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ABSTRACT

We obtain a new fully dynamic algorithm for the reachability
problem in directed graphs. Our algorithm has an amortized
update time of O(m+nlogn) and a worst-case query time of
O(n), where m is the current number of edges in the graph,
and n is the number of vertices in the graph. Each update
operation either inserts a set of edges that touch the same
vertex, or deletes an arbitrary set of edges. The algorithm
is deterministic and uses fairly simple data structures. This
is the first algorithm that breaks the O(n?) update barrier
for all graphs with o(n?) edges.

One of the ingredients used by this new algorithm may be
interesting in its own right. It is a new dynamic algorithm
for strong connectivity in directed graphs with an interest-
ing persistency property. Each insert operation creates a
new version of the graph. A delete operation deletes edges
from all versions. Strong connectivity queries can be made
on each version of the graph. The algorithm handles each
update in O(ma(m,n)) amortized time, and each query in
O(1) time, where a(m,n) is a functional inverse of Acker-
mann’s function appearing in the analysis of the union-find
data structure. Note that the update time of O(ma(m,n)),
in case of a delete operation, is the time needed for updating
all versions of the graph.

Categoriesand Subject Descriptors

G.2.2 [Discrete Mathematics]: Graph Theory— Graph al-
gorithms, Path and circuit problems

General Terms

Algorithms, Design, Performance, Theory

Keywords

Transitive closure, Reachability, Directed graphs, Dynamic
graphs algorithms

Permission to make digital or hard copies of al or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or afee.

STOC' 04, June 13-15, 2004, Chicago, Illinois, USA.

Copyright 2004 ACM 1-58113-852-0/04/0006 ...$5.00.

184

Uri Zwick
School of Computer Science
Tel-Aviv University
Tel Aviv 69978, Israel

zwick@cs.tau.ac.il

1. INTRODUCTION

The dynamic reachability problem, i.e., the problem of
maintaining a directed graph that undergoes a sequence of
edge insertions and deletions in a way that facilitates the
fast answering of reachability queries, is a well studied and
well motivated problem.

Demetrescu and Italiano [4] and Roditty [11], improving
an algorithm of King [10], obtained recently algorithms for
dynamically maintaining the transitive closure of a graph
with an amortized insert/delete time of O(n?), where n is
the number of vertices in the graph. These algorithms sup-
port extended insert and delete operations in which a set of
edges, all touching the same vertex, may be inserted, and a
completely arbitrary set of edges may be deleted, all in one
update operation. When the transitive closure of a graph
is explicitly maintained, it is of course possible to answer
every reachability query, after each update, in O(1) time.

As the insertion or deletion of a single edge may change
Q(n?) entries in the transitive closure matrix, an amortized
update time of O(n?), in the worst-case, is essentially opti-
mal, if the transitive closure of the graph is to be explicitly
maintained. When the number of queries after each update
operation is relatively small, it is desirable to have a dy-
namic algorithm with a smaller update time, at the price
of a larger non-constant query time. Roditty and Zwick
[12], improving results of Henzinger and King [8], obtained
an algorithm with an O(m+/n) amortized update time and
O(yv/n) query time. Demetrescu and Italiano [4] obtained
an algorithm with an O(n"*®) amortized update time and
an O(n"®®) query time. Their algorithm works, however,
only for directed acyclic graphs (DAGs). It also relies on
fast matrix multiplication.

We present here a deterministic algorithm that exhibits
a new update/query trade-off for the dynamic reachability
problem. Our new algorithm handles each (extended) up-
date operation in O(m + nlogn) amortized time, and an-
swers each query in O(n) worst-case time. Here m is the
number of edges currently in the graph, plus the number
of edges to be inserted or deleted, and n is the number
of vertices in the graph. This is the first algorithm that
breaks the O(n?) update barrier for all graphs with o(n?)
edges. The new algorithm and some of the previously ex-
isting algorithms for the dynamic reachability problem are
compared in Table 1. Our algorithm has the fastest update



