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We study the problem of estimating the leading eigenvectors of a high-
dimensional population covariance matrix based on independent Gaussian
observations. We establish a lower bound on the minimax risk of estimators
under the /> loss, in the joint limit as dimension and sample size increase
to infinity, under various models of sparsity for the population eigenvectors.
The lower bound on the risk points to the existence of different regimes of
sparsity of the eigenvectors. We also propose a new method for estimating
the eigenvectors by a two-stage coordinate selection scheme.

1. Introduction. Principal components analysis (PCA) is widely used to re-
duce dimensionality of multivariate data. A traditional setting involves repeated
observations from a multivariate normal distribution. Two key theoretical ques-
tions are: (i) what is the relation between the sample and population eigenvectors,
and (ii) how well can population eigenvectors be estimated under various sparsity
assumptions? When the dimension N of the observations is fixed and the sample
size n — 00, the asymptotic properties of the sample eigenvalues and eigenvectors
are well known [Anderson (1963), Muirhead (1982)]. This asymptotic analysis
works because the sample covariance approximates the population covariance well
when the sample size is large. However, it is increasingly common to encounter
statistical problems where the dimensionality N is comparable to, or larger than,
the sample size n. In such cases, the sample covariance matrix, in general, is not a
reliable estimate of its population counterpart.

Better estimators of large covariance matrices, under various models of sparsity,
have been studied recently. These include development of banding and threshold-
ing schemes [Bickel and Levina (2008a, 2008b), Cai and Liu (2011), El Karoui
(2008), Rothman, Levina and Zhu (2009)], and analysis of their rate of conver-
gence in the spectral norm. More recently, Cai, Zhang and Zhou (2010) and Cai
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and Zhou (2012) established the minimax rate of convergence for estimation of the
covariance matrix under the matrix /; norm and the spectral norm, and its depen-
dence on the assumed sparsity level.

In this paper we consider a related but different problem, namely, the estimation
of the leading eigenvectors of the covariance matrix. We formulate this eigenvec-
tor estimation problem under the well-studied “spiked population model” which
assumes that the ordered set of eigenvalues £(X) of the population covariance
matrix X satisfies

(1.1) LE)={rm+0% . ap+ot o’ ... 0%

for some M > 1, where 62 >0 and A; > A» > --- > Ay > 0. This is a standard
model in several scientific fields, including, for example, array signal processing
[see, e.g., van Trees (2002)] where the observations are modeled as the sum of an
M -dimensional random signal and an independent, isotropic noise. It also arises
as a latent variable model for multivariate data, for example, in factor analysis
[Jolliffe (2002), Tipping and Bishop (1999)]. The assumption that the leading M
eigenvalues are distinct is made to simplify the analysis, as it ensures that the corre-
sponding eigenvectors are identifiable up to a sign change. The assumption that all
remaining eigenvalues are equal is not crucial as our analysis can be generalized to
the case when these are only bounded by o2. Asymptotic properties of the eigen-
values and eigenvectors of the sample covariance matrix under this model, in the
setting when N /n — ¢ € (0, 00) as n — 00, have been studied by Lu (2002), Baik
and Silverstein (2006), Nadler (2008), Onatski (2006) and Paul (2007), among
others. A key conclusion is that when N/n — ¢ > 0, the eigenvectors of standard
PCA are inconsistent estimators of the population eigenvectors.

Eigenvector and covariance matrix estimation are related in the following way.
When the population covariance is a low rank perturbation of the identity, as in
this paper, sparsity of the eigenvectors corresponding to the nonunit eigenvalues
implies sparsity of the whole covariance. Consistency of an estimator of the whole
covariance matrix in spectral norm implies convergence of its leading eigenvalues
to their population counterparts. If the gaps between the distinct eigenvalues re-
main bounded away from zero, it also implies convergence of the corresponding
eigen-subspaces [El Karoui (2008)]. In such cases, upper bounds for sparse co-
variance estimation in the spectral norm, as in Bickel and Levina (2008a) and Cai
and Zhou (2012), also yield upper bounds on the rate of convergence of the corre-
sponding eigenvectors under the /; loss. These works, however, did not study the
following fundamental problem, considered in this paper: How well can the lead-
ing eigenvectors be estimated, and namely, what are the minimax rates for eigen-
vector estimation? Indeed, it turns out that the optimal rates for covariance matrix
estimation and leading eigenvector estimation are different. Moreover, schemes
based on thresholding the entries of the sample covariance matrix do not achieve
the minimax rate for eigenvector estimation. The latter result is beyond the scope
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of this paper and will be reported in a subsequent publication by the current au-
thors.

Several works considered various models of sparsity for the leading eigenvec-
tors and developed improved sparse estimators. For example, Witten, Tibshirani
and Hastie (2009) and Zou, Hastie and Tibshirani (2006), among others, imposed
[1-type sparsity constraints directly on the eigenvector estimates and proposed op-
timization procedures for obtaining them. Shen and Huang (2008) suggested a
regularized low rank approach to sparse PCA. The consistency of the resulting
leading eigenvectors was recently proven in Shen, Shen and Marron (2011), in
a model in which the sample size n is fixed while N — oco. d’Aspremont et al.
(2007) suggested a semi-definite programming (SDP) problem as a relaxation to
the /p-penalty for sparse population eigenvectors. Assuming a single spike, Amini
and Wainwright (2009) studied the asymptotic properties of the resulting leading
eigenvector of the covariance estimator in the joint limit as both sample size and
dimension tend to infinity. Specifically, they considered a leading eigenvector with
exactly k < N nonzero entries all of the form {—1/ «/% 1/ \/I;}. For this hardest
subproblem in the k-sparse [p-ball, Amini and Wainwright (2009) derived infor-
mation theoretic lower bounds for such eigenvector estimation.

In this paper, in contrast, following Johnstone and Lu (2009) (JL), we study es-
timation of the leading eigenvectors of X assuming that these are approximately
sparse, with a bounded /;, norm. Under this model, JL developed an estimation pro-
cedure based on coordinate selection by thresholding the diagonal of the sample
covariance matrix, followed by the spectral decomposition of the submatrix corre-
sponding to the selected coordinates. JL further proved consistency of this estima-
tor assuming dimension grows at most polynomially with sample size, but did not
study its convergence rate. Since this estimation procedure is considerably simpler
to implement and computationally much faster than the /1 penalization procedures
cited above, it is of interest to understand its theoretical properties. More recently,
Ma (2011) developed iterative thresholding sparse PCA (ITSPCA), which is based
on repeated filtering, thresholding and orthogonalization steps that result in sparse
estimators of the subspaces spanned by the leading eigenvectors. He also proved
consistency and derived rates of convergence under appropriate loss functions and
sparsity assumptions. In a later work, Cai, Ma and Wu (2012) considered a two-
stage estimation scheme for the leading population eigenvector, in which the first
stage is similar to the DT scheme applied to a stochastically perturbed version of
the data. The estimates of the leading eigenvectors from this step are then used
to project another stochastically perturbed version of the data to obtain the final
estimates of the eigenvectors through solving an orthogonal regression problem.
They showed that this two-stage scheme achieves the optimal rate for estimation
of eigen-subspaces under suitable sparsity conditions.

In this paper, which is partly based on the Ph.D. thesis of Paul [Paul (2005)],
we study the estimation of the leading eigenvectors of X, all assumed to belong to
appropriate [, spaces. Our analysis thus extends the JL setting and complements
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the work of Amini and Wainwright (2009) in the [y-sparsity setting. For simplicity,
we assume Gaussian observations in our analysis.

