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Abstract

We obtain the first approximation algorithm for finding
the k-simple shortest paths connecting a pair of vertices
in a weighted directed graph. Our algorithm is determin-
istic and has a running time of O(k(m

√
n + n3/2 log n)),

where m is the number of edges in the graph and n is
the number of vertices. Let s, t ∈ V ; the length of the
i-th simple path from s to t computed by our algorithm
is at most 3

2 times the length of the i-th shortest simple
path from s to t. The best algorithms for computing the
exact k-simple shortest paths connecting a pair of ver-
tices in a weighted directed graph are due to Yen [19] and
Lawler [13]. The running time of their algorithms, using
modern data structures, is O(k(mn+n2 log n)). Both al-
gorithms are from the early 70’s. Although this problem
and other variants of the k-shortest path problem drew a
lot of attention during the last three and a half decades,
the O(k(mn + n2 log n)) bound is still unbeaten.

1 Introduction

Computing the shortest path connecting a pair of ver-
tices in a graph is one of the most fundamental algorith-
mic problems in graph theory. A natural generalization
of this problem is to compute a set of k-shortest paths
that connect a given pair of vertices, for some k > 1.
More formally, given a graph G(V, E) with non-negative
edge weights, a positive integer k > 1, and two vertices
s, t ∈ V , the algorithm has to compute the k-shortest
paths from s to t. Yen [19] and Lawler [13] showed how to
compute the k-simple shortest paths in weighted directed
graphs. The running time of their algorithms, when mod-
ern data structures are used, is O(k(mn + n2 log n)). For
the restricted case of undirected graphs, Katoh, Ibaraki
and Mine presented in [12] an algorithm with a running
time of O(k(m + n log n)), when modern data structures
are used. In [9] Eppstein presented an algorithm, for
weighted directed graphs, that finds the k-shortest paths
when the paths are not required to be simple, i.e., they
may contain loops. The running time of his algorithm is
O(m + n log n + k). For unweighted directed graphs we
presented in [17] a randomized algorithm with a running
time of O(m

√
n log2 n).
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The algorithm of Yen goes back to the early 70’s.
Throughout the last three decades there were many im-
proved implementations of Yen’s algorithm [2, 10, 5, 15].
However, the bound of O(k(mn + n2 log n)), is still un-
beaten.

The most classical and well-known shortest path problem
is the problem of computing the All-Pairs Shortest-Paths
(APSP) of a graph. For directed graphs with real edge
weights the fastest known algorithm is due to Pettie [16].
Its running time is O(mn + n2 log log n). Many efforts
have been made during the years to beat the O(mn)
time bound. Throughout the years very small asymptotic
improvements were obtained and only when m = n2;
see [20] for more details. Recently, Chan [3] succeeded
to get o(mn) running time for unweighted undirected
graphs. There is also a long line of papers [1, 7, 4, 8, 18]
which present algorithms for approximating the APSP in
undirected graphs. This type of algorithms obtains much
faster running time by finding only approximated shortest
paths and not the exact ones. For directed graphs,
however, it is shown in [7] that using approximation
cannot help in getting o(mn) running time. Intuitively, it
seems that finding k-simple shortest paths between two
given vertices in a weighted directed graph should be
done much faster than computing APSP. The fact that
the undirected version of the problem can be solved in
O(k(m + n log n)) time also strengthens this feeling.

In this paper we present the first evidence that finding
the k-simple shortest paths in a weighted directed graph
might be an easier problem than finding APSP. We show
that in this case the use of approximation does help. If we
are willing to settle for approximated shortest paths, the
running time can be improved significantly. In particular,
we present a deterministic algorithm with a running time
of O(k(m

√
n+n3/2 log n)). The length of the i-th simple

path from s to t computed by our algorithm is at most
3
2 times more than the length of the i-th shortest simple
path from s to t. We say that 3

2 is the stretch of the
path. The stretch of all the paths computed by our
algorithm is at most 3

2 . Our algorithm is built upon an
approximation algorithm for finding the second simple
shortest path. This algorithm is based, among other
things, on a novel technique for computing, in parallel,
many truncated shortest paths trees at the cost of only a
single run of Dijkstra’s algorithm.

A closely related problem to the k-simple shortest paths



problem is the replacement paths problem. In the re-
placement paths problem we are required to find, for every
edge e on the shortest path from s to t, a shortest path
from s to t that avoids e, see Demetrecu and Thorup [6]
for more details. In our context, it is quite easy to see
that the second shortest path is one of the replacement
paths. Many algorithms for computing k-shortest paths
solve O(k) instances of the replacement paths problem.
In undirected graphs solving a replacement path problem
has no effect on the asymptotic running time since there
are algorithms whose running time is O(m + n log n); see
Malik et al. [14] and Hershberger and Suri [11]. How-
ever, in weighted directed graphs nothing better than the
trivial algorithm, which excludes each edge on the path
in its turn and computes a shortest path from s to t, is
known. The backbone of our algorithm, the approxima-
tion algorithm for the second shortest path, does not solve
a replacement path problem.