Type of Type of Amortized Query Reference
graphs algorithm update time time

General | Deterministic O(n?) 0(1) [4, 11]
General Monte Carlo O(m+y/nlog®n) | O(n/logn) [8]
General | Deterministic O(m+/n) O(v/n) [12]
General Monte Carlo O(mP%58n) O(m°®*3) [12]
DAGs Monte Carlo O(n**®) O(n"*®) [4]

General | Deterministic | O(m + nlogn) O(n) Here

Table 1: Fully dynamic reachability algorithms.

time, among all algorithms that work on all graphs, but alas
the slowest query time. It should be noted, however, that a
query time of O(n) is still much faster, in most cases, than
the trivial query time of O(m).

Our algorithm uses only simple data structures and does
not rely on fast matrix multiplication. As the number of
edges deleted in a single update operation may be Q(m), a
delete time of O(m+nlogn) is almost optimal for extended
delete operations. Also note that a dynamic reachability al-
gorithm with an amortized time of O(n?~¢) for an extended
insert operation and a query time of O(n'~¢), for some ¢ > 0,
yields immediately an O(n®~€) time algorithm for the static
transitive closure problem. (Each graph can be constructed
using n extended insert operations, and the transitive clo-
sure matrix can then be built using n? queries.) Obtaining
such an algorithm without the use of algebraic matrix mul-
tiplication algorithms would be a major breakthrough.

One of the ingredients used by this new algorithm may be
interesting in its own right. It is a new dynamic algorithm
for maintaining the strongly connected components of a di-
rected graphs. This algorithm has an interesting persistency
property. Each insert operation creates a new version of the
graph. A delete operation deletes edges from all versions.
Strong connectivity queries, i.e., queries as to whether two
vertices u and v are in the same strongly connected com-
ponent, can be made on each version of the graph. The
algorithm handles each update in O(ma(m,n)) amortized
time, where a(m,n) is a functional inverse of the Acker-
mann function (see [16]), and answers each query in O(1)
time. The update time of O(ma(m,n)) is the time needed
for updating all versions of the graph. The algorithm uses
only O(m + n) space, no matter how many versions of the
graph are held by the data structure. Furthermore, given a
vertex v and a version number, the data structure can list
the set of vertices that are in the strongly connected com-
ponent of the vertex v, in the given version of the graph, in
time that is proportional to the size of the component.

The rest of this extended abstract is organized as fol-
lows. In the next section we describe the new dynamic al-
gorithm for maintaining strongly connected components. In
Section 3 we describe a new algorithm for the decremental
maintenance of a reachability tree composed of strongly con-
nected components. In Section 4 we combine the results of
the preceding sections to obtain the promised fully dynamic
reachability algorithm. We end in Section 5 with some con-
cluding remarks and open problems.
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2. FULLY DYNAMIC STRONG CONNEC-
TIVITY WITH PERSISTENCY

In this section we describe a fully dynamic strong con-
nectivity algorithm for directed graphs with a certain per-
sistency property. This algorithm plays a pivotal role in
the fully dynamic reachability algorithm of Section 4. The
strong connectivity algorithm supports the following opera-
tions:

Insert(E") — Create a new version of the graph, initially
identical to the latest version of the graph,
and add the set of edges E’ to it.

Delete(E") — Delete the set of edges E’ from all versions of
the graph.

Query(u,v,i) — Check whether w and v are in the same
strongly connected component of the i-th
version of the graph.

The set E’ of edges that are inserted or deleted in each
update operation is completely arbitrary. Our algorithm
supports each update operation in O(ma(m,n)) amortized
time, where m is the number of edges in the last version
of the graph, plus the number of edges to be inserted or
deleted. Note that this is the time needed to update all
versions of the graph in case of a delete operation. FEach
query is answered in O(1) worst-case time.

To obtain the almost linear update time we combine a
novel dynamic edge partitioning technique with two classi-
cal algorithms: the Union-Find algorithm (see Tarjan [16])
and an algorithm for answering LCA (Least Common Ances-
tor) queries (see Harel and Tarjan [7], Schieber and Vishkin
[13], Bender and Farach-Colton [2], and Alstrup et al. [1]).
The space used by our algorithm is linear, i.e., O(m + n),
no matter how many versions of the graph are in existence.
From now and on we refer to a strongly connected compo-
nent simply as a component.