The main contributions of this paper are as follows. First, we establish lower
bounds on the rate of convergence of the minimax risk for any eigenvector esti-
mator under the /; loss. This analysis points to three different regimes of sparsity,
which we denote dense, thin and sparse, each having its own rate of convergence.
We show that in the “dense” setting (as defined in Section 3), the standard PCA
estimator attains the optimal rate of convergence, whereas in sparser settings it is
not even consistent. Next, we show that while the JL diagonal thresholding (DT)
scheme is consistent under these sparsity assumptions, it is not rate optimal in gen-
eral. This motivates us to propose a new refined thresholding method (Augmented
Sparse PCA, or ASPCA) that is based on a two-stage coordinate selection scheme.
In the sparse setting, both our ASPCA procedure, as well as the method of Ma
(2011) achieve the lower bound on the minimax risk obtained by us, and are thus
rate-optimal procedures, so long as DT is consistent. For proofs see Ma (2011)
and Paul and Johnstone (2007). There is a somewhat special, intermediate, “thin”
region where a gap exists between the current lower bound and the upper bound
on the risk. It is an open question whether the lower bound can be improved in this
scenario, or a better estimator can be derived. Table 1 provides a comparison of
the lower bounds and rates of convergence of various estimators.

The theoretical results also show that under comparable scenarios, the optimal
rate for eigenvector estimation O ((log N/ n)~1=4/2)y (under squared-error loss) is
faster than the rate obtained for sparse covariance estimation, O ((log N/ n)~ (=)
(under squared operator norm loss), by Bickel and Levina (2008a) and shown to
be optimal by Cai and Zhou (2012).

Finally, we emphasize that to obtain good finite-sample performance for both
our two-stage scheme, as well as for other thresholding methods, the exact thresh-
olds need to be carefully tuned. This issue and the detailed theoretical analysis of
the ASPCA estimator are beyond the scope of this paper, and will be presented
in a future publication. After this paper was completed, we learned of Vu and Lei

TABLE 1
Comparison of lower bounds on eigenvector estimation and worst case rates of various procedures

Estimator Dense Thin Sparse
Lower bound O(N/n) 0(n—1-4/2) O((log N/n)1—9/2)
PCA Rate optimal™® Inconsistent Inconsistent
DT Inconsistent Inconsistent Not rate optimal
ASPCA Inconsistent Inconsistent Rate optimalT

*When N/n — 0.

So long as DT is consistent.
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(2012), which cites Paul and Johnstone (2007) and contains results overlapping
with some of the work of Paul and Johnstone (2007) and this paper.

The rest of the paper is organized as follows. In Section 2, we describe the
model for the eigenvectors and analyze the risk of the standard PCA estimator. In
Section 3, we present the lower bounds on the minimax risk of any eigenvector
estimator. In Section 4, we derive a lower bound on the risk of the diagonal thresh-
olding estimator proposed by Johnstone and Lu (2009). In Section 5, we propose
a new estimator named ASPCA (augmented sparse PCA) that is a refinement of
the diagonal thresholding estimator. In Section 6, we discuss the question of at-
tainment of the risk bounds. Proofs of the results are given in Appendix A.

Throughout, S¥~! denotes the unit sphere in RV centered at the origin, |x]
denotes the largest integer less than or equal to x € R.

2. Problem setup. We suppose a triangular array model, in which for each n,
the random vectors X; := X!,i = 1,...,n, each have dimension N = N(n)
and are independent and identically distributed on a common probability space.
Throughout we assume that X;’s are i.i.d. as Ny (0, X), where the population ma-
trix X, also depending on N, is a finite rank perturbation of (a multiple of) the

identity. In other words,

M
(2.1) T=) 60 +0°1,

v=1
where A\; > Ay > --- > Ay > 0, and the vectors 6y, ..., 0y € RN are orthonormal,

which implies (1.1). 8, is the eigenvector of ¥ corresponding to the vth largest
eigenvalue, namely, A, + o2, The term “finite rank” means that M remains fixed
even as n — oo. The asymptotic setting involves letting both n and N grow to
infinity simultaneously. For simplicity, we assume that the A,’s are fixed while the
parameter space for the 6,’s varies with N.
The observations can be described in terms of the model

M
22)  Xie=)_ VAviibok + 0 Zix, i=1,....,n,k=1,...,N.

v=l1
Here, for each i, v,;, Zj; are i.i.d. N(0O, 1). Since the eigenvectors of X are in-
variant to a scale change in the original observations, it is henceforth assumed
that 0 = 1. Hence, Ay, ..., Ay in the asymptotic results should be replaced by
A1/02, ..., Ay /0% when (2.1) holds with an arbitrary o > 0. Since the main focus
of this paper is estimation of eigenvectors, without loss of generality we consider

The following condition, termed Basic assumption, will be used throughout the
asymptotic analysis, and will be referred to as (BA).

(BA) 2.2) holds witho =1; N=N{n) > ococasn—-> oo, Ay > -+ > Ay >0
are fixed (do not vary with N); M is unknown but fixed.
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2.1. Eigenvector estimation with squared error loss. Given data {X;}]_,, the
goal is to estimate M and the eigenvectors 6y, ..., 037. For simplicity, to derive
the lower bounds, we first assume that M is known. In Section 5.2 we derive an
estimator of M, which can be shown to be consistent under the assumed sparsity
conditions. To assess the performance of any estimator, a minimax risk analysis
approach is proposed. The first task is to specify a loss function L(®,,6,) between
the estimated and true eigenvector.

Eigenvectors are invariant to choice of sign, so we introduce a notation for the
acute (angle) difference between unit vectors,

aob=a—sign((a,b))b,

where a and b are N x 1 vectors with unit /> norm. We consider the following loss
function, also invariant to sign changes:

(2.3) L(a,b):=2(1 - [(a,b)|) = a0 b]|°.

An estimator §v is called consistent with respect to L, if L(@\v, 6,) — 0 in proba-
bility as n — oo.

2.2. Rate of convergence for ordinary PCA. We first consider the asymptotic
risk of the leading eigenvectors of the sample covariance matrix (henceforth re-
ferred to as the standard PCA estimators) when the ratio N/n — 0 as n — oo. For
future use, we define

2
2.4 h()) = , A >0,
(2.4) () oA >
and
(A—1)?
(2.5) g(A, T) A, T>0.

T U+n(+0)

In Johnstone and Lu (2009) (Theorem 1) it was shown that under a single spike
model, as N/n — 0, the standard PCA estimator of the leading eigenvector is
consistent. The following result, proven in the Appendix, is a refinement of that,
as it also provides the leading error term.

THEOREM 2.1. Let @\U,pCA be the eigenvector corresponding to the vth largest
eigenvalue of S. Assume that (BA) holds and N, n — oo such that N /n — 0. Then,
foreachv=1,...,M,

(2.6)  sup EL(@B,pca,b) =

6,eSN-1

[N—M 1

nhGo) ' n g0, ,\U)}(l o).
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REMARK 2.1. Observe that Theorem 2.1 does not assume any special struc-
ture such as sparsity for the eigenvectors. The first term on the right-hand side
of (2.6) is a nonparametric component which arises from the interaction of the
noise terms with the different coordinates. The second term is “parametric” and
results from the interaction with the remaining M — 1 eigenvectors correspond-
ing to different eigenvalues. The second term shows that the closer the successive
eigenvalues, the larger the estimation error. The upshot of (2.6) is that standard
PCA yields a consistent estimator of the leading eigenvectors of the population
covariance matrix when the dimension-to-sample-size ratio (N /n) is asymptoti-
cally negligible.