Our algorithm for approximating the k-simple shortest
path has the following useful property. The approxima-
tion of the i-th shortest path is obtained by finding an-
other simple path in the graph of stretch 3

2 with respect
to the i-th shortest path. As a result of that if the length
of the i + 1-th shortest path is more than 3

2 the length
of the i-th shortest path then when computing k-simple
shortest paths using our approximated algorithm, with
k ≥ i, the exact i-th shortest path is included in the out-
put. In general, if the lengths of the k-simple shortest
paths grow by factors of more than 3

2 , exact paths are
found.

There is a numerous number of applications in which
shortest paths computation is needed. Many of these
applications need to compute a set of shortest paths
and not only the shortest one. In [9] Eppstein lists a
number of application for k-shortest paths computation.
The first application mentioned there which also was the
motivation for Lawler [13], is the case when a short path
is needed but there are other constraints in addition to
short length. These other constraints, however, are not
well defined or are hard to optimize. A natural solution
in such a case is to compute a set of shortest paths and to
choose one of them by considering the other constraints.
Our algorithm for finding approximated k-simple shortest
paths can be used in such a situation, especially if we
consider its property that if the lengths of the paths are
well spread then the exact paths are found by it. For a
comprehensive list of applications see [9].

The rest of this extended abstract is organized as follows.
We start to present our techniques in Section 2 with a
2-approximation algorithm of the second shortest path.
We then proceed to Section 3 and show how to improve
the stretch factor to 3

2 . In Section 4 we present our
approximation algorithm for the k-simple shortest paths.
We end in Section 5 with some concluding remarks and

open problems.

2 A 2-Approximation of the second shortest
path

In this section we present an algorithm that computes a
2-approximation of the second shortest path from s to t.
Although our main result uses our stretch 3

2 algorithm, we
start with this, somewhat, simpler algorithm to explain
ideas that will be used later on in a more complex way.

Let G = (V,E) be a directed graph and let s and
t be two vertices in the graph. Let P (s, t) = {s =
u1, u2, . . . , uq = t} be a shortest path from s to t. Let
PE(s, t) = {(u1, u2), . . . , (uq−1, uq)} be the set of edges
of P (s, t). For ui, uj ∈ P (s, t), with i < j, let P (ui, uj)
denote the subpath of P (s, t) from ui to uj . The objective
of a second shortest path algorithm is to find a simple
path from s to t whose length is minimal among all paths
in the graph from s to t other than the shortest path
from s to t. In the sequel, the i-th simple shortest path
from s to t is denoted with Pi(s, t). P (s, t) always denotes
the shortest path from s to t. Its number of vertices is
denoted with |P (s, t)|. The length of Pi(s, t) is denoted
by `i and its approximated distance is denoted by ˆ̀

i.

Next, we define a detour:

Definition 2.1. (A Detour) Let P (s, t) be a simple
path from s to t. A simple path from u to v, D(u, v),
is a detour of P (s, t) if D(u, v) ∩ P (s, t) = {u, v} and u
precedes v on P (s, t).

It is easy to see that a second shortest path from s to t is a
path composed from three parts: an initial part on P (s, t)
from s to some vertex ui, a detour from ui to some vertex
uj , where j > i, and a final part on P (s, t) from uj to t.
We denote such a path by P (s, ui) · D(ui, uj) · P (uj , t),
where ‘·’ stands for concatenating two paths.

In [17] the replacement paths in directed unweighted
graphs were found by dividing the detours into long and
short detours according to the number of edges. Since
the graph was unweighted there was a clear distinction
between the detours. However, in weighted graphs there
is no relation between the number of edges a detour has to
its actual length, and other ideas should be used. Recall
that our target is to get an algorithm with a running time
of Õ(m

√
n)1, thus, as long as |P (s, t)| ≤ √

n, a trivial
algorithm which, excludes every edge from the shortest
path in its turn, computes a shortest path without it
and then after doing it for every edge on the path picks
the best path among all the paths computed, will find
the exact second shortest path in Õ(m

√
n) time. The

problem becomes much harder when |P (s, t)| > √
n. Our

1Õ hides a factor of O(polylog(n))



algorithm UpperBound(G(V, E))

W ←∞
for i ← 1 to |P (s,t)|√

n

Ei ← {(uj , uj+1) | (i− 1)
√

n + 1 ≤ j ≤ i
√

n}
W ← min(W,Dijkstra(G(V, E \ Ei), s, t)

return W

algorithm SetParameters(G(V, E))

for i ← 1 to |P (s, t)|
h(ui) ← W

2 − d[s, ui]− d[ui+2
√

n, t]
if i ≤ 2

√
n then p(ui) ← 0

else p(ui) ← h(ui−2
√

n) + p(ui−2
√

n)
Si % 2

√
n ← Si % 2

√
n ∪ {ui}

algorithm ParallelDijkstra(G(V, E), S)

for every v ∈ V \ S do Insert(H, v,∞)
for every (s, v) ∈ E s.t. (s, v) ∈ S × V do

Relax((s, v), s)
while H 6= φ do

u ← Extract-Min(H)
d̄[src(u), u] = d[u]
for every (u, v) ∈ E \ PE(s, t) do

if v ∈ H then Relax((u, v), src(u))

algorithm Relax((u, v), s)

x ← d̄[s, u] + weight(u, v)
if (x < h(s)) ∧ (x + p(s) ≤ d[v] + p(src(v))) then

d[v] ← x
src(v) ← s
Decrease-Key(H, v, d[v] + p(s))