More formally, the algorithm maintains the (strongly con-
nected) components of a sequence of graphs G1,Ga, ..., Gy,
where t is the number of insert operations performed so far.
Here G; = (V, E;) is the graph created by the i-th insert
operation. We assume, for simplicity, that Go = (V, Ep),
the initial graph, is a graph with no edges, i.e., Ey = ¢. See
Figure 1(a) for example. The update and query operations
are formally defined as follows:
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Figure 1: (a) The graph sequence Gy, G1,...
components hierarchy for the above sequence.

(b) Components forest

Insert(E'): t —t+1,FE +— E,_1UE'
Delete(E'): E; — E;, — E' [ for 1 <i<t

Query(u,v,i): Are u and v in the same component
of the graph G;?

Note that the edge sets of the graph sequence Go, G1, ...,
Gy satisfy Fp C F4 C --- C E;. Hence each component
of GG; is either a component of G;_1 or a union of compo-
nents of Gj—1. The components of all the graphs in the
sequence Go, G1, ..., Gt are arranged, therefore, in a hierar-
chy. This hierarchy can be naturally represented as a forest.
The nodes of the forest are the components of the graphs
Go, G1, . ..,G¢, with no duplications. The leaves of the for-
est are the vertices of the graph, which are the components
of the empty graph Go. The parent of a component w in
the forest is the smallest component that strictly contains w.
To each component w we assign a version number which is
the index i of the first graph G; in the sequence in which w
is a component. It is easy to see that the total number of
nodes in the component forest is at most 2n — 1. A simple
component forest is depicted in Figure 1(b).

The algorithm maintains the component forest of the se-
quence Go, G1, ..., G¢. Strong connectivity queries can then
be easily reduced to LCA queries on this forest. To effi-
ciently maintain the component forest, we define the follow-
ing partition of the edge sets F1 C Fy C --- C Fy:

DEFINITION 2.1  (DYNAMIC EDGE PARTITIONING). The
dynamic edge set H; of G; is defined as follows:

H;i = {(u,v) € E; | Query(u,v,i) A
(~Query(u,v,i = 1)V (u,v) ¢ Ei-1) }
Hiy1 = Ei\U_ H;

It follows from this definition that F; = UEZ%Hi and that
H,NH; = ¢ foreach 1 <i < j <t+ 1. Note that H;
is composed from all the edges that are inter-component
edges in G;_1, or are not present in G;_1, and are intra-
component edges in G;. The set H;11 contains all the edges
that are inter-component edges in G¢, the last graph of the
sequence. This edge partitioning is dynamic in the sense
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(c) Components hierarchy

,G3. (b) The components forest for the above sequence. (c) The

that any change to the component forest may move edges
from H; to Hj, where ¢ < j.

The new algorithm is given in Figure 2. The algorithm
uses a dynamic edge partitioning to maintain the compo-
nent forest of a graph sequence. The forest is represented
using two arrays. An array named parent holds for each
node in the forest a pointer to its parent. An array named
version holds for each node its version index, i.e., the index
of the version in which the component represented by this
node first appeared. After each update operation the forest
is preprocessed in O(n) time by a Least Common Ancestor
(LCA) algorithm to answer LCA queries in constant time.
Two vertices v and v are in the same component of G; if and
only if the version number of their LCA node is less than or
equal to 7. Thus, any strong connectivity query on a graph
from the sequence is answered in constant time. The initial-
ization routine simply initializes the data structure with an
empty graph (i.e., the graph Go). The forest is then com-
posed of n isolated nodes, representing the n vertices of the
graph, and the version number of each node in the forest
is 0.