2.3. 1, constraint on eigenvectors. When N/n — ¢ € (0, 0o], standard PCA
provides inconsistent estimators for the population eigenvectors, as shown by var-
ious authors [Johnstone and Lu (2009), Lu (2002), Nadler (2008), Onatski (2006),
Paul (2007)]. In this subsection we consider the following model for approximate
sparsity of the eigenvectors. For each v =1, ..., M, assume that 6, belongs to an
l4 ball with radius C, for some g € (0, 2), thus 6, € ©,(C), where

N
2.7 0,(C) == {aeSN—1:Z|ak|‘1 5C‘1}.
k=1

Note that our condition of sparsity is slightly different from that of Johnstone and
Lu (2009). Since 0 < g < 2, for ®,(C) to be nonempty, one needs C > 1. Further,
if C1 > N1=49/2 then the space O4(C) is all of SN because in this case, the least

sparse vector \/Lﬁ(l, 1,..., 1) is in the parameter space.

M
2.8) OM(Cy,....Cy) = {0 e [1©4(C): 6y, 6,) =0, for v # u’],

v=1

where O, (C) is defined through (2.7),and C, > 1 forallv=1,..., M. Thus G)g”
consists of sparse orthonormal M -frames, with sparsity measured in /,. Note that
in the analysis that follows we allow the C),’s to increase with N.

REMARK 2.2. While our focus is on eigenvector sparsity, condition (2.8)
also implies sparsity of the covariance matrix itself. In particular, for ¢ € (0, 1),
a spiked covariance matrix satisfying (2.8) also belongs to the class of sparse co-
variance matrices analyzed by Bickel and Levina (2008a), Cai and Liu (2011) and
Cai and Zhou (2012). Indeed, Cai and Zhou (2012) obtained the minimax rate of
convergence for covariance matrix estimators under the spectral norm when the
rows of the population matrix satisfy a weak-/; constraint. However, as we will
show below, the minimax rate for estimation of the leading eigenvectors is faster
than that for covariance estimation.
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3. Lower bounds on the minimax risk. We now derive lower bounds on the
minimax risk of estimating 6, under the loss function (2.3). To aid in describing
and interpreting the lower bounds, we define the following two auxiliary parame-
ters. The first is an effective noise level per coordinate

(3.1) w2 =1/(nh(1.))
and the second is an effective dimension
(3.2) my :=Ag(Cy/1),

w?ere ag = (2/9)1_‘]/2, c1 :=1og(9/8) and A, := 1/(aqci1/2) and finally Cl .=
Cy —1.

The phrase effective noise level per coordinate is motivated by the risk bound in
Theorem 2.1: dividing both sides of (2.6) by N, the expected “per coordinate” risk
(or variance) of the PCA estimator is asymptotically rvz. Next, following Nadler
(2009), let us provide a different interpretation of t,,. Consider a sparse 6, and an
oracle that, regardless of the observed data, selects a set J; of all coordinates of
0, that are larger than t in absolute value, and then performs PCA on the sam-
ple covariance restricted to these coordinates. Since 6, € ©4(C,), the maximal
squared-bias is

N N
2
sup E |0vk|2xsup E xk/q: E x <ClLO<x <t
6,€04(Co) ket J, k=1 k=1

= C97274,
which follows by the correspondence x; = |6,k|?, and the convexity of the func-

tion Z,I(Vzl x,f/ ?_On the other hand, by Theorem 2.1, the maximal variance term of
this oracle estimator is of the order k; /(nh()\,)) where k; is the maximal number
of coordinates of 6, exceeding t. Again, 6, € ©,(C,) implies that k; < Clt9.
Thus, to balance the bias and variance terms, we need 7 < 1/4/nh(Ar,) = 1,,. This
heuristic analysis shows that 7, can be viewed as an oracle threshold for the co-
ordinate selection scheme, that is, the best possible estimator of 8,, based on indi-
vidual coordinate selection can expect to recover only those coordinates that are
above the threshold t,,.

To understand why m,, is an effective dimension, consider the least sparse vector
6y € ©4(Cy). This vector should have as many nonzero coordinates of equal size
as possible. If C{/ > N!'749/2 then the vector with coordinates =N ~!/? does the
job. Otherwise, we set the first coordinate of the vector to be +/1 — r2 for some
r € (0, 1) and choose all the nonzero coordinates to be of magnitude 7,. Clearly, we
must have 2 = mt2, where m + 1 is the maximal number of nonzero coordinates,
while the /; constraint implies that (1 — r2)4/2 £ mt! < Cy. The last inequality
shows that the maximal m is just a constant multiple of m,,. This construction also
constitutes the key idea in the proof of Theorems 3.1 and 3.2. Finally, we set

(3.3) N =N-M.
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THEOREM 3.1. Assume that (BA) holds, 0 < q <2 and n, N — oc0. Then,
there exists a constant By > 0 such that for n sufficiently large,

(3.4) R} :=inf sup EL(,.6,) > B,
6y ©4(C)

where &, is given by

TVZN’, iftva’ <land N' <m, (dense setting),
On = rvzmv, ifrvzmv <landm, <N’ (sparse setting),
1, if t2-min{N', m,} > 1 (weak signal).

We may think of m,_ , := min{N’, m,} as the effective dimension of the least
favorable configuration.

In the thin setting, m, , = A, Ccl [nh()w)]‘f/2 < N (.e., CIn4/2 < ¢/ N for some
¢’ > 0), and the lower bound is of the order

B} A,Cl Ci
_ q.2-q _ 4-2 = 7
3.5 Oy = chv T, = [nh()\v)]l—q/Z ~opl=q/2°

In the dense setting, on the other hand, m, , = N — M, and
_N-M _ N

nh(n)  on

If N/n — c for some ¢ > 0, then §, < 1, and so any estimator of the eigenvector
6, is inconsistent. If N/n — 0, then equation (3.6) and Theorem 2.1 imply that the
standard PCA estimator /Qj,,pc A attains the optimal rate of convergence.

A sharper lower bound is possible if Cin?/? = O(N'~%) for some « € (0, 1).
We call this a sparse setting, noting that it is a special case of the thin setting.
In this case the dimension N is much larger than the quantity Cyn?/? measuring
the effective dimension. Hence, we define a modified effective noise level per-
coordinate

(3.6) Sn

, o logN
T5=— ,
V' 9nh(L)
and a modified effective dimension

m, = a;1 (év/fv)q-

THEOREM 3.2.  Assume that (BA) holds,0 < q <2 andn, N — o0 in such a
way that Cini/2 = O(N'-9) for some a € (0, 1). Then there exists a constant B
such that for n sufficiently large, the minimax bound (3.4) holds with

log N
nh(iy)

(3.7) 8n =n‘1va2=a—1c‘1<

1—q/2
q Cv ) (sparse setting)

so long as this quantity is <1.
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Note that in the sparse setting 8, is larger by a factor of (log N)!~4/2 compared
to the thin setting [equation (3.5)].

