Basics (AB);; = Zaw sj 3 A[b1 ba b3 ] = [Aby Aby Abs];

larazas] | bz | =Za;b;
A : pXxqB g X p,AB = I = q >
BA =1= p > q, #pivots = g, Ny = {0}

Schur’s complement A B =

c D
Ip 0 A 0 Ip A~ lB
cA™l I 0 D-CA™'B 0 Iq -
I, BD™!
0 Ig

| A-BD"'c o | Ip 0

0 D D7 lc I
A B
¢ D

i| invertible < A and D — CA~ !B invertible.
Conservation of dim A € FPX9 = g = dimR + dimN 4
Eigenvalues Every A € C™*"™ has at least one eigenvalue, and < n distinct

ones. A is diagonalizable < it has n lin. indep. eig’vecs.
Jordan: v; = dimNA,k].I = num of cells in B>\j in J = geom mult

p, #pivots =

aj = dimN(A,k]. 7yn = total num of rows in B>‘j in J =alg mult
pj = min{v : dimN(A—AjI)’/ = dimN(A—Aj 1yn} = max cell size.
dimN(Ai/\j nt = dimN(Ai)\j [yl—1 = num cells of size | or more.

Direct sum Y = U+ V,UNV = {0} =Y = U4V

F" = N(a_x;nn+Ra—ann 5 Ba—a,nn N0 0 Ria-x,nn = {0}
C™ = N(a—x,nyn -+ +N(a—agym i Buxn = C" = Ngn+Rpn
If n = dimNy_x, 1 then c" = NA,>\11-3— cee +NA*>\I¢I’ else subspace of C™
Determinants (1) d(I) = 1. (2) d(PA) = —d(A) for simple permutation P. (3)
d(A) is linear in rows. props: det(AB) = det(BA); det(AT) = det(A) ;
Al —Ag Az
Ainv = det(A™1) = 1/det(A) ; A= = 1/det(A)x | —A1a  Ago —Asg
A3 —Az3  Asz
eigvals p is a root of p(\) = det(A] — A) < p is eigval of A.
0 1 0 0
Companion A = O 0 ! 0 = det(A — A)
—ao —al —a2 —Gp—1
ag+atd+ - tap_1 AT 4 AN
0 1 0 w1 0
A = 0 0 1 is similar to J = 0 o 1 when
—ai —ag —asg 0 0
3 2 _ 3
A%+ a2A” +a1d+ag = (A —p)
note: detA = )\‘111 ce )\:k s trace(A) = ag Ay + -+ akkk
t
Inequalities (1) s,t > ;1 + 1 =150, >0 = ab < < +b

(2) Holder s,t > 15 2 + 2 = 1= > Jajb;1 < (3 las1%) ”S(Z lb; 191/t
(3) Cauchy-Schwartz Z lajbil < A/ Z lajl|2+/ Z [bj]t

(4) Minkowski s > 1= (Y la; +b;19)1= < O laz )V + O Ib;19)Y/*
Norms norm ¢ should meet: (1) ¢(u) > 0, equal iff u = 0.

(2) p(au) = |alp(v). (3) ¢(u+v) < @(u) +¢(v). Def lull; = (O la; )/
Matrix norm [|Alls.c = maz{Azlle : lzlls < 1} = maz{ldz]c: lzlls = 1}

Usually s = = Props: (1) [lAzll: < [Allselzlls 5 (2
[AB]|r¢ < HAHr,s I Blls,t

Lemma: A invertible, [[z|| < 1, then: (1) I — =z invertible. (2)
T—z) 1 ="z, I—a2) ) <

U-2)' =3 2 3 It -2l < =57

Thm: A invertible, ||B — Al < HA—171|| = B invertible.

Finding: To find max of ||Az|?/|z|?

Inner product (1) (u + w,v) = (u,v) + (w,v). (2) (au,v) = alu,v). (3)

(v, u) = (u,v). (4) (u,
[(u,v)| <

u) > 0, equal iff u = 0.
(w, uyt/2 (v, v

Property: (Au,v) = (u, A*v)
y1/2,

Cauchy-schwartz Equality iff span(u,v) is
1-dimensional.

Orthogonality uy, ...

A is orthogonal if ATA=1 Ais unitary if A¥A = I.
Projections P is a projection if P = P. Orthogonal projection if P2 = p=p*

, up orthogonal if (u;,u;) = 0. Orthonormal if (u;, u;) = 1.