Figure 1: The procedure for computing the upper bound
and for setting the parameters are in the first row. The
parallel implementation of Dijkstra and its corresponding
relax procedure are in the second row.

algorithm computes as a first step an upper bound on
`2. This upper bound is then used to synchronize many
runs of Dijkstra’s algorithm so that their total cost will be
O(m+n log n), as the cost of a single run. In the parallel
run of Dijkstra we compute truncated shortest paths trees
for a set of vertices of the path P (s, t). We repeat on this
parallel run until we have truncated shortest paths trees
for every vertex of P (s, t). The information gathered in
these trees is used to either improve the upper bound on
`2 by finding a better detour or to prove that the upper
bound gives an approximation of 2.

The upper bound is found using a method which is also
used, in a similar context, by Demetrescu and Thorup

in [6]. The algorithm is given in Figure 1. To simplify
the presentation and to avoid rounding problems, we
assume that the number of vertices P (s, t) has, is a
multiple of 2

√
n, which in its turn is an integer. However,

dealing with paths with arbitrary number of vertices
is straightforward. The algorithm preforms at most√

n iterations and in each iteration a different set of√
n consecutive edges is removed from the graph and

a shortest path from s to t is computed. The length
of the shortest, among all the paths computed, is the
value of the upper bound. We denote this value with W
throughout the paper. The running time of the algorithm
is O(

√
n(m + n log n)). If W ≤ 2`1 then W is already a

2-approximation of the second shortest path length since
`1 ≤ `2 ≤ W ≤ 2`1 and the algorithm simply returns W .
Thus, throughout this section we assume that W > 2`1.

The next Lemma, which is a direct result of the way the
upper bound is computed, is essential to the correctness
of the next stages of the algorithm.

Lemma 2.1. The length of any path P (s, ui) ·D(ui, uj) ·
P (uj , t), where j − i ≥ 2

√
n, is at least W .

Proof. Since j − i ≥ 2
√

n there exists an integer p such
that i ≤ (p−1) ·√n+1 and p ·√n ≤ j. While computing
the upper bound the set Ep was excluded from the graph
and the path P (s, ui) ·D(ui, uj) ·P (uj , t) was considered.
Thus, its length must be at least W , otherwise, the upper
bound would have been smaller than W .

An important corollary of this Lemma is the following.

Corollary 2.1. If the length of the path P (s, ui) ·
D(ui, uj) ·P (uj , t) is strictly less than W then j− i must
be strictly less than 2

√
n.

After computing the upper bound we set for every ui ∈
P (s, t) its priority p(ui) and the maximal height of a
truncated shortest paths tree rooted at it h(ui) (see
Figure 1). Note that h(ui) is always positive since
W > 2d[s, t]. We then proceed by dividing the vertices
of the path into sets. We will have a total number of
2
√

n sets, each contains at most |P (s,t)|
2
√

n
vertices. (Recall

that for simplicity we assume that |P (s, t)| is a multiple
of 2

√
n). For j ∈ [1, 2

√
n] let Sj = {uj+2

√
n·i | 0 ≤

i < |P (s, t)|/2
√

n} be the j-th set. It is crucial for the
algorithm that any two vertices of the path which are in
the same set are separated by at least 2

√
n−1 vertices of

P (s, t). The parallel Dijkstra and its corresponding relax
procedure are given in Figure 1. Let S be a set as defined
above. In a single run the parallel Dijkstra algorithm
computes for every u ∈ S a shortest paths tree up to
depth h(u). It starts by relaxing all the edges going out
from vertices of S. For every v ∈ V \S the algorithm keeps
its current source, i.e., the vertex from S which currently



responsible for the estimated distance d[v], in an array
named src. Let u be a vertex which is extracted from the
heap then d̄[src(u), u] is set to d[u] (d̄ denotes distances in
the graph G(V, E \ PE(s, t))) and its outgoing edges are
relaxed if their head is still in the heap. Notice that the
edges PE(s, t) are never relaxed and the parallel Dijkstra
ignores them. The usual relax procedure is modified and
a vertex key is decreased only if it satisfies the following
two constraints. The first, called the height constraint,
is that the length of the new path does not diverge from
the height of the truncated tree of its source. The second,
called the priority constraint, is that the sum of the length
of the new path and the priority of its source is less than
the sum of the current estimation of the distance and the
priority of the current source. Notice that, in contrast to
the usual Dijkstra algorithm, the key of a vertex is not
d[v] but d[v] + p(s). As we will see shortly, this is done
in order to prioritize the paths, and to prevent ‘vertex
stealing’ from one truncated tree to another.

We need to prove that the running time of the parallel
Dijkstra is O(m + n log n). The edges outgoing from
vertices of the set S are obviously relaxed only once. Any
other edge is also relaxed once when its tail is extracted
from H. It stems from the fact that, once a vertex
is extracted from H, it is never re-inserted. Thus, the
running time is O(m + n log n).

