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Many temporal logics have been suggested as branching time specification formalisms during the past
20 years. These logics were compared against each other for their expressive power, model checking
complexity, and succinctness. Yet, unlike the case for linear time logics, no canonical temporal logic
of branching time was agreed upon. We offer an explanation for the multiplicity of temporal logics
over branching time and provide an objective quantified yardstick to measure these logics. We define
an infinite hierarchyBTLx of temporal logics and prove its strictness. We examine the expressive
power of commonly used branching time temporal logics. We showGfiat has no finite base,
and that almost all of its many sublogics suggested in the literature are inside the second level of our
hierarchy. We introduce new Ehrenfeucht—Fraigames on trees and use them as our main tool to
prove inexpressibility. © 2001 Elsevier Science

1. INTRODUCTION

Various temporal logics have been proposed for reasoning about so-called reactive systems, cc
hardware or software systems which exhibit (potentially) nonterminating and nondeterministic beh
Such a system is typically represented by (potentially) infinite sequences of computation states tl
which it may evolve, where we associate with each state the set of atomic propositions which a
in that state, along with the possible next state transitions to which it may evolve. Thus, its beha
denoted by a (potentially) infinite rooted tree, with the initial state of the system represented by th
of the tree.

Temporal logic TL) is a convenient framework for the specification properties of systems. This n
TL a popular subject in the computer science community and it enjoyed extensive research
the past 20 years. In temporal logic the relevant properties of the system are describeaniny
propositionsthat hold at some points in time but not at others. More complex properties are desc
by formulas built from the atoms using Boolean connectivesraadalities(temporal connectives): a
k-place modalityC transforms statemenis, . .., ¢x on points possibly other than the given pdint
to a statement(gs, . .., @) on the pointy. The rule that specifies when the statemey, . . ., ¢k)
is true for the given point, is called tauth table The choice of the particular modalities with thei
truth tables determines the different temporal logics. A temporal logic with modalities. . , My is
denoted byTL(My, ..., My).

The most basic modality is the one place modakty which states thak holds sometime in the
future. Itstruth table is usually formalized by (to, X) = (3t > to)t € X. Thisis a formula of the monadic
logic of order MLO). The monadic logic of order is a fundamental formalism in mathematical logic
formulas are built using atomic propositiong X, atomic relations between elemetis-t,, t; < ty,
Boolean connectives, first-order quantifidtsandvt, and second-order (set) quantifiérs andv X.
Practically all the modalities used in the literature have their truth tables defildiddnand as a result
every formula of a temporal logic translates directly into an equivalent formwéLa. Therefore, the
different temporal logics may be considered a convenient way to use fragmént€£oMLO can also
serve as a yardstick by which to check the strength of the temporal logic chosen: a temporal I
expressively complefer a fragmentL of MLO if every formula ofL with a single free variablg is
equivalent to a temporal formula.

Actually, the notion of expressive completeness refers to a temporal logic and to a model (or ¢
of models) since the question if two formulas are equivalent depends on the domain over whic

1 This is the extended and full version of a paper presented in MFCS 2000 [32)].
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are evaluated. Any ordered set with monadic predicates is a modé&Lfand MLO, but the main,
canonical linear time intended models are the nonnegative integérs<) for discrete time and the
nonnegative real&R*, <) for continuous time.

A major result concerning@L is Kamp’s theorem [13, 23] which states that the pair of modaliti
X until Y and Xsince Yis expressively complete for the first-order fragmenMifO over the above
two linear time canonical models.

There is an important distinction between the future and the past. It is usually assumed th:
particular point of time has one linear past, but perhaps various futures. This might be the reasc
most of the temporal formalisms studied in computer science use only future time constructs. Fortu
Kamp’s theorem also implies that tii& with one modalityU (until) has the same expressive powe
(over the canonical linear discrete model) as the future fragment of the first-order monadic logic. |
paper we will deal only with future fragments BLO and with future time temporal logics.

Milner and Park [27, 29] pointed out that for the specification of concurrent systems we need a
finer than just the set of possible (linear) runs; this led to the computation tree model.

Of course, TL(U) is interpreted not only over linear orders, but over arbitrary partial orders
particular, over the trees. However, the expressive powdiLf)) over the trees is very limited. For
instance, avery basic property “for all paths that stagt @aventuallyp holds” is not expressible ifiL(U).

In order to reflect branching properties of computations many temporal logics were suggested s
from [2, 25]. The basic modalities of these logics (which are often called branching time logics
either of the formE (“there exists a linear run”) followed by a formula _(U) or of the form A
(“for every linear run”) followed by a formula ifL(U). E¢ (respectivelyA¢) holds at a momert, if
for some pathr (respectively, for every path) starting attg the TL(U) formula¢ holds alongz. For
example, one commonly used branching time logic is computational tree IB6gl9 (2]. It is based
on two binary modalitie€€U and AU AU (X, Y) (respectivelyEU(X, Y)) holds at a current moment
to if “for all (respectively, for some) runs from the current momexXtuntil Y holds.” In contrast to
expressive completenessTf(U) over the canonical linear models, there is no natural predicate Ic
which corresponds tdoL(EU, AU) (i.e., toCTL) over the trees. Moreover, it turns out tliAf L cannot
express many natural fairness properties [10].

The logicCTL* suggested in [10] has the same expressive power as the temporal logic with infini
of modalities{Eg : ¢ is a formula ofTL(U)} U {A¢ : ¢ is a formula ofTL(U)}. Many temporal logics
were suggested as branching time specification formalisms (see [7, 10, 11]) by imposing some syn
restrictions orfCTL* formulas. The lack of a yardstick was emphasized by Emerson in words very sir
to the above [7, 8]:

Hundreds perhaps thousands of papers developing the theory and application of temporal logic to reasoning abol
reactive systems were written. Dozens if not hundreds of systems of temporal logic have been investigated, bot
from the standpoint of basic theory and from the standpoint of applicability to practical prohlerii$ere is now
a widespread consensus that some type of temporal logic constitutes a superior way to specify and reason abo
reactive systems. There is no universal agreement on just which logics are.bé$tile less is known about
comparisons of Branching time logics against external “yardsticks,” a great deal is know about compasdrss of
against each other. This contrasts with the reversed situation for Linear-Time Logics [8, p. 44].

Our results offer an explanation for the multiplicity of temporal logics over branching time
suggest some yardsticks by which to measure these logics.

One popular equivalence between computation trees is that of bisimulation equivalence. This
alence catches subtle differences between trees based on their branching structures. It is g
regarded as the finest behavioral equivalence of interest for concurrency (it is often argued the
current systems giving rise to bisimulation equivalent computation trees are indistinguishable f
reasonable notions of observation). In [2B],L* was shown to be expressively equivalent to the bisir
ulation invariant fragment of monadic path logic [15, 17]. The syntax of monadic path logic is the ¢
as that of monadic second-order logic. The bound set (monadic) variables ranges over all the
and semantically this logic is very closely related to the first-order logic [15, 28]. Thus atd&ast
represents some objectively quantified expressive power.

We describe a sequenBI L (k € N) of temporal logics. All these logics are sublogics@fL*
and their union has the same expressive poweCHs'. Roughly speaking the modalities BfTLy
correspond to formulas with quantifier-depth at mkstowever, for everyn andk there is aBTL
formula which is equivalent to nMLO formula with quantifier-deptkcm. We show thaBTLy,; is
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strictly more expressive thaBTL,. Consequently, we obtain that there is no finite basis<Xfok* and

hence there is no finite basis for the bisimulation invariant fragment of monadic path logic. Our |
also demonstrates that in contrast to the linear time case, there is no finite base temporal logic v
same expressive power (over the trees) as the bisimulation invariant fragment of first-order logic

We examine the expressive power of commonly used branching time temporal logics. It turns o
almost all of these logics are inside the second level of our hierarchy. The modalities for these
were suggested by a desire to formalize some pragmatic properties which often occur in specifi
of hardware and software systems. It is interesting to observe that most of these properties
formalized by formulas with quantifier depth at most two.

The problem whether a formutais satisfiable in the computation tree which corresponds to a fir
state (Kripke) structure is known as the model checking problem. The model checking proble
CTLhasO(|K| x |¢]) time complexity. UnlikeCTL, the model checking problem f@TL* is PSPACE
complete [3]. We prove that the model checking problem®@8% | x |¢|) time complexity for every
temporal logic based on a finite set of modalities definabl@Tih*.

Finally, let us mention that all our results are valid not only for the class of all trees, but also f
interesting subclasses: the finite trees, trees obtained by unwinding finite Kripke structures, an
with only infinite branches.

The paper is organized as follows. In the next section we review basic definitions about ma
logic of order and its fragments. In Section 3 we review basic definitions and known results
temporal logics and modalities. The logB3 Ly are also defined there. In Section 4 we introduce n
Ehrenfeucht—Fraissgames appropriate f@&TL,. These games are the main tool we use to prove
strictness of the hierarchy in Section 5. The techniques and results described here are of an inde
interest. In Section 6 we show thafL* has no finite basis and examine the expressive power of st
commonly used branching time logics. In Section 7 we give some strengthening to our main resu
discuss the complexity of the model checking problem for finite base temporal logics. In the concl
section we present some open questions.

2. PRELIMINARIES

In this section we recall basic definitions about the monadic logic of order.

We use standard notations and abbreviations. A (relational) signature is given by a set of rel
symbols and their arity. LeA be a structure for a signatureWe used A| for the universe oA andR” for
the interpretation of the relational symtRin A. However, whenever there is no confusion we will als

useA for the universe ofA; sometimes, we usa“c A’ instead of ‘a € |A]”and “(ag, ..., an) € R”
instead of {ay, ..., a,) € RA". For a structureA over a signature = {R, L € Ind} we use notations
(1A, ..., RiA, ...)which we also abbreviated to4], ..., R, ...) orto (A|, R), where a vector denotes

a tuple of relations of appropriate length and arity.
We assume that logical languages contain the following logical symbols: equalgyandfalse
with their standard interpretations.

2.1. Computation Trees
A structureT = (|T|, <") is atreeif <7 is a binary relation such that

1. The setT]| is partially ordered by .
2. Thereis a uniqug' minimal element.
3. Foreveryelemerte |T|thesetbe |T|:b<T a}is finite and<" is a linear order on this set.

The elements ofT| are calledhodesof the tree (sometimes we call thestatesor time point. The
minimal element is denoted by or by rooty, and referred to as theot of the tree A nodes is an
ancestofanodes' in T if s <" §'. A nodesis asuccessofin T) of anodes' if s <" sas # sand
there is no element betwesrands'.

Let r be a signatur¢<} U {P :i € Ind}, whereP, are unary predicate symbols. We do not assul
that the cardinality of the signature is finite or even countable. A strucftite<", ..., PT,...) fort
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is acomputation tredor a signaturer if (|T|, <) is a tree. Note thal (i € Ind) are subsets dfT |.
We say that a node e |T| is labeled by Pif se PT.

Whenever a signatureis clear from the context or is irrelevant we say “computation tree” inste
of “computation tree for the signatute’

Whens is a node in a computation trée, we write T to denote thesubtree of T rooted at.s
Formally the nodes of-s are|T-g| = {t:t e |T|andt > s}, P is interpreted asPiT N|Tss| and<iis
interpreted as<™ N|Tss| x [Tssl.

