addition it pro-
vides a clustering of the frameswith consistert shape (but not necessarily
samemotion). For example, in a sequenceshowing a face which appears
serious at some frames, and is smiling in other frames, all the \serious
expression” frames will be grouped together and separated from all the
\smile" frames which will be classi ed as a second group, even though
the head may mearwhile undergo various random motions.

1 Intro duction

The traditional subspace-basedpproadesto multi-b ody segmemation (e.g., [6,
7,9]) provide spatial clustering/segmertation by grouping points moving with
consistert motions. This is done by grouping columns of the correspopndencema-
trix of [17] (we review the de nition in Section1.1). In this work we show that to
obtain temporal grouping of frames we cluster the rows of the same correspon-
dence matrix instead of its columns. We shaw that this provides grouping of
framescapturing consistert shages but not necessarilysamemotion. We further
show that, to obtain such shape-basedclustering of frameswe neednot dewvelop
any new segmeiation/clustering sceme.We can use any of the existing algo-
rithms suggestedfor clustering points (e.g., [6,7,9]). But, instead of applying
them to the corresppndencematrix asis, we apply them to its transpose.
Note, that spatial \m ulti-b ody factorization" [6, 7, 9] usually providesa highly
sparsesegmeitation sincecommonly the number of points which can be tracked
reliably along the sequenceis low. Dense spatial segmemation requires dense
optical °ow estimation (e.g., [11]). In cortrast, a small number of tracked points
suxcesto obtain a densetemporal clustering of frames, i.e., a classi cation of all
the framesin the video clip. Furthermore, the dimensionality of the data, which
is one of the major ditculties in spatial multi-b ody factorization, is signi cantly
smaller for temporal segmemation. To obtain densesmatial factorization of the
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ertire image (e.g., [11]), the number of points equalsthe number of pixels in the
imagewhich canbe extremely large (hundreds of thousandsof pixels). This is hot
the casewith temporal factorization. The number of framesin the video clip is
usually only tens or hundreds of frames, and therefore the temporal factorization
is not time consuming.

The standard approacesto temporal segmemation cut the video sequence
into \scenes" or \shots", mainly by drastic changesin image appearance(e.g.,
[20,16,12]). Other approacdes are behavior based (e.g., [19,15]) and segmen
the video into sub-sequencesapturing di®eren everts or actions. The approad
suggestedhereis fundamertally di®erert and provides a temporal segmenmation
and clustering of frames which is basedon non-rigid changesin shape. For ex-
ample, in a sequenceshawving a face at someframes seriousand in other frames
smiling, all the \serious expression"frames will be grouped together and sepa-
rated from all the \smile" frameswhich will be classi ed asa secondgroup, even
though the head may meanwhile undergo various random motions.

Our way of formulating the problem providesa uni ed framework for analyz-
ing and comparing a number of previously developed independert methods. This
new view of previous work is described in Section 4. For example, we show that
the technique of Rui & Anandan [15] can be reformulated in terms of the factor-
ization approad. Our analysisillustrates that their approach will detect cuts at
large changesin motion, whereaswe detect cuts at non-rigid shape changes.In a
di®erent work, Rao & Shah [14] suggesteda view-invariant recognition method
for complexhand movemerts. In Section4 we show that the similarity constraint
they usefor matching shapesis equivalent to the one we use for semrating be-
tweenshapes.

We start by de ning notations and reviewing the badground to the multi-
body factorization approad in Section1.1.In Section2 we presen our approach
to temporal factorization of shape and in Section 3 we explore its similarities to
and di®erencedrom the standard spatial factorization of motion. As mentioned
above, we review somerelated works in Section4 and summarizein Section5.