We turn our attention to prove an important property of
the parallel Dijkstra. This property is used later on to
establish the correctness proof of the algorithm.

Lemma 2.2. Let P (s, t) be the shortest path from s to t
and let W be the upper bound. Let P (s, ui) · D(ui, uj) ·
P (uj , t) be a second simple shortest path whose length is
less than W

2 . The truncated tree computed for ui by the
parallel Dijkstra algorithm contains the path D(ui, uj).

Proof. From Corollary 2.1 it follows that such a ‘short’
path must satisfy that j − i < 2

√
n, otherwise W would

not be the upper bound. Let S be the set in which ui

is contained and let h be the length of D(ui, uj). We
know that h < W

2 − d[s, ui] − d[uj , t]. The height of
a tree computed for ui by the parallel Dijkstra is at
most h[ui], where h[ui] = W

2 − d[s, ui] − d[ui+2
√

n, t]. It
is easy to see that h < h[ui] since j < i + 2

√
n and

d[ui+2
√

n, t] ≤ d[uj , t]. Thus, every vertex of the path
D(ui, uj) can be part of the truncated tree of ui from the
perspective of the height constraint. We show that the
path D(ui, uj) is, indeed, contained in the truncated tree
of ui.

Assume it is not, and let y ∈ D(ui, uj) be the first vertex
of D(ui, uj) such that src(y) = uk, for some uk ∈ S\{ui},
when the execution of the parallel Dijkstra halts (see
Figure 2). Thus, y is in the truncated tree of uk. Let
D(uk, y) be the path from uk to y in the truncated tree

of uk. We divide the proof into two cases. First we show
that k cannot be strictly smaller than i and then we show
that k cannot be strictly larger than i.

Assume k < i. We examine the path created by the
following concatenation of paths, P (s, uk) · D(uk, y) ·
D(y, uj) · P (uj , t). The path D(uk, y) satisfies the height
constraint of uk. The path D(y, uj) is a portion of the
path D(ui, uj) which satisfies the height constrain of ui.
Adding it together we get that there is a simple path
from s to t whose length is strictly less than d[s, uk] +
h(uk) + h(ui) + d[uj , t]. Replacing h(ui) and h(uk) with
their values we get:

d[s, uk] +
W

2
− d[s, uk]− d[uk+2

√
n, t] +

W

2
−d[s, ui]− d[ui+2

√
n, t] + d[uj , t] =

= W − d[s, ui]− d[ui+2
√

n, t]− d[uk+2
√

n, t] + d[uj , t]

We bound the value of this expression with W . Recall
that uk, ui ∈ S, thus, k + 2

√
n ≤ i. Also note that j > i,

otherwise the path is not simple. Hence, k + 2
√

n < j
and d[uk+2

√
n, t] ≥ d[uj , t]. We get that:

W − d[s, ui]− d[ui+2
√

n, t]− d[uk+2
√

n, t] + d[uj , t] ≤ W

We conclude that the length of the path P (s, uk) ·
D(uk, y) · D(y, uj) · P (uj , t) is strictly less than W .
This leads to a contradiction from the following reason:
Between uk and uj there are at least 2

√
n vertices and by

Lemma 2.1 the length of such a path must be at least W ,
a contradiction.

Assume k > i. The key of every vertex that appears in
the truncated tree of uk when it is extracted from the
heap is at least p(uk). Thus, when y is extracted its key
is at least p(uk). Let x1, x2, . . . , xq be the vertices on
the path D(ui, uj) between ui and y, if any (it might be
that q = 0). The key of every xi, when it is extracted
from the heap, is strictly less than p(uk). The edge
(ui, x1) is relaxed before any vertex is extracted, thus,
x1 is extracted before y. When it is extracted the edge
(x1, x2) is relaxed. Similarly, all the vertices, including
xq, are extracted before y. When xq is extracted the edge
(xq, y) is relaxed and y’s key is decreased and its source
is changed (note that if q = 0 then the edge (ui, y) is
relaxed as it is an outgoing edge of ui). This contradicts
the fact that y is in the truncated tree of uk.

From the two cases analyzed above it follows that the
path D(ui, uj) is contained in the truncated tree of ui.

The algorithm for computing a 2-approximation of the
second shortest path is given in Figure 3. The algorithm
preforms 2

√
n iterations. In each iteration the parallel

Dijkstra is called with a different set of vertices. The
algorithm computes a truncated shortest paths tree for
every vertex of P (s, t). After every execution of the



ui ui+2
√

nujuk uk

y
x1
x2

Figure 2: The possible paths and their respective sources.

algorithm 2-SecondPath(G(V,E), P (s, t))

W ← UpperBound(G(V, E))
ˆ̀
2 ← W

if ˆ̀
2 ≤ 2`1 then return ˆ̀

2

SetParameters(G(V, E))
for j ← 1 to 2

√
n

d̄ ← ParallelDijkstra(G(V,E), Sj)
for every up ∈ Sj

for i ← p + 1 to p + 2
√

n− 1 do
if ˆ̀

2 > d[s, up] + d̄[up, ui] + d[ui, t] then
ˆ̀
2 ← d[s, up] + d̄[up, ui] + d[ui, t]

return ˆ̀
2

Figure 3: A 2-approximation of the second shortest path

parallel Dijkstra the algorithm tries to improve the best
second shortest path it currently has.