Thm: If P € C™ X" is a projection, then C"™ = Rp+Np. If orthogonal projection,
C"™ = Rp ® Np
Thm: A € CP*9 = CP = Ry ® Nyx,C? =R« ® Ny

Gram Matrix: vy, ..., v} vectors, i, = <’Uj,’Ui>. G invertible < vy, ..., v lin.

indep.

Py V = spanf{vy,..., v}, W = {u € U : Vi, (u,v;) =0} = (1) U=V W.
(u, vl

(2) Pyu =Y cjuje; = (GTlh);b = (3) IPyul?® = ¢*Ge.
(u, vg)

(4) [|Pyul? < ||ul|?, equality iff u € V. (5) if U = C™ [v1...vg], then

Py =V(V*V)“tv*
Orthogonal expansion: V = span{vy,...
M o1,

orthogonal projection. (4) ||Pyul? =

Juph, W = {u € U : Vi, (u,v;) =0} =
, v} lin. indep. (2) U = VOW. (3) Pyu = (u, v1)v1+- -+ (u, vg)vg:

DT Kus )2 (5) Y 1w, v5) 12 < Jlul?
Gram-Schmidt 93 = ug — (ug, v1)v1 — (us, v2)va, vy =
QR factorization A € RPX9, rank(A)
Q € RP*Y and a unique upper tr.
A= QR.

Area/Volume Parallelogram a-b: V = [ab],a,b € R" = area = (clet(V*V))l/2
Parallelopiped a-b-c: W = [abc], a, b, c € R3 = vol = det(W)

Hermitian A is hermitian if A = A*. Properties: (1) It’s eigvals are real. (2)
Eigvecs of distinct eigvals L. (3) Vk, X : N(Afxl)k‘ = Na-an)- (4) 3 unitary U,
diagonal D s.t. A=UDU™

Positive-Semidefinite A is positive semidefinite if YV € C™
(Positive definite if >). Properties: (1) A is hermitian. (2) eigvals > 0.
positive definite, then eigvals > 0.
SVD s is a singular value of A if s2

v3
1531l
= 3 a unique orthogonal matrix

R € RI%Y with positive entries on diag. s.t.

(Az,z) > 0.
(3) 1t

is an eigval of A*A. A € CPX9 of rank r

with sing vals s1 > ... > s, = 3 unitary U,V s.t. A=V |: g g :| U*.
Note: [|A| = s1
A = VDU*. Finding D: eigvals of A*A (not nec. all). Finding U: eigvecs of

A*A: A* Au; = stu,

-

(b,vj)

Approximation Minimize Az — b by: =z = leijju + ZZ+1 cjuj (vi, u; are
cols of V,U. c;s arbitrary)
Normal matrices A normal if A¥A = AA™.
VA ko N(A7>\I)
THM A € C™*™ normal < 3 orthonorm’ basis of C™ consisting of eigvecs of A.
Schur Thm A € C™X™ = 3 unitary V, upper tr. T s.t. V*AV = T. Diag’ of T
is the eigvals of A.
Difference eq. z,, = ax,,_1 + bxy,_o: 1. Find roots A1, Ao of A2 =aX+b. 2. If
A1 # Ao, = oAl 4+ BAY. if A1 = Ao, zn = aA] 4+ BnAT.
initial conditions.
Differential eq. z(®) (t) + ap_1 XP~ D (¢) + ...
1. Find roots of 0 = AP + ap,l)\p71 + -
2. a(t) = Bret + Botet M ...
AB = BA = 415 = ¢AcB

Props: (1) Ngx = Ng = N . (2)

k = Nca—xr1) (3) eigvecs of distinct eigvals L.

3. Find «, 3 using
+ alx(l)(t) + aoxz(t) = 0.

tag = (A =X (A= X))k,
+ﬁa1t((“1*1)et*1 +yrefr2 4.