1.1 Background on Factorization Metho ds

Let 11;:::;1¢ denote a sequenceof F frameswith N points tracked along the
sequencelet (x{ ;yif) denote the coordinates of pixel (xj;y;) in frame I (i =

from the image coordinates of all the points acrossall frames:

2 3 2 3
X x3 ¢eexy yi y3 eeeyl
_ gxf x5 COex z v = EYf y3 Ceeyg z )
X§ x5 e0exy yI Y5 Ceeyf

Each row in these matrices corresponds to a single frame, and ead column

correspondsto a singlepoint. Stacking the matrices X agd Y of Eq. (1) vertically

resultsin a 2F £ N \correspondencematrix” W = ’§— . It hasbeenpreviously
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shown that under various cameraand scenemodels[17,8,5] the correspondence
matrix W of a single object can be factorized into motion and shape matrices:
W = MS (where M and S are low dimensional). When the scenecortains
multiple objects (see[6, 7]) we still obtain a factorization into motion and shape
matrices W = M S, where M is a matrix containing the motions of all objects
and S is a block-diagonal matrix containing the shape information of all objects.

2 Temporal Factorization

The traditional subspace-basedpproades to multi-b ody segmemation (e.g.,
[6,7,9]) provide smatial clustering of image points by grouping columns of the
correspondencematrix W = M S. Note, that in the corresppndencematrix W
every column correspondsto a point and every row correspondsto a frame. Thus,
to obtain temporal clustering of frames we will apply clustering to the rows of
W instead of its columns. In this sectionwe discussthe physical meaning of this
temporal clustering of frames and suggestmethods for obtaining it.

When factoring the corresppndencematrix W into motion and shape, the
columns of the motion matrix M span the columns of W and the rows of the
shape matrix S spanthe rows of W. Hence,clustering the columns of W into in-
dependen linear subspaceswill group together points which sharethe samemo-
tion. Equivalertly, clustering the rowsof the corresppndencematrix W will group
frames which sharethe sameshage. Luckily, to obtain such row-basedsegmen-
tation/clustering we neednot develop any new segmetation/clustering scheme.
We can use any of the existing algorithms suggestedfor segmeting/clustering
columns (e.g., [6,7,9]). But, instead of applying them to W, we will apply them
to WT. We next showv why this is true.

When the scenecorntains multiple (K) objects moving with independert mo-
tions, and the columns of W are sorted to objects, then according to [6] the
resulting shape matrix hasa block diagonal structure:

W:[\Nl;:::;WK]:[Ml;:::;MK]g % 2)
0 Sk

where W; = M;S; is the correspondencematrix of the i-th object, with motion
M; and shape S;. The correct permutation and grouping of columns of W into

was accordingly recovered [6,7] by seekinga block-diagonal structure for the
shape matrix S. In other words, to obtain spatial segmemation of points we
group the columnsof W into independent linear subspacedy assumingthat W
can be factored into a product of two matrices, where the matrix on the right
has a block diagonal form.

Now, taking the dual approach: When the sequenceancludes non-rigid shape
changes (Q independent shapes) and the rows of W are sorted according to
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shape, then the resulting motion matrix has a block diagonal structure:

2 3 2 32 3
W1, Y] 0 S

w=9§ :46=8 - 4§94 €)
Wo 0 Mo So

desired separation into frames capturing independert shapes can therefore be
obtained by seekinga block-diagonal structure for the motion matrix M.
Note, however, that if we now take the transposeof W we get:
3
v 0
wT = f;:::;Wg]z[ST;:::;S(T?]g £ (4)
0 MCTQ

That is, the matrix WT can be factored into a product of two matrices where
the matrix on the right is block diagonal. This is equivalent to the assumption
made in the factorization of W to obtain column clustering. Thus, we can use
any of the algorithms suggestedfor segmeting/clustering columns (e.g., [6,7,
9]), however, instead of applying them to W we will apply them to WT. Our
approach to subspace-basedemporal clustering/factorization can therefore be
summarized as follows:

Given a video clip of a dynamic scene:

1. Track reliable feature points along the ertire sequence.

2. Place eadh trajectory intp gcolumn vector and construct the corre-
spondencematrix W = % (seeEq. (1))

3. Apply any of the existing algorithms for column clustering (e.g.,
\m ulti-b ody factorization" of [6,7,9]), but to the matrix WT (in-
stead of W).