An insert operation is handled as follows: First, the ver-
sion counter t is incremented and the new edges are added
to H:. (Note that Hy, prior to this operation, contains the
inter-component edges of the latest graph). Next, a tempo-
rary set of edges H' is created by contracting the endpoints
of H: edges with respect to the components of G;—1. Al-
gorithm SCC computes the components of the graph whose
edge set is H'. This is easily done in O(|H’|) time (see Tar-
jan [15], Sharir [14], Gabow [6], or Chapter 22 of Cormen et
al. [3]). Finally, using the components of G; new nodes are
added, if necessary, to the component forest and all inter-
component edges from H; are moved to H¢41.

A delete operation is handled in a similar manner. The
same process in done for each successive pair of graphs in
the sequence starting with the pair G1 and G2. The compo-
nent forest is built from scratch and a Union- Find algorithm
is used to unite the components that form a new compo-
nent. Using the Find operation when contracting the dy-
namic edge set H; of version i to H' the components which
contain an edge endpoints are found in O(a(m,n)) time.
Next, we analyze the running time of the algorithm.



Init:
1.t<0
2. Hl «— ¢
3. for each v € V do
4. parentv] — null
5. wersion[v] < 0

Insert(E’):
te—t+1

. Ht — Ht U El

. FindScc(Hy,t)

- Shift(Hy, Hy11)

. Pre-LCA(parent)

U W N =

Delete(E’):

. for each v € V do
parent[v] < null
fori—1tot

H; — H;\ E'
FindScc(H;,1)
Shift(H;, Hiy1)

. Hipr — Hepr \ B
. Pre-LCA(parent)

0N DO W

Query(u, v,1):
1. return (version|LC'A(u,v)] < 1)

Figure 2: A fully dynamic strong connectivity algorithm with persistency

FindScc(H,1):
1. H « {(Find(u), Find(v)) | (u,v) € H}
2. C+— SCC(H")
3. for each C = {w1,w, ...
if |C| > 1 then
¢+ NewNode
version[c] «— i
for j «— 1 to |C|
if j > 1 then Union(wi,w;)
parentjw;] — c

7w‘c‘} € C do

OO O

Shift(H., Hz):
1. for each (u,v) € Hy
2. if Find(u) # Find(v) then
3. H1 HHl\{(u,'U)}
4. HQHHQU{(’U,,’U)}

Figure 3: Procedures used by the fully dynamic strong connectivity algorithm

THEOREM 2.2. The algorithm described in Figures 2 and 3
handles each insert operation in O(ma(m,n)) worst-case
time and each deletion operation in O(ma(m,n)+t) amor-
tized time. The space complexity of the algorithm is O(m + n)

PRrROOF. After an insertion the algorithm contracts the
set of edges Hy to H' and computes the components of the
graph G(V' H'). Both operations are done in linear time.
The insertion is also charged with O(ma(m,n)) for future
edges that will be shifted to its dynamic edge set. The dele-
tion computes the components for the whole graph sequence.
The dynamic edges partitioning induces a hierarchy of com-
ponents. If there is not any shift of edges then the compo-
nents of G; are computed using the dynamic edge set H;.
The dynamic edge sets are disjoint thus the total cost of this
computation is O(m). However, the contraction process that
creates H' uses the Find operation of the Union-Find data
structure in order to find for each vertex its components in
the forest. Thus, the total deletion time is O(ma(m,n)).
When an edge is shifted from H; to H;y1 then this edge will
be scanned more than once during the deletion but this cost
was already charged from the insertion that created version
i+ 1. O

The delete time can be easily reduced from O(ma(m,n)+
t) to O(ma(m, n)). The O(¢) term in the running time of the
algorithm comes from examining the dynamic edge set H;,
for every i = 1,...,t. However, at most m of these sets
are non-empty. Also, edges that are to be moved out of a
dynamic set H; can be directly moved into H;, where j is
the smallest index larger than ¢ for which H; is non-empty.
Thus, by keeping a list of the indices ¢ for which H; # ¢,
the dependence of the running time on ¢ can be avoided.
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The algorithm, as described above, only supports strong
connectivity queries. It is not difficult to extend it, however,
to identify and report decompositions of strongly connected
components. To accomplish that, we consider two consec-
utive states of the component forest, one just before and
one just after a delete operation. (See the left-hand side
of Figure 4.) We then add pointers from each component
of the old forest into the maximal components of the new
forest that are contained in it. (See the right-hand side of
Figure 4.) These pointers are added using algorithm Parts
given in Figure 5. By definition, Parts(v) is the set of max-
imal components of the new forest that are contained in v.
In other words, if v is a component of the old forest and
u € Parts[v], then v C v, and if v’ is a component of the
new forest such that u C v/, then v’ ¢ v. Note, however,
that we might have version[u] > version[v].