A path through T starting at;se |T| is a maximal linearly ordered sequence of successive no
7 = (s, 9, S, ...) through the tree. A path throughT induces a substructure, denofgd the set of
nodes ofT,; is {s1, S, ...}, sis labeled byP, in T, iff sis labeled byP, in T, ands is an ancestor of
inT, iff s<T g.

2.2. Monadic Logic of Order

The syntax of thesecond-order MLOhas in its vocabulary individual first-order variable
Xo, X1, X2, ... (representing nodes, states, or time points), set variagfjeX, Xo, ... (representing
sets of nodes), and set constants (monadic predicates names).

The atomic formulas are of the form = x,, X1 < X2, X € X, andx € P, wherex; (respectively,
X andP) ranges over individual variables (respectively, set variables and monadic predicate ne
Formulas are built up from the atomic formulas using the propositional connectigesl—, and the
quantifiersgx and3X.

We definev, Vv, and— interms ofA, —, andd as usual. In addition, we use other standard abbreviati
such as<; # X, for =X; = X2, X1 > Xo for Xo < X1, andx; < Xo for X; < Xo A X3 # Xo.

We shall writep(X1, X, ..., Xk, X1, X2, ..., Xm) to indicate that the free variables @fare among
X1, X2, ..., Xk, Xl, Xz,..., Xm.

The quantifier-depthof a formulag, denoted by qdf), is defined as usual: gdf = 0 for atomic
formulas; qd¢ A ¢") = max(qdé), qd(¥")); qd(=¢) = qd(p); and qd@xe) = qd@X¢) = 1 + qd(p).

The semantics d¥ILO follows classical lines: ifl is a computation treey, ..., sy € | T| are nodes
of T andS,, ..., S C |T| are sets of nodes, we write

(T,Sl,SQ,...,Sm,Sl,Sz,...,&)|=(p(X1,X2,...,Xm,X1,Xz,...,xn)

if the formulag is satisfied in the tre& with x; interpreted as, (i = 1,..., m) andX; interpreted as
S (j =1,...,n). The definition is a standard one, so we just give three clauses of the definition|

i (T5517&77$T15817825731)'=XjepilﬁsjeFJ|T
hd (T’S.I.»&v73’]’]5817&5731)':)(jexklﬂ:s]€s(

o (T,Sr_l,SQ,...,Sm, S_|_,Sz,...,31) '=E|Xn(p(X1,X2,...,Xm, X1, Xz,...,xn)iﬁ
M s,%,.. .S S, S, ., S, 9 = o(X1, X2, .. ., Xm, X1, Xo, ..., X,) for some subse$of |T|.

Derinmion 2.1 (Future formula). A formula(xo, X1, ..., Xk) of MLO with one free first-order
variablexg is afuture formulaif for every computation tred and nodes € |T|, and for every subset
S, ..., & of |T|, the following holds,

T.5S,....%E¢ iff Ts5,5,S,.... S E o,

where, fori = 1,...,k, § is the restriction of§ to | T>s].

In other words, a future formula is a formula with one free node varigplehose value depends
only on nodes higher thaxy in the tree. Observe that this is a semantic notion, not a syntactic one

Letp(Xo, X1, ... Xk) be a formula. Lepbe obtained fronp by relativizing all first-order quantifiers
to the elements greater than or equatgpi.e., when Ax. ...” and “vVx. ..."” are replaced by3x( x >
Xo A ...)"and by “Yx(x > xg — ...),” respectively. Note that the formuladbtained in such a way is
always a future formula. Moreovey,is a future formula if and only i <> @ is valid. The validity of
MLO formulas is decidable [31]. Therefore, it is decidable whether a formula is a future formula.
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2.3. Monadic Path Logic

We denote byFOMLO the subset ofirst-order formulas of MLQi.e., formulas where the second
order quantifieB X does not occur. Note that formulas of this fragment may contain free set varia

We also considevPL, themonadic path logi¢17]: its syntax is the same as that of monadic secor
order logic. However, unlik®dLO, the bound set variables range over all the paths (not over arbit
sets of nodes); the monadic predicate names (set constants) and the free set variables are intery
arbitrary sets of nodes.

Therefore, the corresponding clause for the second-order quantification is

(TvslaSQ»n-,vaSl,n-,&)'ZEIXH(P(XLXZ’“-,Xm,xl,-n,xn)iﬁ:

(T,s1,%, - +> S Sty - - 21, ) E o(Xg, X2, - . ., Xm, X1, ..., Xp) for the set of nodeS of a path in
T.

Since “X is a path” can be expressedMLO, there is a meaning preserving translation frighAL
into a fragment oMLO.

Though the syntax df1PL is the same as the syntaxLO, the expressive power MPL is very
closely related to the expressive power of first-order logic [28]. In particular, for éBtysentence
there is @&OMLO sentence) such that for every finite tre€

TEgeifandonlyifT E ¢.

3. TEMPORAL LOGICS

In this section we review basic definitions and known results about temporal logics and mode
We also introducgBTL}:2,, an infinite sequence of temporal logics; these logics provide nati
yardsticks by which to measure the expressive power of temporal logics.

3.1. Temporal Logics and Modalities

In this section, we recall the syntax and semantics of temporal logics with notations ad
from [18].

The syntax ofTL has in its vocabulary a set of variables (sometimes called propositional na
and a seB of modality namegsometimes called temporal connectives or temporal operators) \
prescribed arityB = {#111, #122, ...} (we usually omit the arity notation). The set of modality narBes
might be infinite. A temporal logic based on a set of modaliBes denoted’L(B); B is called thebasis
of TL(B). Atomic temporal formulas are just variables and other formulas are obtained from the ¢
using Boolean connectives and applying the modalities. The synfai(&) is given by the following
grammar,

¢ =P | o1A@ | =1 | # (o1, 92 ...,0,), where

P ranges over the variable names.

The nesting-depthof a temporal formulap, denoted by ndf), is defined as usual: nd(=0
for atomic formulas; nd{ A ¢") = max(ndf), nd(p’)); nd(—¢) = nd(p); and nd(#(<p1, ©2,...,01))=
1+ max<j<; (ndlg;)).

Temporal formulas are interpreted over partially ordered sets with monadic predicates, ir
ticular over computation trees. Every modality i interpreted in every tred as an operator
# :[P(TN]' — P(IT|) which assigns “the set of points wher¢@;, . .., Qi) holds” to thel —tuple
(Q1,..., Q) (HereP is the power set notation, ar#l(|T|) denotes the set of all subsets of th
universe ofT.) Formally, the semantics of a formuja € TL over a treeT is defined inductively
as follows. For atomic formula3,s = P iff s ¢ PiT; the semantics of Boolean combination
is defined as usual, and the semantics of modalities is definéd ®y= # (¢1, @2, ..., @) iff s€

#.(R,, Ry, ..., Ry)whereR, ={a:T,a =g} foralli,1<i <.
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Note. In temporal and modal logics, formulas are constructed from atoms by applying Boc
connectives and modalities. Formalisms likb.O and u-calculus can specify properties of tree:
However they use binding, quantifiers, and fixed points; hence, they are not temporal logics acc
to our definition.

3.2. Truth Tables

In this paper, we consider only temporal modalities which are defin&tLi@: we assume that for
everyl-place modality # there is a formuf(xo, X1, Xz, ..., X;) of MLO with one free first-order
variablexg andl set variables such that for every trféeand subset® < |T|:

#T(R].? RZ? e RI) = {s- (T9 87 Rls sz IR ] R') '= E()(07 le X23 IR ] Xl)}‘
The formula will be called the truth table of this modality. Lidt be a temporal modality defined by
formulagy € MLO serving as a truth table. We say ththas quantifier-deptk if qd(¢om) = k.
ExavpLE 3.1 (Some common modalities and their truth tables).

e The one-place modalit (“eventually”); its truth table i r (Xo, X1) = Ay(y > Xo A Y € X4).
e The one-place modali@ (“globally”); its truth table ispg(Xo, X1) = Vy(y > Xo— Y € X4).
e The one-place modality (“next”); its truth table is

ox(X0, X1) =3y(y > X0 A Y€ X1 A VZ(Z < Y = Z < X0)).
e The two-place modality (“until”); its truth table is
QulXo, X1, X2) =3Y(Y > Xo A Y€ Xo AVZXo<Z<y — Z€ X1)).

In the literature sometimes a nonstrict definition of Until is given: the nonstrict ubtik modality has
truth tablepy,g(Xo, X1, X2) = 3y(y = XoAY € Xo AVZ(Xg < Z < y— Z € Xy)). Clearly, Uy,scan
be defined usingdy.

e The one-place modalitlF™ (“infinitely often”); its truth table is
@~ (X0, X1) = VY(Y > Xo—> 32(z > yAZ € X1)).
e The two-place modalitys (“since”); its truth table is
ps(Xo. X1, X2) = 3y(Y < XoAY € XoAVZ(Xo > 2> Yy — Z € X1)).

The choice of the particular modalities with their truth tables determines the different temporal Ic
Most of the temporal logics studied in computer science use only modalities having truth t;
definable by futuréMLO formulas (see Definition 2.1).

Derinimion 3.2 (First-order future modality). A temporal modalNyis a first-order future modality
if its truth table is a future formula GFFOMLO.

Second-order future modalities are defined similarly. The modalities defined in the above ekam
G, X, U, and F* are first-order future modalities; the modal®yis not a future modality.

Derinimion 3.3 (Path modalities).  For every first-order future formp(so, Xy, ..., X|), we define
anl-place path modalitfg as follows:T, a = Eg if and only if there is a path fromain T, such that
T:,a = o(Xo, X, ..., X|). Egis said to be the path modality which corresponds(i®, X1, ..., X|).

If o(xo, X1,..., X)) is a futureFOMLO formula, the truth table of the path modalEy is the
MPL formula 3Y(Xo € Y A¢'(Xo, X1, ..., X, Y)) where ¢'(xo, X1, ..., X|,Y) is obtained from
o(Xo, X1, ..., X|) by relativizing all its quantifiers t&'. Thus, the following proposition holds:
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ProrosiTion3.4. For every first-order future formula(xo, Xy, . .., X), the path modalityEg has
an MPL truth table.

3.3. Kamp’s Theorem

Different temporal logics may be considered a convenient way to use fragmeénit<ofT he follow-
ing are standard definitions and notations to discuss expressive power of temporal logics. A ter
logic formulag is equivalento anMLO formula i (Xo) with a single free first-order variable (or to
temporal logic formulay) over a computation tre€ iff for everya € |T|:

T,aEgeifandonlyif T,a &= ¢.

@ is equivalent ta) (over a seC of computation trees) iff for every (respectively, for every§f € C),
@ is equivalent tay overT.

Derinimion 3.5.  LetC be a set of structure3L, is less than or equally expressite TL, overC
(notationTL, 5gxp TLy), if for every formulagp, € TL; there is a formula, € TL, which is equivalent to
@1 overC. The relationequally expressivenotationsgxp) andstrictly less expressiv@otation<§xp)
are defined from the relatiorg, ,as expected. Whea is the class of trees, we writeex, for <5, The
relations=eyxp and<exp are defined similarly.