Note, that when we say \indep endent shapes" we refer to independencebe-
tweenrows of di®erert shape matrices (and not betweencolumns/points). Inde-
pendencebetweenrows of two shape matrices occurs when at least part of the
columnsin those matrices are di®erer. Recall, that the matrix S corresponding
to arigid setof points isa4£ N matrix where ead column holds the homoge-
neouscoordinates [X; Y; Z; 1]" of a 3D point. Rigid shape changescan be viewed
asthe sameset of points undergoing a di®eren rigid motion, and therefore still
have the sameshape. Howewer, non-rigid shape changesimply that someof the
points move di®erertly than others, i.e., someof the columns of the shape ma-
trix change di®ererily than others. This will lead to a di®erent shape matrix
and thus to assigningthese frames to separate temporal clusters. Since every
4 £ N shape matrix hasa row of 1's there is always partial linear dependence
betweenshape matrices. To overcomethat, we can usethe Tomasi-Kanade[17]
approadc for remaoving the translational componert by certering the certroid of
the tracked points. Then the row of 1's is eliminated from the shape matrix, and
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we obtain full linear independence.Alternativ ely, some of the previously sug-
gestedapproadesfor sub-spacesegmemation can handle partial dependencies.
In particular, we usedthe spectral clustering approac suggestedin [13].

To illustrate this, Fig. 1 displays frames from a sequenceshawing a hand
“rst open and then closed,while rotating and translating. As long as the hand
is open, i.e., it's shape is not changing, the rows in the matrix W will cor-
respond to the same shape Spopen. However, the closing of the ngers im-
plies a di®erert shape of the object which cannot be represerntied as a rigid
motion change. Instead we will obtain a new shape matrix Sc o sg SO that:
W = Moren 0 ° Sopen

0 Mclose  Sclose
to group all the \OPEN" framesinto one cluster and all the \CLOSE" frames
into a separatecluster.

Fig. 2 shaws this on a real video sequencelt further illustrates the di®er-
encebetweenspatial segmemation/grouping of points basedon motion (column)
clustering, and temporal segmemation/grouping of framesbasedon shage (row)
clustering. The sequenceshaws a hand opening and closing the "ngers repeat-
edly. Feature points on the moving "ngers weretracked along the sequencausing
the KLT tracker [10,1] and usedto construct the corresppndence matrix W.
Factoring the rows of W (i.e., the columns of WT) into two clusters resulted in
temporal shape-basedsegmetmation of frames:It groupedtogether all the frames
with "ngers stretched openinto onecluster, and all the frameswith "ngers folded
into a secondcluster (seeFigs. 2.a,b,c). In cortrast, applying the segmeration
to the columns of W resulted in spatial motion-based segmetmation of points
into independertly moving objects: It grouped into one cluster the points on
the "ngers which moved mostly horizontally, and grouped into a secondcluster
points on the thumb which moved mostly vertically, (seeFig. 2.d). The palm of
the hand was stationary and hencewas ignored.

Fig. 3 displays another example of shape-basedtemporal segmemation. The
video clip wastakenfrom the movie \Lord of the Rings - Fellowship of the Ring",
and shows two hobbits rst relaxed and then screaming. Feature points were
tracked along the sequenceusing the KLT tracker [10,1] and usedto construct
the correspondencematrix W. Grouping the rows of W (columns of WT) into
two clusters detected the cut betweenthe two expressionsand grouped together
all the \calm" frames separately from the \screaming" frames.

. Grouping the rows of W is expected

3 Comparing Temporal and Spatial Factorization

In this section we explore the major similarities and di®erencesbetween the
commonmotion basedspatial factorization and our suggestedapproach to shape
basedtemporal factorization.

Data dimensionalit y: One of the major ditculties in the multi-b ody factor-
ization approad is the dimensionality of the data. As was showvn by Weiss[18],
the method of Costeira & Kanade [6] to multi-b ody segmemation is equivalert
to applying spectral clustering to W™ W, which is an N £ N matrix (N being
the number of points). If the number of points is large, then this is a very large
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Fig. 1. An illustration of a hand rotating and translating while opening and closing its
“ngers. Frames(a),(b) and (c) capture the sameshape (open hand) undergoing di®erent
rigid motion transformations. The closing of the "ngers between frames (c) and (d)
genertes a new shape, independent of the previous one. The transformations between
frames(d),(e),(f ) can again be viewed as the same shaye (closed hand) undergoing rigid
motions.

matrix. Finding the eigervectors of such a matrix (which is the heart of spectral
clustering) is therefore extremely time consuming.To obtain densespatial factor-
ization of the entire image (e.g.,[11]), the number of points N equalsthe number
of pixels in the image which can be extremely large (hundreds of thousands of
pixels).