If v is a component in the old forest, and version[v] < i,
i.e., v is a component of G;, then the set of components into
which v split as a result of the delete operation can be found
by calling algorithm Split(v,4), given also in Figure 5.

Algorithm Parts is fairly simple. When we call Parts(v)
we assume that Parts(v’) for every v’ € children[v] was al-
ready computed. (children[v] is of course the set of children
of v in the forest.) The algorithm initializes S to the union
of Parts(v'), for every v' € children[v]. All the components
in S are clearly contained in v. They are not necessarily
maximal, however. The algorithm maintains therefore a
set T containing the non-null parents of elements of S that
were not yet found to be maximal. In each iteration the
algorithm extracts the component u of T" with the minimal
version number. This is easily done by holding the elements
of T in a simple priority queue. If all the children of u in
the new forest are contained in v, then w is added to S and
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Figure 4: Comparing two consecutive component forests.

Parts(v):
1. S« Uyrc childreni) Parts(v')
. T — { parent[u] | u € S A parent[u] # null }
while T' # ¢ do
u «— extract-min(T, version)
if childrenju] C S then
S «— SU{u} — children[u]
if parent[u] # null then T «— T U {parent[u]}
return S

PN O W

Split(v, i):
1. R « Parts(v)
2. while Ju € R with version[u] > ¢ do
3. R« RU children[u] — {u}
4. return R

Figure 5: Identifying decompositions of components

its children are removed from S. If parent[u] # null, then
parentu] is added to T. Otherwise, if children[u] ¢ S, then
the elements of children[u]NS are maximal and are therefore
left in S.

A simple amortization argument shows that the amortized
cost of calling Parts(v) on every component of the old forest
is O(n). More details will be given in the full version of the

paper.

3. DECREMENTAL MAINTENANCE OF
REACHABILITY TREES

In this section we describe a new decremental algorithm
for maintaining reachability trees. A reachability tree is used
to maintain the set of vertices that are reachable from a
certain vertex r of a graph G = (V, E) that undergoes a se-
quence of edge deletions. The nodes of the tree, however, are
not individual vertices of G but rather strongly connected
components of G. (Clearly, if u and v are in the same com-
ponent, they are either both reachable, or not reachable,
from r.) The root of the tree is the component containing r.
Figure 6 shows, for example, a reachability tree that con-
tains five components. Vertices that are contained in other
components of G are not reachable from 7.

We focus in this section on the decremental maintenance
of one reachability tree. The fully dynamic reachability al-
gorithm of the next section will maintain a collection of
such trees, each one having a different root and defined
with respect to a different version of the graph. More pre-
cisely, if Go,G1,...,G; is a sequence of graphs resulting
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from a sequence of edge insertions and deletions, as defined
in Section 2, the fully dynamic algorithm will maintain up
to n reachability trees, each one in a different graph G.
Note that even though insert operations are performed, each
graph G;, once defined, is only loosing edges.

The new algorithm relies heavily on the ability of the algo-
rithm of the preceding section to efficiently identify decom-
positions of strongly connected components. It also uses a
new way of dealing with such decompositions. These new
techniques are used in conjection with ideas borrowed from
Italiano [9], Frigioni et al. [5] and Roditty [11].