DeriniTioN 3.6 (Expressive completeness). llebe a fragment oMLO and letC be a set of trees.
A temporal logicTL; is expressively complefer L over C if for every formulay(Xo) € L with a
single free first-order variabbe, there is a formula € TL; which is equivalent ta/ overC, and for
every formulap € TL; there is a formulal(xp) € L with a single free first-order variable which is
equivalent tap overC.

ProposiTion3.7. (1) If every modality of a temporal logic TL is defined by a FOMLO truth tak
then every formulg of TL is equivalent to a FOMLO formula.
(2) If every modality of a temporal logic TL is defined by a future FOMLO truth table then e\
formulag of TL is equivalent to a future FOMLO formula.

(3) Similar to(1) and(2) with MPL or MLO replacing FOMLO.
Proof. Straightforward induction on the structure™f formulas. m

Recall that a computation trdeis anw-model if the underlying tregT|, <") is isomorphic to the
standard order of natural numbers (i.e., it iswfype). A major result concerningL andFOMLO is
Kamp’s theorem:

ThHeorem 3.8 (Kamp [1323]). 1. The temporal logic with two modalitied(q;, g2) (“ gz until g,”)
and S(qi, q2) (“qp sinceqy”) is expressively complete for FOMLO over @aimodels.

2. The temporal logic with the single modality(qz, g2) is expressively complete for the futur
fragment of FOMLO over alb-models.

3.4. The Sequend®TLy

In this section we describe a sequefiB&Ly};>, of temporal logics. In Section 5 we will show tha
this sequence contains an infinite hierarchy, i.e., for eketyere existan > k, such thaBBTL,, is
strictly more expressive thaBiT L.

For everyk > 1, let BTLk be the temporal logic with the set of basic modalitics defined by
following setMy of truth tables:

Mk = {Eg: qd(@(Xo, X1, ..., X)) < k andg is a first-order future formula

Notes.1. For everyk > 1, BTl is based on an infinite set of modalities. However, for evary
the number of semantically distinBfT L, modalities of aritym is finite.

2. The basic modalities @TLk are path modalities. Their truth tables can be definetMBy.
formulas with only one path quantifier. However, formulasBdflL, (as formulas of every temporal
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logic) permit arbitrarily deep nesting of modalities and can express branching properties which re
many path quantifiers (see proof of Lemma 6.1).

3. The basic modalities @TLx have a bounded quantifier depth, but formulaBdly per-
mit arbitrarily deep nesting of modalities. The next proposition shows that properties of an arb
quantifier depth can be expressedifl.

ProposiTion3.9. For every k> 1 and n> 0, there is a BTk formula which is equivalent to no
monadic second-order logic formula of quantifier-depth.

Proof. There is aBTL; formula which expresses that there is a path from the current magel
that contains at least one point- ty labelled byP. We denote it byEFP. Hence, the property there
is a path from the current moment that contains at leestcurrences oP is expressible by thBTL;
formula

[PA EF(PA EF(PA... EF(P)] Vv EF(P A EF(P A ... EF(P))).

m—1 m

Hence, in order to prove the proposition it is sufficient to show that for evettyere ism such that no
monadic second-order formula of quantifier-degtincan express the above property.

ConsideMLO formulas of the forny(xg, P), i.e.,p has onlyxg as a free individual variablé is the
only unary monadic predicate nameifp may contain bound individual and bound monadic predice
variables). Observe that for evemthere are only finitely many semantically distinct formulas of th
form having quantifier-deptkn.

Let Ty be a computation treeN|, <N, {1, ..., m}) for the signaturg<, P}, whereN is the set of
natural numbers angN is the standard order relation. The above observation implies that there
m; < my such that for everfLO formulag(Xg, P) of quantifier-depth at most

(Tm,, 0) =@ iff (T, 0) = o.

Therefore, ndMILO formula of quantifier-depthcn can express that there is a path from the curre
moment that contains at leasp occurrences oP. This completes the proof.m

4. EQUIVALENCE AND GAMES

Ehrenfeucht—Fraigsgames are a useful tool for showing that a given class of structures is
definable in predicate logics [4, 5, 20, 21, 34] or temporal logics [12]. In this section we introduce
Ehrenfeucht—Fraigsgames appropriate f&TL,. These games are the main tool we use to prove
strictness of the hierarcfBTL¢}2 ; in Section 5.

The techniques, notions, and results described in this section are of an independent interest. H
we never use the notions introduced here in the statements of the theorems in the later sectiol
reader can follow the results (but not all the proofs) of the paper even if he or she skips this secti

4.1. Games on Chains

For the sake of brevity, linearly ordered sets with monadic predicates will be taltielbd chainsr
justchains Therefore, a chain is a structure for a signatur¢U {P, :i € Ind}, wherelnd is a set and
P, is a monadic predicate namesdfis a path in a tred@, let T, denote the chain correspondingto

The following is an important equivalence relation on chains.

Derinimion 4.1 (=¢-Equivalence). Giventwo chaifsandA’, and elements € |Alands’ € |A'|,we
write (A, s) = (A, ) iff for any first-order future formula(tp) with qd(p) < kwe have @, s) = ¢(to)
iff (A,s) = ¢(to)-

In other words, A, s) =¢ (A, ) if no first-order future formula of quantifier-depth at méstan
distinguish between these structures.
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Lemma 4.2 (=¢ are equivalence relations)The relations=i are equivalence relations.

The equivalencess, have a characterization in terms of the following Ehrenfeucht-Feajasie.
Given are two chainsA and A’ for the same signature and elemesise |A| ands; € |A|. The
game is played by two playeBpoilerandDuplicator on (A, sp) and (A, 5,) and involvesk moves of
each player; the nodess ands, are called thespecifiednodes for this game. Spoiler plays first. H
chooses a node which is greater than or equal to the specified node in one of the two chains afte
Duplicator is obliged to respond by choosing a node in the other chain which is greater than or
to the specified node of that chain and she believes matches the node chosen by Spoiler. Th
continues fork moves: in every move, Spoiler chooses a node which is greater than or equal t
specified node in one of the two chains, and Duplicator responds by choosing a node in the othe
which is greater than or equal to the specified node of that chain.

If k=0, no moves are played. In this case, Duplicator is deemed the winner if the specifiedgo
ands; have the same labelling, i.g, € PjA iff 55 € ij/_ Otherwise,for =1, ..., Kk, lets (respectively,
§) be the nodes selected in thi# move in the first (resp. second) chain. It is clear that s and
§ = s fori =1,..., k. Duplicator is deemed the winner if the mapp®g— s (i = 0,1,...,K)
respects the relations, andePy,; i.e.,s < s; iff § <* s; ands € PAIff § € PA.

A winning strategy for either player, is a strategy to follow, which will guarantee him or hel
win, no matter what moves the other player chooses to play. If Duplicator (the second player)
winning strategy, that is, a strategy to follow when choosing her responses to Spoiler's moves
will guarantee her a win, then we say th&, ) and (A, ) arek-game equivalentand we write
(A9~ (A, S).

The following important theorem is a variant of Ehrenfeucht’s theorem [5].

THEOREM4.3 (~E is the same asy). Giventwo chains Aand’Aandelementsa |Alandd € |A'|,
we have

(A a) ~) (A, d) iff (A a)=(A,d).

Usually, Ehrenfeucht’'s games do not require that the player choose nodes which are greater
equal to the specified nodes [5, 17]. The above extension for future formulas is simple.

4.2. Games on Trees

Let n, k be natural numbers. Tha,(k)-games are defined as follows. The game is played by t
players, Spoiler and Duplicator, on two computation trEesd T’ (for the same signature). The gam
hasn rounds. In each round kekmove game on chains is played.nf= 0 there are no rounds. In
this case, Duplicator is deemed the winner if the roots of the two trees have the same labelin
roote PjT iff root’ € PjT'. Otherwise, ifn > 1, each round starts by a move of Spoiler which choos
one of the two structures and a path from the root of this structure. Duplicator responds by choc
path from the root of the other structure which she believes matches the path chosen by Spailer
(respectivelyz’) be the path chosen in the first (respectively, second) treeAl(etspectivelyA’) be
the chainT, (respectivelyT,).

The players play &-game on the chainsA( root) and (A’, root). If Spoiler wins in thisk-game
then he wins ther(, k)-game. Otherwise, leg ands/ be the nodes chosen iand A’ in theith move
(i =1,...,K). For the next round starting position, Spoiler can choose eithaotit€and then they
start the new round on the treésandT’) or choose one pails, s) (and they start the new round ot
the treesT. ¢ andT;S(). Duplicator wins a game if Spoiler does not win it.

Notes.1. If Spoiler chooses the pair of roots as the starting position of the next round, thel

effect is the same as forgetting the last round. Hence, a smart Spoiler will never make such a m
2. In Theorem 4.15 we will show that if Duplicator has a winning strategyirk)-games on

treesT andT’, thenT and T’ are indistinguishable bBTL, formulas of nestingh. Therefore, the
number of rounds is related to the nesting3dfL, formulas. Recall that the basic modalitiesRiFLy
are of the formEg, whereg is a futureFOMLO formula of quantifier deptk. This is the reason
why in every round Spoiler and Duplicator choose one path each and thenlplapee game on the
corresponding chains.

We denote then(, k)-games on two trees andT’ by GAME, «(T, T').
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Lemma 4.4. For every n> 0 and k> 0, and every pair of trees T and’Teither Duplicator or
Spoiler has a winning strategy in GAMET, T').

Proof (Sketch) The lemma follows directly from the fact th&®#AME, «(T, T') is a finite game of
perfect information [16, 20], and Duplicator wins a game if Spoiler does not win it. These games c
reduced to closed games under an appropriate definition of topology. The Gale—Stewart theore
says that every closed game is determined, i.e., one of the players has a winning strategy.

Below, for the reader’s convenience, a proof is sketched.

A position in this game records the information about the choices of nodes and paths ma
Duplicator and Spoiler in each round and move starting at the beginning of the game until now; i
records who is moving next. A position is a Spoiler position (respectively a Duplicator positiol
Spoiler (respectively, Duplicator) makes the next move. A position is said to be winning for a play
the player has a strategy which tells him or her how to proceed, once the play has reached this pos
such away that he or she is guaranteed to win. The positions can be arranged into a gémiétineee
is a move which leads from a positiG®tosto another positioiPos, we callPos a son ofPos Observe
that though the game tree may contain an infinite number of nodes, it has a finite depth (each
makes at mosk(+ 1) x n moves, therefore the depth of the game tree is boundedbfk2+ 1) x n).

In order to slightly simplify our presentation we assume that no node or path is chosen twice
a positionPoswe denote byHpqs the mapping which assigns to the path (or node) chosd@nahthe
i th move the path (respectively, the node) choseR iim theith move;Hpqs also mapsootr to rooty.
(Our assumption ensures thidpys is a well-defined partial function; in a more general situation o
has to replacéipys by a function that maps the index of a move to the associated node or path sel
inT andT’.)