Howevwer, this is not the casewith temporal factorization. As explained in
Section 2, to obtain temporal factorization of W, we apply the samealgorithms
suggestedor spatial segmeration, but to W7 . In other words, this is equivalert
to applying spectral clustering [18] to the matrix WW T (instead of WTW). The
dimensionof WW T is 2F £ 2F , where F is the number of framesin the video
clip. SinceF << N (F is usually only tens or hundredsof frames), WW T isthus
a small matrix, and therefore the temporal factorization is not time consuming.
Furthermore, while densespatial factorization requires dense °ow estimation,
densetemporal factorization can be obtained even if only a sparseset of reliable
feature points are tracked over time. This is further explained next.

Tracking sparse points vs. dense optical °ow estimation: Each column
of W cortains the trajectory of a single point over time. The data in the matrix

W can be obtained either by tracking a sparseset of reliable points or by dense
optical °ow estimation. Sincethe spatial \m ulti-b ody factorization" clustersthe
columns of W, it will therefore classify only the points which have beentracked.
Thus, when only a small set of reliable points is tracked, the resulting spatial
segmetmation of the image is sparse.Dense spatial segmemation of the image
domain requires denseoptical °ow estimation. This, howewer, is not the case
with temporal segmemation. Sinceour temporal factorization clusters the rows
of W, there is no needto obtain data for all the points in the sequenceA sparse
set of reliable points tracked through all the frames suzces for densetemporal
factorization. This is becausethe number of columnsin W need not be large
in order to obtain good row clustering. Results of temporal factorization using
a small number of point tracks are shown in Figs. 2 and 3. In Fig. 4 we used
denseoptical °ow measuremets to show validity of the approac to both ways
of obtaining data. Note, howewer, that even-though N (the number of points)

is large when using optical °ow, the computational complexity of the temporal
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(a) Temporal factorization result:

B 'OPEN' W 'CLOSE"
The resulting frames frames
ngml
clustering
Frame
er
Ground Truth e bar
| | | | | | |
50 100 150 200 250 300 350
(b) Example frame from (c) Example frame from (d) Spatial factorization

the \OPEN" cluster the \CLOSE" cluster result

Fig. 2. Temporal vs. spatial clustering. (a) Results of temporal factorization (on the
rows of W = the columns of W) applied to a sequene@ showing a hand closing and
opening the "ngers repeatedly. Setting the number of clusters to 2 resulted in group-
ing all frames with "'ngers open into one cluster (marked in blue on the time bar)
and all frames with "ngers folded into a second cluster (marked in magenta on the
time bar). Ground truth values, obtained manually, are shown for comparison. (b),(c)
Example frames of the two temporal clusters. (d) Result of spatial factorization (on
the columns of W) applied to the same sequene and the same tracked points. This
grouped together all the points on the 'ngers (marked in red), which move mostly hor-
izontally, and classi ed into a second cluster points on the thumb (marked in green)
which move mostly vertically. Note, that since only sparse feature points were tracked
along the segquence, the resulting spatial segmentation is highly sparse, whereas the
resulting temporal factorization is dense (i.e., all the frames in the video sequene
are classi ed) even though only a sparse set of points is used. Video can be found
at http://www.vision.c altech.edu/lihi/lDemos/T emporalFactorization.html

factorization is still low, sincethe sizeof WW T is independert of N (it depends
only on the numbergf gamesF).

o]
Segmentation of £ Vs. [X;Y]: Let W, = £§— and W, = [X;Y] where
the subscript v stands for vertical stacking of X and Y whereasthe subscript h
stands for horizontal stacing of X and Y. The common approacesto multi-
body factorization (g.g, [6,7,9]) selectedcarefully tracked feature points, con-
structed the W, = é— matrix and clustered its columns. In this matrix ead
point has a single corresponding column, and ead frame hastwo corresponding
rows. Machline et al. [11] suggestedapplying multi-b ody factorization instead
to the columns of Wy, = [X; Y]. This allows to introduce directional uncertainty
into the segmemation process,and thus enablesdensefactorization using unre-

liable points aswell (i.e., dense®ow). In this matrix, (i.e., W) ead point has
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two corresponding columns whereasead frame has a single corresponding row.