3.1 Thedatastructure

The algorithm uses the following simple data structure.
For every component w of the graph, the algorithm main-
tains a doubly linked list active[w] that contains all the ac-
tive vertices of the component. A vertex v is active if it
has uninspected inter-component incoming edges. An edge
(u,v) € E is said to be an inter-component edge if and only
if u and v are not in the same strongly connected component
of G. Initially, all edges are uninspected. When an inter-
component edge is inspected by the algorithm it is either
found not to be useful, and is permanently removed from
the graph, or it becomes a tree edge. Due to a technical
reason, tree edges are also considered to be uninspected. (It
may seem a bit unnatural to consider tree edges as being
uninspected, but this simplifies the description of the algo-
rithm.) For every active vertex v, the algorithm maintains a
doubly linked list 4n[v] containing all the uninspected inter-
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component edges that enter v. (If v is active, the list in[v]
cannot be empty.) For every vertex v, active or inactive, the
algorithm maintains a doubly linked list out[v] containing all
the edges emanating from v. See Figure 7(a).

The reason for keeping only inter-component edges in the
data structure described is obvious. Intra-component edges
are certainly important, as they keep components strongly
connected, but they can never be serve as tree edges in a
reachability tree. (Intra-component edges are self-loops in
the component graph.) It should be noted, however, that
as edges are deleted from the graph G, components split
and edges that were intra-component edges become inter-
component edges. Such edges are then added to the data
structure, as we describe below.

The algorithm maintains the following invariant:

Tree Invariant: If w is a component of G, v
is the first vertex in active[w], and w is the first
vertex in in[v], then (u,v) is the tree edge con-
necting component w to the tree. In particular,
if active|w] is empty, then w is not connected to
the tree and the vertices of w cannot be reached
from 7.

The algorithm also maintains an array c indexed by the
vertices of the graph. For every vertex v € V, ¢[v] is the
name of the component currently containing v.

3.2 Splitting components and updating the
inter-component edges

Suppose that the data structure described above correctly
represent a reachability tree from a given vertex r in a graph
G = (V,E). A subset E' C E of edges is now deleted.
How do we efficiently update the data structure so that it
will represent a reachability tree from r in the new graph
G' =(V,E—-FE')?

The required updates are done in two steps. In the first
step, described in this subsection, we take into account de-
compositions of components, add new inter-component edges
to the data structure and remove inter-component edges
that were deleted. These changes may violate the tree in-
variant and hence destroy the tree. In the next step, to be
described in the next subsection, we reconnect the tree and
reestablish the tree invariant.

We assume that the algorithm of Section 2 gives us a list
of the strongly connected components of G that split as the
result of the deletion of the edge set E’. Furthermore, for
every component w that split, we get the list w1, wa, ..., wk
of the new components in G’ into which w split. For each
component w; we get a pointer to location of w; in the
component forest. (Recall that G = G;, for some i.) We

189

can thus obtain the size |w;| of a component w; in constant
time, and list the elements of w; in O(|wj|) time. We also
get the list of edges that become inter-component edges as
a result of the deletion of F’. (If G = G;, then these are
precisely the edges that were removed from H; as a result
of this delete operation.)

Suppose that component w split into w1, wa, ..., wr. We
need to generate new linked lists active[w;], for j = 1,...,k,
that contain the active vertices of the new components. A
naive way of doing it would be to scan the list active[w] and
move each vertex in it into one of the new lists. This would
require, however, O(|w|) = O(Zfz1 |w;]) time. Using this
approach, we may end up spending a total of Q(nQ) time
just on constructing the active lists. (This may happen, for
example, if /-th delete operation caused a component of size
n—{ to breaks into two components of sizes n—¢—1 and 1.)