Itis clear that a positiof? oswhich is a leaf inG is a winning position for Duplicator if thélpes has
the following properties: (13 <7 t iff HpogS) < Hpogt), (2) s € 7 iff HpodS) € Hpog(), and (3)
s e PTiff Hpogs) € PT', wheres, t, andx range over nodes and paths in the domaitigfs

Let W be the minimal set of positions which satisfies the following conditions:

1. Aleafis inW iffitis a winning position.
2. A Spoiler (nonleaf) position is ikV iff all its sons are inWV.
3. A Duplicator (nonleaf) position is iV iff it has at least one son iW.

W is well defined becaus® has finite depth. By induction it is easy to show tRase W iff Duplicator
has a winning strategy frofos andPos ¢ W iff Spoiler has a winning strategy froPos =

The {, k)-games induce a relation on trees; we show in Lemma 4.6 that this relation is an equive
relation.

Derinimion 4.5 ((, k)-Game-equivalence).T andT’ are 6, k)-game equivalenfnotationT N?n_k)
T’) iff Duplicator has awinning strategyfor GAME, (T, T').

Lemmwa 4.6. The relation~(gn‘k) is an equivalence relation on trees.

Proof. Reflexivity and symmetry are trivial from the definition. To prove transitivity, Tet &) N(gn,k)
(T, @)and (', &) ~?n‘k) (T”, a”), and letWr 1/, Wy 1~ be the corresponding winning strategies fc
Duplicator. We will show how to construct a winning stratéjy r- for Duplicator inGAME, «(T, T"),
from Wr + andWr 1.

The proof proceeds by induction @nthe number of rounds IBAME, (T, T”), for all k simulta-
neously. The base = 0 is trivial since if the roots ol andT’ have the same labelling, and the roo
of T andT” have the same labelling, then clearly the root3 @ndT” have the same labelling.

Inductive step: n— n+ 1. Given winning strategies for Duplicatoy 1 in GAME, 1 «(T, T'),
and Wy, - in GAME,+1.x(T', T”) we construct the following winning strategy for Duplicator i
GAMEn14(T, T").

Letr be the path chosen by Spoiler in the beginning of the first round. Without a loss of gener
we can assume thatis in T. Letz’ be the path ifT’, which is the response to the pathaccording to
Wr 1, in case it was chosen by Spoiler in the first round.st’ebe the path irT”, which is the response
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to the pathr’ according toWy. 1+, in case it was chosen by Spoiler in the first round. Duplicator w
usen” as the response toin the first round.

For everynodg € T, chosen by Spoiler during the first round, Duplicator will check the correspo
ing nodes' € T’, which should be the responsegoaccording toWr 1. Then Duplicator’s response
will be the nodes” € T”, such thaty” is the response tg§ according toWr 1~. Similarly for nodes
chosen by Spoiler frort”.

Since both strategie®yr - andWy 1-, are winning strategies for the respective games, by the
of the first round, forevery (i =1, 2, ..., k), we have

Tos ~ak Tog and T ~7, o 1)
Therefore, in particular, Duplicator will win the first round.

By the inductive hypothesis and (1), we have that for evéry= 1, 2, ..., k), Tsg ~g T” . Hence,
no matter what pair of nodes is chosen by Spoiler as a starting posmon for the remammgd game,
Duplicator has a winning strategy for each of those rounds.

Therefore, the strategy described above is a winning strategy for Duplicator
GAME, 1 (T, T"). =

We will often use:

Lemma 4.7. If T and T are (n, k)-game equivalentm < n, andr < k, then T and Tare(m, r)-
game equivalent.

4.3. Properties off(, k)-Game-Equivalence

The relationN?nyk) splits the set of computation trees into equivalence classes. By the definitic
the game it is played on pairs of trees for the same signature. Hence, only trees of the same si
can befv(n w-equivalent. LeC; (i € 1) be the set of aHv(n K-equivalence classes over computatic
trees for a signature. The signature and the number of the?n,k)—equivalence classes do not hav
to be finite or countablé. In the next definition we describe an expansion of computation trees fi
to computation trees for the signature) {Q; :i € |} (which has one new predicate name for eve
N?n’k)-equivalence class).

DeriniTion 4.8 ((, k) Expansion). LeC; (i € |) be the equivalence classes of the relaﬁefgk),
and IetT = (IT|, =<, P) be a tree. Then, k) expansion ofT (notationEXPANN, k, T)) is the tree
(T, <, P,...,Qi,...),whereaisin Q; (i € I)ifthe subtree ofT rooted atais inC;.

The relation3v?n7k) enjoy the following important properties which reducesk)-games on trees to
the one-round games on their appropriate expansion.

THEOREM4.9. T ~ (n+1 w 17 iff EXPANN, K, T) ~ (1 K EXPANN, k, T').

Proof. By induction onn, the number of rounds in the game.

Basis.The basis1 = 0 follows from the observation that andEXPANQO, k, T) are almost the same
computation trees. L&t and T’ be computation trees for a signature= {<} U {P, :i € Ind}. Observe
thatT andT’ are (Q k)-equivalent iff their roots have the same labelling; r@at € PT < root € P’
fori e Ind. In particular, there is a one—one correspondence between the sek)eéffuivalence classes
on the computation trees for the signatur@nd the set of subsetslofd. The labelling of anods € |T|
in EXPANQO, k, T) is completely determined from the labelling ®fn T. Note also that for every,
the labelling ofs in T is determined from the labelling afin EXPANN, k, T). Hence, a strategy is
winning for the (1 k)-games oﬁl’ and T’ iff it is winning for the (1, k)-games orEXPANQO, k, T) and
EXPANQO, k, T'). ThereforeT ~, ) T’ iff EXPANO, k, T) ~{, ,; EXPANO, k, T’)

Inductive Stepr-or the “if” part of the theorem, assume tlXPANN, k, T) ~ (1k EXPANN, k, T').
Let = be the path chosen by Spoiler That the beginning of the first round @AME, 1.«(T, T').
Duplicator has a one-round winning strategydAME, (EXPANRN, k, T), EXPANN, k, T')). So, she

21t can be proved that if the signatureis finite then for everyn andk the number ofv(n K -equivalence classes is finite.
However we will not use this in what follows.
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can respond by choosing a pathin EXPANN, k, T") and win thek moves play on the pathsandrn’.
Lets ands be the nodes chosen by Spoilermrandx’ after the first round. The respective subtret
of T andT’ rooted ats ands’ are in the samen( k)-equivalence class. Indeed, assume thatis in
an (, k)-equivalence clas§;. Thens is labelled byQ; in EXPANN, k, T). Since Duplicator played
according to a winning strategy BAME; (EXPANN, k, T), EXPANN, k, T")), it follows thats/ is
labelled byQj in EXPANN, k, T )andthereforé”s, is in the samer, k)-equivalence class;. Hence,
in the remainingh rounds ofGAME, 1 (T, T’), Duplicator can follow the winning strategy for thes
subtrees. This completes the “if” part of the theorem.

Forthe “only if” part, assume thatitis notthe case 84PANN, k, T) ~ 1k EXPANN, k, T'). Then,
by Lemma 4.4, Spoiler has a winning strategy 8AME; k(EXPAI\(n k T), EXPANN, k, T")).
So, in the first round ofGAME,.1 (T, T’), Spoiler will follow his winning strategy on these ex
pansions. If the nodes chosen by Duplicator do not respect the order relation, then she wil
in the first round. Otherwise, there is ansuch thats and § are in distinct £, k)-equivalence
classes. Spoiler will choose thisand by the inductive assumption he has a winning strategy in
(n, k)-game on the subtrees rootedsatand 5. In the remainingn rounds he should follow this
strategy.

This completes both parts of the theorerm

DeriNiTion 4.10 (Grafting). Lefl = (|T|, <7,...,PT,...)andTy = (|Ta|, <7,,..., P, ...) be
two computation trees over the same signature {<} U {P, :i € Ind}, and letS be a subset ofT|.
The grafting ofT; on T at S (notationGr (T, S, Ty)) is the treeT’ = (|T’|, <1, ..., PT,...) over the
same signature, defined as follows:

Universe: |T'| = |T|U U {{(v, v1):v1 € |Tyl}

veS
Interpretation of<: Fora,b € |T’|,a <1 bif either (1)a,be|T| anda <71 b, (2)a = (v, u)
andb = (v, U’y andu <7, U, or (3)ae |T| andb = (v, u) anda <t v.
Interpretation of?: ac PT if either (1)ae |T| andae PT, or (2)a = (v, u) andue P™.

In other wordsGr(T, S, T;) is obtained fromT by attaching to every node i@ a tree isomorphic
to Ty.

Lemwma 4.11 (Grafting). Assume thatT~3, T,. Then G(T, S, Ty) ~7, Gr(T, S, T,) forevery T
and SC |T|.

Proof. Foreverynode € T,letS., = {u € S:u > v}. Observe that the tre&r (T, S, T;)>, and
Gr(T, S, T2)s, are isomorphic to the tre&ar(Ts,, S.,, T1) andGr(Ts,, S.,, T2), respectively.

The proof proceeds by induction onfor all k simultaneously.

The basea = 0 is trivial since the roots of the trees have identical labelling.

Inductive stepn — n+ 1. Assume that in the first round of the-¢ 1, k)-game orGr(T, S, T;) and
Gr(T, S, T,) Spoiler has chosen a pathfrom the root of either tree, sagr(T, S, T;). There are two
possible cases to consider:

Case 1t C |T|. Inthis case Duplicator will choose the path< |T| from the root ofGr (T, S, Ty)
such thatr andz’ are isomorphic. Then, for the moves of the first round, Duplicator will use
the identity function as a strategy. It is clear that in this way Duplicator wins the first round. T
Spoiler chooses a paiu, v) of corresponding nodes as a starting position for the second rot
Since in the first round Duplicator used the identity function to choose her responses to Sp
moves, we have that = v. The treesGr(T, S, T1)>, and Gr(T, S, T)>y are isomorphic to the
treesGr(T>u, S, T1) and Gr(Tsy, Ssu, T2), respectively. Clearly, for any two treds and T”, if
T ~ n+1 I thenT’ 3 T”. Hence, we can apply the inductive hypothesiditp andS., to get
Gr(Tsy, Soy, Ta) ~n ¢ Gr(T=,, S.,, T2). Therefore, Duplicator has a winning strategy for the remaini
n rounds of the game oBr (T, S, T1)s, andGr(T, S, T2)xy.
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Case 2 has a prefixe P and a suffixr] such that (1yr = 7 Px7, there is anode € T such that (2)
7P is the set of nodes between the rooffondv, and (3)z7 = {{v, v1) : v1 € w1} for some pathry
of Ty.

Let 7, be the response t@; by Duplicator's winning strategyWV S,.1 for GAME,1.k(T1, T2).
Duplicator’s strategy is to choose the pathn Gr (T, S, T,) suchthat (1)’ == p'nzs, (2)7 ¥ isthe set of
nodes between the root 8fandv (that is,z P ands P are isomorphic), and (335 = {{v, v1) 1v1 € M2}

Then for thek moves of the first round, Duplicator will choose her responses according to
following strategy. For nodes chosen fram or 7 P, use the identity function ofi. For nodes chosen
from z7 or 73, use the winning stratedy/ S,;1 for the first round of ther(+ 1, k)-game oril, andT».
This strategy is a winning strategy for the first round.