Thus, when clustering frames (rows) using temporal factorization it is 5|mgle5
to usethe matrix Wy = [X;Y]. Note, that when switching from W, = Y

to Wy, = [X;Y] the motion matrix completely changesits structure whereas
the shape matrix doesnot. Thus, in spatial multi-b ody factorization, which is
motion based,there is an inherent di®erencebetweenthe two approaces ;@a{,
leadsto a di®erert spatial segmemation when using Wy, = [X;Y]vs. W, = 7
(see[11]). In cortrast, the temporal factorizgtign dependsonly on shape, thus
applying temporal clustering either to W,, = )5— orto Wy = [X; Y] will provide
the sameresults. For simpligity, we usedthe Wy = [X;Y] matrix for temporal

factorization and the W, = ’;— matrix for spatial clustering of points.

Example: Fig. 4 shovs an example of shape vs. motion segmemation using
denseoptical °ow estimation instead of sparsetracking data. The video clip
was taken from the movie \Bra ve Heart", and shows the actor (Mel Gibson)
“rst seriousand then smiling while moving his head. The frame-to-frame optical
°ow was estimated using the robust optical °ow estimation software of Michael
Black [2] which is described in [4,3]. The frame-to-frame optical °ow “elds were
composedover time to obtain °ow- elds of all framesin the video clip relative
to a single referenceframe. These°ow- elds were then organizedin row vectors
and stadked to provide the matrix Wy, = [X;Y]. Applying spectral clustering
to the rows of Wy (i.e., applying factorization to the F £ F matrix W, W,")
separated the frames into two clusters: one cluster containing all the \smile"

frames,and the other cluster cortaining all the \serious" frames(seeFigs. 4.a,b).
For comparison, applying the same clustering algorithm to the columns of W,
(i.e., applying multi-b ody factorization to the N £ N matrix W,' W, ) separated
betweenregionswith di®erert motions (seeFig. 4.c).

Summary: For further clari cation, we summarizein table 1 the obsenations
made in Sections2 and 3. This provides a summary of the comparisonbetween
spatial and temporal factorizations.

| I Spatial Factorization | Temporal Factorization
Apply clustering to wTw wwT

Data dimensionality N £ N FEF

Data type Points (columns) Frames (rows)
Cluster by Consistent motions Consistent shapes
Sparseinput Sparsespatial segmeration | Densetemporal segmeration
Denseinput Dense spatial segmeration Densetemporal segmeration

Table 1. Comparison summary of spatial factorization vs. temporal factorization
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(a) First temporal cluster (b) Secondtemporal cluster
(\calm" frames) (\screaming" frames)

b R *

{

Fig. 3. Temporal clustering of frames. Results of temporal factorization (into 2 clusters)
applied to a video clip taken from the movie \L ord of the Rings - Fellowship of the Ring".
The clip showstwo hobbits rst calm and then screaming. The shape-basel temporal
factorization detected the cut between the two expressionsand grouped together all the
\calm" frames (some example frames are shownin column (a)) semarately from all the
\scream" frames (some example frames are shownin column (b)). Video can be found
at http://www.vision.c altech.edu/lihi/Demos/T emporalFactorization.html

4 A New View on Previous Work

In this section we show that our way of formulating the temporal factorization
problem provides a uni ed framework for analyzing and comparing a number of
previously developed independert methods.