Luckily, there is a slightly less naive way of constructing
the lists active|w;], for j = 1,...,k. Let us assume that
|wi] > |wal, ..., |wk|. Instead of building the list active[w:]
from scratch, we will simply delete from active[w] all the
vertices that do not belong to wi. The deleted vertices will
be placed in one of the lists active[w;], for j = 2,... k. (See
Figure 7(b) for an example.) We can do this by scanning
the lists of vertices contained in the components wa, . . ., wy.
(We assume that for each vertex v we have a pointer to its
appearance, if any, in an active list.) The total time required
for constructing the lists active[w;], for j = 1,...,k, is now
only 0(25:2 |w;]). (Note that the sum starts now from 2,
and not from 1.) This makes a huge difference! If a vertex
is moved from one active list to another, the size of the
component containing it must have decreased by a factor of
at least 2. Each vertex is therefore moved at most log, n
times and the total amount of time spent on constructing
these lists is at most O(nlogn). (Note that the decision as to
who will ‘inherit’ the list active[w] is made according to the
size of the newly formed components, and not according to
the number of active vertices they contain. Thus, the fact
that active vertices may become inactive and then active
again, due to the appearance of new inter-component edges,
does not invalidate the argument. The cost of adding a
vertex that becomes active to an active list can be charged
to an incoming edge that became an inter-component edge.)

New inter-component edges can be added to the data
structure at a constant cost per edge. Similarly, edges can
be deleted from the data structure at a constant cost per
edge. (We assume the existence of the necessary pointers.)
As each edge becomes an inter-component edge only once,
and each edge is only deleted once, the total cost of adding
and removing edges from the data structure, over the whole
sequence of edge deletions, is only O(m), where m is the
number of edges present in the initial graph G.

3.3 Reconnecting thetree after edge deletions

The operations carried out above may have disconnected
the reachability tree. Tree edges may have been deleted, and
components may have split. Let W be a set containing all
the new components with no incoming tree edge, and all the
old components that lost their incoming tree edges. (If the
root r is contained in a new component, this new component
is not added to W.) The set W can be easily constructed
in O(|W]) time. As a result of the deletion of tree edges
and the splitting of components, the old reachability tree
may become a forest. The root components of this forest
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Figure 7: Data structures used by the decremental algorithm for maintaining reachability trees.
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Figure 8: The in and out trees used by the fully dynamic reachability algorithm.

are precisely the components in W U {c[r]}. The set W
is therefore the set of components that we should try to
reconnect to the tree.

The algorithm tries to reconnect each component w &
W to the reachability tree in the following way. It scans
the incoming edges of the vertices of active[w] for an edge
(u,v) € E entering the component w (i.e., v € active[w] and
u € infv]) such that activelc[u]] # ¢ or c[u] = ¢[r]. During
the scan, edges that do not satisfy the required condition
become inspected and are therefore removed from the cor-
responding n[v] list. A vertex v whose list in[v] becomes
empty ceases to be active and is removed from active[w].

If an edge (u,v) € E satisfying the required condition is
found, it becomes a tentative tree edge. This edge hangs w
on a component c[u] that is either connected to the tree, or
is part of a tree whose root is currently in W. We remove
w from W.

If no edge satisfying the required condition is found, we
scan all inter-component edges emanating from w. (The
vertices contained in w are found by accessing the compo-
nent forest of Section 2. The edges emanating from each
vertex v are stored in out[v].) For each such edge (v,u) we
check whether it is a (tentative) tree edge. If it is, we add
clu] to W. We again remove w from W. The component w
was disconnected from the tree and will never be connected
again.

The correctness of the reconnection algorithm follows from
arguments similar to the ones used by Roditty [11], which
in turn are based on arguments of Italiano [9] and Frigioni
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et al. [5]. We omit the formal proof from this extended ab-
stract. As the algorithm inspects every edge only once in
each direction, and as the total cost of handling the decom-
positions of components is O(nlogn), the total time needed
to maintain a reachability tree is only O(m + nlogn).

4. ANALMOST LINEARFULLY DYNAMIC
REACHABILITY ALGORITHM

In this section we describe our fully dynamic reachability
algorithm. The algorithm supports the following operations:

Insert(E¥)  — Insert a set of edges E, all touching
a given vertex v, into the graph.
Delete(E') - Delete all the edges of E’ from the graph.
The set E’ is an arbitrary set of edges.
Query(u,v) — Check whether there is a directed path

from u to v in the current graph.

The algorithm uses a framework first suggested by King
[10]. The concrete implementation presented here uses the
decremental algorithm for maintaining reachability trees of
Section 3, which in turn uses the fully dynamic strong con-
nectivity algorithm of Section 2.