It should be noted that for fixed signal strength A,,, for the corresponding eigen-
vector to be thin, but not sparse is somewhat of a “rarity,” as the following ar-
gument shows: consider first the case N = o(n). If N’ < Aq(h(kv))Q/zégnQ/z,
then we are in the dense setting, since rva "< N/n — 0. On the other hand, if
N =o(n) and C{n?/?> = O(N'~%) for some « € (0, 1), then 6, is sparse, accord-
ing to the discussion preceding Theorem 3.2. So, if N = o(n), for the eigenvector
0, to be thin but not sparse, we need Cini/? < Nsy where sy is a term which
may be constant or may converge to zero at a rate slower than any polynomial
in N. Next, consider the case n = o(N). For a meaningful lower bound, we require
rvzmv < 1, which means that C{n?/? < cq,vh for some constant ¢, ,, > 0. Thus, as
long as n = O(N 1=y for some « € (0, 1), 6, cannot be thin but not sparse. Fi-
nally, suppose that N =< n, and let C! = NP for some B>0.1If 8 <1—gq/2, then
we are in the sparse case. On the other hand, if 8 > 1 — ¢ /2, then there is no spar-
sity at all since when C}} > N'~9/2 the entire S¥~! belongs to the relevant l4 ball
for 6,,. Hence, only if 8 =1 — ¢ /2 exactly, it is possible for 6, to be sparse. This
analysis emphasizes the point that at least for a fixed signal strength, thin but not
sparse is a somewhat special situation.

4. Risk of the diagonal thresholding estimator. In this section, we analyze
the convergence rate of the diagonal thresholding (DT) approach to sparse PCA
proposed by Johnstone and Lu (2009) (JL). In this section and in Section 5, we
assume for simplicity that N > n. Let the sample variance of the kth coordinate,
the kth diagonal entry of S, be denoted by Si. Then DT consists of the following
steps:

(1) Define I = I(y,) to be the set of indices k € {1,..., N} such that Sg; >
1 4+ y,, for some threshold y, > 0.
(2) Let Sy be the submatrix of S corresponding to the coordinates /. Perform

an eigen-analysis of S;; and denote its eigenvectors by f;, i =1, ..., min{n, [1]}.
(3) Forv=1,..., M, estimate 0, by the N x 1 vector f,, obtained from f, by
augmenting zeros to all the coordinates in /€ :={1,..., N}\ I.

Assuming that 6, € ©,(C,), and a threshold y,, = ¥ /Iog N/n for some y > 0,
JL showed that DT yields a consistent estimator of 8,, but did not further ana-
lyze the risk. Indeed, as we prove below, the risk of the DT estimator is not rate
optimal. This might be anticipated from the lower bound on the minimax risk
(Theorems 3.1 and 3.2) which indicate that to attain the optimal risk, a coordinate
selection scheme must select all coordinates of 6, of size at least c/log N/n for
some ¢ > 0. With a threshold of the form y,, above, however, only coordinates of
size (log N/n)'/* are selected. Even for the case of a single signal, M = 1, this
leads to a much larger lower bound.
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THEOREM 4.1. Suppose that (BA) holds with M = 1. Let C > 1 (may depend
onn),0<qg <2andn, N — oo be such that Cini/* = o(s/n). Then the diagonal
thresholding estimator 01 pr satisfies

“.1) sup EL(@ pr,61) > K,Cln=179/2/2
01€0,4(C)

for a constant K; > 0, where C1=C9—1.

A comparison of (4.1) with the lower bound (3.5), shows a large gap between
the two rates, n~1/2(1=4/2) versus n=1=4/2)_ This gap arises because DT uses only
the diagonal of the sample covariance matrix S, ignoring the information in its off-
diagonal entries. In the next section we propose a refinement of the DT scheme,
denoted ASPCA, that constructs an improved eigenvector estimate using all entries
of S.

In the sparse setting, the ITSPCA estimator of Ma (2011) attains the same
asymptotic rate as the lower bound of Theorem 3.2, provided DT yields consis-
tent estimates of the eigenvectors. The latter condition can be shown to hold if, for
example, anq/4(log N)lfq/2 =o(y/n) forall v=1,..., M. Thus, in the sparse
setting, with this additional restriction, the lower bound on the minimax rate is
sharp, and consequently, the DT estimator is not rate optimal.

5. A two-stage coordinate selection scheme. As discussed above, the DT
scheme can reliably detect only those eigenvector coordinates k for which |6, | >
c(log N/n)'/* (for some ¢ > 0), whereas to reach the lower bound one needs to
detect those coordinates for which |6, x| > c(log N /n) 172,

To motivate an improved coordinate selection scheme, consider the single com-
ponent (i.e., M = 1) case, and form a partition of the N coordinates into two sets
A and B, where the former contains all those k such that |6y| is “large” (selected
by DT), and the latter contains the remaining smaller coordinates. Partition the
matrix X as

2::[EAA EAB]
XBA XBB]

Observe that X4 = )»101,30{ 4- Let 51 be a “preliminary” estimator of 8; such
that lim,,_, 5 P((gl,A, 01.4) = o) =1 for some §p > 0 (e.g., 51 could be the DT
estimator). Then we have the relationship

Ypa01.a = (01.4,01.4)201.8 % c(80)1161 B

for some c(80) bounded below by 8o/2, say. Thus one possible strategy is to
additionally select all those coordinates of Xp460; 4 that are larger (in absolute
value) than some constant multiple of /log N/+/nh(A1). Neither Xp4 nor Ap is
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FI1G. 1. Schematic diagram of the DT and ASPCA thresholding schemes under the single compo-
nent setting. The x-axis represents the indices of different coordinates of the first eigenvector and
the vertical lines depict the absolute values of the coordinates. The threshold for the DT scheme is
y(log N/n) 1/4 \while the thresholds for the ASPCA scheme is y (log N/n)l/z. For some generic con-
stants y+ >y > y— > 0, with high probability, the schemes select all coordinates above the upper
limits (indicated by the multiplier vy ) and discard all coordinates below the lower limits (indicated
by the multiplier y_).

known, but we can use Sp4 as a surrogate for the former and the largest eigen-
value of S44 to obtain an estimate for the latter. A technical challenge is to show
that, with probability tending to 1, such a scheme indeed recovers all coordi-
nates k with |01x| > y1+/log N/+/nh(11), while discarding all coordinates k with

|01k < y—+/log N /+/nh(r1) for some constants 4 > y_ > 0. Figure 1 provides a
pictorial description of the DT and ASPCA coordinate selection schemes.

5.1. ASPCA scheme. Based on the ideas described above, we now present the
ASPCA algorithm. It first makes two stages of coordinate selection, whereas the fi-
nal stage consists of an eigen-analysis of the submatrix of S corresponding to the
selected coordinates. The algorithm is described below.

For any y > 0 define

(5.1) I(y)={k:S > 1+ y}.

Let y; > 0 fori =1,2 and k > 0 be constants to be specified later.
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Stage 1.
1° Let I = I(y1.,) where y; , = y14/log N/n.
2° Denote the eigenvalues and eigenvectors of Sy; by 2 1> > Fm, and
fi,.... £y, respectively, where m| = min{n, |I|}.
3¢ Estimate M by M defined in Section 5.2.
Stage 2.
4 LetE=[0,"*f; -7 *t5] and Q = S1¢/E.
5¢ LetJ={k¢l: (QQ")ik > sz,n} for some y» , > 0. Define K =1 U J.
Stage 3.
6° Forv=1,..., M , denote by év the vth eigenvector of Sk g, augmented
with zeros in the coordinates K°.

REMARK 5.1. The ASPCA scheme is specified up to the choice of parameters
y1 and y» , that determine its rate of convergence. It can be shown that choosing
Y1 = 4 and

log N M
(5.2) yan = k| o 4 [
n n

with k = 4/3 + ¢ for some ¢ > 0, results in an asymptotically optimal rate. Again,
we note that for finite N, n, the actual performance in terms of the risk of the
resulting eigenvector estimate may have a strong dependence on the threshold. In
practice, a delicate choice of thresholds can be highly beneficial. This issue, as
well as the analysis of the risk of the ASPCA estimator, are beyond the scope of
this paper and will be studied in a separate publication.