The next Theorem summarizes the main result of this
section.

Theorem 2.1. The algorithm for computing a 2-
approximation of the second shortest path given in Fig-
ure 3 computes a simple path of length at most twice the
length of the simple second shortest path from s to t. The
running time of the algorithm is O(

√
n(m + n log n)).

Proof. Let W be the upper bound initially computed by
the upper bound algorithm. Let `2 be the exact length
of the second shortest path. If `2 = W then the exact
length is computed. On the other hand, if `2 < W

2 then
by Lemma 2.2, our algorithm detects this path and again
the exact length is computed. Finally, if W

2 ≤ `2 < W the
algorithm returns W which is at most twice the length of
the exact second shortest path. The algorithm performs
O(
√

n) iterations of Dijkstra and parallel Dijkstra, both
at a cost of O(m + n log n).

3 A 3
2 -Approximation of the second shortest

path

In this section we show how to improve the stretch factor
to 3

2 . As before we compute an upper bound using the
upper bound algorithm. By Lemma 2.1 we know that the

algorithm SetParameters(G(V, E), dr)

for i ← 1 to |P (s, t)|
h(ui) ← max(W

3 − dr · d[s, ui]− (1− dr) · d[ui, t], 0)
if i ≤ 2

√
n then

p(ui) ← 0
else

p(ui) ← h(ui−2
√

n) + p(ui−2
√

n)
Si % 2

√
n ← Si % 2

√
n ∪ {ui}

algorithm 3
2
SecondPath(G(V, E), P (s, t))

W ← UpperBound(G(V, E))
ˆ̀
2 ← W

if ˆ̀
2 ≤ 3

2`1 then return ˆ̀
2

SetParameters(G(V, E), 1)
for j ← 1 to 2

√
n

d̄ ← ParallelDijkstra(G(V,E), Sj)
SetParameters(G(V, E), 0)
for j ← 1 to 2

√
n

d̄ ← ParallelDijkstra(
←−
G(V,E), Sj)

return BestPath(G(V, E))

Figure 4: A 1.5-approximation of the second shortest
path.

length of any path of the form P (s, ui)·D(ui, uj)·P (uj , t),
where j−i ≥ 2

√
n, is at least W . Thus, the key for getting

a better approximation is to detect paths whose length is
more than W

2 and smaller than W in the O(
√

n) iterations
of the parallel Dijkstra algorithm. We show that this is
indeed possible. In this section we show that by applying
more complex techniques any path of length less than 2W

3
can be found. The asymptotic running time, however, is
not effected.

The algorithm is composed from the following steps: In
the first step it computes a truncated shortest paths tree
using the parallel Dijkstra for every ui ∈ P (s, t). We
denote such a tree by Tout(ui). The height constraint of
Tout(ui) is max(W

3 − d[s, ui], 0). In the second step the
edges of the graph are reversed and a truncated shortest
paths tree is computed, once again, for every ui ∈ P (s, t).



We denote such a tree by Tin(ui). The height constraint
of Tin(ui) is max(W

3 − d[ui, t], 0). In the third step
the algorithm tries to find a better approximation for
the second shortest path by concatenating paths. The
algorithm is given in Figure 4. The procedure for setting
the parameters of the vertices of P (s, t) is also given
in Figure 4. Note that in order to support the two
directions computation an additional value dr is passed
to the procedure. When the edges are in their original
direction dr is set to 1 and when they are reversed dr
is set to 0. Recall that d̄ denotes distances in the graph
G(V, E \ PE(s, t)).

In the next Lemma we prove a useful property of detours
of paths whose length is less than 2W

3 .

Lemma 3.1. Let P (s, ui) ·D(ui, uj) ·P (uj , t) be a simple
path whose length is less than 2W

3 . There must be at
least one edge (u, v) on D(ui, uj) such that u satisfies
the height constraint of ui in G(V, E) and v satisfies the
height constraint of uj when the edges of the graph are
reversed.

Proof. Assume first that d[s, ui] < W
3 and d[uj , t] < W

3 .
We show that there is an edge (u, v) on D(ui, uj) such
that d̄[ui, u] < W

3 − d[s, ui] and d̄[v, uj ] < W
3 − d[uj , t].

Let u ∈ D(ui, uj) be the farthest vertex from ui which
satisfies d̄[ui, u] < W

3 − d[s, ui]. If u = uj then it is
easy to see that the last edge of D(ui, uj), i.e., the one
that goes into uj , satisfies the requirements, thus we can
assume that u 6= uj . Let (u, v) be the edge outgoing
from u on the path D(ui, uj). We prove that d̄[v, uj ] <
W
3 − d[uj , t]. The length of P (s, ui) · D(ui, uj) · P (uj , t)

equals d[s, ui] + d̄[ui, v] + d̄[v, uj ] + d[uj , t] and is smaller
than 2W

3 . Thus,

d̄[v, uj ] <
2W

3
− d[s, ui]− d̄[ui, v]− d[uj , t]

Since v does not satisfy the height constraint of ui it
follows that d̄[ui, v] ≥ W

3 − d[s, ui]. This implies that
d̄[v, uj ] < W

3 − d[uj , t] as desired.