In the end of the first round, there will ligoairs of corresponding nodes from both paths. Spoiler v
choose one of the pair&yp, z), as a starting position for the second round. Now there are two subc
to consider:

Subcase 2.1w € T. In this casev = z. This subcase is treated similarly to Case 1 above.

Subcase 2.2w = (v,u;) € 77. In this casez = (v, up) € 75. The two nodes were chosen ac
cording to the winning strategW S,,1 for the first round of ther( + 1, k)-game onT; and T, so
(T1)su, ~ﬁ’k (T2)>u,- The subtreeSr (T, S, T1)sy andGr(T, S, T2)-, are isomorphic to the subtree
(T1)>u, and (T2)>u,. Therefore, there is a winning strategy for Duplicator for the remainirgunds on
the corresponding subtrees.

This completes the proof.m

The collapsed sum of two computation trees is obtained by gluing their roots (of course, the
must have the same labelling). Formally:

Derinimion 412 (Collapsed sum).  LetTy=(|Ti|, <1,..., P},..) and To=(Tal, <2, ...,
PJ?, ...) be two computation trees over the same signatusg{ <}U{P; : j € Ind}, suchthatoot; € le
iff root, € sz for everyj € Ind, whereroot; androot, are the roots off; and T, respectively. The

collapsed sum off; and T, (notationT; @ T) is the treeT =(|T|, <",..., PjT, ...) over the same
signaturer, defined as follows:

Universe: |T| = {root} U {{(1,v):v € |T1| \ {root1}} U {(2, v):v € |Ty| \ {rooty}}.

Interpretation of<: Foray, ay € |T|, a1 <' ayiff & = rootora; = (i, v1) anda, = (i, v,) and
vy <jvofori =1, 2.

Interpretation ofP;: a € P/! iff either (1)a = (1, v) andP}(v), (2)a = (2, v) and sz(v), or (3)
a = rootand P;'(rooty).

Lemvwa 4.13 (Collapsed sum).If T, and T, are compatible as described in Definiti@nl2 and
T ~p Tothen T~ (T @ To).

Proof. We show how to construct from a given winning strate@lS for Duplicator in
GAME, «(T1, T2), a winning strategy for Duplicator IBAME, «(T1, (T1 & T>)). The proof proceeds by
induction onn, for all k simultaneously. The base= 0 is trivial because the roots df andT; & T,
have the same labelling.

Inductive stepn — n + 1. Given a winning strategy¥S for Duplicator NnGAME, 1. k(T1, T2), we
are going to construct a winning strategy for DuplicatoGIAME, .1 (T1, (T1 & T2)).

In the first round, Spoiler chooses a patlirom the root of either tree.

Case 1. = € T1. Then Duplicator will respond by choosing the identical path infthsubtree of
T, & T,. Duplicator is guaranteed to win this round by playing according to the identity functida ol
(choosing the root as a response for the root, chooding as a response toe Ty, choosingu € T;
as a response td, u) € Ty & T,). After the first round, Spoiler will choose a pair of correspondi
nodes as the starting position for the next round.

Subcase 1.1.The chosen nodes are the roots of the tré’@s.vﬁﬂ’k T, implies Ty fvﬁ’k T, and

therefore by the inductive hypothedis “Eﬁk (T, & Ty). Hence, Duplicator has a winning strategy fc
the remainingn rounds of the game.



TEMPORAL LOGICS OVER BRANCHING TIME 319

Subcase 1.2.0therwise, both nodes are not the roots, so their corresponding subtrees are is
phic. In this case, the identity strategy is a winning strategy for Duplicator for the remaimmgnds
of the game.

Case 2. n € (T; & T,) and all the nodes on this path, except the root, are of the fibyim}. Then
Duplicator will respond with the isomorphic path @n This case is treated in the same way as Case

Case 3. m € (T @ Ty) and all the nodes on this path, except the root, are of the {@rm).
Then Duplicator will reply according to the winning strate@yS for GAME, 1 k(T1, T2) to win the
first round. For the next round starting position, Spoiler will choose a pair of corresponding node

Subcase 3.1.The case where both chosen nodes are the roots of the trees is treated exa
Subcase 1.1.

Subcase 3.2.0therwise, lef2, v) andu be the pair of starting nodes chosen for the next round
Spoiler fromT; @ T, and Ty, respectively. Observe that

(TD)zu ’“g,k (T2)>v (2

because the first round was played according to the winning strategy for Duplicato
GAME,+1x(T1, T2). Let WS’ be the winning strategy for Duplicator BAME, ((T1)su, (T2)s») (by
(2) such a strategy exists). The tre@g){, and (T1 @ T,) (2., are isomorphic. Hencdy's’ is a winning
strategy for Duplicator for the remainimgrounds of the game.

This completes the proof.m

4.4. Soundness

Recall the definition of the sequen®TL};2, in Section 3.4. The following definition and theoren
relateBTL, with games on trees.

Derinion 4.14 &p «-Equivalence). Tree§ andT’ are equivalent modulo, k (notation= i), if
for everyBTL, formulag of nesting-depth at most
T, root = ¢ ifand only if T’, root = ¢.
THEOREM 4.15 (fvﬁ’k-Soundness). Let T=(|T|, <t, I5) and T = (|T'], <7, I5’) be two trees. If
T~0, T then T=n, T

Proof. We show that if 8BTL, formula¢ of nesting-depthn distinguishes betweerT ( root) and
(T’, root’), then Spoiler has a winning strategy in tlme K)-game onT andT’. The proof proceeds by
the structural induction on formulas. The induction base is trivial. The case of Boolean connecti
also immediate. The only nontrivial case is whehas the fornm(es, ¢o, ... ¢ ) wheremis aBTLy
modality. Assume that the theorem holds fioand let us show that it holds for+ 1.

Leto = m(p1, 2, ... ¢ ) be aBTL formula of nestingh + 1 that distinguishes betwe@nhandT'.
Without a loss of generality we can assume that

T,rootl=¢ and T’ root } ¢. 3)

Assume thatn is a modality that corresponds to a formuéxo, Xo, X1, ... X;), i.e., is a first-order
future formula of quantifier-depth at mdstaind for every tre@” = (|T”|, <7, R"),

T, s Em(Xy, ..., X)iff T/, s = ¢¥(Xo, Xo, X1, ... X;) for some pathr” starting as. ~ (4)
By (3) and (4), there is a pathin T such that
Ay, 100t = ¥ (Xo, Xo, X1, ... X;), (5)

whereA,; is the chain it |, <,, Ry, ... R) with <, inherited from=<t ands € R iff T-s, s = ¢; (for
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i =1,...,r). Similarly for everyz’ in T’

A;T,, root b& '(ﬂ(Xo, Xo, Xl, .. Xr), (6)

whereA’, is the chain (7’|, <., Ry, ... R}) with <. inherited from<t ands € R iff T/, s = ¢
(fori =1,...,r).

From Theorem 4.3, (5), and (6), it follows that Spoiler has a winning strafégy for thek-game
on chains A, root) and (A’,,, root’). We are going to construct a winning strategy for Spoiler in t
(1, k)-game orEXPANN, k, T) andEXPANN, k, T’). This together with Theorem 4.9 will imply the
desired result that nat ~p ;| T'.

Spoiler’s strategy is as follows. In the first move, he chooses anpatfl that satisfies (5). Let’ be
the path chosen by Duplicator. Now Spoiler will follow the stratégy,.- given for thek-game on chains
(A, root) and (A, root’). Let 5 (respectivelys) be the nodes chosen in (resp.z’) after the first
round. SincéN;, . is Spoiler's winning strategy for thie-game on chainsA,, root) and (A’ root’),
it follows that either

Case 1. The mappings +— § does not preserve the order relation. In this case Spoiler wins
game orEXPANN, k, T) andEXPANN, k, T’), or

Case 2. The mappings +— S does not preserve the labelling of the chains. In this case tt
is| < k andh such that eithes € R, whiles & R, org ¢ R, while§ € R},. Without a loss of
generality, we can assume tisake R, while §' ¢ R. Hence,

TZS ’ S IZ (ph and Tés’v S/ I;é (Ph-

The nesting-depth afy, is at mostn. Hence, by the induction hypothesSisq andT._ are notwﬁ,k—

equivalent. LeC; (respectivelyC; for j’ # j) be the~ﬁ’k-equivalence class af.q (respectively, of

T;s’)' In EXPANN, k, T) the nodes is labelled byQ; ands is not labelled byQ; . In EXPANN, k, T)

the nodes is labelled byQ; ands' is not labelled byQ;. Therefore, the mapping +— s does not

respect labelling ileXPANN, k, T) andEXPANN, k, T’). Hence Spoiler wins also in this case.
This completes the proof. m

5. AHIERARCHY

The main result of this section is:

THeorem 5.1 (Hierarchy). For every k> 1, there exists k> k such that BT} is strictly more
expressive than BL

We use the following simple property to show tHBT L};2, contains a true infinite hierarchy.

Derinimion 5.2 Blocky). Fork > 1 let Block be a property of trees with two unary predicates
andQ, defined as followsT e Block iff there is a pathr starting at the root of such that:

(1) Thereis anode € & such thab € Q;

(2) For every noder < v such thatu € P there is a sequenag, v, ..., v of k consecutive
nodes suchthat < v Awv € P(fori =1,...,k)andu = v; forsomej € {1, ... ,k};

(3) There is no sequence bf- 1 consecutiveP-labelled nodes on between the root andg
(4) The root ofT is labelled byP.

We say that a formula expresses BlogKor Block, is expressed by), whenevel is such that:
T,root = ¢ iff T has the propertBlock.

The following lemma is immediate.
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FIG.1. M} andNk.

Lemma 5.3. For every k> 1, there is K > 1 such that Blockis expressible in BT
Theorem 5.1 follows from Lemma 5.3 and the following inexpressiveness res@fiqt

THEOREM5.4. Let my = [logy(k + 1)] for k > 1. Then there is no BTy, formula which expresses
the property Block

From our proof of Theorem 5.1 we obtain a stronger result:
THeOREM5.5. Forallm > 1, BTLy, is strictly less expressive than B Ls.

The proof of Theorem 5.5 will be given in Section 5.2.

5.1. Proof of Theorem 5.4

The proof technique for Theorem 5.4 is standard [10]. For ekery 1, we inductively define two
sequenceMk, MX, MK, ... andN§, NX, NX, ... of trees (see below). All the trees in the sequeNfe
have the propertlock, while all the trees in the sequenM@“ do not have it. However, we show in
Lemma 5.9 that each formulaof BTLjog,(k+1); Of nesting-depth at mogtcannot distinguish betweer
M¥ andNf; i.e., MY, root k= v iff N, root |= v for every formulay of BTLy, of nesting-depth at
mostj. Therefore, n@TLy,, formula can express the propeBjock.

The proof is based on the following constructions and lemmas.

For everyk > 1, we inductively define two sequendei&, MX, M%, ... andN¥, NX, NX, ... of com-
putation trees with two monadic predicatesand Q as follows. TreesMK and N¥ are described in
Fig. 1. BothM'l‘ andN¥ are pathsMK is of lengthk + 2 andN¥ is of lengthk + 1. The last node (denoteo
c)in M (resp. Nk) is the onlyQ-labeled node in these trees. The nodg also labeled by-P, while
all other nodes are labeled B3. Note that the difference betvveet&!h1 and N¥ is thatM'l‘ hask + 1
nodesaf, a2, ..., ak, a‘f*l labeled byP while NX has onlyk nodesa, @2, ..., a¥~%, ak labeled byP.