An insert operation Insert(E"), in which each inserted
edge either enters or exits v, is said to be centered around v.
For every vertex v that served as a center of an insert oper-
ation the algorithm maintains, decrementally, a pair T}, [v]
and T,,¢[v] of reachability trees. The tree Ty ¢[v] contains
all the (strongly connected) components that can be reached



from v. The tree T;,[v] contains all the components from
which v can be reached. These trees are maintained with re-
spect to a dynamic graph GV that is defined as follows. The
graph GV is initialized by taking a snapshot of the graph G
just after the insert operation that triggered the creation of
these trees. Subsequent insert operations do not alter the
graph G". Edges that are subsequently deleted from the
graph are deleted, however, from G". As can be seen, the
graph G is only subjected to delete operations, and hence a
decremental maintenance of T}, [v] and T[v] is sufficient.
When the vertex v serves again as an insertion center, the
reachability trees T}, [v] and T,,[v] are rebuilt from scratch,
and the graph G is reinitialized. In general, the algorithm
maintains a collection of up to n in and out trees, as shown
in Figure 8.

To be more precise, we can define a dynamic sequence of
graphs, Go, G1,...,G¢, as in Section 2. Here ¢ is the number
of insert operations issued so far. Let G; = (V, E;), for i =
1,...,t. The i-th insert operation, operation Insert(E"?)
creates a new graph G; = (V, E;), where F; = F;_1 U E".
A delete operation Delete(E’), occurring after the ¢-th in-
sert operation, deletes the edges of E’ from all versions of
the graph, i.e., E; +— E;—E’, fori =1,...,t. Note that each
graph G; in the sequence is a dynamic graph. It undergoes,
however, only edge deletions. The reachability trees T}, [v:]
and Tq¢[vi], created as the result of the i-th insert opera-
tion, are maintained with respect to G;. (In other words,

G = G;.)
To check whether there is a directed path from u to v
in the current version of the graph, i.e., in G = G, we

check whether there is a vertex w such that u € T}, [w] and
v € Tyy¢[w]. This can easily be done in O(n) time. If there
is such a vertex w, then there is clearly a path from u to v
in G¢, as there is already such a path in G;, where i is the
index of the last insert operation centered on w. Conversely,
if there is a path from u to v in G = G4, let w be the last
vertex on the path to serve as an insertion center. All the
edges of the path were present, therefore, when the trees
Tiplw] and Tyq4[w] were built, and therefore u € Tjp,[w]
and v € Tyy¢{w], as required.

All that remains, therefore, is to analyze the complexity
of the new fully dynamic algorithm. The amortized cost
of updating the data structures that maintain the strongly
connected components of all the graphs in the sequence
Go,G1,...,Gyt is only O(ma(m,n)). After an insert op-
eration Insert(E") we need to initialize data structures for
the decremental maintenance of the two reachability trees
Tiplv] and Tyy4[v]. Using the the data structures of Sec-
tion 3, relying on the data structures of Section 2 to de-
tect and report decompositions of strongly connected com-
ponents, the total cost of building and maintaining these
trees is O(m + nlogn). Note that this covers all future
maintenance operations associated with these trees. The
total amortized cost of an insert operation is, therefore,
O(ma(m,n) + nlogn) = O(m + nlogn). (If m > nlogn,
then a(m,n) = O(1).) After a delete operation we need
to update all reachability trees. But, the cost of all these
updates is already paid for! Thus, the amortized cost of a
delete operation is only O(ma(m,n)). We thus obtain:

THEOREM 4.1. The new fully dynamic reachability algo-
rithm handles each update operation in O(m+nlogn) amor-
tized time, and answers each reachability query in O(n) worst-
case time.
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5. CONCLUDING REMARKS

We obtained a new fully dynamic reachability algorithm
with an amortized update time of O(m + nlogn) and a
query time of O(n). Reducing the update time to O(m)
is an interesting open problem. The major open problem,
however, is to reduce the query time without significantly
increasing the update time. In particular, is it possible to
reduce the query time of the algorithm to O(m/n)?
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