Funcs Mean val (real) f continuous real valued on [ab], f/ ex-
ists. f(b) f@) = f'(c)(b — a) for some ¢ € (a,b). Taylor:
@3) . (n) b—a)™
FO) = fla) + Y L5 — o) LG0T
Mean Val f(z1,...,24) cont. on aj < x < bj, dmf exists.
f(b) = f(a) = (Vf)(c)(b— a), for some c =a + tg(b—a),0 < tg < 1.
fl(zlv»--v zq)
Mean val for vec valued f(z) = s Each f; cont. and
fp(zlv D 7zq)
(Vf1)(e1)
partial derivatives exists. f(b) — f(a) = (b — a) for some set
(Vip)(ep)
cj :a+tj(b—a),0<tj < 1.
Thm [|f(b) — f(a)ll < IF (e — all, where F'(c) =
d d
@ - Fk@)
azl L (z) qu L (x)
Fixed point f(z) cont. map of E into itself, || f(b) — f(a)|]| < K||b — a|| for some
K and all a,b € E, then: (1) 3 exactly one z4« € E s.t. f(z*) = z4. (2) let

zo € B,zpni1 = f(zn) = zx = limzn. (3) |z —2nll < i Kllzl —zoll

Spectral radius limy, — oo HAnHl/n = max{|A| : X € o'(A)} B ’I‘U(A)

91(T1, -, Tq, Y1y -5 Yp)

Implicit func Let g(z) = be a mapping from
gp(T1,. o T, Y1y s Yp)

z € R? and y € RP into RP s.t.: (a) g is continuous for ||z —z¢|| < o, [ly—yoll < B.

(b) g(zo,y0) = 0. (c) partial derivs by y; exist and are continuous. (d) The p X p

991 991
Dup (T2 Y) Dyp (@ Y)
matrix G’2 (z,y) = is invertible at (zq,yo)-
dg 9gp
Fr (2, y) By, (T Y)
Then: 3v,68 s.t. Vo € {z : ||z — zg|| < v} there exists exactly one y = ¢(x) in

{y:lly —yoll <&} st g(w, p(x)) =
Moreover, if partial derivs by x; also exist and are cont.,

Dy, .
then B‘M also exist and

are cont.
A generalization Let g;(u1,...,un),t = .k be cont. with first order
partials in an open set @ that contains the point u°, and suppose rank
g g
Bui (u) ce au,}z’ (u)
= p near u°, and let ¢ = n — p. Then
e B9y -
S () 29k ()

there exists a permutation o of the indices {1...n} of the components of u

T; = Ug(y),i=1...kand y; = us(gq4),4=1...p, and a pair 7,6 > 0 s.t.: (1)

2} d
dzi (uO) !]1 (uO)
rank =p. (2) Ve € {z € R?: |z — 20| <~}
895- o o
DT (u®) dyp( )
there exists exactly one point y = () in {y € RP : ||y — v°|| < 8} s.t. g;(u) =0
Yo (1)
for ¢ = 1...k when ‘e = |:go(xas):|‘ (3) ¢(z) is cont and has cont first
Yo (n)
order partial derivs in {z € R? : ||z — 2°| < ~}
fi(@y, ... @p)
Inverse func thm f(x) cont in {z |z — zoll < o},
fp(x1,... zp)

partials exist and are cont, and F’(z) is invertible at xg. Let y = f(zg). Then

36 > 0s.t. Vy € {y € RP : ||ly — yoll < 6}, there exists exactly one point x in
{z € RP : ||z — z¢|| < 6} s.t. y = f(x). Moreover, z = ¥(y) has cont first order
partials.
Extremal If a is a local max or min for f(z) the (Vf)(a) =0
82 f 82 f
dxq10x1 (e) e dxq0xn (e)
Hjy Let Hf(c) = (Vf)(a) = 0 and
- 8% f 82 f
—Bz a7 (@) BmgeE, (O
noT1 TpdTn

Hyg(a) > 0 = ais a local min. (Vf)(a) =0 and Hf(a) < 0 = a is a local max.
(Note: Hy(a) > 0 means (Hy(a)u,u) > 0 for all nonzero u)
Extremal w. constraints f(u) = f(uy,...,upn), g1(u) =

g1(ur, ..., un),. ..

gr(u) = gg(ui,...,upn) are cont with cont partials on Q, k < n. Let

S = {(u1,...,un) € Q : gj(u1,...,up) = 0for j = 1...k}, and assume: (a)

Jda € S s.t. f(u) > f(a) or f(u) < f(a) for all w € S which are close enough to a.
(Vg1)(u)

(b) rank s =pforall u € {u € R" : ||lu — a|| < a}. Then Exists k
(Vgi)(u)

const’s A1, ..., g s.t. (Vf)(a) =A1(Vgr)(a)+ -+ Ap(Vgg)(a)