5.2. Estimation of M. Estimation of the dimension of the signal subspace is a
classical problem. If the signal eigenvalues are strong enough (i.e., A, > c¢/N/n
forall v=1,..., M, for some ¢ > 1 independent of N, n), then nonparametric
methods that do not assume eigenvector sparsity can asymptotically estimate the
correct M; see, for example, Kritchman and Nadler (2008). When the eigenvectors
are sparse, we can detect much weaker signals, as we describe below.

We estimate M by thresholding the eigenvalues of the submatrix S;; where
I :=I(y+/Tog N/n) for some 7 € (0, y1). Let it =min{n, |I|} and £; > --- > £,
be the nonzero eigenvalues of S;;. Let o, > 0 be a threshold of the form

| logn\ ||
oy =2 —+<1+Co —
n n n

for some user-defined constant ¢o > 0. Then, define M by

(5.3) M:=max{l <k <m:l>1+a,).
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The idea is that, for large enough n, I(y,) C I with high probability and thus |/
acts as an upper bound on |/ (y1,)|. Using this and the behavior of the extreme
eigenvalues of a Wishart matrix, it can be shown that, with a suitable choice of ¢y
and y, M is a consistent estimator of M.

6. Summary and discussion. In this paper we have derived lower bounds on
eigenvector estimates under three different sparsity regimes, denoted dense, thin
and sparse. In the dense setting, Theorems 2.1 and 3.1 show that when N/n — 0,
the standard PCA estimator attains the optimal rate of convergence.

In the sparse setting, Theorem 3.1 of Ma (2011) shows that the maximal risk
of the ITSPCA estimator proposed by him attains the same asymptotic rate as the
corresponding lower bound of Theorem 3.2. This implies that in the sparse setting,
the lower bound on the minimax rate is indeed sharp. In a separate paper, we prove
that in the sparse regime, the ASPCA algorithm also attains the minimax rate. All
these sparse setting results currently require the additional condition of consistency
of DT—without this condition, the rate optimality question remains open.

Finally, our analysis leaves some open questions in the intermediate thin regime.
According to Theorem 3.1, the lower bound in this regime is smaller by a factor
of (log N)'=9/2 as compared to the sparse setting. Therefore, whether there exists
an estimator (and in particular, one with low complexity), that attains the current
lower bound, or whether this lower bound can be improved is an open question for
future research. However, as we indicated at the end of Section 3, the eigenvector
being thin but not sparse is a somewhat rare occurrence in terms of mathematical
possibilities.

APPENDIX A: PROOFS

A.1. Asymptotic risk of the standard PCA estimator. To prove Theo-
rem 2.1, on the risk of the PCA estimator, we use the following lemmas. Through-
out, || B|| = sup{x” Bx : ||x||> = 1} denotes the spectral norm on square matrices.

Deviation of extreme Wishart eigenvalues and quadratic forms. In our analy-
sis, we will need a probabilistic bound for deviations of ||n~!ZZ” — I||. This is
given in the following lemma, proven in Appendix B.

LEMMA A.1. LetZ be an N x n matrix with i.i.d. N(0, 1) entries. Suppose

N < n and set t, = 8,/n—Ylogn and y, = N /n. Then for any c > 0, there exists
ne > 1 such that for alln > ne,

(A1) P(|n'ZZT — In| > yu + 24/ + cta) <207
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LEMMA A.2 [Johnstone (2001)]. Let X,% denote a Chi-square random vari-
able with n degrees of freedom. Then

1
(A2)  P(x2>n(l+e)) <e /106 (o <e< 5),

(A3)  PGZ<n(l-g)<e ™/t  (0<e<]l),

2
(A4)  P(Z>n(l+e)< ie_ngzm 0<e<1/2,n>16).

ex/n

LEMMA A.3 [Johnstone and Lu (2009)]. Let y1;, y2i,i =1, ..., n, be two se-
quences of mutually independent, i.i.d. N(0, 1) random variables. Then for large
nandany b s.t. 0 < b < \/n,

1 n
(A.5) P(‘ pODRIBE!

i=1

> b/n) < 2exp{—% + O(n_lbz)}.

Perturbation of eigen-structure. The following lemma, modified in Ap-
pendix B from Paul (2005), is convenient for risk analysis of estimators of eigen-
vectors. Several variants of this lemma appear in the literature, most based on the
approach of Kato (1980). To state it, let the eigenvalues of a symmetric matrix
A be denoted by A;(A) > --- > A, (A), with the convention that Ag(A) = oo and
Am+1(A) = —oo. Let Py denote the projection matrix onto the possibly multi-
dimensional eigenspace corresponding to A;(A) and define

1
H =25 = W

Note that H,(A) may be viewed as the resolvent of A “evaluated at A,(A).”

LEMMA A.4. Let A and B be symmetric m X m matrices. Suppose that A, (A)
is a unique eigenvalue of A with

8r(A) =min{|A;(A) — A (A)|: 1< j #r <m}.
Let p, denote the unit eigenvector associated with the \.(A). Then
(A.6) p-(A+ B) ©pr(A) =—H,(A)Bp,(A) + Ry,
where, if 4] B < 87 (A),
(A7) IRl < K87 (A)]| Ho (4) Bp, (A)] 1B,

and we may take K = 30.
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Proof of Theorem 2.1.  First we outline the approach For notational simplicity,

throughout this subsectlon we write QU to mean QU pca. Recall that the loss func-
tion L(Qv, 6,) = ||0 o6, ||2 Invoking Lemma A.4 with A=Y and B=S— X we
get

(A.8) 0, ©6,=—H,S6, + R,,
where

1 1
(A.9) H,=H,(%):= Y. 0u0) — —PL

_ W
l<uztv<M “H Ay Ay

and P, =1— ", 6,0". Note that H,6, = 0 and that H, 26, =0.
Let &, = K8r_1(2) IS — X]|. We have from (A.7) that
IRy < | H,S6, 118,

nv’

and we will show that as n — 00, &,,, — 0 with probability approaching 1 and that
(A10) [ HuSO, 1P (1 — env)® < LBy, 6)) < | HuSO, |17 (1 + &)

Theorem 2.1 then follows from an (exact nonasymptotic) evaluation,

A+200+21)
Z (b =A%

(A.11) E[|| H,S6,|%] = h(k T+
UFEV

We begin with the evaluation of (A.11). First we derive a convenient represen-
tation of H,S60,,. In matrix form, model (2.2) becomes

M
(A.12) X=>Y Vo] +Z,
v=1
where v, = (vy;)!_, forv=1,..., M. Also, define
(A.13) w=2"0,, w,=X"0,=Vrv, +2,
and
1 n
(A.14) (@,b), ==Y a;b;  forarbitrary a,b e R".
n-:

Then we have

1 A= 1
SQU = Eva = Mgl )\'l"«(UN" wv>neu + ;Zwu

Using (A.13),
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Using (A.9), H,0,, = (A, — /\v)—leu for u # v, and we arrive at the desired rep-
resentation

<wu7wv>n 1
A.15 HSOzgie ——P Zw,.
( ) vy = )\‘M_)\v 1% n)»v 1 LWy
By orthogonality,
2
2 _ (wy, wo)y TroyT

(A.16) | H,S0,||“ = E ()»p,—)»u)Z +n2)\2va P Zw,.

Il v

Now we compute the expectation. One verifies that z,, ~ N (0, I,;) independently
of each other and of each v, ~ N(0, I,,), so that w,, ~ N(O, (1 + 1,)I,,) indepen-
dently. Hence, for u # v,

E[{wy, w,,),%] = n_zEtr(wavauwg)
(A.17) =n"2tr((1+ ) (142 1)
=711 4 2 (1)
From (A.13),
E[w!Z" P, Zw,|Z] = zL 27 P\ Zz, + A E[v] ZT P) Zv,|Z)]
=tr(Z2" P, 227 6,01 ) 4, tr(PLZZT).