Assume now that d[s, ui] ≥ W
3 , i.e., the truncated tree of

ui contains only itself. Let (ui, v) be the first edge on the
path D(ui, uj). The length of the path D(ui, uj) ·P (uj , t)
is less than W

3 and hence, d̄[v, uj ] < W
3 −d[uj , t]. The case

that d[uj , t] ≥ W
3 is identical.

In the sequel, we call an edge that satisfies the conditions
of Lemma 3.1 a border edge. In the next Lemma we
show that not only that the endpoints of a border edge
satisfy the height constraints but they are also part of the
suitable truncated trees.

Lemma 3.2. Let P (s, ui) ·D(ui, uj) ·P (uj , t) be a simple
path whose length is less than 2W

3 . If (u, v) ∈ E is

a border edge of D(ui, uj) then u ∈ Tout(ui) and v ∈
Tin(uj).

Proof. From Lemma 3.1 it follows that the vertex u
satisfies the height constraint of ui. Thus, every vertex
of the path D(ui, u) can be part of the truncated tree
of ui from the perspective of the height constraint. Let
ui ∈ S. We show that the path D(ui, u) is, indeed,
contained in the truncated tree computed for ui by the
parallel Dijkstra when it is executed with S.

Assume it is not and let y ∈ D(ui, u) be the first vertex
of D(ui, u) such that src(y) = uk, for some uk ∈ S \{ui},
when the execution of the parallel Dijkstra halts. Let
D(uk, y) be the path discovered by the algorithm. As
before we divide the proof into two cases. First we show
that k cannot be strictly smaller than i and then we show
that k cannot be strictly larger than i.

Assume k < i. We examine the path created by the
following concatenation of paths, P (s, uk) · D(uk, y) ·
D(y, uj) · P (uj , t). The path D(uk, y) satisfies the height
constraint of uk. The path D(y, uj) is a portion of the
path D(ui, uj), thus, we can bound the length of D(y, uj)
with 2W

3 −d[s, ui]−d[uj , t]. Adding it all together we get
that there is a simple path from s to t whose length is
strictly less than:

d[s, uk] + h(uk) +
2W

3
− d[s, ui]− d[uj , t] + d[uj , t] =

d[s, uk] +
W

3
− d[s, uk] +

2W

3
− d[s, ui] = W − d[s, ui]

This leads to a contradiction from the following reason:
j > i and both uk and ui are in the same set S which
implies that i−k ≥ 2

√
n. Thus, between uk and uj there

are at least 2
√

n vertices. By Lemma 2.1 we know that
the length of such a path must be at least W .

Assume k > i. This case is identical to the one in
Lemma 2.2.

We conclude that D(ui, u) is in the truncated tree of ui.
The proof that v ∈ Tin(uj) is symmetrical.

Let P (s, ui) ·D(ui, uj) ·P (uj , t), where j− i < 2
√

n, be a
simple path whose length is less than 2W

3 and let (u, v) ∈
D(ui, uj) be a border edge. According to Lemma 3.2
the path D(ui, uj) can be partitioned into three parts:
D(ui, u), (u, v) and D(v, uj), such that, u ∈ Tout(ui)
and v ∈ Tin(uj). In the rest of this section we explain
how to use the truncated trees computed in order to find
these paths in Õ(m

√
n) time. The main difficulty that

we are facing is that a vertex may participate in Ω(
√

n)
truncated trees. However, as we show in the next Lemma,
in our search for a better path, it is sufficient to consider
only 2

√
n trees.



algorithm BestPath(G(V, E))

for every u ∈ V do Init(u)
for every (u, v) ∈ E \ PE(s, t)

for i ← τ(u) + 1 to τ(u) + 2
√

n− 1
if ˆ̀

2 > min(Hin(u)) + w(u, v) + min(Hout(v))
ˆ̀
2 ← min(Hin(u)) + w(u, v) + min(Hout(v))

Delete(Hout(v), ui)
Insert(Hin(u), ui, d[s, ui] + d̄[ui, u])

Init(u), Init(v)
return ˆ̀

2

algorithm Init(u)

Hin(u) ← φ, Hout(u) ← φ
Insert(Hin(u), uτ(u), d[s, uτ(u)] + d̄[uτ(u), u])
for i ← τ(u) + 1 to τ(u) + 2

√
n− 1

Insert(Hout(u), ui, d̄[u, ui] + d[ui, t])

Border Edge

ui ui+2
√

nujs t

u v

Figure 5: The procedure for finding a better path and an
example of such a path

Lemma 3.3. Let τ(u) be the smallest index such that u ∈
Tout(uτ(u)) and let u ∈ Tout(ui) for some i ≥ τ(u)+2

√
n.

Any path of the form P (s, ui) ·D(ui, u) · (u, v) ·D(v, uj) ·
P (uj , t) is of length at least 2W

3 .