Figure 2 shows howtk, ; (resp.Nf,,) is constructed fromMX and NX. Both trees are constructec
from an infinite path oP-labeled nodes}, ;, a2 ;. ... (these nodes are also labeled wil).

Mik+l le-t-l
—P - MK —P - MK
P ', bt N'l( P ', bt N'l(
+1 i +1 !

FIG.2. Mf andNK
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For everyi > 0 andj > 1, the nodaij+1 is connected to nodelsxf;Jrl labeled by—P and—Q.
The nodeb¥, ; has one son. The subtree rooted at the unique sty pfin M¥, ; is isomorphic to
MK, while the subtree rooted at the unique &5y, in N ; is isomorphic toN.

Forj #k, everybij+1 has two sons. The subtree rooted at one sonis isomorpM{S tnd the subtree
rooted at the second son is isomorphid\té

The following lemma is a simple observation on the tree sequences described above.

Lemma 5.6. For every k> 1andi > 1, the tree I\,\‘ has the Block property;, while Mik does not
have it.

The following is well known (e.g., see [4, 34]):

Lemva 5.7. Duplicator has a winning strategy in games on chains with at mestnlogy(k+ 1) ]
moves played on two unlabelled linear orders of lengthsk.

Denote the well-known strategy from the above lemmailly We use W to obtain the follow-
ing winning strategy for Duplicator in the (iny)-game onM‘l‘ and N'l‘: if Spoiler chooses a node
a{, Duplicator replies according téV by choosing a nodeﬂ1 in the other structure. Otherwise
Spoiler chooses the noadeand Duplicator replies by choosirgyin the other structure. Note that the
above strategy applied by Duplicator always obtains agreement on labels. Therefore, by the sou
theorem 4.15, we have:

Lemma 5.8. MK =1, NKforevery k> 1,

Lemma 5.9. MK =, NXforevery k> landi> 1.

Proof. We show thatMik and Nik are {, my)-game equivalent. Therefore, by the soundne
theorem 4.15, we obtain theallik =im, Nik. The proof proceeds by induction enfor all k simul-
taneously. The base= 1 is just Lemma 5.8.

Inductive stepi — i + 1. Given a winning strategy for Duplicator for thie ifnc)-game onMi" and
Nik, we are going to construct a winning strategy for Duplicator when playing a game @frounds
on MK . andNK ., with at mostm, moves in each round.

i+1 < i+1 >
By the inductive hypothesis we have that

MK ~9 N, (7)

Therefore, from the grafting lemma 4.11 and the collapsed sum lemma 4.13, we have that for
h > 1andh’ > 1:

(Mik+1)zb.h ~im, (Nik+1)zbi“il @

i+1

(Mik+1)2@h+1 Ngmk (Nilg'l)iaihill ®

Case 1. In the first round Spoiler has chosen a patin either tree which does not include th
nodebikH. In this case, Duplicator replies with the isomorphic path in the other tree. For the re
the round, Duplicator will use the identity function on the two paths. Clearly, Duplicator wins the
round. Spoiler chooses a pdir, v) of corresponding nodes as the starting position for the next rot

The following subcases are possible:

Subcase 1.1. u bih+l andv > bih+1. Inthis case the corresponding subtred ()., and (Nf, )=,
are isomorphic. Therefore, Duplicator will use the identity function as a winning strategy for
remainingi rounds of the game.

Subcase 1.2. & a",; andv = a,. In this case the corresponding subtrees are not necess
isomorphic, but according to (9), they arertk)-game equivalent. Therefore, Duplicator has a winni
strategy for the remaininigrounds of the game.
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Case 2. Spoiler has chosen in the first round a patlvhich includesbi"+1 (in either tree), say
M ;. Letn; (resp.r2) be the prefix (suffix) ofr, which ends ab¥,, (begins afteb, ;). Let; be the
path isomorphic ter,, which begins after the nodéjll in Ni"+1. Duplicator’s strategy will be to choose
the pathe’ = mrjy in NX ,, wherer; = (al,4, 8%, ... a7, b,

The only difference betweem andrn’ is thatz starts withk consecutiveP-labeled nodes, while
7" starts withk + 1 consecutiveP-labeled nodes. Thus, Duplicator’s strategy for the first round w
be to choose her responses to nodes chosen by Spoiler as follows: for nodes chgsensi, use
the identity function; fob, ; reply by choosing)ik:ll, and for other nodes chosensin or ;, use the
well-known strategyW (introduced in Lemma 5.7).

Clearly, this strategy is a winning strategy for Duplicator in the first round. In the end of the
round, Spoiler will choose a pair of corresponding noflesw) as the starting position for the nex
round. Since Duplicator has played the first round according to the strategy described above, o
following cases are possible:

Subcase 2.1. & m, andv € m5. In this case, the subtrees rooted at these HOMEQIZU and
(Niﬁl)zv, are isomorphic and thereforke (ny)-game equivalent.

Subcase 2.2. & bik+1 andv = blkjll By (8) the corresponding subtrees arey)-game equivalent.

Subcase 2.3. & w1 andv € n. By (9) the subtrees rooted at these nodi, ¢)-u and (NK, ).,
are {, my)-game equivalent.
Since in all cases the starting position for the second round invalveg)X-game equivalent subtrees
Duplicator has a winning strategy for the remainingunds of the game.

This completes the proof of Lemma 5.9.m

Finally, Theorem 5.4 follows from Lemmas 5.6 and 5.9.

5.2. BTLy, Is Strictly Less Expressive Thail Ly, 3
We use the following simple property to separate betw&€h, andBTLy, 3.

Derinimion 5.10 Pathy). Fork > 1, let Path be a property of trees with one unary predicRte
defined as follows:T < Patk iff there is a pathr starting at the root of such that

(1) For every noder €  such thatu € P there is a sequenag, vy, ..., vk of k consecutive
nodes suchthat e # Avi € P (fori =1,...,k) andu = v; for somej € {1,...,k};

(2) There is no sequence bf- 1 consecutiveP-labeled nodes on;
(3) The root ofT is labeled byP.

It is instructive to observe that the propeRgth, is more complex thaBlock (See Definition 5.2).
Block is expressible ifFOMLO, while Path, is not [26].

Lemma 5.11. 1. Forevery k> 1, the property Block is expressible in BTl 4.
2. Forevery k> 1, the property Patk is expressible in BTy, 3.

Proof. It is well known that there aréOMLO formulasdistx(Xg, X;) of quantifier-depthk + 1
which express the properkg < x; and there are exactly2- 1 nodes betweexy andx;.
These formulas are inductively defined as follows:

disty(Xo, X1) = Xo < X1 A VX(X < X3 = X < Xg)
disty1(Xo, X1) = Ix(distx(Xo, X) A distx (X, X1)).
Fork € N we defineHx(Xo, X1) as

Hax (X0, X1) = distx(Xo, X1) A VX( X0 < X < X1 — X € P).
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The propertyBlockx is expressible by the followinOMLO formula:

ak(Xo, P, Q) = X0 € P A 3xg

Xo < Xp A (VX)E(X € P — —3x3 < Xg. Hx(X, X3))
X1 € Q A
(VX)X & P A Ixz < X1.Hi(X, X2)) = X3 < X1. Hax(X, X3))

(Here “(vx)Xlp" abbreviates ¥x.(Xo < X < X1) — ¢".)

Finally, observe thaty has quantifier-deptk + 4 and it is equivalent to BTL . 4 basic modality
Eay. This completes the proof of (1).

(2) Observe that the formuld& gy, where gy is the following formula of quantifier-deptk + 3,
expresseRathy:

VX((X0 < X AX € P) —» —3x3- Hx(X, X3))
Br(Xo, P) = %o € P A A . =
YX((Xo < X AX & P AIXoHi(X, X2)) = Ixz. Hak(X, X3))

To complete the proof th&BTLy, is strictly less expressive th@8T L, 3 we proceed as follows.

Proof (of Theorenb.5). In the proof of Theorem 5.4, we have defined two sequences of comf
tion treesN¥ and MK (see Figs. 1 and 2). Observe that for eviery 1 andi > 1, the treeNX has the
Path, property, whileM¥ does not have it. Moreover, by Lemma 5[\9i,2k =ik Ni2k for everyk > 1
andi > 1. Hence, n@BTLk formula can express the propeRgthyx which is expressible iBTL, 3 by
Lemma 5.11. This completes the proom

6. ON TEMPORAL LOGICS OVER BRANCHING TIME

The infinite hierarchy of temporal logi&sT Lk defined in Section 3.4 can serve as an external yards
againstwhich other temporal logics can be compared. Below we examine some commonly used te
logics. These logics are based on different finite and infinite sets of future modalities. Recall
Section 3.1 thaTL(M) is the temporal logic based on the set of modalilesA set of modalitiedM is
abasefor a temporal logid. if L =eyp TL(M). Note that the modalities iM do not have to be basic
modalities ofL.

6.1. PLTL

The propositional linear time temporal logiel(TL) [30] is usually referred to as the standard line:
time temporal logic (see, e.g., survey [8]). By definitiBhTL is just TL(U). Of course,TL(U) is
interpreted not only over linear orders, but also over arbitrary partial orders, in particular, over
The “linear time” appears in the name of this logic probably because when it was introduced by Pnt
intended models were linear orders, or more precigeiyjodels. The adjective “standard” is probabl
due to the Kamp theorem which states that it is expressively equivalent (overrieaels) to (the
future fragment of FOMLO—a very robust formalism.

Observe thatU has a first-order truth tabley of quantifier depth two. Moreoveg,, is equivalent
over trees toEgy. ThereforePLTL is expressively equivalent to a fragmentBiFL,.

6.2. CTL*

CTLwas introduced in [2]. Itis based on two binary modaliti8s andAU; AU (X, Y) (respectively
EU(X, Y)) holds at a current momeg if “for all (respectively, for some) paths from the currer
moment, X until Y holds.” The modalityEU is equivalent toU. The truth table forAU(X, Y) is
— E—¢y, wheregy is the truth table otJ.

In contrast to expressive completenes3 bfU) overw-models (the canonical linear models), thel
is no natural predicate logic which correspond<CioL (=TL(EU, AU) =e, TL(U, E—gy)) over
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the class of trees. Moreover, it turns out tiAEL cannot express many natural properties over tre
[10].

The logic CTL* suggested in [10] is much more expressive. The definitio@Df* [10] uses an
interplay between state formulas (which correspond to genuine modalities) and path formulas (
play an auxiliary role). Below we recall the syntax and the semanti€&Taf and then show that it is
expressively equivalent to the unionBT L.

The syntax ofCTL* inductively defines a class of state formulas and a class of path formulas L
the rules below:

S1 Each atomic formula is a state formula.

S2 If p andq are state formulas then so goen g and—q.

S3 If pis apath formula therE p is a state formula.

P1 Each state formula is also a path formula.

P2 If pandq are path formulas then so apen g and—q.