Now, it can be easily verified that if W := 777 ~ Wy (n, I), then for arbitrary
symmetric N X N matrices O, R, we have

(A.18) E[tr(WQWR)] =n[tr(QR) + tr(Q) tr(R)] + n*tr(QR).

Taking Q = P and R = 9;;,95 and noting that QR = 0, by (A.18) we have
(A19)  E[w!Z" P Zw,]=nte(PL) +ni,tr(PL) =n(N — M)(1 + A,).
Combining (A.17) with (A.19) in computing the expectation of (A.16), we obtain
the expression (A.11) for E||H,S6, ||%.

A.2. Bound for [|S — X]l. We begin with the decomposition of the sample
covariance matrix S. Introduce the abbreviation &, =n~!Zuv,,. Then

Z [ A (Vs V) 09 +Z\/7 E} +§M

o' =1
+n- 1727

and from (2.1), with V,;v = (v, vy )n — 8y| and 8, denoting the Kronecker
symbol,

A2 IS-3I= Y i vwf+22\/>||su||+||n“ZZT 1].

w,p'=1

(A.20)
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We establish a bound for ||S — X || with probability converging to one. Introduce
notation

M
m=N-Togn,  fa=yn-llogn, y=N/in A=Y o
u=1

Fix ¢ > 0 and assume that y;,, < 1. Initially, we assume that 2cn, < 1/2, which is
equivalent to N > 16¢logn.

We introduce some events of high probability under which (A.21) may be
bounded. Thus, let D; be the intersection of the events

oell2 = 1] <2¢iip,  1<p<M,
(A.22) |<Upc’ Uu’)n| < Chp, 1§M¢I’L/§M7
NZou vl < 14 2em,,  1<u<M,

and let D, be the event
(A.23) |n'ZZ" — 1| < 0 + 247, + 8ciln.

To bound the probability of D¢, in the case of the first line of (A.22), use (A.3)
and (A.4) with & = 2¢fj,. For the second, use (A.5) with b = ¢*logn. For the
third, observe that Zv, /||v, || ~ Ny (0, I), and again use (A.4), this time with & =
2cn, < 1/2. For DS, we appeal to Lemma A.1. As a result,

P(DS) < 3Mn~=" + M(M — 1yn~ /2 +00™ logn),
(A.24) ,
P(D§) <2n™¢.
To bound (A.21) on the event D1 N D,, we use bounds (A.22) and (A.23), and
also write

1Zvpll vl
1§l = «/_\/—” ol S
(A.25) < V(1 +2en,) 2 (1 + 2¢i) V2
= /VnHy,
say, and also noting that 7, < n,, we obtain
(A.26) IS — S| < /Ta[2¢nn A 4 2/ AH, 4 4(1 +2¢n,)].

Now combine the bound 2¢n,, < 1/2 with H, < 3/2 and 2+/A < A +1 to conclude
that on Dy N Dy,

IS— 2| <2(A+4. v,
and so

eny <2K8 1 (DA + 4y, — 0
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since N/n — 0.
Let us now turn to the case N < 16¢%logn. We can replace the last event in
(A.22) by the event

N YNZv 12/ 1lvell? < 2(c?logn +log N), l<u<M,
I %

and the second bound holds for P(DY) for sufficiently large n, using the bound
P(N~'x2 > a) <2N(1 — ®(/a)) < N/2/awe /% forany a > 0. In (A.25), we
replace the term (1 + 2¢n,)'/? by (2¢?logn + 21log N)'/? which may be bounded
by aj+/Togn. As soon as N > 4¢?, we also have 2¢n, < +/Iogn and so 1 4 2¢fj, <
1 + /v, logn. This leads to a bound for the analog of H, in (A.26) and so to

IS—X| <\/ynlogn{A + 2a1vV A1+ Vi logn)l/2 +ar}.

When N < 16¢?logn, we have /y, logn < 4clogn//n and so
eny < a3K871(Z)(A + 1) logn//n — 0.

To summarize, choose ¢ = /2, say, so that D, = D N D, has probability at
least 1 — O(n~2), and on D,, we have &,,, — 0. Thi§\ completes the proof of (A.10).
Theorem 2.1 now follows from noticing that L(6,, 6,) <2 and so

E[L(®,,6,), DS] <2P(DS) = O(n~?) = o(E| H,S6, ||*)
and an additional computation using (A.16) which shows that

E[||H,S6, |, D] < (B[ H,S6,*])"/* P(DS) = o(E|| H,S6, ||?).

A.3. Lower bound on the minimax risk. In this subsection, we prove The-
orems 3.1 and 3.2. The key idea in the proofs is to utilize the geometry of the
parameter space in order to construct appropriate finite-dimensional subproblems
for which bounds are easier to obtain. We first give an overview of the general
machinery used in the proof.

Risk bounding strategy. A key tool for deriving lower bounds on the minimax
risk is Fano’s lemma. In this subsection, we use superscripts on vectors 6 as in-
dices, not exponents. First, we fix v € {1, ..., M} and then construct a large finite
subset F of @y(Cl, ..., Cpp), such that for some § > 0, to be chosen

0.0°cF — L6602 >4s.
This property will be referred to as “4§-distinguishability in 8,.” Given any estima-
tor @ of 0, based on data X,, = (X1, ..., X,), define a new estimator ¢ (X,) = 0%,
whose M components are given by 9; = argminger L@L, 0,.), where é\u is the
pth column of 0. Then, by Chebyshev’s inequality and the 4§-distinguishability
in 6,,, it follows that

(A.27) sup EgL(By,6,) > 8 sup Pg(p(X,) #0).
0cOM(Cy,..., Cum) 0cF
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The task is then to find an appropriate lower bound for the quantity on the right-
hand side of (A.27). For this, we use the following version of Fano’s lemma,
due to Birgé (2001), modifying a result of Yang and Barron (1999), pages 1570
and 1571.

LEMMA A.5. Let {Py:0 € O} be a family of probability distributions on a
common measurable space, where © is an arbitrary parameter set. Let pmax be
the minimax risk over ©, with the loss function L'(0,0") = 19,

Pmax = inf sup Py (T # 6) =infsup EL' (0, T),
T geo T geo

where T denotes an arbitrary estimator of 0 with values in ®. Then for any finite
subset F of ©, with elements 01, ...,05 where J = |F|,

J7'YL  K(P;, Q) +1log2
logJ

9

(A.28) Pmax > 1 — igf

where P; = Py,, and Q is an arbitrary probability distribution, and K (P;, Q) is
the Kullback—Leibler divergence of Q from P;.

The following lemma, proven in Appendix B, gives the Kullback—Leibler dis-
crepancy corresponding to two different values of the parameter.

LEMMA A.6. Let 6/ := [9{:...:9[{4], j = 1,2 be two parameters (i.e., for

each j, 9,5 s are orthonormal). Let ¥ j denote the matrix given by (2.1) with 6 = 6/
(and o = 1). Let Pj denote the joint probability distribution of n i.i.d. observations
from N(0, X;) and let n(A) = 1/(1 + X). Then the Kullback—Leibler discrepancy
of P> with respect to P is given by

M M M
n
(A29) Kip:=K(0',0%) = 5[} A =YY n(xu)meg,,eg)ﬂ.
pu=1 pu=1p=1

Geometry of the hypothesis set and sphere packing. Next, we describe the
construction of a large set of hypotheses F, satisfying the 4§ distinguishability
condition. Our construction is based on the well-studied sphere-packing problem,
namely how many unit vectors can be packed onto S”~! with given minimal pair-
wise distance between any two vectors.