Proof. Assume, for the sake of contradiction, that there
is a path P (s, ui) · D(ui, u) · (u, v) · D(v, uj) · P (uj , t)
whose length is strictly less then 2W

3 . The length of the
path P (s, uτ(u)) · D(uτ(u), u) · (u, v) · D(v, uj) · P (uj , t)
can be bounded as follows. By the height constraint of
uτ(u) we can bound the length of the portion P (s, uτ(u)) ·
D(uτ(u), u) with W

3 . The length of the portion (u, v) ·
D(v, uj) · P (uj , t) is smaller than 2W

3 − d[s, ui]. Adding
it together we get that the length of the path is less than
W −d[s, ui]. Between uτ(u) and uj there are at least 2

√
n

vertices and by Lemma 2.1 it is impossible that such a
path has a length smaller than W .

The algorithm for searching for a better path is given
in Figure 5. For every u ∈ V two heaps, Hin(u) and
Hout(u), are maintained. As follows from Lemma 3.3
only vertices from P (uτ(u), uτ(u)+2

√
n−1) should be con-

sidered by u. When the heaps are initialized Hin(u)
contains the vertex uτ(u) and Hout(u) contains the ver-
tices uτ(u)+1, . . . , uτ(u)+2

√
n−1. The key of ui in Hin(u) is

d[s, ui] + d̄[ui, u] and in Hout(u) is d̄[u, ui] + d[ui, t]. The
initialization procedure is given also in Figure 5.

The algorithm processes every edge (u, v) ∈ E\PE(s, t) in
the following way. A path is built by adding the minimum
from Hin(u) and from Hout(v), to the weight of (u, v).
If this path improves the current upper bound then the
upper bound is updated with the length of the new path.
The algorithm proceeds by deleting uτ(u)+1 from Hout(v)
and inserting it to Hin(u). This procedure is done until
Hout(v) becomes empty. The endpoints u and v are then
re-initialized and a new edge is picked. The total running
time of this algorithm is Õ(m

√
n).

The next Theorem summarizes the main result of this
section.

Theorem 3.1. The algorithm given in Figure 4 finds a
path whose stretch is at most 3

2 with respect to the length
of the second simple shortest path from s to t. The
running time of the algorithm is Õ(m

√
n).

Proof. Let P (s, ui) · D(ui, uj) · P (uj , t) be the exact
simple second shortest path and let `2 be its length.
If `2 = W then the algorithm computes the exact
length. If `2 < 2W

3 then by Corollary 2.1 it must be
that j − i < 2

√
n. Let (u, v) be a border edge of

D(ui, uj). From Lemma 3.2 it follows that u ∈ Tout(ui)
and v ∈ Tin(uj). From Lemma 3.3 it follows that i
must be smaller than τ(u) + 2

√
n. Thus, when the edge

(u, v) is considered there is a stage in which ui ∈ Hin(u)
and uj ∈ Hout(v), and as a result of that, the value
min(Hin(u)) + weight(u, v) + min(Hout(v)), computed at
this stage, equals to `2 and once again the exact length is
computed. If 2W

3 ≤ `2 < W the algorithm returns W and
the stretch of the path is at most 3

2 . The parallel Dijkstra
and Dijkstra are executed O(

√
n) times. The algorithm

for finding the best path does O(
√

n log n) work per an
edge. Thus, the total running time is Õ(m

√
n).

4 Finding the k-th simple shortest paths

In this section we show how to compute an approximation
of the k-simple shortest paths. Our algorithm guarantees
a stretch of 3

2 , for the i-th path computed by it, with
respect to the i-th shortest path. In [17] we showed that
computing the k-simple shortest paths can be done by
O(k) computations of second shortest paths. However, it
is not straightforward to apply the algorithm from [17]
when only an approximation algorithm of the second
shortest path is available. We start this section with
an overview of the k-simple shortest paths algorithm
from [17]. We then proceed and explain how to modify
the algorithm to work when only an approximation of the
second shortest path can be computed. We end with a
correctness proof for the modified algorithm. We assume
that the second shortest path algorithm outputs a path
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algorithm k-SimplePath(G(V, E), s, t, k)

P1(s, t) ← Dijkstra(G(V,E), s, t)
T ← P1(s, t)
Ed(s) ← φ
Insert(H, 〈SecondPath(G(V, E), P1(s, t)), 1〉)
for i ← 2 to k
〈Pi(s, t), j〉 ← min(H)
Concatenate Pi(vi, t) to ui in T
Ed(vj) ← Ed(vj) ∪ {(ui, vi)}
Ed(vi) ← φ
P 2

i (vi, t) ← SecondPath(G(V \ Pi(s, ui), E \ Ed(vi)), Pi(vi, t))
P 2

j (vj , t) ← SecondPath(G(V \ Pj(s, uj), E \ Ed(vj)), Pj(vj , t))
Insert(H, 〈Pi(s, vi) · P 2

i (vi, t), i〉)
Insert(H, 〈Pj(s, vj) · P 2

j (vj , t), j〉)
return T

Figure 6: A deviations tree and the k-simple shortest paths algorithm

and not only a length. Our algorithm can support that
in the same asymptotic running time.

Let Pi(s, t) be the i-th shortest path in G. The output
of the k-simple shortest paths algorithm is given in the
form of a tree of paths which we define as follows.