P3 If p andq are path formulas then so Jg.
Inaddition to the standard abbreviation for propositional connectikex;‘ for all paths, ) abbreviates
- E—| p.

CTL* formulas are interpreted over trees. Given a frea nodes in this tree, and a path through
this tree, we write T, ) = q to mean that state formulgis true at nodes in the treeT; we write
(T, 7)=p to mean that path formulp s true at the path in T.

These relations are defined inductively as follows:

S1 (T,s)=Piff se PT

S2 The standard rules fox and—.

S3 (T, s)kE= Epiff thereis a pathr in T,which starts a$ such that T, =) = p.

P1L (T,rn) = qiff(T,s) = q, wheresis the first state ofr.

P2 The standard rules fox and—.

P3 (T.x) = pUqiff thereisi with 1<i < length¢r) suchthat T,7') = qand (T, 7%) |=
p whenever 1< k < i (for a pathr = (sp, S1, . .. Sj, Sj+1, - - .), 7! denotes the patts;, Sj11, . . .)).
Observe that ifp(X4, ..., X|) is aTL(U) formula thenEg is aCTL* state formula. We can associat
with Eg the followingl-place temporal operator #: for every trféeand subseR, C |T|:

#Ry, Ro,...,R)={se|T| : (T,Ry, R, ..., R),s) E Ep(X1, Xo, ..., Xi)}.

By the abuse of notations we denote this operatoHpy Observe that by Proposition 3.7(1), there |
aFOMLO formula (X, X1, ..., X;) which is equivalent tg. Moreover, the path modalitigys (see
Definition 3.3) defines the same temporal operatorEaslLet M be the set of modalities

M = {Eg:¢ € TL(U)}.

From the above observation it follows tHEL(M) <exp [Uy—; BTLk. Kamp's theorem implies that for
every formulay (X, X, ..., X;) in the future fragment oFOMLO there is¢ in TL(U) such that the
temporal operator€g and Ey are the same. Therefore, the temporal loditéM) and( -, BTL«
are expressively equivalent.

The following result is due to Emerson (see the last paragraph of Section 2.4 in [8]).

Lemma 6.1. CTL* is expressively equivalent to T\).

Proof (Sketch) The directionTL(M) =<ex, CTL* follows from the observation that every modalit)
in M is defined by &TL* formula.
We illustrate the proof of the other direction by a generic example. Consider the foll@iihg
formula:
a = E[PLUP, A (= E(P3 U(P2 U(EP, U(P; A P3))))].

We will translate it into an equivaletL(M) formula starting from the innermost occurrencestof
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Let my (X7, X2) be the modalityEX; U(X; A X3) which corresponds to the innermost occurren
of E in the aboveCTL* formula. Note thaimy(P,, Ps) is equivalent to the formula which follows
the innermost occurrence d&. Let my(Xq, X2, X3) be the modalityE(X1 U(X52 UX3)). Observe that
E(P; U(P, U( EP, U(P> A P3)))) is equivalent tany(Ps, P2, mi (P, Ps)). Finally letmg(X1, Xz, X3) be
E(X1U X3 A =X3). Observe that th&L(M) formulamz(Py, P2, my(Ps, P2, my(P», Ps))) is equivalent
toa. W

To summarize, we have demonstrated that the following temporal logics are expressively equi\

Lemma 6.2, (U2, BTl Zexp CTL =exp TL({ Eg 1 ¢ € TL(U)}).

6.3. CTL* Has No Finite Base

Recall that a temporal logit has a finite base iff there is a finite 9dtof modalities such thalt is
expressively equivalent foL(M).
Since{BTL}p2, contains a true infinite hierarchy (Theorem 5.1), from Lemma 6.2 we obtain:

THEOREM6.3. CTL* has no finite base.
The following theorem was proved in [28].

TrHeorem 6.4. CTL* is expressively equivalent to the bisimulation invariant fragment of mone
path logic.

Bisimulation equivalence plays a very important role in concurrency. This equivalence ca
subtle differences between trees based on their branching structures. It is generally regardec
finest behavioral equivalence of interest for concurrency. A formii@, X, ..., X|) is bisimula-
tion invariant if T, root = ¢(Xo, X1, ..., X|) implies T’,root &= ¢(Xo, X1, ..., X;) wheneverT
and T’ are bisimulation equivalent. Thu§TL* represents some objectively quantified express
power.

It is easy to see that the propefBock is expressible iFFOMLO. In addition, sinceBlock is
expressible ilCTL*, it is clear thaBlock, is a bisimulation invariant property. Therefore, we obtain tl
following theorem:

THeoreM6.5. The bisimulation invariant fragment of future first-order monadic logic of order r
no finite base.

Hence, the situation for temporal logics over trees (branching time models) is completely diff
than the situation for temporal logics over linear time, where the temporal logic based on the
modality U is expressively equivalent (over-chains) to the future fragment of first-order monad
logic of order [14, 23]. We believe that this is the reason for the multiplicity of temporal logics «
branching time.

6.4. BTL vs Commonly Used Branching Time Logics

Many temporal logics were suggested as branching time specification formalisms (see [7, 1
imposing some syntactic restrictions@iiL* formulas. We examine the expressive power of commol
used branching time temporal logics. It turns out that almost all of these logics are inside the secor
of our hierarchy. The modalities for these logics were suggested by desire to formalize some pra
properties which often occur in specifications of hardware and software systems. It is instruct
observe that most of these properties can be formalizeBTy formulas constructed from basic
modalities of quantifier-depth two.

In the following list we use the symbolg, F, G to indicate the nonstrict versions of the respecti
temporal operators (see Example 3.Ef°p abbreviatesGFp and G*p abbreviates-F*—p; its
meaning on linear orders iglmost everywhere.pThe meaning of the modalit)Xp is “next time p.”
Recall also thatA¢ (“for all paths,¢”) abbreviates-E—g.

B(F) (see [7, 25]). LeM; ={EG, EF, AG, AF};thenB(F) can be defined aBL(M,). Since
the truth tables ofF and G have quantifier-depth 1 and for every formya AFp = — EG-p and
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AGp = — EF—p, B(F) <exp BTL1. According to [7], the formulaE(Fp A Gq) is not expressible in
B(F). Since this formula is expressible BT L, it follows thatB(F) <ex, BTLs.

UB (see [1]). UBcan be defined @aBL(EF, EG, EX). SinceAXp = — EX—p, addingAX as
a basic modality will not increase the expressive pow&fBf The truth table ofX has quantifier-depth
2; hencedJB <y BTL:.

CTLandCTL" (see [2]). CTLcan be defined aL(EX, AX, EU, AU). Since the truth table
of the U operator has quantifier-depth 2, we h&EL <ex, BTL. Let &, be the set oTL(U) formulas
of nesting-depth<1. Let M, be the infinite sefEg : ¢ € &1} of path modalities; the@TL* is defined
asTL(M;) and henc€€TL" <eyp BTL.

CTL? (see [24]). The syntax &2 TL? contains two kinds of auxiliary formulas: path formulas
degree one and path formulas of degree two. How&/Et? is expressively equivalent to the extensio
of CTL by the binary modalityE(G(X1UX5)). Observe thatG(X1UX>) is equivalent over chains to

P(Xo, X1, X2) = (¥X > Xo(X € X1V X € X)) A (¥X > Xo.3IX1 (X1 > X A X1 € X))

The formulag(xo, X1, X2) has quantifier-depth 2. Hend@8TL? <y, BTL,.

B(U, F, F*, G®)andB(U, F, F*, G™, A, —) (see [7, 10]).B(U, F, F*, G*) andB(U,
F, F*, G™, A, —) allow the specification of fairness properti€&(U, F, F>*, G™, A, =) is very
similar to CTF used in [6]. B(U, F, F*, G®) can be defined aJL(EX, AX, EU, AU,
EF*, EG™, AF®, AG™). Let®, be the setoTL(X, U, F*, G*)formulas of nesting-depth 1.
Let M4 be the infinite se{Egp : ¢ € ®,} of path modalities; theB(U, F, F*, G, A, =) can be
defined asTL(M,). The truth tables ofF*p and G* p are both of quantifier-depth 2. Therefore
B(U, F, F*, G%) <expBTLz andB(U, F, F®, G, A, =) <exp BTLo.

In [10], the formula AF(p A Xp) was provided as an example forlGTL* formula which is not
expressible iB(U, F, F*, G, A, =). The formula AF(p A Xp) is expressible ilBTLs. As far as
we know, this is the only modality discussed in the literature which is not definaB&lisn

Recently, it was shown in [33] th&(U, F, F*, G™, A, —) is expressively equivalent BTL,.

6.5. BTL; Has a Finite Base

Observe thaBTL; was defined as a temporal logic with an infinite set of basic modalities. Howe
we prove below thaBTL; has a finite base of modalities.

THEOREM6.6. There is a two-place modality which is a base for BTL

Inthe remainder of this section, the proof of Theorem 6.6 is givermi(&t, X,) be the path modality
Ea, wherea(xg, X1, X») is defined as

a(Xo, X1, X2) = AY(y > Xo A Y€ X1) AVY((Y > Xo) = (¥ € X2)).

Ea(p, q) is expressible by thETL* formula E(Fp A Gq). We are going to prove that for every future
FOMLO formulag(Xg, Y1, ..., Yy) of quantifier-depth one, there isTaL(m) formulays such thatEe
is equivalent over trees 0. This will imply Theorem 6.6.

First we define formulag,. , which will satisfy Lemma 6.7.

For a subset of {1, ..., n} we denote by, (Xq, Y1, ..., Yn) the formula
AxeYin\x¢Y.
ieo ido

Note that ifo # o’ theng, (Xo, Y1, ..., Yn) A 95 (X0, Y1, - .., Yn) iS unsatisfiable.
Forasequence = 0107, ..., ok Of (k > 1) distinctsubsets dfl, ..., n}and asubset of {1, ..., n}
we denote by, ,(Xo, Y1, - .., Yn) the formula

k k

@, (Xi)> AVX > Xo. \/(pai (x).

Yo /\E|X1§|X2...E|XK<X0 < XL < e < Xkl < Xk A
i=1

i=1

If p is the empty sequence, then, is defined ag, A VX. X < Xo.
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Some explanations might be helpful to understand the above formulas. We say that an sleime
achainA= (|Al,<, P, P,,...,P)istagged by C {1,...,n}if se P < i € . Note that each

s € | Al is uniquely tagged by some subsetFor a sequence = o102, ..., ok of (k > 1) subsets of
{1,....n} and a subset of {1, ..., n}, the formulag, , holds inA atsif sis tagged by and there
are elements < s, < --- < § such thaty is tagged by; (fori =1, ..., k) and every node greatel

thansin the chainis tagged by one 6f (i = 1, ..., k).

Lemma 6.7. 1 For every labelled chain A= (JA|, <, P, P», ..., P,) and a € |A| there arec
andp such that Aa = ¢,,,.
2. LetA=(|Al, <a, PAPA ..., PMand B=(|B|, <g, P2, P£, ..., PB)belabelled chains
andletae |[Aland be |B|. If A,a E ¢, , and B b = ¢, , then for every future FOMLO formula
a(Xo, Y1, ..., Yy) of quantifier-depth one

A,akEcaifandonlyif Bb = a.