Here we follow the construction due to Zong (1999) (page 77). Let m be a large
positive integer, and mo = [2m/9]. Define Y,; as the maximal set of points of the
formz = (z1, ..., zn) in ! such that the following is true:

m
Vmozi € {—=1,0,1} Vi Y|zl < /mo
i=1
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and
forz,z €Y |lz—2'| >1.

For any m > 1, the maximal number of points lying on S”~! such that any two
points are at distance at least 1, is called the kissing number of an m-sphere. Zong
(1999) used the construction described above to derive a lower bound on the kiss-
ing number, by showing that |Y%| > (9/8)" (o) for m large.

Next, for m < N — M we use the sets Y’ to construct our hypothesis set F
of the same size, |F| = |Y,;|. To this end, let {eu}l’f:1 denote the standard basis

of RY . Our initial set 8° is composed of the first M standard basis vectors, 0° =
[e1:...:ep]. Then, for fixed v, and values of m, r yet to be determined, each of the
other hypotheses 8/ € F has the same vectors as 0° for k # v. The difference is
that the vth vector is instead given by

m
(A.30) 0] =1 —r2e,+r> zleys, ji=1..|Fl

=1

where z/ = (Z{ ....,Z0), j =1, is an enumeration of the elements of Y. Thus

9\{ perturbs e, in subsets of the fixed set of coordinates {M + 1,..., M + m},
according to the sphere-packing construction for sm-l,

The construction ensures that 911 e 0]{4 are orthonormal for each j. In partic-
ular, (0,{, e,’) vanishes unless ;1 =/, and so (A.29) simplifies to

(A31) K(87,0% = 1nhGu) (1 — (64, 6%) = Lnh ()

for j =1,...,|F|. Finally, (9,{, 91’)‘) =1—r2+r%(z/, 2", and so by construction,
for any 0/, 0% € F with j  k, we have

(A32) L(6],0%) = r%.

In other words, the set F is r2-distinguishable in 6,. Consequently, combining
(A.27), (A.28) and (A.31) (taking Q = Pyo in Lemma A.5), we have

(A.33) R} =inf sup EL@®,,6,) > (r*/4)[1 —a(r, F)]
6y ©,(0)
with
h(Ow)r?/2 +log?2
(A34) a(r. F)y = ") /2 +log
log | F|

Proof of Theorem 3.1. It remains to specify m and let r € (0, 1). Let Y, be the
sphere-packing set defined above, and let F be the corresponding set of hypothe-
ses, defined via (A.30).
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Let ¢; =1og(9/8), then we have log | F| > b,,cim, where b,, — 1 as m — o0.
Now choose r = r(m) so that a(r, ) < 3/4 asymptotically in the bound (A.33).
To accomplish this, set

(A.35) p2=An
nh(iy)
Indeed, inserting this into (A.34) we find that
2+1log?2
a(r’ f) S w.
b,c1m

Therefore, so long as m > m,, an absolute constant, we have a(r, 7o) < 3/4 and
hence R* >r2/16 = (c|/16)mt2.

We also need to ensure that 6 € ©4(Cy). Since exactly mq coordinates are
nonzero out of {M +1,..., M +m]},

16412 = (1 = r)" +r9my ™% <1+ agrim' =972,
where a, = (2/9)!74/2. A sufficient condition for 6/ € ®,(C,) is that
(A.36) agm(r?/m)?* < €4,

Our choice (A.35) fixes r2 /m, and so, recalling that A, = 1/(ay c‘f/ 2), the previous
display becomes

m < AyCa[nh(1,)]9">.

To simultaneously ensure that (i) r? < 1,. (i1) m does not exceed the number of
available co-ordinates, N — M and (iii) 6} € O4(Cy), we set

m=|m'|,  m =min{nh(h,), N — M, A,C?(nh(0,))*"*}.

Recalling (3.1), (3.2) and (3.3), we have

2

m'=min{tv_2, N',m,} =1, “min{l, ‘L'Uz-min{N/,m,)}}.

To complete the proof of Theorem 3.1, set By = [(m4 + 1)/my]c1/16 and observe
that

* ’.2
R, > Bim't;.

Proof of Theorem 3.2. 'The construction of the set of hypotheses in the proof
of Theorem 3.1 considered a fixed set of potential nonzero coordinates, namely
{M+1,..., M +m}. However, in the sparse setting, when the effective dimension
is significantly smaller than the nominal dimension N, it is possible to construct a
much larger collection of hypotheses by allowing the set of nonzero coordinates to
span all remaining coordinates {M + 1, ..., N}.

In the proof of Theorem 3.2 we shall use the following lemma, proven in Ap-
pendix B. Call A C {1,..., N} an m-set if |A| =m.
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LEMMA A.7. Let k be fixed, and let Ay be the maximal collection of m-sets
such that the intersection of any two members has cardinality at most k — 1. Then,
necessarily,

(A37) Ay > (f)/(’,’j)z

Let k = [mo/2]4 1 and mg = [fm] with O < B < 1. Suppose that m, N — 0o with
m=o0(N). Then

(A.38) |Ak| > exp[NE(Bm/2N) — 2mE(B/2)](1 + o(1)),
where E(x) is the Shannon entropy function,
E(x) =—xlog(x) — (1 —x)log(l — x), O<x<l.
Let 7 be an m-set contained in {M + 1, ..., N}, and construct a family F,; by

modifying (A.30) to use the set 7 rather than the fixed set {M + 1, ..., M +m} as
in Theorem 3.1,

QSJ’F)ZM&HHZZ{% J=1.

ler

Yyl

We will choose m below to ensure that O,SJ ) ¢ ©4(Cy). Let P be a collection of
sets 77 such that, for any two sets 77 and 7" in P, the set 7 N 7" has cardinality at
most mq/2. This ensures that the sets F;; are disjoint for w # 7/, since each 015] %)

is nonzero in exactly mg + 1 coordinates. This construction also ensures that

2
forall 8', 0% ¢ F, L(01,02)Z<@+@>< r )Zrz.
nLéJP g 2 2 /Mo

Define F :=J,cp Fx. Then
U 7=
meP

By Lemma A.7, there is a collection P such that |P| is at least exp([NE(m/9N) —
2mE(1/9)](1 + o(1))). Since £(x) > —x logx, it follows from (A.39) that

log | F|

(A.39) |F| = = |’P||Y;;| > |P|(9/8)m(1+0(1)).

> <$log 9% — 25(1/9)) +10g(9/8)(1 +o(1)) > glogN + 0(1),

since m = O(N'%).
Proceeding as for Theorem 3.1, we have log|F| > b, («/9)mlog N, where
by, — 1. Let us set (with m still to be specified)

9)log N
rzzmi(a/ )log = mT>

(A.40) Gy =M
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Again, so long as m > m., we have a(r, F) <3/4 and R* > r?/16 = (1/16)mf3.
We also need to ensure that 915] ) € ©4(C)), which as before is implied by (A.36).
Substituting (A.40) puts this into the form

m <, =a; ' (C,/T,)".

To simultaneously ensure that (i) r? < 1,' (i1) m does not exceed the number of
available co-ordinates, N — M and (iii) 6} € O4(Cy), we set

m=|m'|,  m' =min{f %, N - M,m,)}.