The most related work to ours is that of Rui & Anandan [15] who used
changesin the frame-to-frame optical ®°ow "eld to segmen activities into their
fragmerts. Rui & Anandan [15] estimated the optical °ow eld between each
pair of consecutive frames and stadked those into a matrix which is highly sim-
ilar to our Wy, = [X;Y] matrix only with displacemerts instead of positions.
They then applied SVD to the matrix, which provided the eigen°ows spanning
the spaceof all °ow-elds and the coexcients multiplying thesebasis°ow- elds.
Temporal cuts were detected at sign changesof those coexcients. Their tech-
nigue can be reformulated in terms of our temporal factorization approad. In
our factorization into motion and shape one can view the shape matrix S as
being the eigen-\ectors spanning the row spaceand M being the coetcients
multiplying theseeigen-\ectors. Looking at their work this way shows that they
detect cuts at large changesin motion (e.g., shifting from clockwise rotation to



10 Zelnik-Manor and lrani

courter-clockwise rotation), whereaswe detect cuts at non-rigid shape changes
and ignore the motion of ead shape. Furthermore, reformulating [15] in terms
of the temporal factorization approac allows extending it from simple temporal
segmentation (i.e., detecting cuts) to temporal clustering.

Rao & Shah[14] suggesteda view-invariant recognition method for complex
hand movemerts. They rst obtained hand tra jectories (by tracking skin-colored
regions)which were sorted accordingto generalstructure. Trajectories of similar
structure were recognizedas the sameaction by using a low-rank constraint on
a matrix constructed from the tracks coordinates. This constraint is equivalent
to the one we use for separating between shapes. We detect temporal cuts at
increasesof the rank and cluster the rows into groups of low rank, i.e., we group
frameswith the same(or similar) shape.

In a completely di®erent cortext, Bregler et al. [5] obtained non-rigid object
tracking using a factorization/subspace based approad. Their work is not re-
lated to neither spatial segmemation nor temporal factorization. Nevertheless,
we found it appropriate to relate to their work sincethe shape matrix they used
in their decomposition bares similarity to our shape matrix in Eq. (3), which
can be misleading. There is a signi cant di®erencebetweentheir decomposition
and ours. They assumedthat the shape in eat frame is a linear combination of
all key-shapeswhereaswe assaiate a separateshape with ead temporal cluster
of frames.

5 Conclusions

We have explored the properties of temporal factorization of the corresppndence
matrix W and its duality to spatial factorization of the samematrix. We showved
that the temporal factorization providesatemporal segmetation and clustering
of framesaccordingto non-rigid changesin shape. This approad is unique in the
sensehat most existing temporal segmetation methods cut the video according
to changesin appearanceor changesin motion (as opposedto changesin shape).

We shawved that to obtain temporal clustering we neednot develop any new
segmetation/clustering sdhemebut instead can utilize existing algorithms sug-
gestedfor spatial segmemation. We further showed that densespatial segmen-
tation requiresdenseoptical °ow estimation whereasa small number of tracked
points sutcesto obtain a densetemporal clustering of frames, i.e., a classi ca-
tion of all the framesin the video clip. Furthermore, the dimensionality of the
data, which is one of the major ditculties in spatial multi-b ody factorization, is
signi cantly smaller for temporal segmenmation.

The fact that the samefactorization framework can be usedfor spatial seg-
mentation and for temporal segmetation opensnew possibilities that may lead
to a combined approac for simultaneous spatio-temporal factorization.
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(a) First detected (b) Seconddetected (c) Spatial clustering result
temporal cluster temporal cluster from spatial
(\smiling" frames) (\serious" frames) multi-b ody factorization

Fig. 4. Temporal vs. spatial clustering using dense optical °ow. Results of factor-
ization applied to a sequene taken from the movie \Br ave Heart". The actor (Mel
Gibson) is serious at ‘rst and then smiles while moving his head independently from
his expression throughout the sequence. Optical °ow was estimated relative to the rst
frame and the clustering was applied directly to it. We set the number of clusters to 2
for temporal factorization and to 3 for spatial factorization. (a) Sample frames from
the rst detected temporal cluster, all of which show the actor smiling. (b) Sample
frames from the second detected temporal cluster which show the actor serious. (c)
Since optical °ow was usel, we could obtain dense spatial segmentation. This sep-
arated between the forehead, the mouth region and a dangling group of hair. These
correspond to three independent motions in the sequene: Along the sequene the actor
raises his eyebows and wrinkles his forehead. Independently of that the mouth region
deforms when the actor smiles. The group of hair dingles as the head moves, again
independently from the other two motions (the motion of the hair at the lower left
part of the image can be seen in the framesin (a) and (b)). Video can be found at
http://www.vision.c altech.edu/lihi/Demos/T emporalFactorization.html