3. Every future FOMLO formula(Xo, Y1, ..., Yn) of quantifier-depth one is equivalent ove
the class of all chains to a (finite) disjunction of formulas of the fggm.

4. Foreveryo andp there is a Tlim) formula which is equivaler(over tree}to Eg, ,.

Proof. (1) isimmediate.

(2) Observe that ifA,a = ¢,, andB,b E ¢, , then Duplicator has a winning strategy il
one-move chain games ovek,(@) and B, b) (see Section 4.1 for the description of games on chair
This observation and Theorem 4.3 imply that for every fute@MLO formulaa(xg, Y1, ..., Yy) of
qguantifier-depth oned, a =« ifand only if B, b = «.

(3) Leta(xo, Y1, ..., Yn) be afutureekOMLOformula of quantifier-depth one. Observe that the
are only finitely many sequences of distinct subsetglpf. ., n}. Hence, there are only finitely many
formulas of the formy, ,. By (2) it follows that for everys andp, eitherg, , — « holds (over chains)
or ¢,,, — —a holds (over chains). This together with (1) implies thas equivalent (over chains) to

\/{go(,,p ' ¢, — o holds over the class of all chains

This is a finite disjunction of formulas of the forgy ,.
(4) Forasubset of {1, ..., n} we denote by), theTL formula

AYA A

ieo ido

For a sequencg = o10;..., 0 of (k > 1) distinct subsets ofl, ..., n} we denote byy, the TL
formula

k
\VAZ%
i=1

Let Hy(X) be an abbreviation fan(X, ¥,) (i.e., itabbreviate€£(FX A Gy,)). One can easily check
that E¢, , is equivalent over trees to the followiffd(m) formula

% A Hl(Wal A Hl(Waz ATER Hl(‘(/jﬂk))) u

Let Ex be aBTL modality. By Lemma 6.7(3), there atge andp; (i = 1,..., m) such thatx
is equivalent over chains t¢", ¢, ,. Therefore,Ex is equivalent over trees t¢/|" | Eg,, . This
together with Lemma 6.7(4) implies thBwx is equivalent (over trees) toTd.(m) formula. Since every
BTL; modality is equivalent to @L(m) formula andm is a basidBTL; formula, it follows that the set
{m} is a basis foBTL;. This completes the proof for Theorem 6.6.
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7. FURTHER RESULTS

7.1. Strengthening the Main Results

We show that th¢BTL}:2 , hierarchy, as well as the results presented in Section 6, are valid not
for arbitrary trees, but extend to specific classes of trees. Below we consider the following clas
trees: trees with a bounded number of immediate successors at each node, trees with no finite br
finite trees, and trees obtained by unwinding finite Kripke structures.

CoroLLAry 7.1. 1 CTL* has no finite basis over trees of bounded degree.
2. CTL* has no finite base over trees with no leaves.
3. CTL* has no finite base over the class of finite trees.
4. CTL* has no finite base over finite Kripke structures.

Proof (Sketch) (1) Follows from the observation that the proof of Theorem 5.4 involves ol
trees with out-degree at most two.

(2) Inthe proof of Theorem 5.4, change the definitioMdfandN¥ (Fig. 1) by adding am-path
of nodes labelled by-P to the leaves of both trees.

(3) In the proof of Theorem 5.4, change the inductive def|n|t|orh/l¢$1t1 and NI+1 (F|g 2) by

cutting the infinite pathal, ,, 8% ,. ...) after X + 1 nodes in both trees. Lenk ", andN¥,; be the
modified trees and lety = [logz(k + 1)]. Observe thaM,Jr1 and N:(+1 are f|n|te trees.
Recall that in the proof of Theorem 5.4 we showed that for eberyl andh’ > 1.
(M|k+l) ,:-,11 1 ig.mk (leJrl)>a1 . (10)
One can show that for everyd h <k+land 1< h’' <k+ 1:
k k
(MI+1) a1+1 Nig.,mk (NI+1) a1+1 (11)

Hence the corresponding nodesl\lrﬂ(le and NI+1 are still {, mg)-game equivalent. The rest of the
arguments are exactly like for Theorem 6.3 (a detailed proof can be found in [26]).

(4) This follows from (3) or directly from the observation that every computation tree in
sequenced andNKX (in the proof of Theorem 5.4) has a finite and indeed very succinct represent:
as a Kripke structure. Therefor€TL* has no finite base over finite Kripke structures

7.2. Complexity of Model Checking

There is a trade-off between the expressive power, the succinctness, and the complexity of verif
of specification formalisms. In this section we prove that the model checking problem has lineal
complexity for every temporal logic based on a finite set of modalities. Hence, the complexity tt
cannot provide us a sharp criterion for the choice of a finite base temporal logic.

The model checking problem for a logicis as follows. Given a finite Kripke structui¢ and a
formulag € L, determine whethéFy , root = ¢, whereT is the tree that corresponds to the unwindir
of K from its initial state.

CTLis based on four modalities. The model checking probler€fr has the linear time complexity
O(l K | x | ¢ ]).CTL*is based on aninfinite set of modalities. Unl&&L, the model checking problem
for CTL* is PSPACE complete [3]. The next theorem shows that for a temporal logic based on a
set of modalities, the model checking problem has a low complexity. Its proof is based on techr
from [11].

Recall that modaj calculus is equivalent to the bisimulation invariant fragment of (future) mona
second-order logic [22].

ThHeOREM 7.2 (Complexity of Model Checking).Let TL(Mjy, Mo, ..., M) be a TL based on a
finite set of modalities.
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1. Assumethat M(i = 1,2, ..., k) are definable by CTLformulas. Then the model checkin
problem for TI(M3, My, ..., M) has time complexity QK | x | ¢ |).

2. Assume that M(i = 1,2,...,k) are of the form B, where ¢ is a future monadic
second-order formula. Then the model checking problem fOMELMo, .. ., M) has time complexity
O( KI[x[el).

3. Assume that M(i = 1,2,...,Kk) are definable byu-formulas. Then the model checkin
problem for TI(M3, Mo, ..., M) isin PTIME.

Proof (Sketch) (1) Is easily reducible to (2). Indeed, by Lemma 6.2, for ev&iL* definable
modality M; we can find a finite setN2, ..., N"} of modalities of the formEg, wherey is a future
FOMLO formula such thaM; is expressible iMfL(N2, ..., N/"). Let

k
A= NS ONTL
i=1

TL(My, ... Mi) =<exp TL(A). Moreover, there is a linear time meaning preserving translation fr
TL(Mjy, ... M) into TL(A). Therefore, the model checking problem Tdg(My, . .. My) is reducible in
linear time to the model checking problem fbic(A). This completes the reduction of (1) to (2).

The model checking algorithm for (2) and (3) uses standard techniques [8]. Given a stictnde
a formulag the algorithm takes the subformulasgttarting with the innermost ones and iterativel
labels with each subformubathe states oK that satisfyy. The only nontrivial case is whenhas the
form M(¢1, ... @), whereM is a modality. This case is explained below for (2) and (3).

(2) First, for every basic modalitM; = Evy; (i = 1,...,r) of the logic, construct a Buchi
automatonA; such thatA; accepts the-language definable by;. Letb be an upper bound on the siz
of these automata.

In order to find the states &€ which should be labeled by (¢4, . . ., ¢) construct the produd®r
of A; andK and then find irPr the set of state§ from which there is an accepting run; the states
K which should be labelled bW (¢4, . . ., ¢) are easily extracted froi8. Namely,s € |K| should be
labelled byM; (¢4, ..., @) iff (Qo, S) € S, whereqp is the initial state ofA;.

The time complexity of this step is bounded [t§/| x | A;|. Since the number of subformulasfs
at most|g|, the time complexity of the algorithm is bounded [§/] x |¢| x b = O(|K| x |¢]).

(3) In this case the basic modalitid (i = 1,...,r) areu formulas. The set of states whict
should be labelled bi; (¢4, . .., ¢) can be found by applying the Tarski-Kanster algorithms. A na
implementation of the algorithm runs in time |K|% x |M;|%, whered; is the nesting-depth of the
fixed point operators i;. Hence, ifd = max(;) andb = max( M; |%), the time complexity of the
model checking algorithm foF L(My, ..., M) is bounded byK |9 x |¢| x b = O(|K|? x |¢]).

Notesl. The assumption in Theorem 7.2(2) can be replacedMy(f = 1, ..., k) are definable
by formulas inTL(W), whereW = {Eg : ¢ is a futureMLO formula}.” The reduction from this more
general formto (2) is the same as the reduction from (1) to (2). TheTag) is expressively equivalent
to ECTL* from [35]. It is also expressively equivalent to the future bisimulation invariant fragmen
the monadic chain logic [17] (the monadic chain logic is obtained from the monadic second-order
when all the bound set variables are restricted to range over linearly ordered subsets of trees).

2. Observe that Theorem 7.2 does not cd@&&Ly logics because they are based on infinite st

of modalities. In [33], it was proved that the model checking problenBfis is PP complete, where
P NP is the class of decision problems for which there is an algorithrR imith an oracle inNP.
It is an open question what is the complexity of the model checking probleBiTior (k # 2).

8. CONCLUSION

Our results offer an explanation for the multiplicity of temporal logics over branching time
suggest some yardsticks by which to measure these logics.

Two of the most important characteristics oflaare (1) its expressive power and (2) the complexi
of its model checking problem [8]. We examined two very natural fragmenitéL@d: CTL* which is
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equivalent to the bisimulation invariant fragment of future monadic path logic [28], and the bisimulz
invariant fragment of future first-order monadic logic. We proved that there is no temporal logic o
finite base which is expressively equivalent over the trees to each of these fragments. On the othe
we showed that for every finite set of modalitids, Mo, ..., M;, the complexity of model checking for
TL(Mq, Mo, ..., M;)islinear both in the size of structure and the size of formula. We believe, theref
that these are the reasons for so many suggestions for temporal logics over branching time moc

We defined a sequenBd Ly of temporal logics and proved that it contains a strict hierarchy. This v
sufficient to show tha€TL* has no finite base. It can be shown tBaiy; is strictly more expressive
thanBTLy; however, we have not succeeded to show that propéititts andBlock separate between
BTL andBTLy 1. The proof of this separation result uses a more complex property.

We examined many sublogics GTL* suggested in the literature and showed that they are inside
second level of our hierarchy.

In this work only modalities defined in the future fragmentifO were considered. The situatior
with temporal logics based on future and past modalities can be quite different. For exampl
full version of Kamp’s theorem [13, 23] implies that the temporal logic based on two modalitie:
(“until”y and S (“since”) is expressively equivalent over the reals toR@MLO. However, “until” is
not expressively equivalent (over the reals) to the future fragmeP®MLO. Moreover, it was shown
in [19] that there is no finite set of future modalities which is expressively equivalent over the re:
the future fragment dFOMLO. We believe that the temporal logic with two modalities until and sin
is expressively equivalent over the trees to the bisimulation invariant fragmée&@Mt_O.

We conclude with two conjectures.

ConJecTure8.1. There is no finite base for BElfor k > 1.

CongecTure8.2 (Arity hierarchy). Let M be the set of all modalities of arity at mostwhich are
definable by CTtformulas. TI(My) is strictly less expressive than M. 1) for every k.
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