The assumption that Cin/2 = O(N'=%) for some « € (0, 1) is equivalent to the
assertion m, = O(NI*“), and so for n sufficiently large, m, < N — M and so
m' =1, so long as 7,72 < 1. Theorem 3.2 now follows from our bound on R}.

A.4. Lower bound on the risk of the DT estimator. To prove Theorem 4.1,
assume w.l.o.g. that (61 pt, 61) > 0, and decompose the loss as

(A.41) L1 p1,61) =161 — 61.111> + 10107 — 61,111,

where I = I(y,) is the set of coordinates selected by the DT scheme and 6 ;
denotes the subvector of 61 corresponding to this set. Note that, in (A.41), the first
term on the right can be viewed as a bias term while the second term can be seen
as a variance term.

We choose a particular vector 0 = 6, € ©,(C) so that

(A.42) B0 — 041> > KCIn=(1=/2/2,

This, together with (A.41), proves Theorem 4.1 since the worst case risk is clearly
at least as large as (A.42). Accordingly, set r, = C4/?n=(1=4/2/4 where C9 =
C9—1. Since C1n4/* = o(n'/?), we have r, = o(1), and so for sufficiently large n,
we can take r;, < 1 and define

J1—r2,  ifk=1,

Ok =1 2 if2<k< 1
* m, 1 <k<m,+1,

0, ifm,+2<k<N,

where m,, = | (1/2)C%n4/*]. Then by construction 6 € ©4(C), since

) ]
Cc1

16kl = (1 =) rdm, ™2 < gm0 < L s <

k=1

where the last inequality is due to ¢ € (0, 2) and C¢ = C? — 1.



MINIMAX BOUNDS FOR SPARSE PCA 1079

For notational convenience, let o, = y+/log N/n. Recall that DT selects all
coordinates k for which Sgr > 1 + «;,. Since Six ~ (1 + Aléf’k)xf/n, coordinate
k is not selected with probability

(A.43) P =P < 1+a,) =P(x> <n(l +¢,)),

where ¢, = (1 +a;,)/(1 +A19§’k) — 1. Notice that, fork =2, ..., m, + 1, px = p2
and 6, y =0 for k > m, + 1. Hence,

N mu+1
El6s — 0117 =Y prlbskl* > p2 D 10sk|* = pory = pCln~ 179/,

Now, use bound (A.3) to show that nsﬁ — 00 in (A.43) and hence that p, — 1.
Indeed 67, =r7/m, =2n""2(1 4 0(1)), and so

1+a02,  2n

Ep =

[y/logN —244]

2

for sufficiently large n. Hence, ne;;

— 00, and the proof is complete.

APPENDIX B: PROOFS OF RELEVANT LEMMAS

B.1. Proof of Lemma A.1. We use the following result on extreme eigenval-
ues of Wishart matrices from Davidson and Szarek (2001).

LEMMA B.1. Let Z be a p x g matrix of i.i.d. N(O, 1) entries with p < gq.
Let smax(Z) and smin(Z) denote the largest and the smallest singular value of Z,
respectively. Then

(B.1) P(Smax(z/\/a) > 1+ \/m-l- t) < e_qtz/z,
(B.2) P(smin(Z//q) <1 —+/p/g —1) < e—q17/2

Observe first that
A= n"12Z" — Iy| =max{r1(n1ZZT) — 1,1 — An(ZZT)).

Let s+ denote the maximum and minimum singular values of N~!/?Z. Define
y(t) :=+/N/n—+t for t > 0. Then since A = max{si — 1,1 — 52}, and letting
An(t) :=2y(t) + y(1)?, we have

(A=A, sy >1+y®O}U{s- <1 —y@®}.
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We apply Lemma B.1 with p = N and ¢ = n, and get

P(A > Ap(t)) <272,
We observe that, with y, = N/n <1,

(B.3) A,t)=(N/n+2yN/n)+t2+t+2y/N/n)
Svn+2/y, Ft@d+1).

2

Now choose t = c4/21logn/n so that tail probability is at most 2e 12 = =,
The result is now proved, since if ci/logn/n <1, then t (4 +t) < cty,.

B.2. Proof of Lemma A.4. Paul (2005) introduced the quantities

.

1
(B.4) A, = 5[|| H,(A)B| + |*+(A+ B) — A.(A)|| Hr (A)

_ B
(B.5) A — Bl
minj<jzr<m |A;(A) — A, (A)|

and showed that the residual term R, can be bounded by
2A-(1+2A,)
—2A,(142A))

15, (A)Bp,(A)]| ]}
(1 - 2Ar(1 + ZA}’))Z ,

IR I| < min{loAE, Hr(A)Bpr(A)H[1

(B.6)

where the second bound holds only if A, < (+/5 —1)/4.

We now show that if A, < 1/4, then we can simplify bound (B.6) to obtain
(A.7). To see this, note that |A,(A + B) — A-(A)| < ||B]|| and that |H,(A)| <
[minj, |A;(A) — A-(A)[17, so that

Ay < |HA(A|IB] < A,

Now, defining § := 2A,(1 + 2A,) and B := || H,(A)Bp,(A)||, we have 10A? <
5/ 2)82, and the bound (B.6) may be expressed as
b s(1 —
ﬂ_mm{i =9, _# }
1-36 2 B 5(1—296)

IRl =

For x > 0, the function x — min{5x/2, 1+ 1/x} < 5/2. Further, if A, < 1/4, then
8 <3A, < 3/4, and so we conclude that

IR,|l <1088 < 30BA,.
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B.3. Proof of Lemma A.6. Recall that, if distributions F; and F> have density
functions f1 and f>, respectively, such that the support of f; is contained in the
support of f>, then the Kullback-Leibler discrepancy of F, with respect to F1, to
be denoted by K (F1, F3), is given by

)
B.7) K(F1 = [log 712 vy dy
20
For n i.i.d. observations X;,i = 1,...,n, the Kullback-Leibler discrepancy is

just n times the Kullback—Leibler discrepancy for a single observation. Therefore,
without loss of generality we take n = 1. Since

M
(B.8) 2T =1 n()0u0, .
u=l1

the log-likelihood function for a single observation is given by

N 1 1
log f(x]0) = ——10g(27r)——10g|2| —x Ty-1x

(B.9) = —glog(Zn) —— Z log(1+ A,)
u 1
1
— 5<<x,x> — Z N () (x, 9,»2).
n=1

From (B.9), we have

=K, (log £(X|0") — log f(X]62))

1) [Egi (X.6,)° = Eqi (X, 67)]

=
Il

I
N | =
Ma

I
N =
Ms

1040 £16,) = (07, Z16;]

=
Il

||NP|1§

(xu)[z huflo).6)) (9;/,9,3)2}},

which equals the RHS of (A.29), since the columns of 0/ are orthonormal for each
j=1,2.

B.4. Proof of Lemma A.7. Let P, be the collection of all m-sets of
{1,..., N}, clearly |Py,| = (an) For any m-set A, let Z(A) denote the collection of
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“inadmissible” m-sets A" for which |[A N A’| > k. Clearly

=) (370

If Ag is maximal, then P, = U4, Z(A), and so (A.37) follows from the in-
equality

[Pl < IAk|m§XIZ(A)|

and rearrangement of factorials.
Turning to the second part, we recall that Stirling’s formula shows that if & and

N — o0,
N N 12 K
<k>=§<2nk(N—k)> eXp{N5<N>}’

where ¢ € (1 — (6k)~', 14+ (12N)~1). The coefficient multiplying the exponent
s (NY ,m\2 .
in (¢)/(3)" is

V2rk(1 = k/N) V21 —k/m) ~ J/mBm(1 — B/2) > 00

under our assumptions, and this yields (A.38).
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