Definition 4.1. (Deviation Tree) For k = 1 the tree
is simply P1(s, t). Let Ti−1 be the tree that contains the
i − 1-th shortest paths and let Pi(s, t) = {s, u1, . . . , ul, t}
be the i-th shortest path. Let Pi(s, uj) be the longest
subpath of Pi(s, t) already in Ti−1. We make a copy from
Pi(uj+1, t) and concatenate it with the copy of Pi(s, uj)
in Ti−1. The resulting tree is Ti. The edge (uj , uj+1) is
said to be the deviation edge of Pi(s, t).

The algorithm for computing the k-simple shortest paths
is given in Figure 6. The algorithm maintains a heap H
of paths. The algorithm performs k iterations and in each
iteration the item with the minimal key is extracted from
H. When the i-th iteration begins, every item of H is
a pair 〈Q, j〉, where Q is a path and j < i. The key of
the item is the length of Q. The path Q and the index j
satisfy the following relation. Let (uj , vj) be the deviation
edge of Pj(s, t) and let Ed(vj) be the set of deviation edges
emanate from vertices of the path Pj(vj , t) so far. (The
purpose of the set Ed(vj) is to prevent from a path to be
the second shortest path of Pj(vj , t) more than once.) In
the graph G(V \ Pj(s, uj), E \ Ed(vj)) the path Pj(vj , t)
is the shortest path from vj to t and Q(vj , t) is the second
shortest path from vj to t. The portion Q(s, vj) of Q is
simply Pj(s, vj).

In the i-th iteration the algorithm extracts a path from
H. In [17] we proved that the extracted path is the i-
th shortest path, Pi(s, t). Let (ui, vi) be the deviation

edge of Pi(s, t). After the extraction the algorithm
computes a second shortest path P 2

i (vi, t) for Pi(vi, t)
in the graph G(V \ Pi(s, ui), E \ Ed(vi)) and a second
shortest path P 2

j (vj , t) for Pj(vj , t) in the graph G(V \
Pj(s, uj), E \ Ed(vj)). Notice that the edge (ui, vi) is
added to Ed(vj) to avoid from the path Pi(vj , t) to be the
second shortest path of Pj(vj , t). The algorithm inserts
into H the following two pairs: 〈Pi(s, vi) ·P 2

i (vi, t), i〉 and
〈Pj(s, vj) · P 2

j (vj , t), j〉.
The full details and proofs appear in [17] and are omitted
from this extended abstract. The main issue that we
need to address here, however, is the effect of using an
approximation of the second shortest path.

We modify the algorithm in the following way. Let
P̂ 2

i (vi, t) be the approximated second shortest path of
Pi(vi, t) in the graph G(V \ Pi(s, ui), E \ Ed(vi)) and
let (u, v) be the edge of P̂ 2

i (vi, t) which deviates from
Pi(vi, t). We compute the shortest path from v to t
in the graph G(V \ Pi(s, u), E). Let Q(v, t) be the
resulting shortest path from v to t. The path inserted,
eventually, to the heap is the following concatenation of
paths: Pi(s, u) · (u, v) · Q(v, t). Note that the length of
Q(v, t) is at most the length of P̂ 2

i (v, t). We are now ready
to prove the main Theorem of this section.

Theorem 4.1. Let k ≥ 1 and let T be the output of
the modified k-simple shortest paths algorithm. For every
i ≤ k the length of the i-th path added to T is at most 3

2
the length of Pi(s, t). The running time of the algorithm
is O(k(m

√
n + n3/2 log n)).

Proof. (Sketch) Let Ti−1 be the tree after i−1 iterations
of the algorithm. Let j < i and let P̂j(s, t) be the path
in T that has the longest common prefix with Pi(s, t).



Let (uj , vj) be the deviation edge of P̂j(s, t). Notice that
it is guaranteed by the modification of the algorithm,
described above, that P̂j(vj , t) is the shortest path in the
graph G′ = G(V \ P̂j(s, uj), E \ Ed(vj)) and we can now
compute an approximation for its second shortest path.
Let Q(vj , t) be the approximated second shortest path
computed for the path P̂j(vj , t). The path Pi(vj , t) is part
of G′, thus, the length of Q(vj , t) is at most 3

2 the length of
Pi(vj , t). The path P̂j(s, uj) · (uj , vj) ·Q(vj , t) is added to
H by the algorithm. As a result of that, the length of the
minimal path extracted from H in the i-th iteration is at
most 3

2 of the length of Pi(s, t). There are O(k) executions
of the approximated second shortest paths algorithm,
thus, the running time is O(k(m

√
n + n3/2 log n)).

5 Concluding remarks and open problems

We presented the first approximation algorithm for find-
ing k-simple shortest paths in weighted directed graphs.
The running time of the algorithm is Õ(m

√
n). The main

problem, however, remains open. Is it possible to get an
exact algorithm for finding the k-simple shortest paths in
weighted directed graphs with a running time of O(n3−ε),
for some ε > 0? Another natural question is whether the
stretch factor can be further improved. For example, is
it possible to obtain an algorithm whose running time
is O(m

√
n polylog(n, ε)) and the stretch of the paths is

1 + ε?
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